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ABSTRACT. We consider the system (L) y'(t) =Ay(t) + f’ wB(t—s)y(s)ds,
y()=f(t), t< 0 where y(t) is an n-vector and 4 and B(t) are n X n matrices.
System (L) generates a semigroup given by th(s) =y(t +s; f) for f bounded,
continuous and having a finite limit at ~ co. Under hypotheses concerning the
roots of det (\/ — 4 — B(\)), where B(\) is the Laplace transform, various results
about the asymptotic behavior of y(¢) are derived, generally after invoking the
Hille-Yosida theorem. Two typical results are Theorem 1. If B(t) € L1[0, o0) and
A — A = BA)=1 exists for Re A > 0, then for every €> 0, there is an M such
that | T,f|| < Mce€t||f||. Theorem 2. If A — A — BA)~! exists for Re A> - a
(a> 0) and if B(t)edt € LI[O, ), then the solution to (L) is exponentially asymp-
totically stable.

I. Introduction. In this paper we will consider the linear Volterra integro-
differential system

L) Y0 =ay@+ [' BU-9)y©)ds; yW=/w, <0,

where y is an n-vector, A is an n x n matrix, B an n x n matrix of functions and
f(?) is an n-vector of functions lying in an appropriate Banach space.

In [1] and [2] Miller and Grossman considered the case of a finite lag (i.e.
- is replaced by —7). The principal result found in [2] was that if B(z) € L1[0, )
then asymptotic stability of the solution was equivalent to the condition
det A - A - B()) £0 for Re A > 0 where B(A) denotes the Laplace transform.

In the present work we exploit semigroup properties of the solutions to (L)
which yield results about their asymptotic behavior. We give, for example, condi-
tions under which the solution of (L) is exponentially asymptotically stable
(Corollary 3.3). Under milder restrictions, we show (Corollary 3.6) that solutions
can have at most logarithmic growth and in Theorem 3.8 we give conditions under
which the solution of (L) lies in L2 [0, o).
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II. Preliminaries.

Definition 2.1. Let X be a Banach space. Let th}, 0 < t< o, be a family
of operators taking X into itself. (1) {T } is a semigroup if T(f =/ and T“s(/)
=T ,(T (/). (2) The infinitesimal generator of T, is defined as Cf =
lim,_, (T,/ - [)/t whenever that limit exists and the set of those [ € X for which
the limit exists is the domain of C (D(CQ)). (3) {Tt} is said to be a (Co) semi-
group if, for each [ € X, lim,_, T,/-[=0.

The following rheorem is a summary of results which can be found in [3].

Theorem 2.1. If T, is a C, semigroup, then D(C) is dense in X; and the
range of C is contained in X. Furthermore, for x € D(C), (d/dt) Tx=CT,x=
T,Cx.

Now, let X be the space BC (-, 0], i.e. x €X if and only if x(t) is
bounded and continuous in (-0, 0] and has finite limit at —oo. Suppose B(t) €

L1 [0, «). Then we can rewrite system (L) as

Y0 =y 0+ [ BU-9)[()ds + [ BU-95)y(s)ds.

The first integral above is clearly bounded for every ¢t > 0 and f € X. It is then
possible to conclude (see Driver [4] for details) that there is a unique solution to
(L) which is continuable to +o (i.e. has no finite escape time). We now define a
set of operators {Tt} as Tt/(s)' =y(t+s; ), where y(-; f) is the solution of (L)
with initial function f. Clearly T f €BCI(-oo, 0] if f does.

Lemma 2.2. {T } is a C, semigroup of operators mapping X — X. The

infinitesimal generator Cf is given by

(2.1) Cf(s) =df/ds, s<0,
(2.2) D(C) = {/: " € BC (-, 0] and ['(0) = Af(0) + f_‘; B(—s)/(s)ds}.

In order to prove this lemma, we need to define a solution to (L).

Definition 2.2. A function y(¢; /) is a solution to (L) if and only if y(¢; f) is
continuous for —oo < t < oo, differentiable for ¢ > 0 and y(¢; ) = f(¢) for t<O0.

Proof of Lemma 2.2. We show that vaf = Tv(Tu/), u, v> 0. (By definition

it is clear that T /=1.) From the definition of a solution,

yw+u; )=Ay@w +u; )+ f;’+“3(v+u—s)y(s; /)ds+ff°oB(v+u—s)/(s)ds
=Ay (W +u; /)+ffuB(v—o)y(o+u; f)do + f_-: B(v -0)flo + w)do

=Ay +u; ) + fovB(v-o)y(o+u; f)do + ffNB(U—a)y(o+u; f)do.
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Let z(v) of y(v + u; ). Then z(v) = y(v; y(u + -; [)) which implies that y(v + #; f)
= y(v; y(u + -; f) or, equivalently, Tv+uf = Tv(Tu/). The fact that {Tti isa C
semigroup follows easily from the uniform continuity of functions in BC I(_°°’ o}.
Finally, the infinitesimal generator Cf(s) = lim, o+(T,f- T )/t =
lim‘_‘0+(/(t +5)=f(s))/t=["(s)for s<0. For s =0, we have limt_.o(y(t; ) =y0; )/t
=y'(0; /)= Af(0) + [° _ B(-s){(s)ds and the proof is complete.

We now calculate the resolvent R(A, C) of the infinitesimal generator. We have
R\, C)g = A= C)~Yg=f or (\I - C)f = g. Hence, by (2.1) and (2.2), we have

(2.3) AM(s)-f(s)=g(s), s<O,
and
(2.4) Af(0) = Af(0) — jfm B(-0)/(0)do = g (0).

Solving the linear, inhomogeneous equation (2.3), we have
f(o) = eAU/(O) - fooe'\(c_”g (ndr, o<o.
But, from (2.4),

Af(0) = A/(0) — ffm B (_a)[e"f’/(m - f‘; M= (1) dr]a’o - g(0).
Then

[)u —a-[° B(-a)e""da]/(o)
=g(0) - ffw B(-0) [f:e)‘(o—ng(r)dr]da

which implies that

fQ0) = (AI- A - B(A))_l;g(()) - ffoo B(-0) [f:eua'r)g(r)dr]das.

This holds whenever (\I - A — B\\))~! exists, i.e. for Re A large enough. Here
B(\) denotes the Laplace transform.
Finally, we have

(RN, Q)g)s) =e*s(A1 - A - B(\)~ g (0)
+er-A -BO)! J.;o e~ M fio B(t -s)g(s)dsdt

As [0 -xe
+e fs e Mg(t)dr.
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We note that all the above computations are justified for Re A > w for w large
enough and using the fact that B(#) € L![0, ). Also, the resolvent could have

calculated from the well-known formula (see [3])
(2.6) (R, O)g)s) = [ e™ T gNs)dt  Re A> .

Finally, we can point out that all A with Re A <0 lie in the spectrum of C. This
is evident from the fact that even if (\I - A — B(\))~! exists (so that equation
(2.5) makes sense), the function e is unbounded on (-0, 0] and is, therefore,
not a member of BC,(- e, 0]. This limits the results obtainable from pure semi-
group theory. For example, in order to derive exponential stability results directly,
we would need to have the semigroup {Tt} of type —a, where a > 0. For this con-
dition, a minimal requirement would be that the spectrum of R lies to the left of
the line Re A = — a, a fact contradicted above.

To conclude this section, we mention some results about the type of a semi-
group.

Definition 2.3. We say that T, is of type o if and only if

L 1 .1
wy = zlgfo 7 log||7,l| = lli.n;o ; log | T .

(See [3, p. 306].) It is clear that if {Tt} is of type @, then there is a constant
M 0 such that || T, x|l < Mwoewot"xll for every x € X.

w

Theorem (Hille-Yosida). A necessary and sufficient condition that a closed
linear operator C generates a semigroup T, of class (CO) and of type w, is that
D(C) be dense in X and |R(\, O)I7|| < Mwo/()\ —wy)" for A>w,.

Note. From the resolvent equations, this is equivalent to
2.7) 147R (A, C)/dN")| < My, n1/ A = @)™

since R(\, C) = Ry, C) + (¢ — MR, OR(k, C), which implies that (4"/dA")R(A, C)
= (-1D" 2! R(\, O)"*1, .

It is not necessary to only consider this semigroup in the space BCI(—oo, ol.
An easy alternative is to consider the space X = BCI(—BO, 0l N L? (-, 0] with
%y = lxll + "x”LP' X is a Banach space with this norm and it is evident that
{T } defined above is again a strongly continuous semigroup of operators. This
follows easily from the fact that the convolution of an L! function with an L?
function is again in L?. The infinitesimal generator of th} takes the same form,

the only change being that now

D(C) = {/: f' € BC (~o0, 0] N L#(-c0, 0] and f'(0) = A7(0) + fi’w B (—s)f(s)ds}.
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We should point out again that the hypotheses of continuity and boundedness
of f together with B(%) € L1 [0, <) ensure that there is always a unique continuous

solution to (L) existing for —oo < t < 0. Moreover, from Lemma 2.2, we can con-
clude that there is an @ > 0 such that
“T,/" SMewt"/H, for every t > 0.

This means that |y(¢; f)| < Me®!||f|| where y(¢; {) is the unique solution to (L).

II. The main results. Our first results concern the space X = BCI(—-oo, 0l n

L! (-, 0]. Generalization to the L? case is immediate.

Theorem 3.1. Let B(t) € L1[0, ) and suppose that
(i) W= A - BO))~1! exists for Re A >0, and
(ii) [@*/d\"Y - A = BO) || < Mr!/A"*! for A large enough.

Then, for every € > 0, there exists Me > 0 such that
ITNx <M elfllx for t>0.

Proof. From the Hille-Yosida theorem, it suffices to prove that, for every
€> 0, there is an M_> 0 such that [|d"R(\, C)/dA"||,, < M n!/( - "*1l. To show

this we first note that

4" As(A1-A_B (m-lg(O)"

d\
n
M(n - k) Mn!
k \s As
< —_— o
< llelle Eo<> FvET |S||g||°° || & le**]
(3.1) Mn! ) =
w ST lello + Nglly) = +l|lglIX‘

Similarly, consider

ar oAs -1 [ -\
AM-A-BW) B(t -s)g(s)dsat
d)‘n J‘ f- S g S S

(<]

(3.2) <M B, llgllo

Z": n\ k! f”tn—ke—)\tdt
k) \k*1 Jo ’

k=0

For ¢> 0, 1/AR*1 < 1/(\ - O%*1. After multiplying and dividing by (A — €)"~ %,
(3.2) becomes
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MBIl llgloon! || 2 (A )=k
- ® o=(A=€) L\A —¢ o€t
< gt Z f EEP T dt
Mln!Hgllw (A =)=k
- > ® _~(A=-€)t t € —€t
(A -t “fo © <,§0 (n - &)! > a

!
Hirlel o, Mol
0

_-(/-\—-—‘)-;:-1- T 4.1"8"X (where M, M"B"l).

Finally

< el

<lell.. || [0 uneruay

n
’5)‘_" fo )\(s—t)g(t)dt

fo (s - t)"e"(s")dt“
S

Hence we have
I(@/dA R (A, O gll,, < M n1/(X = 0" Dgll 5

We now prove the same thing for ||(4”/d\")R(A, C)g||1. Now,

[0 2T As(u1 - A~ B~ g (0)ds

* d\"

Ason—k k! — _—_s"-kds
<Mlgla|f°, Z() i |~ Mgl (- o
<Mn!||g||w fo LA=6)s i(s()\:_f))ﬂ-/e e€5ds
RO e =N

<Mn!/e(X - e)"“)"g"x as before.

Similarly,
0 d" s -1 [ Az (0O
L e = A - B ) [ e [° Bl -wglwdudids
; o~ (B 11 sker (% ek -t
sMigl el |[2, T () Z () Fqerestr [omteMaas
k=0 r=0

which, using the same method as before, is

< (Mln!/fz(/\ - f)n+l)||8l|x'
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Finally, consider

n
f° i_f"e’\‘s-”g(z)dzds
-00 dA\" s

ffw [fso (s - t)"e)‘(s-‘)g (t)dz]ds

Let /(2) = t"e™. Then the above integral is equal to the L!(-c, 0] norm of the

convolution of [ and g. But

I7 = ell, <N/l lell, <@G/x*Dlglly.  QE.D.

Corollary 3.2. Suppose that (\I — & — BA\))~ ! exists for Re A > 0 and that
(I - A)=! exists for Re X > 0. Suppose further that |e!||

Ll[o,oo)‘“B"L,l[o,oo)< 1.
Then the conclusions of Theorem 3.1 hold.

Proof. We must verify hypothesis (ii) of that theorem. We have

W =A-BOW 1= -A"M-A-4"1BO!

=A1-4)"1 Y [ - A" 1B
n=0
which converges by assumption. Also, A\l — A)~! = [ e=*5¢45 45 and B(\) =
g P . 5
® =M B(1)dr. And so (I — A)~1B(\) = [ [ e=M5+D ASB(1)ds dt. After a
) 070

change of variables and a change in the order of integration, we obtain
/\
(A -A)"B(N) = f;o f: e NueAW=0B (1) drdu = ¢4t x B(N)

where “‘*”’ denotes convolution. Consequently, [(Al - A)~'B(A)]” = the Laplace
transform of (e? * B) x (¢4 x B) # ... x (¢? * B) (n times). Denote this func-
tion by Gn(t). Then

d* ~ d* (oo A o _)

——[(AI-A)"B(A)]"=—f e~ MG (t)dt =f e kG (1)dt.

k k JO n 0 n

d\ dA
But, by integration by parts, it is easy to show that this last expression is bounded
by (klI/AR*1) SUP| <00 |G ()] From the equality Gn(t)=j;°Gn_l(t-—s)[(€4(') * BXs)lds,
we obtain [|G, |, <G, _ I, le* = BIl, < le**|, B, IG,_, I Hence |G I, <
(le® 1l IBIl )", Thus (d*/dn*%) £ (A1 - A)=1BOVI" < M, &I/AR*Y where M, =
1/ - |le*], 1Bl ). Since |(@*/dA*)AI - A)=1| < M &I/AR*Y, the result follows.

The next corollary gives conditions which ensure exponential asymptotic

stability of the solution.

Corollary 3.3. Suppose that e* B(t) € L1[0, ) for some a > 0, condition (ii)
of Theorem 3.1 is satisfied, and condition (i) holds for Re A > ~a. Then for any
B> 0< B < a, there exists Mﬁ > 0 such that for any | € BCI(—-oo, ol, |y(¢; f)] <
MBe'(a'ﬁ)‘||/||x. In particular, y(t; [) € LY(- o, o).
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Proof. Let z(t; f) = e® y(¢t; f); then y(¢) = e~ 2(¢) and

y'(t) =-ae™ %z (t) + e~ 2%2"()
=Ay () + f; B(t —s)y(s)ds + flo B(t - s)f(s)ds.

Hence z'(t) = (al + A)z(1) + [£ B (¢ - $)z(s)ds + [° B (t - s)f (s)ds where B (t)
= e*B(t) and fa(t) =e™f(t) € BCI(—oo, 0] since f does. Now, éa()\) =B\ - a)
and detA - (4 + al) - B,W)] = det[(A — 0} - A - B(\ - )] which is nonzero for
Re A > 0. Thus, for 0 < 8 < a, there exists Mg such that |2(e; f )] < M,Beﬁt"/allx
< MBe'B‘ Ifllx- Q.E.D.

It should be noted here that exponential asymptotic stability is, even for the
linear case, not implied by asymptotic stability. In [5], for example, Levin and
Nobhel give an asymptotically stable, linear system where solutions go to zero as
t=3/2 | Thus, exponential stability results are somewhat of a rarity in this theory.

The following converse theorem is true. The proof is essentially the one given
by Miller in [1].

Theorem 3.4. Suppose the conclusion of Theorem 3.1 holds. Then
det(\I - A - B()) £ 0 for Re A > 0.

Proof. Suppose not. Then there exists a complex number s, and a unit vector
k, such that Re sq >0 and (sol -A- B(so))xo = 0. Define x(¢) = esolxo. Clearly
%(t) is bounded on —o0 < t< 0 and x'(¢) ~ Ax(z) - f‘_NB(t - s)x(s)ds =
(sof - A - B(so))xoesol = 0. But for €< Re s, the conclusions of Theorem 3.1 are
not valid. Q.E.D.

For the case X = BCI(—OO, 0], it is possible to remove hypothesis (ii) from
Theorem 3.1.

Theorem 3.5. Suppose that det (I — A — BO)) £ 0 for Re A > 0, and B(1) €
L'[0, «). Then for every € > 0, there is an M, >0 such that ||Tt||w < Mee“”/”w.

Proof. Since R(A, C) is a “‘Laplace transform’’ (see 2.G), we can use the

well-known inversions formula

S = 2_1_ J::)h:w eMR(A, C)fdN,  t>0, w sufficiently large.
m - 100

This is valid for every { € D(C). By the definition of T, we have, in particular,
that

(3.3) y () = (T )0) = 5[5 MR, Of)OVAN, 1> 0.

@ -

From our assumptions and (2.5) we see that R(A, C)f is analytic in the whole
halfplane Re A > 0. Moreover,
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(RO, OV /)0) = (AT =4 — BON-1G(0) + B * T

We can write

—_—
3.4 AR (A, Q) 0) =7(0) + B * f(N)

A+ BT =4 — BON-1G(0) + = BOY)

which holds for Re A > 0. Using (3.4) in (3.3), we obtain

1 [+ f0) . 1 (wtie 5, BT
_ w +300 Y, w 700 At * v
y(t)_Zm' fw—iooe Td)““ﬁ fw-iooe A dA

1 forie (4 + BN =4 = BN (/(0) + 7+ BO)dA

+ =
2mi Jw—joo A

Hence, (see [3, Theorem 6.3.1])

y @0 =10+ ! (B = [)(s) ds
(3.5)

L[ A B(VXAL =4 = BO)~1/(0) + T+ BO)
ﬁ e

W - 700 )\

~ ~ PN
for every t> 0 and f € D(C). Let g\) = (4 + BA))WI = A = BW)~1(/(0) +/* BQ\)).
Since B € L1[0, =) we have |g(\)] — 0 as |Im A|— oo uniformly with respect to
Re A in every interval [¢, ], 0 < e < w. Consequently, we can change the contour

of integration to obtain

i_. w+11°° e“g(/\)d)\=—l— o0 e(f+i77)t g(f +l7’)d
2mi Jw—ioo A 27 J - €+1n

where ¢ > 0 is arbitrarily small. By hypothesis we have

(3.6) |(AI=A ~B(\)"! <M/|A| for Re A>0 and |A| > for some r > 0.
We set

G uley ) = supt|(M = 4 = BODU(0) +B * TW]|; Re A=, [ImA| < rk

Noting that |B * f(A)] < (1/€)||/||||Bl| for Re A = ¢, we have

(3.8) lgle+ i <M (1 + L/l if |9] >,
and '
3.9) lgle + in)| < pr, &) if |y <7

where M, >0 is independent of ¢ and /. By using (3.8) and (3.9) we obtain
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1 J‘w+ioo e)‘tg(/\)d)\

2m Jw—ioo

1 dT’ Ml ’ 1 n
Somplr et [ I ey Ly 21
27 f|77l <r /"2__'7 2 77° \ € fl"ﬂZ' 2. 7

Finally, we have

y O <17 + I8 /] + 4K+ 10/}
(3.10)
+ Min((r + V2 + €2)/Dulr, ) et

But

n(r, &) <supf|(Al = A =B |Im A| <7, Re A= el||f (1 + (1/6)||B])

and
1T /) = max{ sup |f(s)], sup |y (s)|}.
-°°<SSO OSsS[
Hence
(3.11) T/ <MeNfll, ¥ [eD(O), t>0.

Since D(C) is dense in BC,(- e, 0], the inequality (3.11) can be extended to all
of BC,(~c, 0] and the proof is complete.

Corollary 3.6. Under the assumptions of Theorem 3.5 for Re A > 0, the solu-
tion y(t; ) has, at most, linear growth. If, in addition, [ € L! (=, 0], the growth

is logarithmic.

Proof. The first conclusion follows from (3.10) since |u(r, €| < M|/||(1 + (1/6)||B|))
and letting t=1/e. If [ € L' (=, 0], then ||f2 B * f(s)ds]||, < 18,171, and
B fA) < |B||,IlfIl,- Thus the linear terms become constants and we are left with
logarithmic bounds. Q.E.D.

Corollary 3.7. If e*B(t) € L1[0, =) and det(\I - A - BO)~-! £0 for Re A >
—a, then the solution of (L) in BCI(—oo, 0] is exponentially asymptotically stable.

Proof. Same as Corollary 3.3.

We now seek conditions under which the solution of (L) lies in L2 [0, ). For
this we need to introduce the Hardy class H2.

Definition 3.1. The function f(e + in) belongs to H? if and only if [ is ana-
lytic and sup,,, = |fle+ in))|?dn < . This is a Banach space with the obvious

norm.
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Theorem 3.8. Suppose that

(i) det W[ — A = B(\)) £ 0 for Re A >0,

(ii) B € L'[0, o).
Then for every [ € L' (=0, 0] N BCI(—oo, 0], the solution y(t; f) of (L) belongs
to L?[0, =) and ||y|, < M/ ]I, + lI/1l,)-

Proof. Assumption (i) implies that there is R > 0 such that

(3.12) (Al =A =B <M/|A| for |\ >R, ReA>0,
and
(3.13) [AI=A -BO)™Y <M for |\ <R, ReA>0.

Since (\I = A = BA)~! is analytic in the right halfplane, this implies that
(-4 - BO))-! belongs to H?. Consequently,

W= A = BON"X(0) + B * f(\) € H?

also. This implies (see [6, p. 163, Theorem 2]) that

(3.14) Li.m. f P etMil - 4 - B )~/ (0) + B * [(in)dn = g(©)

77— 00

exists and lies in L2[0, «). But by (3.3)

(3.15) y @=L fim (" e € MR (¢ 4 in, OV NO)dy, t> 0.

2n n—oo J =n
Thus, by the Cauchy integral theorem, we have

fn e€timep (¢ in, O)(f N0)dy

-n

3.16) = " &R Uiy, O NOVdn

+ f; e THMR (o 4 in, C)f )0V do _fo‘ e (TTIMR (0 — iy, C)(f)0)do.

Since |R(o £ ) C)(/)(0)] — 0 as n — oo uniformly with respect to o € [0, e,

it follows that pointwise on (0, )

(3.17) lim ffn MR (e 1 i, ON)NO) = lim ffn e™MR (i, C)(/)(0)dn.

n—00

By (3.14) it follows that the second limit of (3.17) exists a.e. for t > 0 and it
equals g(t). Thus

YO = o= [ ™Mt 4 = BGn)= 10 +B * [lmdy ace. for ¢ > 0.

From the Parseval formula, we obtain
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o0 2 00 8 (n-1 rRNL
fo ly (1) “dt = f_oo |(pil —=A =B n)~'(f(0) + B * f(in)| *dn

<O+ 18112 [7 (it =4 ~BGn)~1%dn. QE.D.

Corollary 3.9. In addition to the hypotheses of Theorem 2, assume that [ €
L2 (=, 0]. Then the solution y(t; ) approaches zero as t — co.

Proof. From equation (L), it is apparent that f € L2 (=, 0], y € L2 [0, o0)
and B € L1{0, ) implies that y'e L?[0, =). Hence y(¢) is uniformly continuous
and the result follows.
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