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ABSTRACT.  We consider the system (L) y\t) = Ay(t) + fl ooB(t-s)y(s)ds ,

y(£) = f(t),  l S. 0 where y(t) is an n-vector and A   and  B(t) are  n x n   matrices.

System (L) generates a semigroup given by   T f(s) = y(t + s; f) for / bounded,

continuous and having a finite limit at   _ oo.   Under hypotheses concerning the

roots of  det (ÁJ — A — /3(A)), where  z3(A)  is the Laplace transform, various results

about the asymptotic behavior of y(t) are derived, generally after invoking the

Hille-Yosida theorem.  Two typical results are Theorem 1. // B(t) e /.'[O, °°) azzd

(À/ - A - /-(A))"1   exists for Re À > 0, then for every í > 0, there is an M( such

that  \\Ttf\\ <Mfe«||/||-  Theorem 2.  // (A/ - A - B (A))~ 1   exists for Re A > - a
(<x> 0) and if B(t)eat e L'[0, °°), then the solution to (L) is exponentially asymp-

totically stable.

I.  Introduction.   In this paper we will consider the linear Volterra integro-

differential system

(L) y'(t) =Ay(t)+   P    B (t - s)y (s) ds;       y(t)=f(t),        t < 0,
-7 —oo

where  y  is an 77-vector, A  is an  72 x 72 matrix, B  an  tí x tz  matrix of functions and

f(t) is an «-vector of functions lying in an appropriate Banach space.

In [l] and [2] Miller and Grossman considered the case of a finite lag (i.e.

-°o is replaced by — r).   The principal result found in [2] was that if  B(t) € L  [0, °°)

then asymptotic stability of the solution was equivalent to the condition

det (A/ - A - B (A)) ¡¿ 0 for Re A > 0 where  ß(A)  denotes the Laplace transform.

In the present work we exploit semigroup properties of the solutions to (L)

which yield results about their asymptotic behavior.  We give, for example, condi-

tions under which the solution of (L) is exponentially asymptotically stable

(Corollary 3.3).  Under milder restrictions, we show (Corollary 3.6) that solutions

can have at most logarithmic growth and in Theorem 3-8 we give conditions under

which the solution of (L) lies in  L   [0, °o).
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II.   Preliminaries.

Definition 2.1.  Let  X  be a Banach space.   Let \T },  0 < t < °°, be a family

of operators taking  X  into itself.  (1) {T }  is a semigroup if  T f = f and   T      if)

= T ÍT (/)).  (2) The infinitesimal generator of  T    is defined as  Cf =

lim^. (77/ - f)/t whenever that limit exists and the set of those / e X for which

the limit exists is the domain of  C ÍDÍC)). (3) \T }  is said to be a  ÍCA semi-

group if, for each / e X,  lim    „ T f - f = 0.

The following theorem is a summary of results which can be found in [3]-

Theorem 2.1.   // T    is a  C    semigroup, then DÍC)  is dense in X-, and the

range of C  is contained in X.   Furthermore, for x € DÍC),  id/dt) T x = CT x =

TCx.
t

Now, let X be the space BC,(-<x>, 0], i.e.  x e X if and only if x(t) is

bounded and continuous in  (-°°, 0] and has finite limit at -<*>.  Suppose  B(t) €

L   [0, °°).  Then we can rewrite system (L) as

Ait) = Ay it) + f°oaBit-s)fis)ds +   f Bit-s)yis)ds.
0

The first integral above is clearly bounded for every  t > 0 and / e X.   It is then

possible to conclude (see Driver [4] for details) that there is a unique solution to

(L) which is continuable to  + °° (i.e. has no finite escape time).  We now define a

set of operators {77} as  T f(s) =y(t + s; f), where y( • ; /) is the solution of (L)

with initial function  /.   Clearly   T f e BC,(-°o,0]  if / does.

Lemma 2.2. {T }  is a C.  semigroup of operators mapping X —» X.   The

infinitesimal generator Cf is given by

(2.1) Cfis)=df/ds,        s<0,

(2.2) DÍC) = |/:/''efJC;(-«., 0] and f'iO) = A/(0) + f^ B i-s) fis)ds\.

In order to prove this lemma, we need to define a solution to (L).

Definition 2.2.   A function  y(t; f) is a solution to (L) if and only if y(t; f) is

continuous for — °o < t < oo, differentiable for  t > 0 and  y(t; f) = f(t) toi t < 0.

Proof of Lemma 2.2.  We show that  T       / = T (T   /),  u, v > 0.  (By definition
v+u' vu' — J

it is clear that  T   f = f.)  From the definition of a solution,

y'iv + u; f) = Ay iv + u; f) +   j B iv + u - s) y is; f) ds +   I       Biv + u - s)fis)ds

= Ay iv + u; f) +   I       B iv - o)y io + u; f )do + " B iv - o) j(ct + u)do
J —u J -°°

= Ayiv + u; f) +    ]     B iv - o)yio + u; f) do + B iv - o) y io + u; f)do.
JO J —oo
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Let z(v)   = y(v + u; f).  Then z(v) = y(v; y(u + ■ ; /)) which implies that y(v + u; f)

= y(v; y(u + • ; /) or, equivalently, T       f = T (T   f).  The fact that {T \ is a  C

semigroup follows easily from the uniform continuity of functions in  BC, (-00, O].

Finally,  the  infinitesimal generator   Cf(s) =  lim     Q + (T  / - T. /)/1 =

lim(^0 + (/(. + s) - f(s))/t = f'(s),tor s < 0. For s = 0, we have limt_J.yit; /) - y(0; /))//

= y'(0; /) = A/(0) + /° x B(-s)f(s)ds  and the proof is complete.

We now calculate the resolvent  R(A, C)  of the infinitesimal generator. We have

R(A, C)g = (A/ - C)~lg = / or (A/ - C)f = g.  Hence, by (2.1) and (2.2), we have

(2.3) \f(s)-f'(s)=g(s),       s<0,

and

(2.4) X/(0)-A/(0)- J°_<xB(-o)f(o)do = g(Q).

Solving the linear, inhomogeneous equation (2.3), we have

f(o) = eXaf(0)-   CaeK(a-T)g(r)dr,       o < 0.

But, from (2.4),

A/(0) -Af(0) - /_°b /3(-a)[eX7(0) - j^ eX(a-r)g(r) drjdo = g(0).

Then

\\I -A -  f°_xB(-o)eXado'\f(0)

= «(0) - /!„, B{-a) [SoeMa~T)g{TUT]d

which implies that

/(0) = (A/- A - BMrHgiQ) - /_0mBU) fj'%A('r-r)g(r)i.r]rfa[.

This holds whenever  (A/ - A - B(A))   '   exists, i.e. for Re A  large enough.  Here

B(A) denotes the Laplace transform.

Finally, we have

(R(A, C)g)U) = eA7A/-/4 -B(A))"1g(0)

+ eXs(\l-A -S(A))-1   [;.->'   f°    B(/-s)g(s)zis^
JO J —oo

+ eX* f° e-^g(t)dt.
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We note that all the above computations are justified for Re À > cú for oj large

enough and using the fact that B(t) € L [0, °o). Also, the resolvent could have

calculated from the well-known formula (see [3])

(2.6) (R(A, C)g)(s)= f~ e-XtÍTtg)is)dt       Re A Xu.

Finally, we can point out that all À  with  Re À < 0  lie in the spectrum of  C.   This

is evident from the fact that even if (A/ - A - B(A))       exists (so that equation

(2.5) makes sense), the function  e  s  is unbounded on  (-00, O]  and is, therefore,

not a member of  BC,(-°o, 0].  This limits the results obtainable from pure semi-

group theory.   For example, in order to derive exponential stability results directly,

we would need to have the semigroup \T } of type -a, where  a > 0.  For this con-

dition, a minimal requirement would be that the spectrum of  R  lies to the left of

the line  Re À = - a, a fact contradicted above.

To conclude this section, we mention some results about the type of a semi-

group.

Definition 2.3.  We say that  T    is of type co.   it and only if

*>0=  inf   i log ITJI-  lim   i log || TJ.
t> 0 t l ( —00 t '

(See [3, p. 306].) It is clear that if \T \  is of type coQ, then there is a constant

MWq   such that   \\Ttx\\<Maoea'ot\\x\\   for every  x £ X.

Theorem (Hille-Yosida).  A necessary and sufficient condition that a closed

linear operator  C generates a semigroup  T    of class  (CA and of type zu     is that

DiC) be dense in X and  ||R(A, C)]"|| < M     /(A - con)n for A > wn.

Note,   From the resolvent equations, this is equivalent to

(2.7) \\d"R (A, C)/d\n\\ < MWQn !/U - cöQ)n + 1

since  R(A, C) = Riß, C) + Í¡i - à)R(à, C)RÍ¡i, C), which implies that íd"/d\n)RÍ\,C)

= i-l)nn\RÍ\, C)n + 1.

It is not necessary to only consider this semigroup in the space  BC.i-°o, 0].

An easy alternative is to consider the space  X = BC.Í — °°, 0] n Lp(-oo, 0]  with

llxlly = ll^lloo + llxll    p.  X  is a Banach space with this norm and it is evident that

\T \ defined above is again a strongly continuous semigroup of operators.  This

follows easily from the fact that the convolution of an   L     function with an  Lp

function is again in  Lp.  The infinitesimal generator of \T \  takes the same form,

the only change being that now

DiC) = //:/' eBC;(-°o, 0] n Lpi-°°, 0]  and /'(0) =A/(0) + f^ B i-s)fis)ds\.
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We should point out again that the hypotheses of continuity and boundedness

of / together with  B(t) e L   [0, oo)  ensure that there is always a unique continuous

solution to (L) existing for -oo < z < oo. Moreover, from Lemma 2.2, we can con-

clude that there is an (o > 0  such that

||T /|| < Me ̂  ||/II,     for every t > 0.

This means that   |y(f; /)| < Me^'H/H  where  y(t; f)  is the unique solution to  (L).

III.  The main results.  Our first results concern the space  X = BC.(-oa, O] O

L   (-oo, 0].  Generalization to the  Lp  case is immediate.

Theorem 3.1.   Let  B(t) e L   [0, oo) and suppose that

(i)  (XI - A - B(A))- '   exists for Re A > 0, and

(ii)  ||W"M")(A/ - A - B(A))-!|| < Mtz!/A" + i  for A  large enough.

Then, for every t > 0, there exists M   > 0 such that

„fill
|7yiix<v for t > 0.

Proof.  From the Hille-Yosida theorem, it suffices to prove that, for every

i > 0, there is an  Mf > 0  such that   \\d"R(\, C)M"||x < Mf w!/(A - ()" + l.  To show

this we first note that

£Le**(\l-A -B(\))-1g(0)
d\n

(3.1)

¿/"\jUk»M <»-*>'

k = o
,n-k+l

Mtz!

\n + l

Mnl
<-\\g\\      <-— ,   ,    II O  II oo    — J.

A"+1 A"+
"Uli«»« + UK,) —Helix-

I * \77+ 1 ^

¿-I 7   I

* = 0

lkx1lo

Similarly, consider

-eXs(kI-A -B(A))-1    (°° e~Xl   f°     B(t -s)g(s)dsdt
,n J 0 J -oo 6d\n

(3.2) < m neu iii^r
ZI" -! roo

— t"
+ 1  Jo

-ke-Xtdt

For e > 0, l/\k + 1 < l/(A - e)* + 1.   After multiplying and dividing by  (A - t)*-*,

(3.2) becomes
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.MllflllJsL»!

(A-f)»+i

Mx«!|g|

it

fe=0 (« -k)\

i\-e)n + l

M ,/z! ||g

J o

Ín-

\-e))n

in -k)\

dt

^-<>«/f  itik-c))"-k

k = 0

ÍX-e)

> Moo      z-o

7+T Jo
e_fizi/ <-

MjTZ.'/r

(A - f)

Finally

d"     CO

d\n

—¡Il/sll^    (where M 1 = M ||B|| t).

-    f0^'1-''«)^/     < ||g|U     fls-ilV»'5-"«/!
zi   Js J s

f°     «"eX"iZ,Z2
J — OO -    X7Z + 1

Hence we have

\\id"/d\") Ri\, C)gW^ <(M(n\/(\ - e)" + 1)\\g\\x.

We now prove the same thing for  \\idn/d\") R(A, C)g||..   Now,

/.

0      d"

°°d\"

<M\\g\

eHXI -A -B(\))-lg(0)ds

/-- i 0
k=o XK/

eXssn~k

A*+1
Mn\\\g\

-0     gXs      S»-*rfSz/:
*=0 U -zfe)!Afe + 1

M"! 11/31
<

i\-e)" + l
,k = 0

in -k)\

Co    g(x-oW f U(A-e))"-*\_g<
J —OO

<(Mtz!/í(A-f)" + 1)||g||x     as before.

Similarly,

f°    f!L,*«U/_A-.fi(A))-«   r°°e-x'  f°    Bit-u)giu)dudtds
¿A

<M||ßUgllx f-SÖaösrV^j:- ■ke~X'dtds

which, using the same method as before, is

^(MjTziA^A-f)^1)
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f°    —    f° eX^-%(t)dtds   =    f°     \(°(s-t)»eX^-<)g(t)dt]ds\

Finally, consider

-o    £_

dX"

Let f(t) = t"e    .  Then the above integral is equal to the  L   (-oo, 0]  norm of the

convolution of / and  g.   But

ll«ll1<(»!AB + 1)||g||v.       Q.E.D.Il<

Corollary 3.2.  Suppose that  (A/ - A - ß(A))~ '   exists for Re A > 0 and that

(A/ - A)~ l   exists for Re A > 0.  Suppose further that  \\eAt

Then the conclusions of Theorem 3.1 hold.

.   BLl[0.">)

Proof.  We must verify hypothesis (ii) of that theorem.  We have

Ll[o,°°) < 1.

(A/ -A -B(A))-1
\-l(A/-A)"1(/-(A/-/4)-1B(A))

(A/-/4)"1  £ [(A/-A)-1B(A)]"

77=0

which converges by assumption. Also, (A/ - A)~ = f™ e~ se s ds and B(A) =

X~ e~XtB(t)dt. And so (A/ - A)~ 'ß(A) = J~ /~ e"*<*♦« eAsB(t)ds dt. After a

change of variables and a change in the order of integration, we obtain

(A/-A)-1B(A)=   f°°    (S e-XueA("-i)B(t)dtdu^eAt* B(\)
Jo   Jo

where   "*" denotes convolution.  Consequently, [(A/- A)~ 1 B(\)]" = the Laplace

transform of (eAt * B) * (eAt * B) * ■ ■ ■ * (eAl * B) (n times).  Denote this func-

tion by G (f).  Then

d\k
[(A/-A)-'B(A)]" = —   f°° e~XtG  (t)dt=   f°° e~XttkG  (t)

jtt  JO " Jo n
dt.

d\

But, by integration by parts, it is easy to show that this last expression is bounded

by  (kl/\k + l) supost<ao\Gn(t)\.  From the equality Gj.t) = ftGn_A\t-s)L(At>*B)fe)]<is,

we obtain   ¡¡Gj^ < ||Cfi_ "|L ||e^ * B|| , < \\eAt\\, "\B\\, \\G^_ , \\x.  Hence   ||G JL <

„■At II |ö||,)".  Thus  (dk/d\k)lT.n [(XI- A)-!ß(A)]"< M,¿!/A* + 1   where M

1/(1 _ Ue^'ll t ||ß|| j). Since   \(dk/d\k)(\I -A)'1\< M2kl/\k + 1, the result follows.

The next corollary gives conditions which ensure exponential asymptotic

stability of the solution.

Corollary 3.3.  Suppose that eat B(t) £ L1 [0, oo) for some  a > 0, condition (ii)

of Theorem 3.1 is satisfied, and condition (i) holds for Re A > - a.   Then for any

ß, 0 < ß < a, riere exz's/s  M „ > 0 sz/c/> ¿¿az* /or any f £ BC,(-«>, 0], |y(f; /)| <

A4 „e_(íX-/3)í||/ ||^.   In particular,  y(t; f) £ L '(- oo, oo).
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Proof.  Let 2(1; /) = eat yit; f);  then  yit) = e~ai z(t) and

y'it) = -ae-atzit) + e-alz'it)

= Ayit) + J' Bit -s)yis)ds + j°^ Bit - s)fis)ds.

Hence  z'it) = (a/ + A)zit) + j0Ba(t - s)zis)ds + fi^Bj.t - s)f ais) ds  where  B ait)

= eatBit) and  fait) = eatfit) eBC^-oo, O]  since  / does.  Now, z§a(A) = ß(A - a)

and det[A/ - ÍA + a/) - Ba(A)] = det[(A - a)/ - A - B(A - a)] which is nonzero for

Re A > 0.   Thus, for 0 < ß < a, there exists  Mß   such that   \zit; /a)| < Mßeßi\\fa\\x

<^ßeßA\f\\x-     Q-E-D-
It should be noted here that exponential asymptotic stability is, even for the

linear case, not implied by asymptotic stability.  In [5], for example, Levin and

Nohel give an asymptotically stable, linear system where solutions go to zero as

z .  Thus, exponential stability results are somewhat of a rarity in this theory.

The following converse theorem is true.  The proof is essentially the one given

by Miller in [l].

Theorem 3.4.  Suppose the conclusion of Theorem 3.1 holds.   Then

detiXI - A - 6(A)) / 0 for Re A > 0.

Proof.  Suppose not.   Then there exists a complex number s„   and a unit vector

k0  such that Re s    > 0  and  isQI - A - Bis  ))x    = 0.   Define  xit) = e  ° x  . Clearly

x(t) is bounded on - «¡ < / < 0 and  x'it) - Axit) - f^^Bit - s) x is) ds =

is A - A - BisA)x0e       =0.   But for  e < Re s     the conclusions of Theorem 3.1 are

not valid.    Q.E.D.

For the case  X = BC.(-oo, 0], it is possible to remove hypothesis (ii) from

Theorem 3.1.

Theorem 3.5.  Suppose that det(A/ - A - BÍX)) / 0 for Re A > 0, and Bit) €

L1 [0, 00).   Then for every c > 0, there is an M( > 0  such that  ||T H^ < M(efi\\f W^.

Proof.   Since  R(A, C)   is a "Laplace transform" (see 2.6), we can use the

well-known inversions formula

T/ = —    Çœ + l°° eXtRÍX, C)fdX,        t>0,     co  sufficiently large.
'       2rri   -/«-¿oo

This is valid for every  / € DÍC).  By the definition of  T    we have, in particular,

that

(3.3) y(t)=ÍTJ)Í0) = A\-   f™'*00 e^(R(X,C)f)(0)dX,    t>0.

From our assumptions and (2.5) we see that  R(A, C)f is analytic in the whole

halfplane  Re A > 0.  Moreover,
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(R(A, C)/)(0) = (\I -A -ß(A))-1(/(0) +B */(A)).

We can write

A(R(,\, C)/)(0) =/(0) h-IbT/U)

+ (A + 3(A))(A/-A -B(A))-1(/(0) + /* B(\)>

which holds for  Re A > 0.  Using (3.4) in (3.3), we obtain

y U)       1      p^eXz/(0)^       1      P^eXzS_l/U)¿A
Z7TZ    Joj-¡oo A Z77Z   J0J-700 A

1     rot+7-oo    Xi (A +B(A))(A/ -A - ß (A))~ K/(0) +7^ß"(A))z/A
2 77Z    J oJ - 700 A

Hence, (see [3, Theorem 6.3.1])

(i)=/(0)+   j'o CB*~~f)(s)dsy

(3.5)

1     Z-O.+7O0   X/ (A +B(A))(A/ -A -B(A))_1(/(0) + /* ß (A))Ji+ *-: .     e
2ttz J oj - ¿oo A

/\

for every   z>0  and f £ D(C).  Let g(A) = (A + ß(A))(A/ - A - B(X.))~ '(/(0) + /* B(A)).

Since  ß  e L   [0, oo)  we have   |g(A)| —> 0  as   |lm A|—> oo uniformly with respect to

Re A  in every interval  [e, co], 0 < e < co.  Consequently, we can change the contour

of integration to obtain

1     p^MsU)^     1    f-   e((+mt g(e + ir,)
Im  Jco-ioo A ¿ir J -oo e + iri

where  ( > 0  is arbitrarily small.   By hypothesis we have

(3.6)      |(A/ - A - B(\))~1\ <M/|A|     for Re A> 0  and  |A| > r  for some r > 0.

We set

(3.7)        u(r, e) = supi|(A/ - A - B (A))"'[/(0) + ßT/"(A)]|;  Re A = (,   |ImA|<rJ.

Noting that   \B * f(\)\ < (l/e)\\f\\\\B\\  for  Re A = e, we have

(3.8) l*U + «'ii)| 5'V1 + MB/Il   ¡f N >t,

and

(3.9) |g(e+ zt/)| </j(r, e)    if  | tz| <r

where M    > 0 is independent of e and  /.   By using (3.8) and (3.9) we obtain
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Z777    Jco-ioo

1 P+200   ̂ Xi g (A) ^

dr\ Mi   «''.        l\,,n  r dTi<J_,(,f)e-   f dr>      ¿¿.¿u   +   i)||/||   f
- 277P J\v\<r    n—^2      2rr       V f/1"" JW>r'W.'^-p       277       \ c/"   "J\v\>r(2 + ri2

Finally, we have

(3.10)

|y(/)|< |/(0)| +t\\B\\l\\f\\ +-Vlee'(l + lA)||/|l

+ .MM0- + Ar2 +c2)/c)pi ir, c)ea.

But

p-ir, c) < sup\\(Xl - A -3(A))-1!: |lm A| <r,   Re A = e!||/||(l +(l/e)||B||)

and

117^11= max/      sup       |/(s)|,     sup    |y(s)|V.

Hence

(3.11) \\Ttf\\<M(eet\\f\\,       V f eDiC),  t>0.

Since  D(C)  is dense in  BC,i-°°, 0], the inequality (3.11) can be extended to all

of BC.(-oo, 0]  and the proof is complete.

Corollary 3.6.   Under the assumptions of Theorem 3-5 for Re A > 0, the solu-

tion y(t; f) has, at most, linear growth.   If, in addition, f e L ' (-oo, 0], the growth

is logarithmic.

Proof. The first conclusion follows from (3.10) since  \pir, t)\ < Af||/||(l + (l/f)||ß||)

and letting  t = l/c.  If / £ L l (- oo, 0], then   ||/¿ B * fis)ds\\x < ||ß , ||/ || j   and

B * fiX) < |ß||   11/11   .   Thus the linear terms become constants and we are left with

logarithmic bounds.     Q.E.D.

Corollary 3.7.  // eatBit) eLl[0, oo) and àetiXl - A - ß(A))- ' / 0 ¡or Re A >

-a, //je/z the solution of (L) z'zz  BC,(-oo, 0]   z's exponentially asymptotically stable.

Proof.  Same as Corollary 3.3.

We now seek conditions under which the solution of (L) lies in  L2 [0, oo). For

this we need to introduce the Hardy class  H  .

Definition 3.1. The function fie + ir¡) belongs to H if and only if / is ana-

lytic and supf>n /^ \fie + ir¡)\2 dr¡ < oo. This is a Banach space with the obvious

norm.
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Theorem 3.8.  Suppose that

(i)  det (kl - A - ß(A)) 7= 0 for Re A > 0,

(ii)  ß eL'lO, oo).

Then for every f £ Ll (-oo, 0] n BC^-oo, 0], the solution y(t; f)  of (L) belongs

to L2[0, oo) and ||y||2<M(||/||oo+ 11/11,).

Proof. Assumption (i) implies that there is  R > 0  such that

(3.12) |(A/ -A -ß(A))_1| <M/|A|     for | A| > R,   Re A > 0,

and

(3.13) |(A/ -A -z3(A))_1| <M     for |A| <R,   Re A> 0.

Since  (XI - A - B(A))~ '   is analytic in the right halfplane, this implies that

(A/ - A - B(A))-1   belongs to H2. Consequently,

(A/ - A - B(X))-\f(0) +B* /(A)) e H2

also.   This implies (see [6, p. 163, Theorem 2]) that

(3.14) l.i.m.   f"    eir*(T}il-A - B (ir,))-l(f(0) + B * f(ir,)) dr, = g(t)
n —.oo   J — 77

exists and lies in  L2[0, oo).  But by (3.3)

77—»O

(3.15) ? to« i   lim    f"   e{e+^)tR(e + ir,, 0(f)(0) dr,,       t > 0.
¿IT    77—oo   J -77

Thus, by the Cauchy integral theorem, we have

["    e((+^)iR(e + ir1, 0(f)(0)dr,
J —n

(3.16) = f"ne^R(iq, 0(f)(0)dr,

+   f' e(a+i^'R(o + iri, 0(f)(0) do- P e^'^R (o - ir,, 0(f)(0) do.
•/ u J 0

Since   |R(ct ± ir,) C)(/)(0)| —> 0  as  r, —-> oo uniformly with respect to  o £ \0,e],

it follows that pointwise on  (0, oo)

(3.17) lim    f"    e((tl%(( + i,,C)(/)(0)=   lim    ("    eir"R (ir,, O(f)(0)dr,.
n—.oo J    n n—.oo J —rz

By (3.14) it follows that the second limit of (3.17) exists a.e. for  t > 0  and it

equals  g(t).  Thus

y(t) =^-/~    eir]t(r,il -A _n(z)7))-1(/(0) +'ßT](ir,))dr,    a.e. for t > 0.

From the Parseval formula, we obtain
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J" \yit)\2dt = f^ \inil -A -Biirl)rl(fiO)+'BTj(ir)))\2dn

<(|/(0)| + || ß 1,11/ || ̂ JToo \^ll~A -BÍii¡))-l\2dT¡.       Q.E.D.

Corollary 3.9.   In addition to the hypotheses of Theorem 2, assume that j €

L2 (-oo, 0].  Then the solution y(t; f) approaches zero as  t —» oo.

Proof.   From equation (L), it is apparent that / € L2 (-oo, 0],  y £ L   [0, oo)

and  B e L1 [0, oo)  implies that  y'e L2 [0, oo).  Hence  y(t) is uniformly continuous

and the result follows.
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