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ON THE NULL-SPACES OF ELLIPTIC PARTIAL DIFFERENTIAL
OPERATORS IN R”
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HOMER F. WALKER

ABSTRACT. The objective of this paper is to generalize the results of Lax
and Phillips [4) and Walker [6] to include elliptic partial differential operators
of all orders whose coefficients approach constant values at infinity with a certain
swiftness. An example is given of an elliptic operator having an infinite-dimen-
sional null-space whose coefficients slowly approach constant limiting values.

1. Introduction. Let L,(R"; C*) denote the usual Hilbert space of equiva-
lence classes of C*-valued functions on R” whose absolute values are Lebesgue-
square- integrable over R”. Given a positive integer m, let H_(R"; C*) denote
the Hilbert space consisting of those elements of LZ(R"; C*) which have (strong)
partial derivatives of order m in LZ(R"; C*). Denote the usual norm on
L,(R™ C*) by || |, and take

e, =& 22

lof <m

2)1/2
aa
—_—Uu

X

to be the norm on H, (R”; C*), the notation being standard multi-index notation.

In the following, each linear partial differential operator
a
Aulx) = Y a,(x) a—au(x)
lal<m dx

of order m is assumed to have domain Hm(R”; C*) in L,(R™; C*) and to have

coefficients continuous in x on R™. Such an operator is said to be elliptic if

Y a )& 40

|of=m

det

for all x in R” and all nonzero £ in R”.

Consider a linear elliptic partial differential operator

A= Y a6
o 0"
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of order m which has constant coefficients and no terms of order less than m.
Suppose that there is given a second elliptic operator

aa
Agu(x) = > a0 Z—ulx)
a
lol<m 9
of order m whose coefficients converge at infinity swiftly and uniformly to those
of A as follows: There exists a nonnegative real-valued continuous function

¢ on R” and a number ¢, 0 < e <Y, satisfying

@ 2\1/2
0 Ay-au@] <o T |uto
ol <m 195
for all x in R” and all « in Hm(R"; Ck).
(ii) |x|™*2€4(x) is bounded in R™.

(Note for later reference that it follows in particular from (ii) that (1 + |x|)"""/2+€

@x) is in L,(R”; C!) and that lim| o 1+ |x])™*€e(x) = 0.)

Then, given a positive R, denote by E(Ao, R) the set of all linear elliptic

partial differential operators
aa.
Aulx) = ) a (x)——ulx)

CRE
of order m whose coefficients are equal to those of A, outside the ball B"; of
radius R about the origin in R”. Note that if A is an operator in E(Ao, R),
then there exist constants C,; and C, depending on A such that the standard
elliptic estimate [u| <C |lu|| + C,||A| holds for all u in H_(R"; Ck). (See
[1]1, [5], and others for the derivation of such estimates.) It follows from this
estimate that an operator in E(AO, R) with domain Hm(R”; C*) is a closed
operator.

The objective of this paper is to generalize the results of [4] and [6], which
concern first-order elliptic operators whose coefficients become constant outside
a bounded subset of R”, to include the operators in E(AO, R) described here.
Specifically, it is shown in the sequel that the dimension of the null-space
N(A) of an operator A in E(A, R) is finite and depends upper-semi-continuously
on the operator in a certain sense. The line of reasoning followed here parallels
exactly that followed in [6]. In particular, the proofs of Lemma 3, Theorem 1,
and Theorem 2 may be transcribed almost verbatim from their counterparts in [6 ]
and will not be given here. In the concluding section, an example is given of an
elliptic operator with an infinite -dimensional null -space whose coefficients ap-
proach their limiting values at infinity more slowly than do the coefficients of
the above operator A,
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2. Preparatory lemmas. Given a positive R and linear elliptic partial dif-

ferential operators A and A of order m as described above, consider the set
M(A, R) =tu eH (R"; Ck): support Aqgu CBRL

Note that N(A) is contained in M(4, R) for every A in E(A, R). The lemmas
that follow show that the restriction of an operator in E(4, R) to M(4 , R) be -
haves in several ways as if the independent variables were restricted to a bounded
subset of R”.

Lemma 1. There exists a positive continuous real-valued function C(R),
defined for all positive R and depending on AO, A_,n, and m as well as R,
which is O(R™) for large R and which is such that the estimate ||u|| < C(R)||A_u| bolds
for every u in M(AO, R).

Proof. The exact approach taken to the proof depends on whether (m — n/2
+ €) is positive or negative. In the following, for any positive R, u denotes an
element of M(AO, R) and A_u is denoted by [.

Case 1. If (m—n/2 + € is positive, denote by p the largest nonnegative
integer less than (m — n/2 + €. Note that (1 + |x|)”~7/2 +€|f(x)| is integrable

over R”, since

[, e lamn 2 ) s
Rﬂ

< flxlSR (1 + |xm =7/ 2% [ (x)| dx

-n/2+
+f|x|ZR(1+|x|)"' n2%A L~ A ulx)|dx

1/2
2m=-n+t2e
{fcr WD Py

R e S

A particular consequence of this is that (- ix)¥(x) is absolutely integrable over
R” whenever |a| <p. Thus, if |a| < p, then

5—2;7(5) =(2m)~n/2 fR" e_i'fx(—ix)a/(x)dx

is the Fourier transform of an absolutely integrable function and, hence, is con-

tinuous. Now |£]~ 2m11€)|2 can be bounded by a constant multiple of the inte-
grable function |u(£)|? and, therefore, must be integrable. It follows that

(0“/3‘“)/(0) = 0 whenever |a] <p. If p =0, this is implied by the continuity of
/(“') if p is positive, this is a consequence of the formula
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p-1 n :
7(& = f(0) Le e L. _._._a___ (0)
' El il,~§ij=17!£1§12 & a‘f 9¢; /
7

1 1 FY R y
* i, 2 _l(p 1)! & E "‘fip fo E_—af— (&)1 - )2-1as,
1 lp

Now 0<m-n/2+¢e-p<1,and so for |a| =

2 16|
fa

——/(f) -—-—/(0)
~log® 9¢®

O N e LI

I(Zﬂ)'"/z (e=i6% _ 1)(<ix) %f (x)dx
Rn

. = (|¢|]x])i-
WERRTZ fm.uqdmlfllxl[ '—”,J———]| 1/ a

=1

< (zﬂ)—n/2<2 . Z I_i')'f'm-n/z%-p f a+ |x|)"""/2+‘|/(x)|dx.
1" R”

Since (2 + 2:__1 1/j") = (1 + ) < 4, this inequality and (when p > 0) the formula

n

-~ 1 1 0" ~ _ -1
1€)= i Z =1 (p - 1)'5116'2 ”fip -fo a{-’il a.gi [ = )™ "ds
27l b 4

yield the estimate
- 14
|7(&) _<_.4(zn)-"/2§—,|§|m-"“*‘f @ eyt € () dx
: R

valid for p > 0. Now, noting that

m+n 172
|lu||,,,s< ! ) {"""*[l';"f‘i‘, |Am<f>-‘|]nAmuu}

for u in Hm(R"; C*), one has
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[ @ lxlym=n/2* e () ax
R'l

- fl*|<R (1 + |y =/ 2% € (x)| dx
+ f|x|ZR (1 + |xm=n/2 €4~ A ) ux)| dx

< figr 0 P72 6

—u(x)
ox®

* flleR @+ lxl)"""/”‘qﬁ(x)( 2

|a|< m

2\1/2
) dx

1/2

+ 3f|x|_>_R 1+ lxl)zm—"+2‘¢(x)2dx$1/2(m; n) el

m-n 1/2/m +n 172 _
+;'[|"|ZR 1+ |x])? +2‘¢>(x)2dx£ ( . ) [l?T:l |4 (&) 1l]"Amu"

<SCR|f+ C,(R)|«|

< Mm 1y lxnm-"*zwxz‘“ I

where

C,(R) = gflxISR (1+ |x|)2m-n+zea,x$1/2
ment 1/2fm +n\’/? _
+2 fipn 4 D? 2£¢(x)2dxt ( ’ ) [l?la:l 14.46) 1|]

and
1/2
Im=n+2 2 1/2(m+n
Cz("“M,BR‘“""’ ‘b G) dxi (m) .

(Note that C,(R) and C,(R) are continuous functions of R, and that C (R) is
O(R™*€) for large R and CZ(R) approaches zero as R grows large.) Substituting
this into the estimate bounding |f(£)| gives the estimate

|7&)] < 4@m)~" 2@/pn)|E|™ /2 € [C R[] + C,R)|Ju]).
Then
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Jall = | = 3 LN 7<f>|2d§§”2
o 1/2
<[ max 14O 1€172mI7@))12a¢
1€]=1 R”

-1 -2m | 7 2 172
sL?la;lAwof) |]3f|§|ZR_1|¢| 7)) df%

max -1 -2m |7 2 1/2
+L§|=1'Aw(e:) [Igfmg_llfl 7@ dfi_

< | max |4 (& HR™/
1¢]=1

. L?Tx |Aw(§)-1|]4(zn)-"/ 2§§[CI(R>|V |+ C,(R)u]]
=1 .

-2m+t2m-nt2e 1/2
. mm_l i df%
<GSR+ € 4Rl

A 1/2
C,4(R) = L?T:l |A (&)™ lﬂl:R'" + 4(217)"””%?(%) CI(R)R"{|

o [A 1/2
C,R) = L?Tfl l4,.(6) ‘ﬂuznr"“:—!(-i) C,RIR™

where

and

2¢

and A is the area of the unit sphere in R”. (Note that now C3(R) and C4(R)
are continuous functions of R, and that C,(R) is O(R™) for large R and C (R)
approaches zero as R grows large.) Let R, be sufficiently large that C4(R) <1
whenever R > R, and define for all R

c® {C3(R)/(I—C4(R)) if R >R,

TG, R/~ C (R if R <R,

The nonnegative real-valued function C(R) is continuous in R and O(R™) for
large R. Furthermore, since M(4 ), R) is contained in M(A ), R) whenever

R <R, it is clear that for all R the estimate || < C(R)||A x| holds for all «
in M(AO, R). This proves the lemma in the case (m - n/2 +¢) > 0.
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Case 2. If (m —n/2 + € is negative, then for any pair K, and K, of

positive numbers satisfying K, < K,, one has

Je qe1cx, €17 TN a

<2

+2

+20m™

K, <|€|<K,

<2KT2m
T ez

2
+ 2(2ﬂ)-"3fK15|fISK2 |§|-n+2€d§$3fkn (1 + |x|)m-n/2+ell(X)ldx¥ .

K, <l €1k,

K, <l€1<k,

€1

Rfl

€172

(zﬂ)-n/z f

s k3!

-2m

(2”)-11/2 f

(2m)~n/2 f . e~ 1% (x)dx

. 2
e~ %[ (x)dx| d&
(4jxp2 K3

2d¢f

(14|*< K3

o= i€x/ (o) ax|” dt

€12

|7 )| % dx

If K, is sufficiently small that K’z'1 >R + 1, then

)

IN

IN

IN

a+lxh>k;!

sup

SMEIELPS

sup

a4=p2K7 !

f (x)|2dx < f

f lqS(:c)z ) o
a2k efsm |05

) (x)-

o) (x)-

A= 4 )u ()| 2dx

2
dx

42Ky

—u(x)

23

2 2
llull,,

2/ m . 2
< +n> lul| +| max |A_(&)"1|{IA =]V .
" |£]=1

Furthermore, there is the previously derived estimate

269

. [f ) |{:lm-n/2+€(1 " |xl)m-n/2+€|/(x)|d{l2d£
AH+x<KS



270 H. F. WALKER [November

[ @ leym=n/2 € G dx < RN+ C,WR)u
Rn

where

C,(R) = ngSR (1+ le)z’”'"+2‘dx§l/2

. ,, 172 fm+n\l7? o1
+3fl"|.>_R (1 + |x|)? 2€ 4 (x) dxt ( ” ) I?T’fl |A ()77

and

172
C,(R) = %IMZR a+ |x|)2m-n+2c¢(x)2dxil/2<m +n> .

m

Then for K, sufficiently small that K;! >R +1,

ke, <lel<x, 1T a

< 2K1'2’" sup ¢ (x) 2<m * n> || + [max A (&) ﬂ Al :
(1+|"|)ZK;l m |£]=1

+2@m™(A /20 1K3€ - KIDHC R/ || + C,(R)||u|}?

where A is again the area of the unit sphere in R™. If R > 1, it follows that

- €172 |72 dé = 3 f( 1727 (&) % a¢
i=1

MRy~ <|¢] <Ry

<Y 20 ap ) 2(’"“’) ||u||+[max |AN(§)'1I|||/|I ’
=1 (14x))>2'R m |¢1=1

%0 A
+ 2 2(217)‘"(-2;)[(21'12)‘2‘ - QMR 2HC R)|f || + C,R)||«||}
i=1

Szzmﬂ[ sup a1+ le)m+€¢(x)]2<z 2-2j¢>R-ze<’” +">
(1tx|)>2R i=1 m
2
x4llul| +| max IAN('S)’II]IIIII
1£1=1

+2@2m™™(A /26)(2R)™24C R/ | + C,(R)|u]|}?

flflsmz)

<ACWIf I+ € (R}
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where CB(R) and C4(R) are now taken to be

00 1/2
c3(R)=2"'“/2[ sup (1+|x|)'"*‘¢(xﬂ<2 2-27">

(1+|%])> 2R

m +n\/?
R"( > [max |A°°(f)—l['
m |€]=1

+2172Qm)="/%A4 /261 H2R)7€C | (R)

i=1

and

oo 1/2 m 4 \1/2
c4(R)=zm*1/2[ sup <1+|x|)m*‘¢(x)]<z;z-2ff> R"( >

(1*‘36')2 2R j=1 m
+ 21/2(2”)—n/2(An/2€)1/2(2R)—€C2(R).

(Note that C3(R) and C4(R) are continuous functions of R, and that C3(R) is
O(R™) for large R and C ,(R) approaches zero as R grows large.) Then as

before,

u max |A_ (&)1 —2m | 7(£)|2d 12
u llsﬂglﬂl & M5|2R_,|f| 7)) ff

max &)1 \ -2m | 5(£)|2 1/2
+[|§|=: 4.6) Wmsa-‘m 76 d,gz

<| max |A_(E)"Y|R™|TI + | max lAw(f)-l[l{C3(R)||/||+C4(R)"u“}
|¢]=1 HE

<| max |A_(&)7 {R”‘+C3(R)H|/|[+ max IAw(f)'qu4(R)llu||».
l€]=1 |€]=1

Let R be sufficiently large that [max|5|=l |A°°('f)"1|]C4(R) <1 whenever
R > R, and define for all R

[max|§|=l |A (&) lI]{R"‘ + CS(R)}
= 1 —[max|§|._.l IAN(f)'IUC“(R)

C(R) R >R

Z Koo

_ [max|§|=l lAm(f)‘II]ng’ + CS(RO)}
1- [maxlﬂ.__l IAN({")' 1|]C4(R0)

R <R,

The nonnegative real-valued function C(R) is continuous in R and O(R™) for
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large R. Furthermore, since M(AO, R) is contained in M(AO, RO) whenever
R <R, it is clear that for all R the estimate ll«|| < C(R)||A_«| bholds for all
in M(A, R). This completes the proof of the lemma.

Lemma 2. For any positive R, every subset of M(A , R) which is bounded
in H_(R; Ck) is relatively compact in L, (R Ck).

Proof. Consider first the following

Claim. There exists an R, such that whenever R > R, there is a positive
constant ¢ for which the estimate ||| < c||A4u| holds for all « in M(A j, 2R)
having support in R” - BY,.

Proof of claim. For any R and all « in M(A j, 2R) having support in

R” - B';‘,, one has the estimate
llull < CQ2R)A |l < C2R)|A jull + CQRA , - A |
<CQ@R)|A gl + C (2R)< sup ¢(x)>||unm

REL

|*[2 |*| >R

< C@R||A yul| + C(2R)< sup ¢(x)>C1||u|| + C(2R)< sup ¢(x)>C2||A ol
R

_ C(2R)[1 v c2< sup qS(x)):IHA ol + C(2R)< sup ¢(x)>Cl||u|l
|*[2R |x| 2R
where C(2R) is the function described in Lemma 1 and where C, and C, are
the constants appearing in the estimate |[lu|| < C|l«]| + C,[|Agu|l on
Hm(R”; C*). Since C(R) is O(R™) for large R and since @(x)1 + |x|)™+<€
approaches zero as |x| grows large there exists an R, such that
C(ZR)(sup|x|>R #{x))C, <1 whenever R > R,. Then for R > R, the estimate

C R)1 + Cz(suplxl XA
Il < = CTRIC supy 5 5 500

14 gl

holds for all « in M(A, 2R) having support in R” — B}, and the claim is proved.

Now since M(Ao, R) is contained in M(Ao, RO) for every R <R, the
lemma will be proved if it can be shown to hold true for all R greater than or
equal to the R of the above claim. Suppose that R > R, is given. To prove
that every subset of M(A, R) which is bounded in H_(R"; C*) is relatively
compact in L,(R"; C*), it suffices to show that an arbitrary sequence tu,} in
M(AO, R) which is bounded in Hm(R"; Ck) contains a subsequence which is
Cauchy in L,(R"; C*). Given such a sequence, let i be a scalar-valued infi-
nitely-differentiable function on R” satisfying the following:

(1) Y(x)=1 for |x| <R.

(ii) ¢(x) = 0 for |x| > 2R.

Now for all :
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H(//ulllm < const |u || < const

and the functions u; have compact support, so it follows from the Rellich Com-
pactness Theorem [2, p. 169] that there-is a subsequence {yu; } which is
Cauchy in L, (R Ck). It remains to find a Cauchy subsequence of {(1 - Y)u, ]}.
Since each u; S is in M(AO, R), (1 - (//)A 1.. is identically zero on R”. It is
then apparent that the functions A ol - x/l)u ] are bounded in H,(R™; C*) and
have support in B Then the Relllch Compactness Theorem 1mpl1es that

there exists a subsequence Aol - 1/1)u ] which is Cauchy in L,(R™; ch).

But the functions [(1 — Vlu; i ] and thelt dlfferences are in M(A ZR) and have
support in R” - B%. Since R> R, it follows from the claim that the sequence
. xp)uijl} is itself Cauchy in L,(R"; Ck). Therefore, the sequence {uijl =
l/luij + (1= ¢)uijI} is a subsequence of {u,} which is Cauchy in L,(R" ck),
and the lemma is proved.

The following lemma is a consequence of Lemma 2 and the elliptic estimate
l«ll,, < Cyllull + C,llAx] on H_ (R C®) for an operator A in E(A), R). In the
statement of the lemma, N(A)* denotes as usual the orthogonal complement of
N(4) in L,(R™; Ck). The proof is a trivial generalization of the proof of Lemma
3 of [6].

Lemma 3. For any positive R and any operator A in E(A, R), there
exists a positive constant c for which the estimate ||u|| < c|Au| bolds for every
u in M4, R) N N(A)*.

3. Null-spaces of operators in E(Ao, R). Let there be given linear elliptic
partial differential operators A, and A of order m as described in the pre-
ceding sections. Note that, for any positive R and any operators A and A’
in E(AO, R), it follows from the elliptic estimate for such operators and from
the boundedness of the coefficients of the operator (A — A') that there exist
positive constants ¢, and c, for which the estimate [[(4 — A"u| <c ||u| +
c,l|Au|| holds for all « in H_(R"; C*). In particular, the constants c, and
¢, in this estimate can be made arbitrarily small by taking the coefficients of
A’ sufficiently near those of A uniformly in R”. Theorem 1 below is a
consequence of Lemma 2, which plays a role here analogous to that played by the
Rellich Compactness Theorem in similar investigations in which the independent
variables are restricted to a bounded subset of R?. Theorem 2 is deduced from
Lemma 3 and Theorem 1 by using standard perturbation theory arguments that ap-
pear in [3]. For details of the proofs of Theorems 1 and 2, the reader is referred
to the respective proofs of Theorems 1 and 2 of [6].

Theorem 1. If A is an operator in E(A,, R) for some positive R, then the
dimension of N(A) is finite.
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Theorem 2. If A and A' are operators in E(AO, R) for some positive R,
and if A' is sufficiently near A in the sense that the constants ¢, and c, are
sufficiently small in the estimate ||(A — A")u| < c llull + ¢, llAul| for u in
Hm(R"; Ck), then the dimension of N(A') is no greater than the dimension of N(A).

4. An operator with an infinte-dimensional null-space. The following example
is intended to demonstrate that the preceding theorems are invalid unless it is
assumed that the coefficients of the operators at hand approach constant limiting
values at infinity with a certain rapidity. For a real number a, 0<a <Y,
consider the operator A u(x) = A_u(x) + B u(x) acting on functions « in

H, (R%, C?), where A_ is the Cauchy-Riemann operator

-1 0\ 9 0 1\ 9
- Z —u (x)
A u(x) < 0 1>ax1u(x)+<l 0>8x2

and where B is the operator defined by

—xl X

2
Bu(x) = 2 u ().
(1 +xf+x§)l'a X, X

Note that the coefficients of A, approach those of A_ on the order of |x|2‘"‘l

as |x| grows large. (In order to satisfy the hypotheses of the preceding theo-
rems, the coefficients of a first-order linear elliptic operator in R? must ap-
proach constant limiting values at infinity on the order of |x|~!~€ for some
positive e. Thus the preceding theorems are “‘within €’ of being the best pos -

sible results.) Now for each positive integer j, the function

Re (x, +ix,)

2, . 2)a 1 2
ux) = expl-(1 +x{ +x3)*} .
Im (x| +ix,)

is in HI(RZ; C2) and is annihilated by A,. Since the functions u; are linearly

independent, it follows that the null-space of A, is infinite- dimensional.
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