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ABSTRACT. Let M CR” be a compact submanifold of Euclidean space which
is invariant by a compact group G C SO (n). When dim (M) =n — 2, it is shown
that there always exists a solution to the Plateau problem for M which is invari-
ant by G and, furthermore, that uniqueness of this solution among G-invariant cur-
rents implies uniqueness in general. This result motivates the subsequent study
of the Plateau problem for M within the class of G-invariant integral currents. It
is shown that this equivariant problem reduces to the study of a corresponding
Plateau problem in the 'orbit space R/G where, for *‘big’’ groups, questions of
uniqueness and regularity are simplified. The method is then applied to prove that
for a constellation of explicit manifolds M, the cone C(M)=1{tx; x e M and 0 < ¢ <
1} is the unique solution to the Plateau problem for M. (Thus, there is no hope for
general interior regularity of solutions in codimension one.) These manifolds in-
clude the original examples of type S” x S” C R2n+2’ n 2 3, due to Bombieri,
DeGiorgi, Giusti and Simons. They also include a new example in R® and examples
in R” for n > 10 with any prescribed Betti number nonzero.

1. Introduction. Let G be a compact, connected Lie group acting orthogonally
on R”, and let M be a compact, oriented, (n — 2)-dimensional, G-invariant mani-
fold, of class C*, imbedded in $”~! ={x € R": |x| = 1}. By a solution to the pla-
teau problem for M in R” we mean an (n — 1)-dimensional integral current T with
0T =M whose mass M(T) satisfies M(T) = inf{M(T'): T' is an integral current in
R” and 9T’ ~ M. The existence of T follows from general theory (and uniqueness
does not, in general, hold). The support of T minus another compact set & whose
Hausdorff dimension does not exceed n — 8 is an (n — 1)-dimensional analytic
manifold [5) and [7). Hence, if 7 < 7, then 8= @. If n =8, 8 consists of at most
isolated points [S, 5.4.16). Moreover, for any » we know from [1] that near M
the support of T has the structure of a regular manifold with (M as) boundary.

In the case where M possesses certain symmetries as above it is natural to
investigate the possible symmetries of T. If the condition that G be connected is
dropped, it is not necessarily true that every solution to the Plateau problem for
M is G-invariant [5, 5.4.17]. However, we shall show that whenever G C SO (n),

there always exists at least one invariant solution and, moreover, that uniqueness
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in the class of G-invariant integral currents implies uniqueness in general,

The next step is to study the Plateau problem for M within the class of G-in-
variant integral currents. We show how this reduces to the study of a correspond-
ing Plateau problem in the space R”/G with an appropriate metric structure (cf.
[8]) where in some cases the questions of uniqueness and regularity of solutions
are vastly simplified. In particular, for many cases the problem is reduced to one
of studying the geodesics on a certain Riemannian manifold.

As an application, we then give a new proof that the cone
C(s™ % $7) = {(x, y) € Rn+1 % er+1: |x|2 < |y|2 - 1/2}

is the unique solution to the Plateau problem for $” x $" C R?"*2 (first proved by
Bombieri, DeGiorgi and Guisti [3]). This result dashes the hope for general interior
regularity of (codimension-one) solutions to the Plateau problem in R8. The method
here, however, is sufficiently general that with a uniform treatment we produce
many more minimizing cones of different topological types even in dimension 8.
Furthermore, by studying the geodesic structure of certain orbit spaces one can
get a clear geometric picture of why interior regularity eventually breaks down.

I would like to express gratitude to Wu-YiHsiang for invaluable help in the
development of these ideas and to Wendell Fleming for suggesting a much more
elegant proof of Theorem 1. I also wish to thank Herbert Federer and John Brothers

for many helpful suggestions.

2. Notation. Let X be a Riemannian manifold. We denote by Ek(X) the space
of smooth, exterior k-forms on X with the usual topology. We let E (X) be its
dual space and denote by Ik(X) C Ek(X) the subgroup of k-dimensional integral
currents (with compact support) in X (see [6]). For each & there is a boundary
map 9: E, (X) — E; _(X) defined by setting (dT)¢) = T(d@p) for T € E (X) and
P € Ek_l(X) where d: Ek- 1(X) — Ek(X) is exterior differentiation.

At each point p of X we introduce a norm | -| on AkXp by setting

(2.1 llv|| = inf {Z |v]:v= 2" v, and each v, is a simple vector}

1

where |-| is the usual norm obtained from the metric on Xp., For ¢ € Ek(X) we
define the mass of ¢ to be M(¢) = sup{"qbp {:2 € X} For T € E (X) we then define
the mass of T as M(T) = sup{T¢: M(¢) < 1}. Associated to each T € E, (X) for
which M(T) <o we have the variation measure ||T|| of T defined by setting ||TJ|(/)
= sup{Té¢: |||l < f} for each nonnegative, real valued, continuous function f on X.
For any locally Lipschitzian map f: X — X' where X' is another Riemannian

manifold, we denote the induced map on currents by fy: EL(X) — E (X"
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For any notation and terminology not mentioned here the reader is referred to

[5] and [6].

3, The existence of invariant, minimizing currents. Let M and G be as above
and suppose we have T € I _ l(R") such that dT = M (where M is now interpreted
as an integral current) and such that M(T) = inf{M(T'): T' € In_ l(R") and dT' = M.
The existence of T is guaranteed by 9.6 in [6]. From this T we will construct
a G-invariant current having mass M(T) and boundary M. The following elegant
proof was shown to us by Wendell Fleming and is based on an idea of K. Krickeberg.

Theorem 1 (W. Fleming). There exists a family {TA}0<_)\51 of G-invariant in-

tegral currents in R"® such that

f(l)Txd/\= fG g#ng

(where dg represents Haar measure normalized so the measure of G is 1), and for
almost all N we have GTA =M and M(TA) = M(T).

Proof. Consider the G-invariant (» — 1)-dimensional normal current

Since ag“T =M for all 8. € G we have 871\: = M, and, by the lower semicontinuity
of the mass function, M(T) < M(T). Our first step shall be to represent T as part
of the boundary of an n-dimensional integral current.

Let S"~!={x € R™ |x| = 1} and recall that M is a compact oriented (7 — 2)-
dimensional manifold embedded in $7~ 1, Hence, M divides $”~! into two compo-
nents D and D’. Orient D and D' by the exterior unit normal to S~ ! and arrange
the notation so that dD =~ M. Since G is connected and leaves both M and S"~!
invariant, it must also leave D invariant. Since KT + D) = 0, there exists a unique
current U € ln(R") such that JU = T + D. (See [6, 5.11].) Associated to U is an
integer valued function / with support in B” = {x € R™: |x| < 1} such that for

Dl

Sn—l

D

any smooth function ¢ with compact support on R” we have

Ulgdx | A .o Ndx ) = f &f dx.
Rn
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We denote this relationship by writing U = cf. (Note, supp U C B” because
supp AU C B™.)
Since T minimizes mass, its support has finite Hausdorff (n — 1)-measure.

Moreover, we have
supp T N $*~ 1 = supp M.

From 2.3 in [6] we see that [ is constant on each component of B” ~ (supp T U
$”~1). We assert that

(a) f=1 on the component whose boundary contains D,

(b) /=0 on the component whose boundary contains D’,

(¢) f(x)=0 or 1 for all x.
To prove assertion (a) choose a small ball B which is centered in D and does not
meet supp T. Then d(UN B) =D N B + kB" N (dB) and since 0 =9%U N B) we
have k= 1.

For assertion (c) we write [ as a sum of functions [ =/, + [, where [ (x)=1
if f(x)=1 and f () = 0 otherwise, Let U, = cf 1 and U, = cf , be the associated currents.
From the total gradient variational formula [5, 4.5.9(13)] we have

M@U) = MOU,) + MAU,).

Moreover, we have

AU=T+ D, suppT Nsupp D= supp M
and

AU, =T, + D, supp T, N supp D = supp M.

Since supp M has dimension 7 — 2, it follows that M(3U) = M(T) + M(D) and
MU |) = M(T ) + M(D), and therefore that M(T) > M(T ). However, 9T =T, and
T is minimizing. Hence, M(T) = M(T1 ) and thus M(GUZ) = 0. Finally, 6U2= 0 im-
plies that U, = 0 because U, has codimension zero. Thus U=U,, =/, and
the assertion is proved.

We now define a function [ (x) = [ f(gx) dg with associated current

U= f (g, V) dg = C?J.

Note that 0 </ <1 and au T + D. For /\ e [0, 1] we defme X, t be the char-
acteristic functlon of the set E ={x e R": /(x) > Al Let U € Xz (U)\ is
simply the set U with posmve orientation interpreted as a current.) From the
fact that f fo X) @A we have that

U= [[Uyax and U= [ aUyar.
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From the total gradient variational formula [5, 4.5.9(13)] it follows that

3.1) MaU) = [ MaT,) .

From the remarks made while proving assertion (a) above we see that any point of
D has a neighborhood B such that f (x) = 1 on B N (interior of B"). Therefore,
B N (interior of B") C Ey for A < 1. Hence, writing

U=T+D, alUy=T, +D, 0<A<I,
we have
supp T N supp D = supp M, supp Ty N supp D = supp M,

and thus
M@U) = M(T) + MD),  M@U,) = M(T,) + M(D).

It then follows from (3.1) that
~s l ~ .
MT) = [ M(T,) a.
Clearly we have that

T= [(Tydh, 9T=0T, <M, and g,T, - T,

for all g € G and all A. Furthermore each T)‘ is an integral current because D
and JU, are.

Smce T is minimizing and M(T) < M(T) we have M(T ) = M(T) for almost all
A. This completes the proof.

Theorem 1 asserts the existence of G-invariant solutions to the Plateau pro-

blem and, upon close inspection, also gives the following uniqueness result.

Corollary 3.1. If the solution to the Platcau problem for M is unique in the

class of G-invariant currents, it is unique in general,

Proof. Let T* be the unique invariant solution, and let T, U, T,, etc. be as
above. Then T, = T* for 0< )\ < 1. Hence T T*, and /(x) =0 or 1 for all x.
Thus [ = / whxch implies U = U and T = T T*.

Remark 3.2. It has been pointed out by John Brothers that Theorem 1 remains
true when G is any compact subgroup of SO(n). This follows from the fact that
since g ,M = M we have either 840 =D or g,D = - D’. In the second event g can-
not be in SO(n).

Remark 3.3. The fact that G C SO(n) is essential for Theorem 1. To see this
consider the boundary §'x §! ={(z, w) € C x C: |22+ |w|? =Y} C C? = R* and
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the group Z2 C O(4) generated by f: C? — C? where [(z, w) = (w, Z) (C = complex
numbers). The solutions to the Plateau problem for st x s! are not chinvariante
There are exactly two distinct solutions (which are images of each other under Z)).
For details of this case see §5 and [5, 5.4.17].

4, Reduction of the equivariant problem. Our purpose here is to reduce the
Plateau problem for G-invariant currents to a corresponding problem in the space
of orbits. We begin with the case which is simplest geometrically.

Let X be an (n + p)-dimensional oriented Riemannian manifold and G a com-
pact, connected group of isometries of X (a sub-Lie group of ISO (X)). We shall
assume for the moment that all the orbits of G on X are of the same type (i.e., all
the isotropy subgroups G = {g € G: gx = x} for x € X are mutually conjugate in
G). Then there is a natural differentiable structure on the space of orbits X/G so
that G,/Gx — X B X/G is a differentiable fibre bundle. Moreover, the manifold
X/G also has a natural Riemannian metric (-,-) such that if & and 7 are tangent
vectors at x € X, which are orthogonal to the orbit G(x), then (&, 1) = (m. &, mn).
With this metric 7 is a Riemannian submersion in the sense of [9]. The length of
a curve in X/G is the length of any orthogonal trajectory through the corresponding
orbits in X,

Let p denote the common dimension of the orbits of G on X and define the
volume function V: X/G — R by setting V(x) = p-dimensional volume of 7~ l(x)°
(For convenience we shall also denote the function #*V on X by V.) There are
several other Riemannian metrics on X which will be of interest here. For each
integer k, 1 <k <dim X/G, we define the metric (-,-), on X/G by

(4.1) (o= V7RG L.
Then the area of a k-dimensional submanifold of X/G in the metric ., -)k is equal
to the area of its inverse image in X,

A current T is called G-invariant if g,T =T forall g €G. We denote by

IS(X) the space of G-invariant, k-dimensional integral currents in X (if & < p,

IS(X) = 0), and define a continuous Z-linear map

Ty: 1S (X) — 1(X/G)
of degree — p by setting
(4.2) (7, 1) (0) = T(r*w A Q)

for T € If+ p(X) and @ € E*(X/G) where Q = (1/V)Q, and where Q is the field

of positively oriented unit cotangent planes to the orbits of G on X.

Theorem 2. The map n, has the following properties:

(a) m, has a continuous 2-sided inverse of degree p
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a*: 1(X/G) — IS (X)

such that if M is a compact, oriented, k-dimensional, embedded submanifold (with
boundary) of X/G and if M is the current associated to M, then w*(M) = n~ 1(M).
(b) domy=m,00 (and J o 7*=7*0J).
(c) If X/G is given the metric (-, )é and if Mle is the associated mass func-
tion, then M(T) =M p(mT) forall T EI (X).

Proof. The maps 7, and #* were first considered by John Brothers and we
refer to Theorems 3.3, 3.5, 3.6 and 3.7 in [4] for the proof of parts (a) and (b)
above. We note that Theorem 3.3 (the statements of proof of which undergo a tri-
vial modification to fit our needs here) also proves the fact that ﬂ*[lf(X)] C
1,(X/6),

For part (c) we make some preliminary observations. Let T € lp k(X), From
basic facts concerning currents of finite mass (in [6]) we know there exists over

X a Borel measurable field of (p + k)-vectors T such that, for any w € E? "‘k(X),

Tw) = [ (1],

where ||T| is the variation measure associated to T. Since T is G-invariant and

rectifiable, it follows that T is G-invariant and that, for ||T|| almost every x € X,
we have T = TI A 7"0, where 7‘0 is the unit p-vector representing the tangent plane
to the orbit at x,

We observe also that, for any w € E""k(X), T($) = T(¢>) where qS =
Jc(e*¢)dg. Since qS is G-mvanant it : may be expressed as qS =m0 A Q)+ ¢1
where ® € E¥(X/G) and where ¢ (T AT ) = 0 for any k-vector field T

If we now introduce the metric (-, )k on X/G and denote by M, the corre-
sponding mass norms on E*(X/G) and I(X/G), we have for T € If+k(X) that

M (7, T) = sup{(, T)(0): @ € EMX/G) and M (o) < 1}

= sup{(7, T)(w): € EXX/G) and o I < V(x) for all x € X/G}

= sup{T(7*w A Q): w € EXX/G) and o Il < V(x) for all x € X/G}
sup{T(7*w A Q):w € EMX/G) and M(w) <1

(where ||-|| is the norm defined by (2.1) and associated to the canonical metric

(+5+)). On the other hand, from the observations above, we have that
M(T) = supi{Tsp: 5 € EP*(X) and M(p) < 1}
= sup{Td: ¢ € EP**(x) and M(#) < 1}
supiT(m*w A Q): 0 € EXX'G) and M(w) < 1}

This proves (c) and completes the theorem.
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Remark. Part (b) of Theorem 2 can be verified directly as follows. Fix T €
IG+k(X). It is clearly sufficient to prove that T(z*w A dQ) = 0 for any w €
E*~1(X/G). This fact is an immediate consequence of the following two formulas

which follow from straightforward computation.

(4.3) av = - VK,
(4.4) dQ,=-X0,+Q,,

where () 1(71 A r1.'0) = 0 for any vector field 71 and where K denotes the mean
curvature form for the orbits of G.

Theorem 2 has the following immediate corollary.

Corollary 4.1. Let T be an element of lf“c(X) and set B = dT. Let X/G be

given the metric (-,.),. Then the numbers

m=inf{M(T): T € 1§'+k(x) and 0T = B}
and

m'= inf{M(T"): T' € 1,(X/G) and 9T = m, B}

are equal. Moreover, the map w, gives a one-to-one correspondence between cur-
rents in lg”c(X) of least mass having B as boundary and those in 1,(X/G) of

least mass having w, B as boundary.

We now return to the case of a compact, connected Lie group G represented
orthogonally on R”. The orbits of G are, in general, not all of the same type. How-
ever, there is an open dense submanifold X C R” which is comprised of orbits of
the same type, the so-called principal orbits, and which fits into the setting above.
We denote by p the common dimension of the principal orbits, and to simplify the
discussion we shall assume that the dimension of all nonprincipal orbits is < p,
i-e., there are no “‘exceptional orbits.”’ (This last condition can be dropped as in-
dicated in Remark 4.5.) The singular set S -~ R” ~ X is a differentiable stratified
set (stratified by orbit types) of codimension at least two. The volume function
V: R” — R* U {0} is then defined as follows:

volume[G(x)] if x € X,

V(X) =
if x € S.

It is not difficult to see that V? is an invariant polynomial of degree 2p.

The orbit space R”/G has the natural structure of a differentiable stratified
set such that over each stratum the restriction of m: R” — R"/G is a differentiable
fibre bundle. By using invariant polynomials it is possible to differentiably imbed
R”/G into some Euclidean space. By means of such an imbedding we can define
the space of rectifiable currents R, (R"/G) on R”/G. Such a definition is both



1972] THE EQUIVARIANT PLATEAU PROBLEM 239

natural and imbedding invariant. For each k& we then define l;(R"/G) ={T ¢
R, (R?/G): 0T L X/G e R, _(R"/G)L.

For complete details and a number of examples related to the discussion.in the
above two paragraphs we refer the reader to [8]. We do include one example here
which will be discussed more deeply later on.

Example 4.2. Let G = SO(r) x SO(s) acting on R” x R® in the standard way,
where 7, s > 1. Then the principal orbits are all diffeomorphic to S~ !x 571, and

={(x, y) € R"x R®: |x|.|y| £ 0}. The orbit space can be represented as
R*%/G =1{(u, v) e R%: >0 and v > 0} where m: R"*5 — R"*°/G is given by
m(x, y) = (|x|, |y|). The canonical metric on R"**/G (compatible with the fibration
over each stratum) is the usual flat one ds? = du? + dv?. The volume function is
of course proportional to V(u, v) = u"~ 1o~ 1,

We now consider a current B = 9T where T € Ig”e(R") and where supp(B) C
X. From the general compactness theorem for integral currents [6, 8.13] and the
fact that 1,.G<(R") is closed in I (R"), we have

Proposition 4.3 (Existence). There exists an integral current T € I§+k(R")
such that dT = B and

M(T) = inf {M(T"): T' € 1S ,(R™) and 9T' = BI.

b +k
We denote any such current T as a solution to the equivariant Plateau prob-
lem for B.
Ve shall now formulate an equivalent Plateau problem in the orbit space

R”/G. In doing this the following fact will be crucial.

Proposition 4.4. Let B = 9T where T € lf+k(R") and supp (B) C X, and let
fRG B denote the set of G-invariant, rectifiable, (p + k)-dimensional currents T
such that OT = B + B' where supp(B')CS. Then for any T € ‘RG B which satisfies
M(T) = inf AM(T"): T € R o} we have AT L X) = B

Proof. Since S is a cone in R” we have that supp(T) is contained in any
ball centered at the origin which contains supp (B). Thus we shall always work in-
side a compact ball. Note that since T is minimal, T =T L X,

Let f: R” — R be a Lipschitz function with Lipschitz constant 1 such that
f1X>0 and inf{/(x): x € supp(B)} > sup{f(x): x € S}. For each ¢> 0, we let X =
{x € R”: f(x) > ¢} and set T,=TL X_. By the dominated convergence theorem and
8.8 in [6] we have that

el_x’r(:)x T.=T, and clirg dT, = 9T,
For ¢ sufficiently small, dT, =B + B(' where supp(B) and supp(Be') are separated.
Thus for small ¢,

(4.5) MAT) = M(R) + 'W(Bc').
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Furthermore, lim__, B' =B/

p o» and, by the lower semicontinuity of mass,

(4.6) lim M(B,) > M(B).

€0
Each T is rectifiable. Hence by 8.14 in (6}, T, is an integral current whenever
M(JT ) < . By 3.10 in [6], we have M(IT) < o for almost all ¢ in [0, =). In fact
if 0<a<b and b is sufficiently small, then

(4.7) [ mB,)de < MT, - T).

If we choose f(x) = distance (x,S), then TO =T and Bé = B. However, in
general the singularities of S make the proof that lim M(Be') =0 quite difficult.
Our procedure will therefore be to use functions which agree with this one except
near the singularities of S.

We choose our function [ as follows. For any closed set A C R” let d,(x) =
distance (x, A). The set S is a homogeneous algebraic variety in R” which has a
subset §' of singular points. Let § > 0 be a small number and let € =
max {d(x): dg,(x) <8}, Set M =1{x e R™: dg,(x) < 8} and Seo = tx € R™: d(x) = ¢ L.
Then we define f(x) by

ds(x) if dy(x) > €00
f(x) = <€ if dox) <8,
€ - dﬁsusf (x) otherwise.
0

Suppose now that lim M(Be, L X) = a> 0. Then from (4.7) we get the follow-
ing. If a <o, then for any number a <1 there exist arbitrarily small numbers € >
0 such that eaa < M(T0 - T(), If a = oo, then there exist arbitrarily small numbers
€ such that

eMBB, L X)<M(T,-T).

Choose such an € << €, and let 2 ={x € R": f(x) = ¢}. Observe that from our defi-
nition of [ the set {x: f(x) > ¢} contains Jl5. Thus, £ is bounded away from S'.
Moreover, by choosing ¢ sufficiently small and using compactness, we may assume
that 2 lies in a neighborhood of the manifold S ~ S’, in which every point can be
joined to S ~ S’ by a unique, shortest straight line. It follows that the vector field
dS'VdS = ’/zv(dg) is well defined and differentiable in this neighborhood. We now
let F: £x [0, 1] — R” be the map which deforms = uniformly along the gradient
of dg. That is,

F(x, t) = x - tct'S(x) . VdS(x).

Let Z = F”(BG' L X x I). Then for any partition ty=0<t <t,<..<t =1 we
have
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N
Z=3 FB L Xxlt,_, 1]
k=1

and
N
(4.8) M(7) < kz=1 M[(F‘é)"( 3, L Xt -, ),

where F (x)= F(x, 1) and ¢, | <t, <t,. Ve now claim that, for each k,
(4.9) MICF ) (B L XT<(3/21,M(B; L X).
k

To see this observe first that the deformation F is G-invariant and consequently
projects to a similar deformation F on R"/G. Introduce the standard Riemannian
structure {-,-) on R"”/G. Then by choosing e sufficiently small we can assume
"(?5,)““ < 3/2 (in fact, < 1 + y for any fixed y > 0) for 0 <t <1, It is not difficule
to_see that for small ¢ we have I(F),Il <3/2, and the corresponding statement for
“(Fl)g" follows by restricting to vectors perpendicular to the orbits. The inequality
(4.8) can now be deduced from the fact that the volume function must vanish at
least to first order on §, and the mass of any invariant current T in X can be ex-
pressed as the integral of the volume function over 7, T in X/G (with metric
(e

Putting together (4.8) and (4.9) and passing to a limit, we have
Bed 1 3 [ ’ S, 3 ’
M(7) < f()? etM(B] L XN)di= 2 eMB, L X).

In the case a < o, a similar argument shows that for appropriate choices of ¢
and a we have M(Z) < %eaa.

Ve now let 7= T, + Z. Then dr=B + B where supp B C S. However, M(T) <
M(Te) + M(Z) < M(Tf) + M(T0 - Te) = M(TO) <M(T). This contradicts minimality, and
therefore

lim M(B' L X) = 0.
6-»—0 €
Since & was arbitrary, we have that supp(B') C §’.

The set $' is again a homogeneous algebraic variety, and with § replaced by
§' the entire argument can be repeated. In a finite number of steps this shows that
B* = 0 and the proof is complete.

Note. In almost any specific case much shorter proofs of Proposition 4.4 can
be given. The variety of difficulties presented by different group actions makes the
above general argument somewhat involved.

Proposition 4.4 says that finding currents of least mass in RG,B is the same

as solving the equivariant Plateau problem for B. However, under the map w, the
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currents in '(RG p of least mass correspond to currents in Ik(R"/G) of least M-

mass having boundary 7 B + B’ with supp (B') C S/G. Thus we have the following.

Theorem 3. Let B = 9T where T € If+k(R") and supp (B) C X. Then there is
a natural one-to-one correspondence ¢: SG . § between the set 8¢ of solutions
to the equivariant Plateau problem for B in R" and the set S of currents T €
i, (R"/G) with T = n,(B) + B', where supp(B') C S/G, and with M,(T) =
inf{Mk(T'): T € lk(R"/G) and AT’ = 7B + B", where supp (B") C S/G}. In fact,

M) =7 (TLX) and ¢~ UT)=n*(T L X/G).

Remark 4.5. The condition that there are no nonprincipal orbits of dimension
p can be eliminated in the above work by including such orbits in X, defining the
volume function as in [8], and using arguments which involve the differentiable
slice theorem. Invariant manifolds passing through such orbits always have singu-
larities even though their images in X/G are regular. Consider, for example, the
action of SO(2) on R* = C? which maps (z, w) to (™ bz, e%) for 0 € R and
(m, n) = 1.

Theorem 3 is of particular interest when k& = 1. In this case the equivariant
Plateau problem is reduced, after applying the regularity results in [2] and stan-
dard arguments concerning the regularity of piecewise smooth arcs of minimum
length, to finding certain shortest geodesics in the manifold X/G with metric
() 1+ If, moreover, » = p + 2 and the boundary B lies on a G-invariant, convex
hypersurface in R”, then by Theorem 1, solutions to the equivariant problem are
solutions to the general Plateau problem, and uniqueness for the geodesic(s)
implies uniqueness for the general problem,

Consider, for instance, the case r=1 and s =p + 1 in Example 4.2. Here the
orbit space is

R?*2/50(p + 1) = {(u, v) € R%: v > 0},

where 7t RIx R?+!1 - RP+2/50(p + 1) is nlx, y) = (x, |y|), and the metric (-,-) .
is ds? = v2(dy? & dv?). The geodesics for this metric are all of the form

(4.10) u=cf’ A

(UZp _ CZ)/z
for constants ¢ and a. When p = 1, these are the lines u = constant and v =
c-cosh(u/c + a') which correspond respectively to planes (or disks) and the
classic catenoids in R3. If we consider an invariant boundary in R?*? of the type
type SP U SP (with opposite orientations on the components), then the correspond-
ing boundary in R?*+2/SO(p + 1) is a pair of points. The shortest geodesic y
joining thes~ points (modulo the boundary) is either a generalized catenary (given

by (4.10)) or a pair of vertical lines. The inverse image of y under 7 is a solution
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to the general Plateau problem in R?* 2 and except when the length of the “‘cat-

enary’’ equals the length of the two vertical lines it is the unique solution.

v

-/‘:

u

5. Interior regularity and uniqueness for the Plateau problem. One situation
to which the theorems proved above have immediate relevance is the following.
Consider the Plateau problem in R"* ! for an (n — 1)-dimensional boundary mani-
fold M which can be realized as a (principal) orbit of an orthogonal representation
of a compact, connected group G on R"* 1 By Theorem 1 every solution to the
G-invariant Plateau problem is a solution to the general Plateau problem, and
uniqueness in the former case implies uniqueness in general. Furthermore by
Theorem 3, solutions to the equivariant problem correspond naturally to solutions
of the reduced problem in R™*!/G. The linear groups producing codimension-2
principal orbits on R”+1) and the associated orbit spaces with their natural
metrics and volume functions are classified in [8], and listed here in the appendix.
Each such orbit space can be realized isometrically as the cone over an arc of
the unit circle in RZ, and the square of the volume function, VZ, is a homogeneous
polynomial in x and y. The boundary manifold M corresponds now to a point
m € int (R7+1/ G) C Rz, and a solution to the reduced Plateau problem will be «

geodesic of minimum length in the metric

(5.1) ds? = VUdx? + dy?),

which connects m to the boundary of the cone R**1/G in R2,

R"*1/¢

.

In all such cases, if the minimizing geodesic meets a wall of the cone, it

meets it orthogonally, and the corresponding solution in R**! is a regular, imbed-
ded, analytic manifold.
If the minimizing geodesic meets the vertex of the cone, of course the corre-

sponding solution is singular. However, it can be shown, in all cases, that the
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only geodesic which meets the vertex is the straight line passing through a point

m, on the unit circle where m,

unit sphere in R?*1. This line represents a cone in R”*! over a minimal submani-

corresponds to the orbit of greatest volume on the

fold of the sphere. To show non-interior-regularity for solutions to problems of this
sort we must therefore show that the geodesic line 070 is the arc of minimum
length joining m to the boundary of R"+1/G.

Many of the orbit spaces (of linear actions with codimension-2 orbits) listed

in Table 1 have the following form:

(5.2) R**1/G ~{z € C: 0< arg z < n/p} with metric ds? = Im{ZP}9|dz|2.

In this case m, = €!”/2? We shall now establish an elementary criterion for deter-
mining when the line y, = {tmO: 0 < ¢t < 1} is the unique minimizing geodesic.

By letting w = z’ we can replace the above orbit space by

H=1{w e C: Tmw) > 0}.

. . ;6 . .
Choosing polar coordinates w = re’” the metric (5.2) can be written

(5.3) ds? = 12" 25in?0(+2d0? + dr?),

where

(5.4) 2a -2=q-(2p-2/p.

It is sufficient for our purpose to find a function f: H — R of class C! in H°
such that

(5.5) f2+ 772} < 729 2sin0,

(5.6) fHr, /2 = 12972,

since then the closed differential form df = f dr + (1/7)f;7d0 has the property that

(5.7) length(y,) = fy df = fy df < length (y)
0

for any curve y joining m to the boundary. To see that the integrals in (5.7) are
equal one approximates y, - y by closed curves as shown in Figure 5.1 and notes

that length (y)) — 0 as i — .
™0

Figure 1
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We note that if equality in (5.5) holds only when 6 = 7/2, then equality in
(5.7) will hold only when y =y, and uniqueness will be established. We try a
function [ of the type [ = a”!r %sin P9. Here (5.6) is satisfied for all B and (5.9
is reduced to the inequality

sin?%9 + (3/a)?sin?# =20 cos?0 < sin?4.
Thus, we want the function

#(0) % 1 sin2B-9g _ (8/2)2 sin?P -2-99 cos29 >0

for 0 <6 <= and for some choice of 3 where

(5.8) ,9 >1+q/2.

For fixed 8 this is guaranteed if

(5.9) #'(6) =0 only when 9=7/2

(since ¢(n/2) =0 and #(0) = #(7) = 1). However, by computing ¢ ‘() one finds
(5.9) equivalent to the condition:

(5.10) aX(28 - q) - 232> 0.

The expression in (5.10) reaches a maximum when 3 = a?/2. Thus, substituting
(5.4) in (5.8) and (5.10) with B = a?/2, we get the following.

Proposition 5.1. In an orbit space of type (5.2) the geodesic y is the unique
curve of shortest length joining m to the boundary if
() q%/4+q/p+1/p* > q+ 2 and

(b) g% — (8 — 4/p)q + 4/p2 > 0.

Checking the list of metrics in Table 1 we find that (a) and (b) are satisfied
in cases (1) where r = s > 3, (5), (8), (11), and (12). Thus, we have

Theorem 4. There exist manifolds M of type S™ x S* in R¥™*2 for n > 3,
Sp(3)/(Sp(1))® in R, SU(S)/SU(2) x SU(2) in R2%, F /Spin(8) in R26 and
Spin(10)/SU(4) in R3? such that a cone over M represents the unique integral
current of least mass having M as boundary. In particular, the hope for interior

regularity of solutions to the Plateau problem fails in dimension eight.
We now apply a similar argument to the remaining cases in Table 1. In these

cases the orbit space can be written as

0=1{(x, y) € RZ:xZO and y > 0}

where the metric is
ds? = (xt’yq/rl)(a'x2 + dyz)
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for /=0 incase (1)and /=1, p =2, 4 or 8 in cases (2), (3) or (4) respectively.
As before we choose polar coordinates and search for a function f € C(Q) N
Q% such that
() f2+r 2L <rPra+lp 106520 sin0,
i) [2(r, ) = PP ¥,
where tan 200 =gq/p and k= o:os”O0 sin?0 . Let

b = k=1 cos?f sin?
and observe that ¢ '(6) = #(6)(g ctn 6 — p tan 6). We try a solution of the type
f=a" 1r°‘¢)B where
(5.11) 20=p+q-1+2,
and we are reduced to the inequality

dsf

PO € 1 - 21O + (B/2)2(g ctn 6 — p tan 6)2] > 0.

Since we need to have ¢>28° 1/sin%0 cos?0 — 0 as O — 0 and 6 — /2, we must
require that

(5.12) B> Y% + max(1/p, 1/9).

Under this assumption we have that ¢(0) = ¥(7/2) = 1 and 1,[1(90) = 0. Thus, it

suffices to prove that ¢/ '(6) =0 only at 6 = 6, for some choice of B satisfying
(5.12). Computing, we find that /() = 0 only at 6 = 6 if and only if

F(g) 4!

for 0 <0< n/2, where

Al(a/B)? - (b + 7)%lsin%0cos?0 1 (Ap? - p) sin%0 + (Ag% - @) cos’0> 0

A=B-"Y%> nax(1/p, 1/9).

Note that F(0) >0, F(7/2) >0 and that the coefficient of cos20 sin%0 in Fis<0

for all acceptable . We then compute the minimum value of F to be

2F . = Alla/B)? - (p+ @)% + 2[A(0% + ¢7) - (p + )]

mi;

LAG? - - (- 912
Alla/B)? - (p + 92

Letting 0 =p + g and d = p — g we can rewrite this as

d¥ (Ao - 1)2
Al(a/B)? - 67

m

2F o = ALa/B) + &) - 20 +

We now let [ = 0 (corresponding to case (1)) and choose 2B = (o + 2)?%/80.
(Thus, A = (0 - 2)?/160.) Then, F,; >0 if and only if
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2 2 2
(02 = 120 + 4) 1-a 2l >80Ld—<0+2 ,
o? 2 \o-2

where a=(0+2)%/((6 + 2)2 = 64). When d =0 we get the previous result, but more

generally we now have the following.

Theorem 5. For r+s>10,0r r+s=9 and |r —s|<5,or r+ s =8 and

|r — s| <1, the cone over the manifold
STl s5=1 _ {(x, y) € R"x RS: Ixiz =1/(r+ s) and |y|2 = s/(r+ s)}

with respect to the origin is the unique minimizing integral current in R"*° baving
sTmlyss-1 s boundary.

If we let [ =1 (corresponding to cases (2), (3) and (4)) and choose 2f3 =
(0 + 1)%/80, we find that F_. >0 if and only if

2 2 2
(0? - 140 + 1)[1-ad—] > ga -—("—*—D—,
o? 0 6t-6o+ 1

where a= (0 + 1)%/((0 + 1)2 = 64). We then have that there are minimizing cones
over manifolds of type SO(2)x SO(k)/Z, x SO (k — 2) in R2% for k> 10, of type
SU(2) x SU(R)/T' x SU(k — 2) in R* for k> 5, and of type Sp(2) x Sp(k)/Sp (1)2
x Sp(k —2) in R8% for &> 2.

The reason for the non-interior-regularity of certain minimizing (codimension-
one) minimal currents in large dimensions is the high order of vanishing of volume
functions at the origin. For the actions given in Example 4.2 with r=s=n+1

the orbit space is {(z, v) € RZ: u >0 and v > 0} and the metric is
(5.12) ds? = u?™?™du® + dv?).

For any n there are just two possible (noncongruent) geodesics which could
be the shortest curve joining the point (1,1) to the boundary as shown in the figure.
For n=1, 2 the curve Y1 (or its mirror image) is the shortest. However, as seen
in (5.11), for large » the volume function shrinks the orbit space along the diago-
nal much more that it does elsewhere, and for 7 > 3 the diagonal line y is in

fact the shortest route to the boundary.
)

1,1

Y1 74

Yo /
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Appendix: Linear groups with codimension-two principal orbits. The following
is a complete list of the compact, connected Lie groups G with orthogonal repre-
sentations ¢ which produce principal orbits of codimension two. This is a classifi-
cation of orbit structures. Thus, if (Gl’ by R™) and (Gz’ b, R™) have the same
orbit structure, only the larger group is mentioned.

The notation for the table is defined as follows. H is the principal isotropy
subgroup, and the principal orbits are, therefore, diffeomorphic to G/H. The orbit

space is represented isometrically as

C(a) = {(x, y) € R?: 0< Tan™ H(y/x) < @ and x> 0}

and V = V(x, y) denotes the volume function. The metric appropriate to the codi-
mension-one Plateau problem is then ds® = V¥dx? + dy?). The symbols P, I,
and v, denote the standard representations of SO (n), SU(n) and Sp(n) on R”,
R?" and R*" respectively. The symbol @ represents the one-dimensional trivial

representation. The reference for this table is [8].
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