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A PROOF THAT & AND J2 ARE DISTINCT MEASURES 0)
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LAWRENCE R. ERNST

ABSTRACT.   We prove that there exists a nonempty family  X of subsets

of  R     such that the two-dimensional Caratheodory measure of each member of

X is less than its two-dimensional   !T  measure.    Every member of X is the

Cartesian product of  3  copies of a suitable Cantor type subset of  R.

1. Introduction.   To any positive integers 272, 72   with m < n there correspond

several zzz-dimensional measures over  R".   These   measures are studied exten-

sively in [3].   We consider two of them, the 272-dimensional Caratheodory measure,

denoted by  Cm, and the zzz-dimensional  J   measure, denoted by Jm.   It is known

that Cm(S) < Jm(5) for all KR"  [3, 2.10.34], and Cm(S) = Jm(S) if 272 = 1,

272 = 72,  ot  S is  772  tectifiable [3, 2.10.35, 3.2.26].

In this paper we prove (Theorem 3.4) that there exists a nonempty family  X

of subsets of R3   such that C2(S) < J 2(S)  for all  S £ X.   A precise definition of

X  is given in §2, using the method of [3, 2.10.28], but toughly each member of

X  is the Cartesian product of  3  copies of a suitable Cantor type subset of  R.

We obtain Theorem 3.4 directly from Theorems 3.2, 3.3.   A key step in the proof

of Theorem 3.2 depends in turn on Lemma 3.1.

2. Preliminaries.   In general we adopt in this papet the notation and termi-

nology of [3].   Presented in this section are modifications and additional defi-

nitions that we use.

For S C Rn let S- S = \x - y: x, y eS\.

For a, b £ R"  define  [a, b] to be the closed line segment with endpoints

a, b.

For 0 4 S C R"  let

c2(S) = supi£2Lô(S)]: p e 0*(rz, 2)1,

t2(S) = (7r/4)supi|(a1 - i>j) A (a2 - b2)\: ay by a.,, b2 £ S\.
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These are the gauge functions used in defining  C     and A     respectively [3, 2.10.1,

2.10.3, 2.10.4].

The following series of definitions culminate in the definition of X  and  E.

For any sequence   v = iv. , v?, v  , ■ ■ A of integers greater than   1  we denote

H0(v)=\[0, 1]!,

Hk(v)= \JMj,vk): / e ¡lk_iiv)l    for k>l,

where

<*>(/, vk) = Itinf / + (z - 1 )p, int ] + ii-l)p + q]: i = l,-..,vk

with  p = (l - iy, 3^2)(iy, - l)   l diam /,   q = i>ki'2diam/;   then we define

Aiv)=   fi   KJHkiv).

Finally, we let  X = |A(iv) x A(iv) x Aid):   v is a bounded sequence!  and  E = Aid)

x Aiv) x A(zy) be any fixed element of X.

3.   Principal results.   We proceed to prove that  C  (E) < J   (E).

3.1-   Lemma.   // B   z's <z compact convex subset of R ,   V = Bdry B,  d =

diam B,   a/zíT. there exists a one-dimensional vector subspace  L  of R      aW fl

positive real number   k  such that n  (L O   Y) > /Síi,  //ze/2

(1) £2(ß)</2(ß)/(l +2-10/é4).

Proof.   We can assume that X  (ß) > 0,   since (1) clearly holds when

£2(B)=0.

Choose a one-dimensional vector subspace   V  of  R    perpendicular to  L,

and let  B     be the subset of  R    obtained by applying Steiner symmetrization

[3, 2.10.30] to  B  with respect to  V.   Let   y ' = Bdry B '.   Then by [3, 2.10.30,

proof in 2.10.32]  B ' is a compact convex set,  £2(ß ') = £2(B),  '2(B ') < /2(B)

and H!(L O y ') > kd.

We now proceed to prove the existence of  G C R     satisfying

(2) £2(B')<l2(G)/(l + 2-10k4),

(3) t2(G) <t2(B').

This will establish the lemma, since (2) and (3) combined with the relations

£2(B) = £2(B '), £2(G) < t2(G)  [3, 2.10.32], and  /2(S ') < t2(B) yield (1).

Let flj   be the midpoint of  L H y  .   Choose orthonormal basis vectors

ex, e2  for R2   so that  Re2 = L,   and  (x - Bj) • e^ > 0 for all x e B '.   Let  772j,

»22 £ L O  y '  be   such that  z?z2 - ay = flj - t/Zj = kde 2/4.   Choose  h^,h    £ Y '

satisfying
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(aj - èj) •  £7=  (b2- ax) . e2= supi(x - a ^ . e 2; x £ B'\

and (b2-bA ■ e, =0.   Let

z =diam(ß' nix: (x - />,) .  <?2 = 2~6£2zz'S).

Choose  zz?,  e R2  with a, —m, = kze,/4.   Then let
3 1 í I

F = S' n [x: (x - éj) .  e2 > 2-6¿2a" and  (¿2 - x) . c2 > 2-6¿2«',

and G be the convex hull of F U Íttz, S.

We now verify (2).   Since  B    ^C  is contained in the union of two rectangles

with dimensions z  and  2~~6k2d, £2(ß' ~ G) < 2~^k2dz,  while, since the interior

of the convex hull of  Íttz, m,, ttz   I  is contained in  G -v, B   , X  (G ~ B ) >

2-   ze z/z;  hence

(4) £2(G)-£2(8')>2-'*2«z.

Choose  a    e Y   with  (a    - a. ) • e? = 0,  a2 4 a  .   Then  B    is contained in a

rectangle of side lengths   \a. — a   |   and   |z5    — bA;  consequently,

(5) £2(ñ')< \a2-ar\ . \b2 - bx\.

Take  i =1,2.   Let w . = [a ., b A n \x:  (x - b A ■ e    = 2~   k2 d\,  s = (a.— b.)

• e2/[w. - b.) • eA.   We see from our construction that   \s\ < 2 k~   ,  since

\(a. - ¿j) • e2\ < d/2  and (zzz. - kj) • e2 = 2~6k2d.   Furthermore,  (a. - b,) =

s(tzv   - ¿>j),  and by subtraction a    - at = s(tiz2 - izvj).   Therefore,   |a2-a,|<

2'k~~   |izv2 -zz2   |.   We combine this result with the inequalities (4),   \w   - w A < z,

1^2 ~ ^11 - ^ anc* (5) to' obtain

I02(G) - £2(/3') > 2~5£2zfe > 2-1°ife4|a2 -«J . | b2 - ¿J > 2-107é4£2(S')

and then by addition (2).

To establish (3) we need only show that

(6) i2(Fu \m¿) <t2(B'),

since  t2(F u \m^\) = /7(G) by [3, 2.10.3].   We now proceed to prove (6) by the

following method:

Let

Q   =   [(F   UÍ2T73¡)-(FU(2TZ3¡)]X[(EU   ÍZZ23!)-(FU1ZT23Í)].

To each ordered pair  (v x, v 2) £ Q,  vy = p ,e x + p 2e 2,  v 2 = q ,e x + q 2e      we as-

sociate (v*, v*) £ Q  by means of a map / such that   (v*, v*) = f(v     v A satisfies

the three conditions,  v* £ F - F, v2 £ F - F 'implies  v* £ F - F, and   |v* A v*\

> 7j Ajv2|.   The existence of such a map / will prove (6), since  (v**, v.*) =
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fiv*, 27*) will then satisfy  V**, z7** £ F - F C ß'  - ß'   and   \v** A v**\ >

\v   A iz   |.   To define / and show the required conditions are satisfied we will

consider the following cases and subcases:

Case I.   v,  £ F - E.

Let v* = Vj  and v* = v..

Case II.   v.  4 F - F and p x > 0.

We note that v    = x - m     for a unique  x in  E.   Let  r = z/a",  zz = kd/4.   We

then consider four subcases:

Case H.A. |a.| > r\qA  and qAp.q   - p2q.) > 0.

Let  72? = x — m2,  v* = v..   Then, since x - 722    = (x - m A + im   - mA =

(p. - ru)e . + ip    — u)e      we deduce that

K A V*\ = \plq2 - p2qx + uqx - rzz^l > \p ̂  2 - p ̂  ^ = \v ̂   A 2^|.

Case II.B.    \qA > r\q   \  and qxipxq2 - P2ai) < 0.

Let v* = x - mx = ix - m A + im    - 772. ),  v* = v      and proceed as in Case

ILA.

Case U.C.    \qx\<r\q2\   and p2>0.

Let  v* = x - 772. ,  27* = rq2e    - 92e„.   Note that  v* e F - F by the construc-

tion of  E and the definition of r.   Furthermore,

K  A Vl\ =  IM2 + ^2^2! ^ l^l92 - ?2?ll =  \V1  A "2I7

Case II.D.    \qA < r\qA  and p2 < 0.

Let  27* = x - m7,  vi = rq  e. + q2e?,  and proceed as in Case U.C.

Case III.   zy j (/ F - F and p x < 0.

Let    /(l/j ,   772)  =  /(-  77j,   772).

Thus the existence of the required map / has been shown, (6) has been

established, and the proof of the lemma is complete.

3.2.   Theorem.    There exists s < 1  such that if K  is a closed subset of E

and A4  is the convex hull of K,  then c  (A4) < st2iM).

Proof.   Choose any   0efJ*(3, 2).     Let   0(.M) = ß,  d = diam B.   We can as-

sume by excluding the trivial case when  ß  is a single point that  d > 0.   Denote

by   y  the boundary of B  in   0(R3).   Let S = A4 Pi 0_1(y).   Note that S is a

continuum.

The first main step in our proof will be to show that there exists a closed

line segment   [a, b] C S  such that   \a - b\ = rd,  where r is a number depending only

on the sequence   v.   (The construction involved in establishing this is basically

a generalization of a procedure in [4].)   Choose  a, ß e S with   \a - ß\ > d.   Let

i be such that   \a. - ß \ > \a. - ß .\  for j = 1, 2, 3,  where  a.  is the /th coor-

dinate of a.   Then |a¿ - ß,\ > «731/2 > ¿/2.
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Let  Q(k) = Y\k_. v.        .   Then  H Av) is a disjointed family consisting of

Q(k)~2   3  closed intervals of length  Q(k),  and  [0, l] -^ U W^(iv)  is the union of

QCO~2/3 - 1  open intervals of length  [(l - v~1/2)/(v. - l)]Q(j - l),  where  ;

ranges from   1   to  k.   Furthermore, since   1 — V~        > 1 — 2~ > 1/4,   V. — 1 <

v.2,  it follows that

[(1 - v' W2)/(vj - 1 )]Q(j - 1 ) > v' i/2Q(f - 1 )/4 = Q(j)/4 > Q(k)/4.

Therefore, if / C [0, l]  is a closed interval such that  diam / > 3Q(k)/2,  then

there exists an open interval   U C /   with

i/C[0, 1]~ U«iWC [0, l]~A(i/)

and diam U > <2(&)/4.   Consequently, if we choose k  satisfying d > 3Q(k) and

z/ < 3Q(k -l), then, since   |a . -- ß .| > d/2,  there exists an open interval  / C

[a., B.] such that / C [0, l] ~ A(v) andi~i

diam / > Q(k)/4 = vli/20(k - 1 )/4 > iv-3/2zi/12 > f" 3/2a7l2,

where  rf is the least upper bound of the sequence  v.   Let  r= f /24 and let

G  be the set of all  x  for which  x    is the midpoint of  /.   Observe that  S H G /

0,   since  a, /3 are on opposite sides of G,  and S is connected.   Choose a £ S

HG.   Then distance (a, K) > rzi,  since  /< Pi ¡x:   x. £ l\ = 0.   Let  N  be a sup-

porting line of  ß  at  0(a) and  D = 0~An).   Then  D  is a supporting plane of M

at a.   Since  M is the convex hull of  K,  DHS  is convex and  distance (a, K) >

rd, it follows that there exists  b £ D n S with  [«,ii]CDn KJ,   |a-è|= rzz7..

At this point we will divide the proof into cases and subcases in each of

which it will be shown that there exists a number less than   1,  depending only on

v, which multiplied by  t  (M) is greater than or equal to £2(ß).   We will then let

s  be the largest of these numbers among all cases.

We first divide the remainder of the proof into two cases:

Case I.   10(a) - d(b)\ > 2~9r3a'.

We use Lemma 3.1 with  k,   L O Y replaced by  2_9t-3,   [6(a), 6(b)] to obtain

that £2(Z3) < z-2(B)/(l + 2"462-12).   Furthermore, we note that  /2(ß) < ¿2(M), since

||/\ 2 0|| = 1.   We then conclude that

(7) Case I implies  £2(ß) < '2(M)/(1 + 2~46r12).

Case II.   ¡|0(a)- d(b)\ < I'^Ad.

Let  k = b — a.   Choose orthonormal basis vectors   e     e     e     for  R     so that

kernel (0) = Re     and  k • e^ = 0.   As a result of this choice and the fact that

r < 1  it follows that  k = p2e2 + pe     with  p     p     satisfying   |p   | < 2~9rid,

|p3| > (1 - 2"I8)1/2ra'> ra7 2,   |p2/p3| < 2""8.   Let  ttz  be the midpoint of

[0(a), 6(b)].   Choose  w £ S - S,  w = q  e j + q2e2 + 1 xe v   satisfying   |0(uz)| = d.
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We consider now four subcases of Case II:

ACase  H.A.    \q, j > d.

Choose  z e S - S  satisfying  6(z) • 6(w) = 0 and

|0(z)| = sup||z7|: 27 e  y - y and   v .  d(w) = 0|.

Using [5, 1.15(7)] we obtain that

4t2(M)/n >  \w A z\ > [|^|/|0(uz)|]|0(iiz) A 0(z)|

>21/2|0(z22) A 0(z)| =21/2|0(zt7)|  . ¡0(z)| >21/2£2(B),

hence

(8) Case ILA   implies   12(B) < 4t2(M)/(2 1/2n).

Case II.B.    \q A < d and £2(ß) < rd2/4.

We deduce that

4/2(Al)/77 > \X A w\ = [(p2qx)2 + (Piqx)2 + (p/h - p^q2)2]l/2

> [(pj^)2 + ip3q2)2 - 2p2piq2qi]l/2 =  |p3| [z?2 + r?2 - 2(p/P ^)q 2q ^ / 2

> (rd/2)id2 - 2-7d2)l/2 > 3rd2/8> 3£2(B)/2,

where the fifth relation in this chain follows from the conditions   |p,| > rd/2,

q2x+q\=d2,   \p2/p7¡\<2~%,   \q2\<d,   \q5\<d.   Therefore,

(9) Case ILB  implies  £2(ß) < 8/2(A4)/(3z7).

Case U.C.   S2(B) > rd2/4,  and |(x - m) A v\ < 4(l - 2'8r2)t2iB)/n for all

x £ B, v £ B - B.

Let p = 2" l2Ad,  W = B u B(7/2, p).   We take any  zzx, u2 £ W - W and

consider two possibilities:

First, if  u., 222 e B - B,  then clearly  in/4)\u{ A u2\ < t2iß).

On the other hand, suppose at least one of  zz     zz      say  u    for the sake of

argument, is not in  B.— B.   Then  u   = u    + u .,  u   = u    + u.,  where  u    = x - m

fot some  x £ B,   \u A < p,  u    £ B - B,   \u. | < 2p.   We also note that r < 1,

l"3 A K,| <4(1 -2-8z-2)z:2(S)/zr,   ra^M < £2(ß) < /2(ß) by [3, 2.10.32], and

then obtain.

I"! A "21 ̂ K A "?l + '"3! ' K' + K' ' K' + Kl  ' K'

< jz23 A 2z5| + 3pd + 2p2 < |z23 A 2/5| + 4pd < 4/2(ß)/77.

Consequently,   t  ÍW) < t (ß).   Furthermore,

£2(U') > £2(B) + np2/2 > (1 + 2- 2V)£2(B),

since £2(ß) < 77a"2  by [3, 2.10.331-   In addition, <St2(W) < t2iW), /2(ßV< /2(A4).

We combine all these inequalities and conclude that
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(10) Case II.C  implies  £2(£) < /2(Al)/(l +2~25r6).

Case II.D.   £2(ß) > rd2/4,   and there exists y £ Y, v., v    £ Y - Y with

v    = y - /zz, such that   \v, A v2\ > 4(l - 2~8r2)t2(B)/n.

Take any r e S O 0-1jyS- Then choose Ç e\a - r, b - A, £ = k^e x + k2e2 +

k,e,, satisfying \k \ > ro'/4, and 77 e 5 - S satisfying Odf) = 27 . Let v, = QiÇl.

We observe that   \v x - vA = |p2|/2 < 2~:0r3a',   /2(ß) > rd2 / 4,  and then deduce

k} '   y2l ä ki  A ̂ 2I - lvl ""3I ' kîl

> 4(1 -2'8r2)t2(B)/n - 2-!Va'2 > 4(1 - 2~1r2)t2(B)/n.

Furthermore,   |£|/|z7   | > 1 + 2~br  ,  since   \kA > ra'/4.   These last two results

combined with [5, 1.15(7)] and the inequalities  r <   1,  £2(ß) < t2(B) yield

t2(M)>(n/4)\C Av\

> (ir/4)(|í |/>j|)l>3 A 272| > (1 + 2-V)£2(B).

Therefore,

(11) Case II.D  implies  £2(ß) < '2(/Vl)/(l  +2-8r2).

We now finish the proof of Theorem 3-2 by letting  s = l/(l + 2"     r    )  and

then using (7), (8), (9), (10), (11) to conclude that  c2(.A4) < s/2(/Yl).

3.3. Theorem.   0 < A2(E) < ~.

Proof.   From [3, 2.10.28] we see that K2/3U(f)] = a(2/3)2_ 2 /3; conse-

quently, repeated application of [3, 2.10.27] yields

K2(E) > a(2)[a(4/3)a(2/3)r !K4/3[A(,7) x A(vM2/i[A(v)]

> a(2)a(2/3)-3«2/'[A(v)| x K2/i[A(v)] x K2/i[A(v)] = tt/4.

Furthermore,   3~2(E) > K2(E)/6   by [3, 2.10.39, 2.10.6].   Therefore,  J2(E)

> 27/24.

Let  Pij[) = XV     v*    Given any  <5 > 0 choose  k  so that  31 ,2PikY ' /2 < 5.

H ¡iv) x H AA) x H AA covers   E  and consists of  Pik) cubes  D . of diameter

31/2Pik)-1/2.   Therefore,

P(k) P(k) P(k)

Z    t2(D.)<(n/4)   £   (diam D;)2 = (77/4)   £   3P(¿)~' = 3n/4

,'=1 y=i 7=1

and hence   <J2(E) < 3zz/4.

3.4. Main Theorem.   &(S) < A2(S) for all S  in X.

Proof.   This follows directly from Theorems 3.2, 3.3 and the definitions of

&  and A2.
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