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A PROOF THAT €% AND J? ARE DISTINCT MEASURES (1)
BY

LAWRENCE R. ERNST

ABSTRACT. We prove that there exists a nonempty family X of subsets
of R3 such that the two-dimensional Carathéodory measure of each member of
X is less than its two-dimensional J measure. Every member of X is the
Cartesian product of 3 copies of a suitable Cantor type subset of R.

1. Introduction. To any positive integers m, n with m <n there correspond
several m-dimensional measures over R®. These measures are studied exten-
sively in [3). We consider two of them, the m-dimensional Carathéodory measure,
denoted by C™, and the m-dimensional J measure, denoted by ™. It is known
that C™($) <T™(S) for all § CR” [3, 2.10.34], and C™(S) = T™(S) if m =1,
m=n, or § is m rectifiable [3, 2.10.35, 3.2.26].

In this paper we prove (Theorem 3.4) that there exists a nonempty family X
of subsets of R? such that C2(5) <T2(S) for all S € X. A precise definition of
X is given in $2, using the method of [3, 2.10.28], but roughly each member of
X is the Cartesian product of 3 copies of a suitable Cantor type subset of R.
We obtain Theorem 3.4 directly from Theorems 3.2, 3.3. A key step in the proof
of Theorem 3.2 depends in turn on Lemma 3.1.

2. Preliminaries. In general we adopt in this paper the notation and termi-
nology of [3]. Presented in this section are modifications and additional defi-
nitions that we use.

For SCR"” let S-S ={x-y: x,y €S}

For a, b € R” define [a, b] to be the closed line segment with endpoints
a, b.

For @ # SCR” let

c () = sup {&2[p(8)]: p € 0*(n, 2)},
12(5) = (n/8)supl(a, — b)) Aa, — b)) ay, by, ay, b, € SL.
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These are the gauge functions used in defining C% and J? respectively [3, 2.10.1,
2.10.3, 2.10.4].
The following series of definitions culminate in the definition of X and E.

For any sequence v = (Vl, Vyr Viy o -) of integers greater than 1 we denote
Ho(V) = {[O, 1]},
Hk(v)= U{Q(ja Vk): ] € [-Ik—l(v)} fOl' kZl,

where

O, v,)=tlinf J + G-1)p, inf J + G =D)p+qlii=1, ..., v}

with p = (1 - v73/2)v, -~ 1)~ Vdiam J, g = v;>/?diam J; then we define

AW)= N UHW).

k=0
Finally, we let X = {A(v) x A(v) x A(W): v is a bounded sequence} and E = A(v)
x A(v) x A(v) be any fixed element of X.

3. Principal results. We proceed to prove that C%(E) < J%(E).

3.1. Lemma. If B is a compact convex subset of R% Y =Bdry B, d =
diam B, and there exists a one-dimensional vector subspace L of R 2 and a
positive real number k such that H}(L N Y) > kd, then

(1) £4B) < 2(B)/(1 + 27 1%4),

Proof. We can-assume that £2(B) > 0, since (1) clearly holds when
£xB)=o0.

Choose a one-dimensional vector subspace V of R? perpendicular to L,
and let B’ be the subset of R? obtained by applying Steiner symmetrization
[3, 2.10.30] to B with respect to V. Let Y'=Bdry B'. Then by [3, 2.10.30,
proof in 2.10.32] B’ is a compact convex set, £2(B') = £2(B), :2(B") < 2(B)
and KL N Y") > kd.

We now proceed to prove the existence of G C R?2 satisfying
@ £2(B") < £2(G)/(1 + 27 1%%),

3) t2(G) < t%B".
This will establish the lemma, since (2) and (3) combined with the relations
£2(B) = £2(B"), £2(6) < 12(6) [3, 2.10.32), and 12(B’) < 12(B) yield (1).

Let a; be the midpoint of L N Y'. Choose orthonormal basis vectors

e, e, for R? so that Re2 =L, and (x - al) ce, >0 forall x € B'. Let my,

m, €L N Y' be such that my-a =a -m = kde2/4. Choose bl, bz ey’
satisfying
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:x € B'}

(@ —bp)-ey=(by—a) ey =supllx—a)). e

and (b2 -b):e, =0. Let
z = diam (B' N {x: (x — bl) ce, = 2-0k241),

Choose m, € R? with ay-my = kzel/4. Then let

F=B'Nf{x:(x=b).e,>27%%2 and (b, - )+ e2 >27%?d}

and G be the convex hull of Fu {ms}

We now verify (2). Since B' ~ G is contained in the union of two rectangles
with dimensions z and 27%2d, £2(B' ~ G) < 27%k2dz, while, since the interior
of the convex hull of fml, m,, m3} is contained in G ~ B', L2%(G ~ B >
27 %k2dz; hence

(4) £2(6) - £2(B") > 27 %k2dz.

Choose a, € Y' with (a2 -a;) e,=0, a,#a,. Then B’ is contained in a

rectangle of side lengths |a, —a,| and |b, - b,|; consequently,
(5) £2(B')§|a2—al| 1o, = by,

Take i=1,2. Let w,=la;, b,Jntx: (x-b)) e, =27%%2d}, s=(a,-b))
. ez/[wi—bl) - e,]. We see from our construction that |s| <272, since
|(a -b )- e2| <d/2 and (w -b ). e, = 27624, Furthermore, (a - b ) =

s(w - b 1)> and by subttactlon a,-a, =sw, -w,). Therefore, |a - all <

2
25k 2Iw - w,|. We combine this result w1th the mequahnes (4), |w -w,| <z,

|6, - &, <d and (5) to obtain
L2G) - 82(B") > 27%k%dz > 27 % a, ~a| - |b, - b,| > 271 k4€%(B")

and then by addition (2).
To establish (3) we need only show that

©) t2(F u {m,}) < £2(B"),

since t%(F U{mB}) = t%(G) by [3, 2.10.3). We now proceed to prove (6) by the
following method:
Let

0 = [(F Ulmy}) = (FUn, D x [F U fm, D)~ (F U m D],

To v:aach o:dered pair (vl, Uz) €, v, =pe, + baeys vy =4q,€, +q,e,, weas-
sociate (7, v*) € O by means of a map { such that (v’f, v ) [(vl, v,) satisfies
the three condlnons vi €F - F, v, €F - F ‘implies vy € F~F, and Iv* A vy

> |v /\v2| The existence of such a map f will prove (6) since (v* ) =
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f@3%, v¥) will then satisfy v3*, v3* € F - F C B' -B' and |3 Aul*| >
lvl A vzl. To define [ and show the required conditions are satisfied we will
consider the following cases and subcases:

Casel. v, €F -F.

Let v} =v, and v} =v,.

Case II. v, ¢ F~F and p,20.

We note that v| = x — m, for a unique x in F. Let r= z/d, u=kd/4. We
then consider four subcases:

Case 1L.A. |q,| > 7|q,| and q,(p,9, - p,q,) > O.

ik — - * _ 1 —_ = — — =
Let v} =x-m,, vJ=v,. Then, since x —m, (x 7713)+(m3 mz)

2 2
(p1 - ru)e1 + (pz - u)ez, we deduce that

lvh A vkl =1p0q, — 020, +uqy — g, 2 1p1a, — 0,9, = v, A,

Case IL.B. |q,| >7|q,| and q,(p,9, - p,9,) <O.

Let v’;‘ =x-m = (x - ms) + (m3 - ml), v’; = v,, and proceed as in Case
II.A.

Case IL.C. |q,|<rlq,| and p, > 0.

Let v} =x -m, v} =rq,e, —q,e,. Note that v}

5 € F - F by the construc-

tion of F and the definition of 7. Furthermore,
|UT N U;l = lﬁlqz + ’pzqzl 2 |P1‘12 - pz‘]]‘ = llvl A vgl'

Case IL.D. |q,| <rlq,| and p, <O.

Let u’i‘ =x - m,y, v’g =19,e, +4,€,, and proceed as in Case II.C.
Case lll. v, § F-F and p, <O.

Let flv), v,) = f(- vy, v,).

Thus the existence of the required map / has been shown, (6) has been

established, and the proof of the lemma is complete.

3.2. Theorem. There exists s <1 such that if K is a closed subset of E
and M is the convex bull of K, then c*(M) < st?(M).

Proof. Choose any 6 €0%(3, 2). Let 6(M) = B, d = diam B. We can as-
sume by excluding the trivial case when B is a single point that d > 0. Denote
by Y the boundary of B in 6(R3). Let § =M n 6~ 1(Y). Note that S is a
continuum.

The first main step in our proof will be to show that there exists a closed
line segment [a, 6] C'S such that |a - b| = rd, where 7 is a number depending only
on the sequence v. (The construction involved in establishing this is basically
a generalization of a procedure in [4].) Choose a, B €S with |a — B >d. Let
1 be such that la‘i - }31] > IOLI. - B]| for j=1, 2, 3, where a is the jth coor-
dinate of @. Then |a - B.]> d/312 > d/2.
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Let Q(k) = ﬂ;‘:l V]._3/2. Then H,(v) is a disjointed family consisting of
0(k)=2/3 closed intervals of length Q(k), and [0, 1]~ U Hk(v) is the union of
0(k)-273 -1 open intervals of length [(1 - V]._ 1/2)/(1/]. - DI - 1), where j

ranges from 1 to k. Furthermore, since 1 - v;'l/z >1- 27125 1/4, v, - 1<
3/2
%

FR it follows that

(@ - w72/, - 1)G - 1) > v 320G = 1)/4 = Q()/4 > Q(R)/4.

Therefore, if ] C [0, 1] is a closed interval such that diam | > 3Q(k)/2, then

there exists an open interval U C ] with
vclo, 11~ UH, ) Clo, 11~ Aw)

and diam U > Q(k)/4. Consequently, if we choose k satisfying d > 30(k) and
d < 30(k —1), then, since la, - B;| >d/2, there exists an open interval I C
[ai’ [31] such that 1 C [0, 1]~ A(v) and

diam 1> Q(k)/4 = v 3/20(k ~1)/4 > v 3/2d/12 > £73/2d /12,

where ¢ is the least upper bound of the sequence v. Let r=£"3/2/24 and let
G be the set of all x for which x, is the midpoint of I. Observe that SN G #
&, since a, B are on opposite sides of G, and S is connected. Choose a € §
N G. Then distance (a, K) > rd, since K N {x: x, € I}= &#. Let N be a sup-
porting line of B at 6(a) and D = 6~ '(N). Then D is a supporting plane of M
at a. Since M is the convex hull of K, DN S is convex and distance (a, K) >
rd, it follows that there exists b € DN S with [a, 6] CDN SCS, |a-b|=rd.

At this point we will divide the proof into cases and subcases in each of
which it will be shown that there exists a number less than 1, depending only on
v, which multiplied by £%(M) is greater than or equal to £4B). We will then let
s be the largest of these numbers among all cases.

We first divide the remainder of the proof into two cases:

Case 1. |6(a) - 6(b)| > 272734

We use Lemma 3.1 with &, L NY replaced by 27273, [6(a), 8(b)] to obtain
that £2(B) < 12(B)/(1 + 2746+12). Furthermore, we note that ¢2(B) < t%(M), since
A, 0l =1. We then conclude that

(7) Case I implies £2(B) < :2(M)/(1 + 2~ 46,12),

Case II. [0(a) - 6(b)| < 27 2734.
Let A =b - a. Choose orthonormal basis vectors €€y €y for R3 so that
kernel () = Re, and A- e =0. As aresult of this choice and the fact that
r <1 it follows that A =p e, + pye; with p,, p, satisfying [p,] < 27934,
o5l > - 27181 2d > 1d/ 2, |p,/p5] <278. Let m be the midpoint of
[6(a), 6(8)). Choose w €S -S, w = q,€) + 4,8, + q,¢€;, satisfying |6(w)]| = d.
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We consider now four subcases of Case II:
Case ILA. |q,|>d.
Choose z € § — § satisfying &z) - Hw) = 0 and
16(z)] = supf|v|: v € Y - Y and v . O(w) = 0}.
Using [5, 1.15(7)] we obtain that
412(M)/m > |w A z| > [|w]/|0w)]]|6(w) A 6(z))

>21/219(w) A 6(z)] = 21/2|6w)]| - |6(z)| > 21/282(B),
hence

(8) Case IL.A implies £4(B) < 4¢2(M)/(2!/%a).
Case I1.B. |q31 <d and £2(B) < rd¥4.
We deduce that

A M)/m 2 N A wl = Up,9,)7 + (039,07 + (915 - £,7,)21 2

]1/2 ]1/2

> [(p39))" + (030,)° - 20,0,,,0" % = Ip;llaT + 05 ~ 2(0,/p )09,
> (rd/2)(d? = 277dN)/2 > 3742 /8 > 38%(B)/2,

where the fifth relation in this chain follows from the conditions |p3| >rd/2,
93 +q5 =4d?, 6,/b,] < 278, |q,| <4, lg;| < d. Therefore,

(9) Case II.B implies £%(B) < 8:2(M)/(3n).

Case I1.C. £2(B) > rd?/4, and |(x - m) A v| < 4(1 - 278+2)%(B)/n for all
x €B, v €B-B.

Let p = 2-12.34 W =B u B(m, p). We take any u
consider two possibilities:
\» 4, € B - B, then clearly (7/4)|u; A u,]| < 2(B).
On the other hand, suppose at least one of u,, u,, say u, for the sake of

1o 4y €W —W and

First, if u,, u

argument, is not in B.— B. Then u, = u, + Ugy Uy =Ug + U, where u3' =x-m

1 3 2 5
for some x € B, |u,| <p, u, € B-B, lug| < 2p. We also note that r <1,

luy AN ug| < 401 - 2782)e2(B)/m, rd?/4 < £*(B) < 1*(B) by (3, 2.10.32], and
then obtain.
lul A u2| < ‘u3 A u5| + Iug,l : |u6| + |u4| : |u5| + |u4| : Iu6|
<lug A ugl +3pd + 2p% < luy Aug| +4pd < 4t%(B)/7.
Consequently, t2(W) < t>(B). Furthermore,
L2w) > £4B) + mp?/2 > (1 + 27 255)2%(B),

since £2(B) < ud? by (3, 2.10.33]. In addition, £2(w) < t2w), tz(B)'S t2(M).
We combine all these inequalities and conclude that



1972] A PROOF THAT (2 AND J? ARE DISTINCT MEASURES 507

(10) Case ILC implies £2(B) < :2(M)/(1 +2725°).

Case I.D. £2(B) > rd?/4, and there exists y € Y, v
v, =y—-m, suchthat v, N v,| > 4(1 - 2-8:2)2(B)/ .

Take any 7€ 5N 6~ '{y}. Then choose {€la-17, b -1}, {= klel + k2e2 +
kse,, satisfying |k3| >rd/4, and n €S - S satisfying &n) = v,. Let vy = 6(Q).
We observe that |v, —v,| = |p,|/2 < 2-1%34, +2(B) > rd?/4, and then deduce

l,vze}'—Ywitb

lvg 1 vyl 2 1oy Ayl = vy —vs] - 1oy
> 4(1 — 282 2(B) /7 — 2719342 > 4(1 — 27 7r2)t%(B)/7.

Furthermore, [{]/]v,] > 1+ 2792, since k5| > 7d/4. These last two results
combined with [5, 1.15(7)] and the inequalities 7 < 1, £2(B) < t2(B) yield

£2(M) > (/4L Al
> @/ L/ v Dlwy Avy| >A + 2-8:)@2(B).

Therefore,

(11) Case IL.D implies £2(B) < t2(M)/(1 +2~8:2),

We now finish the proof of Theorem 3.2 by letting s = 1/(1 + 2-46,12) a4
then using (7), (8), (9), (10), (11) to conclude that c2(M) < st2(M).

3.3. Theorem. 0 < J2(E) < oo.

Proof. From [3, 2.10.28] we see that H2/3[A0)] = a(2/3)2‘2/3; conse-
quently, repeated application of [3, 2.10.27) yields

HAE) > a@)le(4/3)a2/3)]" THA/3[A(W) x AW)HZ/3[AG)]

> a(2)a2/3)73H2/3[AW)] x H2/3[AW)] x H2/3[AW)] = n/4.
Furthermore, J2(E) > H%(E)/6 by [3, 2.10.39, 2.10.6]. Therefore, J%(E)
> n/24.
Let P(j) = H’lzzl v?. Given any 8> 0 choose k so that 3!/2P(k)~1/2 < 8.
Hk(V) X Hk(V) X Hk(v) covers E and consists of P(k) cubes D]. of diameter
31/2p(k)=1/2, Therefore,

P(k) P(k) P(k)
Y D)< (n/4) ¥ (iam D)’ = (n/4) T 3P(k)™! = 3n/4

j=1 j=1 j=1
and hence J2(E) < 3n/4.
3.4. Main Theorem. C2(S) <J2(S) for all S in X.

Proof. This follows directly from Theorems 3.2, 3.3 and the definitions of

C? and J2.
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