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A RADON-NIKODYM THEOREM FOR

OPERATOR-VALUED MEASURES

BY

HUGH B.MAYNARD

ABSTRACT.    The purpose of this paper is to obtain a characterization of

indefinite integrals of vector-valued functions with respect to countably addi-

tive operator-valued measures with finite variation.   This result is then special-

ized to several simpler situations.

0. Introduction.   The setting considered in this paper is that of a measurable

space (X, o),  where  X £ S for simplicity, together with a vector measure p: o

—' L[B, B.] with total finite variation   |p|,  where  B  and B,   are Banach spaces.

A "natural" space of integrable functions into   B  is introduced which agrees

with the space  L Ap) defined by Dinculeanu [l, p.  120], whenever B = C  or p

is a scalar measure.

A general decomposition theorem for (X, o, p) is utilized to obtain a char-

acterization of those B.-valued measures which admit a tepresentation as the

integtal of an integrable B-valued function with respect to p.   This characteriza-

tion is then used to obtain a theorem of Rieffel's [4, p. 466] in the setting of the

Bochner integral.   Several additional results, all apparently new, are obtained

in the cases where either B = C   or ß = C".

1. Preliminaries.   In this section we shall develop a space of integrable

functions which is naturally suited for integration.   Dinculeanu [l, p. 120] intro-

duces the. space of integrable functions  L   (X, p) which has the advantage of

being complete but unfortunately integration processes do not distinguish func-

tions^ 7   We plan to remedy this at the expense of completeness.

First we shall establish a useful decomposition result.

Definition LI.   A set property   P is said to be local in  (X, S, p) if, for each

E € S   = ÍE € S|  |p|(ß) > Oi, there exists  F e S ,  F C E,   such that  F has prop-

erty   P.

Definition 1.2.   A set property   P  is a null difference property in (X, o, p)

if whenever F £ S    has property   P  and  E £§,   |/t|(£) = 0,  then both  F u E  and

F ~ E have property   P.
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A simple exhaustion argument quickly establishes the following decomposi-

tion result.

Lemma 1.1.   // P  is a local null difference property in  (X, o, p), then there

exists a pairwise disjoint set \E l.  . Co,/ either finite or countable, such that

(i)   X= Uf<iE,  and,

(ii)   each  E.,   i € i,  has property  P.

Our space of integrable functions is constructed by considering those functions

which are almost everywhere limits of Cauchy sequences of measurable stepfunc-

tions and decomposing into equivalence classes modulo the null functions.   The

difference arises from the seminorm placed on the space of measurable stepfunc-

tions; we use p(/) = |p,|(X),  where if / = 2"_, *¿Xe .' xi € &>  ß/i^ = Je f ^P ~

S"_j piE n E.)(x.),  while Dinculeanu uses p(/)= /x i|/||^|p|   in constructing

LAX, o, p).   Let i_ß(X, p) be the resulting space of equivalence classes of inte-

grable functions with norm    || * ||    .   The integral is defined by the normal limiting

process.   We shall now proceed to identify functions with their equivalence classes,

regardless of the space they exist in.

Using standard arguments we can establish the following lemmas.

Lemma  1.2.   // / € ÎgiX, p),  then  ||/||     = \pf\iX).

Thus two functions are in the same equivalence class iff their integrals coincide.

Lemma 1.3.   // / exß(X, p) and f e Lß(X, p) then

ll/ll£< JXII/IMH = 11/111-

Theorem 1.1.   // p  is (/.-valued or if B = C,   then

£B(X, p) = LBiX, p).

This follows from the identity   |p,|(X) = jV. ¡| /|| d\p\   for all measurable step-

functions /.

Two additional lemmas will also be necessary.

Lemma 1.4.   // / € ¡x_   (X, p),  then p, is a countably additive  B.-valued mea-

sure.

Lemma 1.5.   // / e£ß(X, p), then given any  E € S ,  there exists  F C E,   F €

o ,   such that the essential range of f on  F,   etFif),  is compact.

2.   A Radon-Nikodym theorem.   We shall continue using the setting developed

in  §1 throughout this section.   In addition we will assume we have another vector-

valued measure  m: S —> B1   such that  m has finite variation.

Definition 2.1.   m is said to be absolutely continuous with respect to  p
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(772 « p) iff  \p\(E) = 0, E € S,  implies   |t7z|(E) = 0.

In the remainder of this paper 722  will be considered to be p-continuous.

Definition 2.2.  If ( > 0 and E € S+,  let

AJE, <)-\beB\ \\m(F) - p(F)(b)^ < c\p\(F), V F e S, F C El

If the measure 272  is obvious, we will neglect the subscript and write only A(E, ().

Definition 2.3.   A set  V f S    is said to be semilocalized in a set  K C B  with

respect to  (p, m) if, for all  e > 0,   there exists   F C Y,   F £ S ,   such that

A   (F, f)nK/0.
777

A set  Y e 0    is said to be localized in  K  with respect to  (p, m) if, for each

E C Y,   E € § ,   Eis semilocalized in   K.

If p and 772  are clear from context we shall merely say that   Y is localized

in   K.

The following lemmas follow easily from the definitions and exhaustion tech-

niques.

Lemma 2.1.   // E  is semilocalized in  K and F D E,   F £ S,   then  F is semi-

localized in  K.

Lemma 2.2.    // Y  is localized in  K - K¡ U  K? and E C Y,   E £ S , then either

E is semilocalized in  K.  or E is semilocalized in  K2.

Lemma 2.3.    // Y  is localized in   K = K   U K2,   then   Y «■ Y. U Y,  where either

Y. = 0 or Y. is localized in  K.,   i = 1, 2, azzzi Yj n Y2 = 0.

Corollary,   //  Y  is localized in  X = U"=1  K.,   then   Y = U" = 1 V-,   zz^ere

¡Yi"   ,   are pairwise disjoint and either   Y ■ = 0  or  Y.  z's localized in  K.,   1 <
r  2 =1 r ' 2 2 l —

i  < 72.

Lemma 2.4.    //  Y  z's localized in K,   then, for each  e > 0, there exists a dis-

joint collection  \E .\.  . C S ,   where I is either finite or denumerable, such that

Y = (J    , E. and A(E., c) C\ K 4 0.
I El I I

FVoof.   This follows immediately ftom Lemma 1.1 since the set property

A(E, c) n K 4- 0 is a local null difference property.

Theorem 2.1.   Let (X, S)  be a measurable space,   X £ §,   and let p: S —'

L[B, B.]  be a measure with total finite variation where B  and B,  are Banach

spaces.   Let m: 0 —>B.   be a measure on S.    Then m   is the indefinite integral

with respect to p of a function f £ í „(X, p) iff

(i)    772 « p,

(ii)   17721 (X) <oo,  and

(iii)   for each   E £ S ,   there exists  F C E,   F £ o ,  and a compact set  K C B

such that   F  is localized in  K.
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Before we prove this theorem we shall prove two preparatory lemmas.

Lemma 2.5.   // m satisfies conditions (i), (ii) and (ill) of Theorem 2.1, then

there exists a disjoint set  \X.\.„ C S ,   /  either finite or denumerable, such that
' l   l cz

X = LJ.   , X. and for each  i £ I there exists a compact set  K. C B  such that  X.
v l€l        i ' Z Z

is localized in K..
i

Proof.    This follows from Lemma 1.1 since conditions (i), (ii), (iii) imply that

the existence of a compact set  K, such that  F is localized in  K, is a local null

difference property.

Because of the complicated construction to follow we will need a somewhat

elaborate indexing notation.   To this end we will introduce the following notation.

If z = (zj, . . . , z) £ N",   we let rriz) «(*,,•••, z_ j) e N"" '   and Or, i) =

(zj, • ■• , zn> i) eN"+ ,   for i eN,   suppressing for convenience the dependence

upon   72.

The following lemma corresponds roughly, in the Bochner integral case, to

partitioning a set   Y  into sets whose average range has a small diameter.

Lemma 2.6.   // ttz  satisfies conditions (i), (ii) and (iii), of Theorem 2.1, and

if Y € tí    is localized in a compact set  K C 3,   there exists a sequence of mea-

surable finite partitions    \rr  l°°   ,   of  Y  such that
' l n n =i      '

(i)   Y ~ \A  ,.     Y"  where rr   = \Ynl   cA   ,  and the index set A     is a finite
v ' ^sZ€An      z n z z£A„ n '

subset of IN";

(ii)   each   Y"  is localized in a compact set  K" C B such that the diameter

iK") < 1/2",   and
z _ .

(iii)   77    is finer than  rr      ,   and K", \ D K"  for all z € A  .V ' 77 ' 77 —   Ï Z7ÍZI 7     J T7

Proof.   We will construct  tt    from  rr     .   in the following manner, starting

with  tt0 = i Yl,  Y°0 = YAQ = |0i, and K°0 = K.

Assume  IV"!zM  -   ^V'ztA     satisfy i'A, (ii) and (iii).   Then for each z e A  ,

there exists, by the compactness"of  K"z,  l^fjl™*,,   such that  K"z = U™^ K^1

where   K"/^  are compact and the diameter (K?/,-)^ < l/2" + I.

For each  z £ A^,   we have by the corollary to Lemma 2.3,   \Y7^\■A'J'A   such

that   K"=Um1   Y?+\   and either  V"+1., - 0  or  Y" + I., is localized'in   K?+!v
z       wz = l       (z,il (z»z) (z.z) (z,z"

1 < i <m .   We now eliminate those  K" + 1.„   and  Y? + 1., where  Y?+1., = 0.   If,
—     —     z {z0iy (zpit {z.,1)     ^ '

after renumbering there are nz nonempty   zV?* .»,   we have   Y" = U"5t   ^7    -y   and

Y^ is localized in   Kn{^.y   1 < z'< 72z,   and'further  K"z dU".2,  K^.y.

'Let An + ] . \iz, i)\z €An and  1 < i < nj.   Thus letting'»w+, -ÎlÇ*1!,^^.

it is clear that this procedure generates the desired sequence of partitions.

Proof of Theorem 2.1.   ( <= )-   Assume  m  satisfies conditions (i), (ii) and

(iii).   Then by Lemma 2.5 we have that  X « (J   ff X  ,   where  JX   !     , is a disjoint

subset of o     such that each  X,. is localized in a compact set   K   C B.p r P
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For ease in notation we will assume that  / is infinite for if / is finite then

X itself is localized in the compact set   vJ     , K ,   and the atgument reduces to

the following argument for X  .   We will now proceed to define the desired function

piecewise on each  X  .

Consider the measure space  (X., ö„, zz)  where  6.   is the restriction of  ö tor P     P   r P

X„,   Then by Lemma 2.6 there exists a sequence of partitions of X,,   ¡77   \°° .P ' ^ r 7> 72   72 = 1

satisfying the three conditions of Lemma 2.6.

For each  zz,   define a stepfunction  /    in the following manner.   Let N    her ' 72 & 77

the cardinality of the set A     where 77   = iY"i   ,.   .   Then by Lemma  2.4,   Y" =
7 72 72 Z   Z €A n J ' Z

I)     „ E" .  such that

AjE", 1/2") nKU0.

Choose  /       such that
72Z

H   ^U Kl
2=1 N  2"

For each   E".,    1 < i < I    ,  z £ A   ,   choose x". £ A   (En .,   1/2") n K".   We
zi'        —     —    nz n' zi 777      zi '      ' z

then define

72Z

/ = y y xn.oX   •
/„ Z_,     Z-r     zi     ^Rn

z€A        I-I C zi
72

Since much of the remainder of the proof is computational only the key steps

will be demonstrated.   The sequence  f/  i°°   1   converges a.e. and is Cauchy in

II ' lip which is demonstrated in the next three claims.

claim 1. ipi(xp-u:=1[nr=juzi^u^<-)]) = o.
Claim 2.    \f  S°° ,   is Cauchy in   11 ~ II    .

' 72   72 = 1 '   . <<       "a

Proof.   Let Z, = (J   fA   U ■", Ek ,
k wZEZl¿   ^  ! = I Zl

Let  f > 0 be given.   Since   |7tz|   is   |p|-continuous there exists  8 > 0  such

that, whenever  |p|(E) < 8, then   |tt2|(E) < ¿5/4.   Choose  N > 1   such that

l/2N<minii/4|p|(Xp), SI.

We first make the observation that

Suppose  772, 72 > N.   Then

*=i

\p\(Xp^Zn)<l/2n.

L^Z^zJn^     +   É     jß,n[Z.~Z. }fmd4

k = l   zeA  ;z'eA

I I
nz mz

Z E
z=l <x=l

JB,nE".nEm,  fn     fm^l1

supi5j + S2 + S.
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where the supremum is over all finite disjoint measurable partitions  ÍBlÍl,   of

Using the fact that /   = x" . on  E" . and that x" . £ A   (En .,  1/2")  and sim-
& '77 Zl Zl Zl 777 Zl

ilatly fot /   ,   we can show the following bounds for $,, S,  and S,.' 'm' o 1'     2 3

S1 <(l/2")\p\(Zn ^ ZJ + \m\(Zn~ ZJ,

S2 < (l/2-)|p|(Zm - Zn) + |772|(Zm - Z),  and

S, < (l/2")|p|(Zn n ZJ + (l/2m)|p|(Zn n Zj.

Combining these bounds with the definition of 8 and  N  we see that

-U£<<

and hence that  !/  i°°  ,   is Cauchy in   || * ||    .

Claim 3.   /    converges a.e. to a function  / .

Proof.    \f (t)\°°  ,   converges for all   t £ I J°°   . f~)T       Z,   since if / £
' 72 72=1 6 V-' 772 = 1   I     I jfe   =77! fe

Oriv^i an<^ n > m > N, then / (/) and / (r) are both in the same compact set

Km  with diameter  1/2**.   Thus  f £^a(X.p), and /   -^ fp.

Claim 4   If E £ S     then 277(E) = J£ /''a'p.

Proof. Let f >0 be arbitrary. Then choose 8 > 0 such that |p|(E) < 8 im-

plies that   |t72|(E) < f/3.   Choose 72   sufficiently large so that

«)   H/P-/Jlf <f/3,
(ii)    1/2" < S,  and

(iii)   (l/2")|p|(Xi))<f/3.

Now by adding and subtracting  /    and using the fact that x" . £ A   (En .,  1/2")
/ & &   ' n & zi rn       Zi'      '

we have

|t7z(E) -   ¡E   fdp

<     772        X

e/3

zeA     ¡ = 1

U    U  ^7 + £   L  (l/2")|p|(E^. n E)
zeA    2=1

and since  |p|(X    ~ UzM    U'"* E£.) < 1/2"   we have by (ii) and (iii) that

n(E) - jE fP dp < i.

Thus  222(E) = fE f dp for all   E £ S

We now piece these functions together.   Let f : X —> B  be defined by f(t) =

S°°   ,  fp(t)  where we assume the functions are extended to be zero outside of X .
P =1 ' P

Thus  \x    ' f = fp.   It remains to be shown that / exß(X, p)  and that 772  is the

indefinite integral of / with respect to p.
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Claim 5.   / exß(X, p).

Proof.   For each  p,   1 < p < oo, let  í/í,i°°_1  be the sequence of stepfunctions

which converge to  /     on   X    as defined earlier, extending them to be zero outside

X„.   Define
P

n

«.M - Z ft').
77=1

Now Ig 5°° , is a sequence of measurable stepfunctions which clearly con-

verges to  / a.e.   Thus it suffices to show that  \g   l°°_,   is Cauchy.

Let f > 0 be given. Then there exists a 8> 0 such that |p[(E) < 8 implies

that  \m\iF) < e/4.   Choose N > 0  such that  |p|(X - (J£ _j Xfe) < min lo, c/4l

P <N.

Now choose M > N  such that for all  m, n > M,   \\fp - fp II     < c/4N  for  1 <
"' n      ' m"a  — —

If 772 > /z > M   we obtain

N

P = l *- />=ZV+1 77=72+1

H/ztzt
f=Ntl zz=N + l

<r  Z  H/lzV  Z  IIO£
and

/llljSU/Z^lrtKX^+hKXp), A =72,772,

which implies

K - gjs<{ + U/2n + l/2ml\p\(x ^  (J  x\ +2\m\(x-   (j XP

-44       4

Thus  Sg   l°° ,   is Cauchy and converges a.e., to  /.   Hence / ei.ß(X, p).

Claim 6.   If  E £ S,   then  772(E) = /E fdp.

Proof.   Let  E £ S,   then   E = (J^-l Xpn E'   X p n E e V    Thus

JE fdp = Z   Jx nE lpdp = Z -(X, n E) = 772(E).
p=i       p P=i

( =* ).   Suppose there exists / £ i.ß(X, p) such that /22(E) = J_ /z/p for all

E e o.   It is immediate that (i) and (ii) are valid, thus it remains only to demon-

strate (iii).

Let  E £ o .   Then by Lemma 1.5 there exists  F CE,   Feo,   such that

etpif) is relatively compact.

Claim 7.    F is localized in   K = etpif).
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Proof. Let F1 C F, F ' e S , and let c>0 be given. Choose b eeip'if)

¿ 0 [9, p. 469, Lemma 1.5] and let E' = f~KS(ib))n F ' A2) Since b eeip'if),

we have that  E ' e ii •   It thus suffices to show that  b £ AÍE', c) n K.

Clearly  b eeip'if) C K,   and  \\b — fit)\\  is   |p|-integrable on   E    since

||è - /(z)||   is measurable and bounded.   Thus if F    C E',   F    e S ,

\\piF*)ib) - miF*)\\ <   fpjb-fit)\\d\p\

using Lemma 1.3 and since  /(/) e S(ib),

<   J      ed\p\=e\p\iF*).
-7    r

Thus  b e A   ÍE', e) n K and F is localized in  K.
m

The proof to this theorem yields two immediate results concerning  LAX, p)

although the characterization of arbitrary indefinite integrals via this method ap-

pears so complicated as to be unmanagable for any conceivable application.

Corollary.    Let (X, o)  be a measurable space and let p: o —' L[B, B.]  be a

measure with total finite variation, where B  and 3.   are Banach spaces.   Let

m: tí —' B.   be a measure on tí.    Then

(1) 772  is the indefinite integral with respect to p of f e L„iX, p) such that

eiAf)  is compact iff

(i)     772   « p,

(ii)   \m\iX) <oo,

(iii)   there exists a compact set  K C B  such that X  is localized in  K.

(2) m  is the indefinite integral with respect to p of a bounded function f e

LBiX, p) iff

(i)     772   « p,

(ii)      |/22|(X)<oo,

(iii)   there exists a constant M such that for each  E £ b    there exists  F C E,

F £ tí ,   and a compact set  K C S„(0) C 3  such that  F  is localized in  K.

3.  Consequences.   In this section we will derive Radon-Nikodym theorems

for several special cases, some apparently unknown.   The first setting is that of

the Bochner integral and we shall obtain a theorem of Rieffel's [4, p. 466] and

two different formulations.

Definition 3.1.   If Aj, ..., A     are subsets in a Banach space B,  then

o(A   , ... , A  ) = \2n   . a.x. | 2" ,  a. =   1,  a . > 0,  x. e A .,   1 < / < tz|.
1 77 Z   =1 Z       Z   ' 7 = 1 Z ' t    — * I Z — —

Definition 3.2.   A   is called f-bounded if there exists  |x., . . . , x   |Cß  such

that  A C U",i Vxp-

Definition 3.3.   If E e ö ,  the average range of ??2 over  E is,   AFim) =

\miF)/piF)\ F CE, F e S+\.

The following technical lemma follows easily.

(2)   S Ab) is the  c ball about   b.
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Lemma 3.1.    // A^,   1 < n < N,   are  t-bounded then  o\A   , ■ ■ ■ , A   ) is

2t-bounded.

The next theorem shows the equivalence of Rieffel's Radon-Nikodym theorem

[4, p. 466], with two alternate theorems.

Theorem 3.1.   Let  (X, o) be a measurable space and let  p be a totally finite

positive measure on  o.   Let  B  be a Banach space and m: o —> B  a p-continuous

B-valued measure with totally finite variation.    Then the following three condi-

tions are equivalent:

(i)   given  E £& ,   there is an  F CE,   Feo  , such that A Am) is relatively

compact,

(ii)  given E £ ö    a72zai e > 0 there is an  F C E,   F £ o .   such that A   (F, e)

/ 0, and

(iii)   given  E £ o    and e > 0 there is an  F C E,   Feo,   such that the diameter

of A p(m) < e.

Proof, (i) =*(ii).   This follows from an argument of Rieffel's [4, p. 475]

showing that   3 b  which is  (F, zr/2)-pure, in  other words that   m(F   )/p(F   ) £

S£(b) for all F*eS+,   F * C E,   which implies  \m(F*) - bp (F*)| < ffiiF*).

(ii) «** (iii).   This is immediate since  b £ A   (F, e/2)  implies that

||m(F *)/p(F *) - b\\ < e/2  for all E * C F,   F * e S+.

(iii) => (i).   Let E e S    be given.   Now condition (iii) implies that the dia-

meter  (A p(m)) < t is a local null difference property.   Hence given any  G £ o

and any e > 0 we can decompose  G  by Lemma 1.1 in the following manner:

G = U-6/C,  G. eS,  diameter (Ar;.(772)) <t, i £ 1.   Let  a= p(E).   Then by above

there exists a disjoint collection of subsets of E,   \F . 1   1  Co    such that diam-

eter   (A    , (772)1 < 1/2 and p(E ~ U.^,1 Fl.) < a/4.   Let F, = U^j, FÎ.

We continue by induction.   If at the 72th  step   F^ £ ö  ,p(Fn) >

[(2" + l)/2" + 1]a, then there exists a disjoint collection of subsets of E,

iF" + 1iN" + 1  C cS+,   such that  p(F    -  UN" + 1 F" + 1) < a/2" + 2  and the diameter

(F" + 1) < l/2" + 1.   Let   F     , =  U^V1 F" + 1   and we have that
7 72 + 1 W 2 = 1 I

~>n   -4-    1

ft(F   .)>i„Li«.

Therefore we have constructed a sequence F} 3 F2 D ... such that p(P„) >

[(2" + l)/2" + 1]a, and such that AF (m) is 1/2"~ '-bounded. Let E = C\™=lF„,

then F e S+ since p(F) > a/2.

Claim  1.   Af(t22) Cf|~=1 o<AFn(772), •••, Ap„   (m)).

Proof.   Let  FQ C F,   FQ e o+.   Then   FQ C Uf=», F?   and
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7/z(F0)

piFc

Î5 ¿Fa n FP

rj    piF0)

miF0 n F*Y

p(En n E")J

where we use the convention 0/0 = 0.   Now

'n piF0 n F")

z'=l p(E0)

1     and

722(E0 n F?)

e A     im)

piF0 n F")       "?

when p(E0 O Fp 4 0.   If p(E0 n F?) = 0 then we can replace mÍFQ n FA/piFQ O F?)

by any element of A     im).   Thus for all  n,

miF 0)

p(F0)"
e o(A     U),---, A (7/2)).

N

Claim 2.   AplzB) is relatively compact.

Proof.   For every n,   A     im) is   1/2" bounded and hence by Lemma 3. 1,
J pn

i y

cÁA     im), • •• , A        im)) is   1/2""     bounded which implies that A „(772) is
F« ftz r f-

1 N„

I/2"+  -bounded.   Thus  A pim) is totally bounded and hence relatively compact.

Corollary (Rieffel [4, p. 466]).    Let (X, §)  be a measurable space and let p

be a totally finite positive measure on  tí.   // ttz  is a B-valued measure on  tí,   3

a Banach space, then m is the indefinite integral with respect to p of a B-valued

Bochner integrable function on X  iff

(i)   m «p,

(ii)      |/Z7|(X)   <  00,

(iii)   for each  E £ S ,   there is an  F C E,   F £ S ,  such that A pim) is relatively

compact.

Remark.   Theorem 3.1 gives two equivalent conditions to condition (iii) and in

fact the locally small average range condition, condition (iii) of Theorem 3-1, seems

to be the most useful of the conditions.   This condition is the closest condition

to the dentable condition of Rieffel [5, p. 7l].

Proof of corollary.    By Theorem  1.1,  iß(X, p) = LAX, p),  and hence it suf-

fices to show the equivalence between (iii) and condition (iii) of Theorem 2.1.

The necessity of (iii) follows immediately from Theorem 3.1.

Suppose t/z   satisfies (i), (ii), and (iii), and  E £ tí .   Choose  F C E  such that

Ápírn) is relatively compact and let  Kp = A pim),  which is compact.

Claim.    F is localized in  Kp.

Proof.   Let  F ' C  F,   Fee.   Then by Theorem 3-1 there exists  E' C E',

E    £ ö ,   such that the diameter iAp'im)) < e.   Thus  A    >im) C AÍE ', c) and since

AEx (m) C ApU) C KF  we have  AÍE ', c) O KF 4 0-    Thus  F  is localized in   Kp.

We will now consider a different setting; one in which, as far as we know, no
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Radon-Nikodym theorems of this type wete previously known.

Let p he a B-valued measure where  B  is again a Banach space.   Then by

identifying  B with  L[C, ß] in the natural manner, we can use our general theorem

to characterize the indefinite integrals of scalar functions with respect to  p.   As

in the case of the Bochner integral setting,   L  (X, ¡A = ic(X, p) which was shown

in Theorem 1.1.

After obtaining this characterization we will then demonstrate the simplifica-

tion which results when pisa measure defined by density with a positive base.

We note the following trivial fact concerning variation before stating the main

result.

Lemma 3. 2.   // E £ o ,   then for any ( > 0  there exists  F C E, F e S ,   such

that  ¡|p(F)|| 4 0  and \p\(F)/\\p(F)\\ < I + c

Theorem 3.2.    Let (X, o) be a measurable space and p: o     * B,  where  B  is

a Banach space, be a measure with totally finite variation.   Let m be a B-valued

measure on  o.    Then m  is the indefinite integral with respect to p of a Y.-valued

integrable function on  X iff

(Í)    272 « p,

(ii)     |77Z|(X)   <oo,

(iii)   for all E £ a ,   and for all e > 0,   there exists  F C E,   F £ e ,   such that

A(F, c) / 0.

Prool.    Again it suffices to show the equivalence between condition (iii) and

condition (iii) of Theorem 2.1.   The necessity is immediate.

Let  E £ C>    and by (iii) there exists  F C E,   F e S  ,   such that  A(F,  l) / 0 ■

Pick x e A(F,  l)  and let  Kp = S^(x),  the closed ball about X with radius 2, which

is compact since  K    C C.

Claim.    E  is localized in   Kp.

Proof.   Let  F    C F,   Feo.   We need to show that  F    is semilocalized in

Kp.   Let f > 0  be given.   Then by (iii) there exists  F ' C E ,   F ' £ o  ,   such that

A(F \ c) 4 0 ■   Let y e A(F ', (),  we will show that y e S2(x) = Kp.   If e > 1   we

have that A(F,  l) C A(F ', e)  and hence that  A(F ', c) n Kp4 0.

It c < 1,  then for any   y > 0,   we can find  EQ   C F ',   EQ £ S ,   such that

|p|(E0)/¡|p(E0)|| < 1 + y by Lemma 3.2.   Hence,

-y\<
way
ll/AFn

p(EA ÁE,

u\(E0)     \p\(EA\

m(E0) p(EA
- y

ß\(E0)     7\p\(E0)

and since x £ A(F,  l)  and y £ A(F ', c), this yields

¡x- y| <(1 + y)il + ei< 2(1 + y).
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Since  y is arbitrary,   |x - y| < 2.   Thus y £ S (x) = Kp  and A(F  , c) n Kp ^ 0.

Therefore we have shown that  E    is semilocalized in   Kp  and hence that

E is localized in   Kp.

In the more general case where p is  L[B, B ,]-valued but  B  is only finite

dimensional we get, using similar arguments, the same result.   It is important to

notice that, in this instance, iß(X, p) ¿ Lß(X, p) in general.

Theorem 3.3.   Let (X, o)  be a measurable space and p: v —* L[B, B ,],  where

B, B.   are Banach spaces and B  is finite dimensional, be a measure on §  with

totally finite variation.    Let  m  be a B.-valued measure on b.    Then   m  is the

indefinite integral with respect to p of a function f ei„(X, p)  iff

(i)   m « p

(ii)     |t72|(X)<oc,

(iii)   for all E £ e"    and for all e > 0,  there exists   F C E,   F £ S ,   such that

A(F, c)d 0.

Returning to the case where  B = C, if p happens to be a measure defined

by density [l, p. 165] with positive base; i.e., an indefinite Bochner integral,

then much simpler results can be obtained.

Definition 3.4.   If  E £ tí    and c > 0  we define

BiE, e) = {f € C|     F C E, F e S+, ||p(E)|| ¿09 \\miF) - rp(F)!| < c\p\(F)l

The following lemma is merely a consolidation of Theorem 3.1 and its

corollary.

Lemma 3.3.   // piE) = fF f dv, where v is totally finite positive measure,

f £ LÏAX, v) and B  is a Banach space, then for all c > 0  and E £ o ,  there exists

F CE,   Feô,   such that A pip)  is relatively compact and the diameter (A pip))

< c.

In the following material we will let Ap(p) denote the average range of p

with respect to  v.

Lemma 3.4.   ¡f p is as in Lemma 3.3, then for each  E £ S ,   there exists  a >

0  and F CE,   F £ S+,   such that Ap(p) n   Sa(o) = 0.

Proof.   Choose   E'  C E,   E'   3d ,   such that  ||p(E')|| >0  and since  v(E ' ) > 0

we can let y = ||p(£ ' )¡|/iXE ' ) > 0.

Claim.   There exists  F C E ',   Fed,   such that

AvF(p) n sy/2io) = 0.

Proof.   Suppose not.  Then the property that   ||p(F)l|/iv(E) < y/2  and diameter

diameter iA^iipA) < y/2 is a local, null difference property.   Thus by Lemma 1.1, E " =

Uie,E.,   \E.\. f/ CS+,  disjoint,   ||p(E.)||/i/(E.) < y/2,   and diameter (AE.(p))<

y/4.
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But this implies that

oo

z'=l

Hence ci\J?ml AE.^ CSiy/¿(0), but

oo   v(E.)p(E.)

áE2-_±T^ec-(uAE(p)
viE')     t:lv(E,)v(E) Ví-I      «

where  c(A) represents the closed convex hull of A.   Thus   ||p(E ')||/iAE ') < 3y/4

which is a contradiction.

The following theorem actually characterizes indefinite integrals of measures

which are themselves indefinite Bochner integrals, since if   p is an indefinite

Bochner integral then it is an indefinite Bochner integral with respect to its own

variation.

Theorem 3.4.    Let  (X, o)  be a measurable space and let p: o —' B  be a mea-

sure on o with finite variation.   Suppose further that there exists a g £

Lß(X, ¡J) such that p(E) = fE gd\p\, for all E £ o.    Let m  be a B-valued measure

on a,   then m  is the indefinite integral with respect to p of a C-valued integrable

function on  X iff

(i)     772   <<p,

(Ü)    |t7z|(X)  < oo,

(iii)   for each  E £ S    and e > 0, B(E, e) 4 0> and

(iv)   for each  E £ o ,   there exists  F C E, F £ o ,   such that AVAAm)  is rela-

tively compact.

Remark.    Any of the equivalent conditions in Theorem 3.1 could be substituted

for condition (iv).

Proof.   It suffices to show, under these hypotheses, that condition (iii) and

(iv) are equivalent to condition (iii) of Theorem 3.2.

The necessity follows immediately from the fact that A(F, e) C B(F, A) and

that if p(E) = JE gd\p\   and 772(E) = Jg fdp then  772(E) m f£ f g d\p\   by  [ 1, p.  170,

Corollary lj.   There is also a short self-contained proof of the necessity.

In order to prove the sufficiency we need to show that for E £ S    and e > 0

that there exists  F C E,   F e S  ,   such that  A(F, e) 4 0-

Claim 1.   There exists  F C E,   Feo,   and a 8 > 0   such that the

diameter (B(F, 8)) < e/2.

Proof.   Now by the corollary to Theorem 2.1 there exists  E. C E,   E.  £ S+,

such that A\p (p), and  A^Kttz)  are relatively compact.   Thus there exists  R > 0

which is a norm bound for both sets.   Now by Lemma 3.4 there exists  r,  0 < r < 1,

and E ' C Ej,   F ' e S+,   such that A^kp) O 5r(o) = 0.

We now obtain a bound on the elements of  B(F  , <r)    If x e B(e', e) then there



462 H. B. MAYNARD [November

exists  E C F ',   E   £ CS+,  \\p(Ë) l| ¿  o,   such that   ||772(E) - xzx(Ë)|| < c \p\iË).

miE)\x\ < e k\{E2 + \nM
ÚE)\\     \\piE)\\ß\ifA

< e/r + R/'r = [R + c]/r = H.

Applying condition (iv) and Theorem 2.1 and its corollary, there exists

F C E ',   F e S+,  such that

(i)   diameter (Ap^U)) < cr/8,

(ii)   diameter (ÀH(p)) <er/8N.

We now show that  S = cr/8  and  E  satisfy the claim.

Choose x, y £ BiF, cr/8).   Then there exists  FcF,   ||p(F)|| > 0,  & C E,

||p(E)l| > 0,   such that

niF) - xpiF)]\ <^ \p\(F)     and     \\m(E) - yp(E)\\ < 2  \p\(E).
O O

Thus using the previously established bounds,

\*-y\
i\(F)

\\p(F)\\

»(F)ÁF)

\p\(F)      \p\iF)

m(E)   _     p(E)

]p\(E)~y\p\i¥)

/72(E) 772(E) I

Îp|(eÔ  " M(EÏ|

+ lyl
piE)        piF)

IpI(£) 1(F)D
< [cr/8 + cr/8 + cr/8 + N • er/8N]/r = c/2.

Thus the diameter ÍBÍF, 8)) < c/2.

Claim 2.   BiF, 8) CAÍF, ().

Proof.   Let x e B(F, 8) and F ' C F,   E ' £ S ,  then we need to show that

¡Itt/ÍF  ) - xpiF ')|| < e \p\(F ').   Consider the set property   P: E £ S    has property

P  if there exists  r e BiF, 8)  such that   \\miE) - r piE)\\ < 8 \p\iE).   P is a local

property in   P' since if V C F ',   F £ S+,   we have by (iii) that  B(P,8) ¿  0 and

since  BiF, 8) C BiF', 8), there exists  F * C F,   ||p(F*)|| > 0,   and r £ BÍF', 8)

such that   IMF*)- rpiF *)|| < z5|pl(F*).   P is clearly a null difference property.

Thus by Lemma 1.1,   F'= Uie/ E., \E .1 disjoint, such that there exists

r., i e 1,   such that  ^miE/l - r{ piE £)|| < 8.

Let  y > 0  be arbitrary.   Then there exists M  such that   |p|(F'~U¿=1 E^

<y/2N  and such that  \m\iF '~ IJ^,  E.)<y/2.   Then

Hm(F')- ̂ (F')H < l^1(F1 - U  E J + 1*1 • M [F' * U   */) ♦ Z  WmiE)-xpiF..

<hNTK + t M*P- '¿fy\ + zu- i W«
1=1 z' = l

and since the diameter ÍBÍF, 8)) < c/2,
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<y+¿ %!(£,)+ î ¿  |p|(E.).
2=1 Z     2=1

Thus since  8 = er/8 < e/8,

\\m(FA-xp(F')\\<y+e\p\({J  E.\  <y+e\p\(F').

Since  y> 0  is arbitrary, we have that  ||t72(F )~ x¡i(F )|| <e |p|(F').   Thus

x e A(F, e).

We have thus established the result.

BIBLIOGRAPHY

1. N. Dinculeanu, Vector measures, Internat. Series of Monographs in Pure and Appl.

Math., vol. 95, Pergamon Press, Oxford; VEB Deutscher Verlag der Wissenschaften, Ber-

lin, 1967.   MR 34 #601 lb.
2. N. Dunford and J. T. Schwartz, Linear operators. I:  General theory, Pure and Appl.

Math., vol. 7, Interscience, New York, 1958.   MR 22 #8302.

3. M. Metivier, Martingales a valeurs vectorielles.   Applications a la derivation des

mesures vectorielles, Ann. Inst. Fourier (Grenoble) 17 (1967), fase. 2, 175—208.   MR 40

#926.
4. M. A. Rieffel, The Radon-Nikodym theorem for the Bochner integral, Trans. Amer.

Math. Soc 131 (1968), 466-487.   MR 36 #5297.
5.-1 Deniable subsets of Banach spaces, with application to a Radon-Nikodym

theorem, Proc. Conference Functional Analysis (Irvine, Calif., 1966), Academic Press,

London; Thompson, Washington, D. C,  1967, pp. 71—77.   MR 36 #5668.

6.   ]. J. Uhl, Jr., Applications of Radon-Nikodym theorems to martingale convergence,

Trans. Amer. Math. Soc. 145 (1969), 271-285.   MR 40 #4983.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF UTAH, SALT LAKE CITY, UTAH 84112


