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ABSTRACT. The purpose of this paper is to obtain a characterization of
indefinite integrals of vector-valued functions with respect to countably addi-
tive operator-valued measures with finite variation. This result is then special-
ized to several simpler situations.

0. Introduction. The setting considered in this paper is that of a measurable
space (X, S), where X €9 for simplicity, together with a vector measure pu: S
— L[B, Bl] with total finite variation |u|, where B and B, are Banach spaces.
A “‘natural”’ space of integrable functions into B is introduced which agrees
with the space Lé(y) defined by Dinculeanu [1, p. 120], whenever B = C or p
is a scalar measure.

A general decomposition theorem for (X, 8, u) is utilized to obtain a char-
acterization of those B,-valued measures which admit a representation as the
integral of an integrable B-valued function with respect to pu. This characteriza-
tion is then used to obtain a theorem of Rieffel’s [4, p. 466] in the setting of the
Bochner integral. Several additional results, all apparently new, are obtained

in the cases where either B=C or B = C",

1. Preliminaries. In this section we shall develop a space of integrable
functions which is naturally suited for integration. Dinculeanu [1, p. 120] intro-
duces the_ space of integrable functions L}B(X, p) which has the advantage of
being complete but unfortunately integration processes do not distinguish func-
tions.(1) We plan to remedy this at the expense of completeness.

First we shall establish a useful decomposition result.

Definition 1.1. A set property P is said to be local in (X, S, ) if, for each
E €Y ={E €§| |u|(E) > 0}, there exists F € 8*, F CE, such that F has prop-
erty P.

Definition 1.2. A set property P is a null difference property in (X, &, p)
if whenever F € 8* has property P and E € §, |[w|(E) = 0, then both F U E and
F ~ E have property P.

" Received by the editors August 2, 1971.
AMS (MOS) subject classifications (1970). Primary 46G10, 46GE40, 46G05.

Key words and phrases. Radon-Nikodym theorem, operator-valued measures, Bochner
integral.

(1) There may exist distinct equivalence classes whose integral values are all equal.
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A simple exhaustion argument quickly establishes the following decomposi-

tion result.

Lemma 1.1. If P is a local null difference property in (X, §, ), then there
exists a pairwise disjoint set {E’l.}ie’ c &% I either finite or countable, such that
(i) x=U,,, E, and,
(i1) each Ei’ i €1, bas property P.

Our space of integrable functions is constructed by considering those functions
which are almost everywhere limits of Cauchy sequences of measurable stepfunc-
tions and decomposing into equivalence classes modulo the null functions. The
difference arises from the seminorm placed on the space of measurable stepfunc-
tions; we use pl(f) = Ipll(X), where if f= 37 _, X Xp; % € B, #/(E)= Jg fdp=
37 _, l(E N E))(x,), while Dinculeanu uses p(f)= [y || /]| dlu| in constructing
L}B(X, S, p). Let EB(X. 1) be the resulting space of equivalence classes of inte-
grable functions with norm || "2 The integral is defined by the normal limiting

process. We shall now proceed to identify functions with their equivalence classes,
regardless of the space they exist in.

Using standard arguments we can establish the following lemmas.
Lemma 1.2. If f € £,(X, p), then “/"2 = [ull(X).
Thus two functions are in the same equivalence class iff their integrals coincide.

Lemma 1.3. If f egB(X, p) and f € L}3(X, p) then
Il < i Irllalud = 71,

Theorem 1.1s If p is C-valued or if B =C, then

QB(X, W = L‘IB(X’ w-

This follows from the identity Iu/[(X) =[x Il /114 || for all measurable step-
functions f.

Two additional lemmas will also be necessary.

Lemma 1.4. If | €£B(X, n), then pyisa countably additive B, -valued mea-

Sure.

Lemma 1.5, If /e&‘?B(X, p.), then given any E € §+. there exists F CE, F €
8, such that the essential range of [ on F, erp(f), is compact.

2. A Radon-Nikodym theorem. We shall continue using the setting developed
in $1 throughout this section. In addition we will assume we have another vector-

valued measure m: & — B, such that m has finite variation.
Definition 2.1. m is said to be absolutely continuous with respect to p
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(m < p) iff |u|(E)=0, E €9, implies |m|(E) = 0.
In the remainder of this paper m will be considered to be p-continuous.
Definition 2.2. If ¢>0 and E € 8", let

A_(E, ) = {b € B| ||m(F) - w(FX®)|| < elu|(F), VF €8, F CE}.

If the measure m is obvious, we will neglect the subscript and write only A(E, ¢).
Definition 2.3. A set Y €8* is said to be semilocalized in a set K CB with
respect to (g, m) if, for all €> 0, there exists FCY, F € S+, such that
A _(F, ) NK#£ 2.
A set Y €8% is said to be localized in K with respect to (u, m) if, for each
ECY, E €8 E is semilocalized in K.
If p and m are clear from context we shall merely say that Y is localized
in K.
The following lemmas follow easily from the definitions and exhaustion tech-

niques.

Lemma 2.1. If E is semilocalized in K and F D E, FeS, then F is semi-

localized in K.

Lemma 2.2. If Y is localized in K = K,V K, and ECY, E € S, then either

E is semilocalized in Ky or E is semilocalized in Kz‘

Lemma 2.3. If Y is localized in K = K, VK, then Y = Y, VY, where either
Y,= gor Y, is localized in K, i=1,2, and Y, NY,=(&.

Corollary. If Y is localized in K=U;‘21 K, then Y = U?:l Y, where
ty }7_, are pairwise disjoint and either Y. = & or Y, is localized in K, 1<

i<n

Lemma 2.4. If Y is localized in K, then, for each € > 0, there exists a dis-
joint collection {Eiiie, C 8%, where I is either [inite or denumerable, such that
Y = Uie, E, and A(E, &) NK# &.

Proof. This follows immediately from Lemma 1.1 since the set property
A(E, N K# & is alocal null difference property.

Theorem 2.1. Let (X, 8) be a measurable space, X €8, and let p: & —
L(B, Bl] be a measure with total finite variation where B and B, are Banach
spaces. Let m: § — B, be a measure on 8. Then m is the indefinite integral
with respect to yu of a function [ € gB(X, n) iff

(i) m <y,

(ii) |m|(X) < o, and

(iii) for each E € §*, there exists FCE, F €8', and a compact set KCB
such that F is localized in K.
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Before we prove this theorem we shall prove two preparatory lemmas.

Lemma 2.5, If m satisfies conditions (i), (ii) and (iii) of Theorem 2.1, then
there exists a disjoint set {X }.,, C 8%, 1 either finite or denumerable, such that
X= Uiel X, and for each i €1 there exists a compact set K, CB such that X,

is localized in Kz..

Proof. This follows from Lemma 1.1 since conditions (i), (ii), (iii) imply that
the existence of a compact set K, such that F is localized in K, is a local null
difference property.

Because of the complicated constrction to follow we will need a somewhat
elaborate indexing notation. To this end we will introduce the following notation.

Ifz-(z ---,z)EN,weletﬂ(z)—(z EER-2 )GN" Dand (z, i) =
(zys 052, z) € N"+l for i €N, suppressing for convenience the dependence
upon .

The following lemma corresponds roughly, in the Bochner integral case, to

partitioning a set Y into sets whose average range has a small diameter.

Lemma 2.6. If m satisfies conditions (i), (ii) and (iii), of Theorem 2.1, and
if Y €8" is localized in a compact set K CB, there exists a sequence of mea-
surable finite partitions {m }*_, of Y such that

(i) Y= UzeA Y? wbere 7 = {Y2} cA,» and the index set A is a finite
subset of N;

(ii) each Y7 is localized in a compact set K? CB such that the diameter
(K?) <1/2", and

(iii) m, is finer than m | and KZ-AD K? forall z € A .

Proof. We will construct 7, from T in the following manner, starting
with 7 = iy}, Y% =YA, = {0}, and K0 = K.
Assume {Yz}zeAn’ {K” }zeA

there exists, by the compactness of K%, {K

satxsfy (i), (ii) and (iii). Then for each z €A

;’;ll)f’"_l, such that K7 =U7z K?ztlz)

where K?z":li) are compact and the diameter (anti')) <1/27+,
For each z € A , we have by the corollary to Lemma 2.3, {Y:'z"")fm such

that Y7 =U'"Z’ YZ’ZNI) and either Y”"’ll)— & or Y(z ) is localized in K;"':ll),

1<i<m, Wenow eliminate those K:’z ;y and Y?z ;) Where Y""’ll.) =g

after renumbermg there are n, nonempty Y 1), we have Y U"z yn+l y and

(z,1
Y:’:l) is localized in Kn+1 1<i<n, and further K7 > Unz K?;})

z,i)
Lec 4, =1z, z)lz €A and 1<i<n}. Thus lettmg 7, ={Y""’l
it is clear that this procedure generates the desired sequence of partltlons.
Proof of Theorem 2.1, (= ). Assume m satisfies conditions (i), (ii) and

(iii). Then by Lemma 2.5 we have that X = U

b

z €Apyl

pel p’ where {Xp}pe

subset of 8* such that each Xp is localized in a compact set Kp CB.

; is a disjoint
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For ease in notation we will assume that I is infinite for if I is finite then

X itself is localized in the compact set U p, and the argument reduces to

p €l
the following argument for Xp. We will now proceed to define the desired function
piecewise on each Xp.

Consider the measure space (Xp, Sp, p) where Sp is the restriction of & to
X,. Then by Lemma 2.6 there exists a sequence of partitions of Xy {m f:_l
satisfying the three conditions of Lemma 2.6.

For each n, define a stepfunction f_ in the following manner. Let N be
the cardinality of the set A where 7 = {Y: i, A, Then by Lemma 2.4, Y7 =

n
Uielg E7. such that ) )
n
A (E7.,1/2") NKZ £ 2.

Choose lnz such that

il Lpa > ]
Y? ~ E”. | < .

“ z IEJI Z1 ann

For each EZ,, 1<i<!l , z €A _, choose x7. €A (E".

then define

, 1/2") N K2, We

N

In
x%.0X .
26A iz O Xez,
Since much of the remainder of the proof is computational only the key steps
will be demonstrated. The sequence {f I”_, converges a.e. and is Cauchy in
Il *llo which is demonstrated in the next three clalms 3
Claim 1. |ul(x, ~ U7, _| ing_, (UzeAk U "ZE =
Claim 2. {f I | is Cauchy Iin et
Proof. Let Z, = UzEAkU i Ek

izl
Let ¢ > 0 be given. Since |m| is |y|-continuous there exists 8> 0 such

that, whenever |p|(E) < §, then |m|(E) < 8/4. Choose N >1 such that

1/28 < min {e/4]p|(X ), 8}.
We first make the observation that
|y](Xp ~ Zn) <1/27,
Suppose m, n > N. Then

TR sup3 )3
‘ k=1

7
+ 2
k=1

’
mz

d, d
kan(zn~zm)fn ® ka”[Zm”Zn] [

|

fB nE" Em / / dp

i= a=1

? lnz
+ X XX
k=1 zeAn ;z'eA

= sup{S; + 5, +5,}
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where the supremum is over all finite disjoint measurable partitions {B,}}_, of
Xp'

Using the fact that /n = xZi on E:i and that x;i EAm(E:i. 1/2") and sim-
ilarly for f , we can show the following bounds for §;, S, and §,.

S </2Mul(Zz, ~Z )+ |ml(Zz, ~ Z ),
S, <a2Muz, ~Z) +|ml(Z_~Z), and
S, <@/2MNul(Z, "z )+ 1/ 2™Nul(Z, " Z ).
Combining these bounds with the definition of § and N we see that
=1l <€

and hence that {fn }c::l is Cauchy in | * ||2
Claim 3. f converges a.e. to a function 2.
Proof. {f (N7 _, converges forall t €U, , Ny _,, Z, sinceif t €
:-_-N Z, and n>m> N, then /n(t) and fm(t) are both in the same compact set
K? with diameter 1/2™. Thus [ EgB(Xp’ m), and f — fP.
Claim 4 If E esp, then m(E) = [ f? dy.
Proof. Let € >0 be arbitrary. Then choose 8 >0 such that |p|(F) <8 im-
plies that |m|(F) < ¢/3. Choose n sufficiently large so that
a e -/""2 <e/3,
(i) 1/2" <8, and
(iii) (1/27|pl(X,) < /3.
Now by adding and subtracting f, and using the fact that x7, €Am(E:i, 1/2%)

we have

mE) - | /d,;“

t z lnz
5"”‘(’%’“ U U Ezi>+ > X @/29ulEL, N E)

zeAn i=1 zeAn i=

-

<¢/3
1 ..
and since |p|(Xp ~ Uchn Ult’__"; E7) <1/2" we have by (ii) and (iii) that

m(E) - fE fpdy“ <e

Thus m(E) = [ [Pdp forall E € Sp.

We now piece these functions together. Let f: X — B be defined by [(1) =
2:21 fP(¢) where we assume the functions are extended to be zero outside of Xp.
Thus xy ° f=/P. It remains to be shown that f € £ (X, p) and that m is the

indefinite integral of f with respect to p.
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Claim 5. f €£B(X, n).

Proof. For each p, 1 <p < oo, let {fﬁ?:zl be the sequence of stepfunctions
which converge to f? on X, as defined earlier, extending them to be zero outside

Xp. Define

g, (D=3 .
p=1

°°_l is a sequence of measurable stepfunctions which clearly con-

Now {g 1>
verges to [ a.e. Thus it suffices to show that fgn}:::l is Cauchy.

Let € >0 be given. Then there exists a > 0 such that |p|(F) <& implies
that |m|(F) < ¢/4. Choose N >0 such that |p|(X ~ Ufﬂ Xk) <min {8, ¢/4}.

Now choose M > N such that for all m, n > M, “/ft - /";"£ <€/4N for 1<

PN
If m>n>M we obtain
2 2= lgs 3 12— > i)
le, - glle = 3 18- Follg + 3 2=l +
8, g'"'g pgl m me Tham me S e

€ 5 | ST
sgr X Wilew X Wil
and

“/2“9 < (1'/2")|p|(xp) +|ml(X,),  k=mn, m,

which implies

N N
le, - &nle S§+ {1/2 + 1/2”'¥|u|<x ~ p[:Jl xp> + 2|m|<X ~ U1 X,,)
z -

€

+22

= €

IN
LN

+

NS

Thus fg"l:;l is Cauchy and converges a.e., to f. Hence f egB(X, ®)-

Claim 6. If E €9, then m(E) = g fdp-
Proof. Let E €8, then E=U5 ) X,NE, X, N E €8, Thus

S bdu= S m(X. N E) = mE).
.IE/# pz:ﬂIXPnE/ (o ngl”' ) m

(=). Suppose there exists f EQB(X, ) such that m(E) = Jg fdp for all
E €. It is immediate that (i) and (ii) are valid, thus it remains only to demon-

strate (iii).
Let E €8*. Then by Lemma 1.5 there exists FCE, F € 8%, such that

erF(/) is relatively compact.
Claim 7. F is localized in K= erg(/).
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Proof. Let F' CF, F' €8, andlet ¢> 0 be given. Choose b € erpi(f)
# & (9, p. 469, Lemma 1.5) and let E' = f~X(S(6)) 1 F'.(2) Since b € erpe(f),
we have that E' € 8% It thus suffices to show that b € A(E', ) N K.

Clearly b € erp «(f) CK, and |6~ ()] is |p|-integrable on E' since
6 = f(D)] is measurable and bounded. Thus if F*CE’, F*e 8

1) = mFN < [ - 10 dlud
using Lemma 1.3 and since f(t) € Se(b),

< [ on €dlul = elul(F*).
Thus b eAm(E', €) N K and F is localized in K.
The proof to this theorem yields two immediate results conceming L}B(X, )
although the characterization of arbitrary indefinite integrals via this method ap-

pears so complicated as to be unmanagable for any conceivable application.

Corollary. Let (X, 8) be a measurable space and let p: & — LIB, B,] be a
measure with total finite variation, where B and B, are Banach spaces. Let
m: & — B, be a measure on S. Then

(1) m is the indefinite integral with respect to p of [ € Lé(X, 1) such that
erx([) is compact iff

() m <<

(i1) |m|(X) < oo,
(iii) there exists a compact set K CB such that X is localized in K.

(2) m is the indefinite integral with respect to p of a bounded function [ €
LL(X, p) iff

(1) m <<,

(ii) |m|(X) < o,
(iii) there exists a constant M such that for each E € S* there exists F C E,
F €8, and a compact set K C Sy(0) C B such that F is localized in K.

3. Consequences. In this section we will derive Radon-Nikodym theorems
for several special cases, some apparently unknown. The first setting is that of
the Bochner integral and we shall obtain a theorem of Rieffel’s [4, p. 466] and
two different formulations.

Definition 3.1. If A}, ..., A  are subsets in a Banach space B, then
a(Al, ...,An)= {27=1 aixi|2:.’=1 a,=1,a,>0, x, €A, 1<i<n}

Definition 3.2. A is called e-bounded if there exists {xl, «++,x } CB such
that A C U:.’gl S(x).

Definition 3.3. If E € 8", the average range of m over E is, Ag(m) =
{m(F)/u(F)| F CE, F e s*.

The following technical lemma follows easily.

(2) 5/b) is the ¢ ball about b.
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Lemma 3.1. If A , 1<n <N, are ebounded then olA PR An) is
2¢e-bounded.

The next theorem shows the equivalence of Rieffel’s Radon-Nikodym theorem
[4, p. 466], with two alternate theoreéms.

Theorem 3.1. Let (X, 8) be a measurable space and let p be a totally finite
positive measure on 8. Let B be a Banach space and m: & — B a p-continuous
B-valued measure with totally finite variation. Then the following three condi-
tions are equivalent:

(i) given E €5+, there is an F CE, F €S+, such that AF(m) is relatively
compact,

(ii) given E &Y and €> 0 there is an FCE, F €S+, such that Am(F, €)
£ B, and

(iii) given E € 8" and €> 0 there isan F CE, F € 8*, such that the diameter
of Apm) <e.

Proof. (i) =»(ii). This follows from an argument of Rieffel’s [4, p. 475]
showing that b which is (F, ¢/2)-pure, in other words that m(F *)/u(F *) €
S(b) for all F* €8*, F* CF, which implies |m(F ™)~ bu (F™)| <eu(F ™).

(ii) == (iii). This is immediate since b € A_(F, ¢/2) implies that
m(F *)/u(F *) = b <e/2 forall F*CF, F*ed™

(iii) = (i). Let E € 8" be given. Now condition (iii) implies that the dia-
meter (A F(m)) < € is a local null difference property. Hence given any G € S*
and any €> 0 we can decompose G by Lemma 1.1 in the following manner:

G= Uzel G, G € 8*, diameter (A(; (m) <e, i €l Let a=u(E). Then by above
there exists a dls]omt collection of subsets of E, {F! }1_11 C 8" such that diam-
cter (A_ ) <1/2 and wE~UNIFD <a/s Lec Py = UL FL

We continue by induction. If at the nth step F, 65 s ulF ) >
[(27 + 1)/2"*Na, then there exists a disjoint collection of subsets of E,

{F;""I}?’_"IH C 8%, such thar u(F ~ UN"+1 F;”l) < a/2"*? and the diameter

(Fr#l)<1/2%*) Let F = Uf’";l F"+1 and we have that
274 1 a 2741
“(Fnu) vy ul =
2 2n+2 2n+2

Therefore we have constructed a sequence F; D F, D ... such that u(F )>
{(27 + 1)/2"*'1a, and such that AFn(m) is 1/2"° -bounded Let F = ﬂ°°
then F € 8" since p(F)> a/2.

Claim 1. Ap(m) Cﬂ::l G(AF,l,(m), ceey AF,&n(m)).

Proof. Let F, CF, F, €8, Then Fy C UNn F7 and



458 H. B. MAYNARD {November

M.

m(Fg)  Np w(FonF7) [m(FO N F;’)]

wFy)  iz1 KFy) wFoynFY)
where we use the convention 0/0 = 0. Now
No w(Fy 0 F?) m(F o N F7?)
- —— =1 and ————— €A n(m)
=1 KFy WFynFY  F}

when p(F, N F") £ 0. If u(F) NF7?)=0 then we can replace m(F; N F7)/u(F, N F})
by any element of AFn(m). Thus for all n,

"0 oA mdeerd ().
u(F o) F] FN

n

Claim 2. Ap(m) is relatively compact.
Proof. For every n, AF"(m) is 1/2" bounded and hence by Lemma 3.1,

dA (m), ..., A (m)) is 11/2"' ! bounded which implies that AF(m) is
F7 FY
1/2"*!-bounded. Thus AF(m) is totally bounded and hence relatively compact.

Corollary (Rieffel [4, p. 466]). Let (X, 8) be a measurable space and let p
be a totally finite positive measure on S, If m is a B-valued measure on S, B
a Banach space, then m is the indefinite integral with respect to p of a B-valued
Bochner integrable function on X iff
(1) m<<p,
(i) |m|(X) <o
(iii) for each E € 5+, there is an F CE, F € S*, such that AF(m) is relatively

compact.

Remark. Theorem 3.1gives two equivalent conditions to condition (iii) and in
fact the locally small average range condition, condition (iii) of Theorem 3.1, seems
to be the most useful of the conditions. This condition is the closest condition
to the dentable condition of Rieffel [5, p. 71].

Proof of corollary. By Theorem 1.1, fB(X. p) = LE(X, s and hence it suf-
fices to show the equivalence between (iii) and condition (iii) of Theorem 2.1.
The necessity of (iii) follows immediately from Theorem 3.1.

Suppose m satisfies (i), (ii), and (iii), and E € §*. Choose F CE such that
AF(m) is relatively compact and let K = Z_,_:GS, which is compact.

Claim. F is localized in K.

Proof. Let F' CF, F' € 8. Then by Theorem 3.1 there exists E' C F,
E' € 8%, such that the diameter (A /(m)) <e. Thus Ag+(m) CA(E’, ¢) and since
AE'(m) C AF(m) C Kg we have A(E', & n Kg # &. Thus F is localized in K.

We will now consider a different setting; one in which, as far as we know, no
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Radon-Nikodym theorems of this type were previously known.

Let p be a B-valued measure where B is again a Banach space. Then by
identifying B with L[C, B] in the natural manner, we can use our general theorem
to characterize the indefinite integrals of scalar functions with respect to p. As
in the case of the Bochner integral setting, LY(X, p) = EC(X’ p) which was shown
in Theorem 1.1.

After obtaining this characterization we will then demonstrate the simplifica-
tion which results when p is a measure defined by density with a positive base.

We note the following trivial fact concerning variation before stating the main

result.

Lemma 3.2, If E € &%, then for any €> 0 there exists F CE, F €8, such
that |u(F)|| £0 and |p|(F)/|p(F)|| <1+ e.

Theorem 3.2, Let (X, d) be a measurable space and p: S — B, where B is
a Banach space, be a measure with totally finite variation. Let m be a B-valued
measure on & Then m is the indefinite integral with respect to p of a Gvalued
integrable function on X iff
(1) m <p,
(ii) |m|(X) < oo,
(iii) for all E € 5+, and for all € > 0, there exists F CE, F € S, such that
A(F, o) # &.

Proof. Again it suffices to show the equivalence between condition (iii) and
condition (iii) of Theorem 2.1. The necessity is immediate.

Let E € 8" and by (iii) there exists F CE, F € 8", such that A(F, 1) £ &.
Pick x € A(F, 1) and let Kg = Sz(x), the closed ball about x with radius 2, which

is compact since K. CC.

Claim. F is localized in Kg.

Proof. Let F CF, Fye 8*. We need to show that F, is semilocalized in
Kp. Let €¢>0 be given. Then by (iii) there exists F '_C__F_'Q. F'e §+, such that
A(F, #3. Let y € A(F', ¢), we will show that y €S,x)=Kp. If e>1 we
have that A(F, 1) CA(F', ¢) and hence that A(F', ) N K, # .

If € <1, then for any y > 0, we can find E, C F', E, e S+, such that
‘#l(EO)/"[.L(EO)" <1+ y by Lemma 3.2. Hence,

. lul(E,) 3 WE)  mEg) m(E ;) wE o)
X - -
~WEM W TulEQ ™ TUE ™ |TWlE )~ Tul(E

and since x € A(F, 1) and y € A(F', ), this yields

lx‘)’l +

e -y <@+ L+ ed <201+ ).
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Since y is arbitrary, [x - y| <2. Thus y 65—2(;) =Kg and A(F', ) N K £ &.
Therefore we have shown that F is semilocalized in K and hence that
F is localized in Kg.
In the more general case where p is L[B, B 1]-valued but B is only finite
dimensional we get, using similar arguments, the same result. It is important to
notice that, in this instance, £B(X' w # L}B(X, p) in general.

Theorem 33. Let (X, O) be a measurable space and w S — L[B, BI]’ where
B, B, are Banach spaces and B is finite dimensional, be a measure on S with
totally finite variation. Let m be a B -valued measure on S. Then m is the
indefinite integral with respect to p of a function f € fB(X, w) iff

(1) m<<p,

(i) |m|(X) < eo,
(iii) for all E € &* and for all €> 0, there exists F CE, F € 8%, such that
A(F, 4 3.

Returning to the case where B = C, if u happens to be a measure defined
by density [1, p. 165] with positive base; i.e., an indefinite Bochner integral,
then much simpler results can be obtained.

Definition 3.4 If F€ 8" and ¢ >0 we define

B(E,)={reC| FCE, Fe8 P #0 3|mF) - P < eul(F)

The following lemma is merely a consolidation of Theorem 3.1 and its
corollary.

Lemma 3.3. If p(E) = [ fdv, where v is totally finite positive measure,
/€ L}B(X, v) and B is a Banach space, then for all ¢ >0 and E € 5+, there exists
FCE, F €8, such that Ap(p) is relatively compact and the diameter (A (1))
<e

In the following material we will let A;([,t) denote the average range of p
with respect to v.
Lemma 3.4 If p is as in Lemma 3.3, then for each E € S?, there exists a >

0 and FCE, F € S", such that A;:-(p.) N Sa(O) =g.

Proof. Choose E' C E, E' 58*, such that |u(E')| >0 and since v(E')> 0
we can let y = {|u(E ")|/W(E") > 0.
Claim. There exists F CE’, F € «S+, such that

A ns,, (0 = g.

Proof. Suppose not. Then the property that [[pu(F)||/v(F) <y/2 and diameter
diameter (A%.(u)) <y/2 is a local, null difference property. Thus by Lemma 1.1, E ‘=
U, E,s {E 3, C8, disjoint, |W(ED/(E,) <y/2, and diameter (A’éi(p)) <
y/4.
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But this implies that

U Af (;t)C Sy/4(0).

(0)9 but

Hence (U7 _, AE,-(")) CSs50/4

WE) S EIME) (

bl e AY
AE) & BV E) U ("))

izl
where ©(A) represents the closed convex hull of A. Thus ||u(E M/v(E ") < 3y/4
which is a contradiction.

The following theorem actually characterizes indefinite integrals of measures
which are themselves indefinite Bochner integrals, since if p is an indefinite
Bochner integral then it is an indefinite Bochner integral with respect to its own
variation.

Theorem 3.4, Let (X, §) be a measurable space and let p: & — B be a mea-
sure on & with finite variation. Suppose further that there exists a g €
LE(X, p) such that W(E) = [ gdlp|, for all E €8, Let m be a B-valued measure
on O, then m is the indefinite integral with respect to p of a C-valued integrable
function on X iff
(i) m<<p,
(ii) |m|(X) < o,
(iii) for each E € 8* and ¢>0, B(E, ¢) £ B, and
(iv) for each E €5+, there exists F CE, F € S+, such that AL.”'(m) is rela-
tively compact.

Remark. Any of the equivalent conditions in Theorem 3.1 could be substituted
for condition (iv).

Proof. It suffices to show, under these hypotheses, that condition (iii) and
(iv) are equivalent to condition (iii) of Theorem 3.2.

The necessity follows immediately from the fact that A(F, ¢) C B(F, ¢) and
that if w(E) = [ gdlp| and m(E) = [ [du then m(E) = [ fgd|u| by [1, p. 170,
Corollary 1]. There is also a short self-contained proof of the necessity.

In order to prove the sufficiency we need to show that for E € §* and >0
that there exists F CE, F € S+, such that A(F, ¢) £ &.

Claim 1. There exists FCE, F € 8*, and a 8> 0 such that the
diameter (B(F, 8)) < ¢/2.

Proof. Now by the corollary to Theorem 2.1 there exists E,CE, E ¢ 8,
such that AL”'ll (), and AL:”'l(m) are relatively compact. Thus there exists R >0
which is a norm bound for both sets. Now by Lemma 3.4 there exists 7, 0 <r < 1,
and F'C E,, F "€ 8%, such that AL,#J([l) N S'(O) =g

We now obtain a bound on the elements of B(F', ¢). If x € B(F', ¢) then there
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exists ECF', E ¢§%, ";l.(ﬁ) I # 0, such that “m(’é) - xp('l\f)ﬂ <e I#!(g)o

|u|(}§)+|p|® m(E)
@I 1B 1 IE

Applying condition (iv) and Theorem 2.1 and its corollary, there exists
FCF' Fe 5+, such that

(i) diameter (A l,_—"‘(m)) <er/8,

(ii) diameter (4}#1() < er/8N.
We now show that & = €7/8 and F satisfy the claim.

Choose x, y € B(F, er/8). Then there exists FcF, |u®|>o0, ECF,
leE)| > 0, such that

|x| < e <e¢/r+ R/r=[R+él/r=N.

12 = xu®] <ZW®  and  [n® - yu®) <L (B
8 8

Thus using the previously established bounds,

=yl = || (F) . w(F) _ m('l\:‘)_ _.'f’f.)_ _ _1_71_@:)_"
@I 1 F 1wl el(F)  |ul(B)
mE) @ wB

+ |y

]

WE) @

<ler/8+ er/8 + er/8+ N - er/8N]l/r=¢/2.
Thus the diameter (B(F, §)) <e¢/2.

Claim 2. B(F, §) CA(F, o).

Proof. Let x € B(F, 8) and F'CF, F'€e 8", then we need to show that
|m(F ") = xpu(F )| <e |u|(F ). Consider the set property P: E € 8* has property
P if there exists r € B(F, 8) such that ||m(E) - r u(E)|| < 8|u|(E). P is alocal
property in F' since if FCcF' Fe 5+, we have by (iii) that B(?‘,S) # & and
since B(F, 8) C B(F', 8), there exists F*CF, Hy(F*)“ >0, and 7 € B(F', §)
such that |m(F*) = m(F *)j < &|pl(F *). P is clearly a null difference property.

Thus by Lemma 1.1, F'= Ul.e, E, {E} disjoint, such that there exists
7, 1 €1, such that “m(Ei) -, wE )| <8.

Let y >0 be arbitrary. Then there exists M such that |u|(F'~ Ur:l Ei)
<y/2N and such that |m|(F e U?.—l E,)<y/2. Then

M M M
Im(F") = 5P| < [ m] (F' ~U Ei) + 1w lul (F' ~U F) + X ImlE)- sl
i=1 i=1 i=

M M
<Te NS 3 ImlE) - raEDY + )“I |x - 7! Wl(E),
i=1 i=

and since the diameter (B(F, 8)) <¢/2,
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M P M
<y+ 2 S8lul(E) + 3 Zl |kI(E).
i=1 i=
Thus since &= er/8 <¢/8,
M
Im(E") = xp(F)| <y + el (U Ei> <y + ep|(F).
i=1

Since y > 0 is arbitrary, we have that |m(F") ~ xp(F || <€ |u|(F"). Thus
x € A(F, ¢).

We have thus established the result.
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