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THE EXCEPTIONAL SUBSET OF A C -CONTRACTION
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DOMINGO A. HERRERO

ABSTRACT. Let T be a C_-operator acting on a (complex separable) Hilbert
space K;i.e., T is a contraction on XK and it satisfies the equation ¢(T) =0
for some inner function g, where ¢(T) is defined in the sense of the functional
calculus of B.Sz.-Nagy and C. Foias. Among all those inner functions g there
exists a unique minimal function p defined by the conditions: (1) p(T) = 0; (2)
if g(T) =0, then p divides g. A vector F € X is called exceptional if there
exists an inner function r such that (T)F =0, but p does not divide r. The
existence of nonexceptional vectors plays a very important role in the theory of
Co-operators. The main result of this paper says that nonexceptional vectors
actually exist; moreover, the exceptional subset of a Co-operator is a topologi-
ally small subset of XK.

Let Hf< be the H? Hardy class of analytic functions in the unit disc D =
{z: |z| < 1} with values in the complex separable Hilbert space K. If F(z) =
v, 2" (Y €K) is an element of HZ, then in the norm of K,

lim F(z) = F(e'™), 2z — e'* nontangentially,

exists for almost every e'* € 9D = {z: |z] = 1}. If G(z) = 242 & 2" is also an

element of H,2<, then the inner product of F and G can be expressed as
+4+ o0
(F. G) =3 (. &)= [, (Fe™), Gl dm,
n=0

where (, ) denotes the inner product of K and dm = (1/2m)dx is the normalized

Lebesgue measure on 9D ([3], [4], [9)).
The shift operator § in H,Z< is defined by

+ 00
SF(z) = zF(z) = ) g,z
n=0

and its adjoint §* is given by

F
S#F(Z)z Z ¢n+12n.

n=0

(z)- F(0) ‘&
—_— -
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An invariant subspace is a subspace (i.e., a closed linear manifold) M of
HIZ< such that SMc M. 1f K= ml, then K is invariant under S* (we shall say
that K is S#.invariant) and the operator T: K — X defined by

0.1) TF = P(SF),

where P denotes the orthogonal projection of H,z< onto K, is a C,,-contraction

in the sense of [9]; i.e., |T|| = || PS|| <1 and T*”— 0 strongly as » tends to

w. The first condition is clear and the second one follows from the fact that T*
=$*" | K (= " restricted to K).

Moreover, we have
(0.2) T"P =PS", for n=0,1,2, ...

Conversely, if T is a C  -contraction of the complex separable Hilbert
space K, then T is unitarily equivalent to an operator of the type described
above and (0.2) holds. This is a special case of the functional model of Sz.-
Nagy and Foias. In [9], these authors develop the following functional calculus:

In u € H* (the Banach algebra of all bounded analytic functions in D)
and T = PS, then the map « — «(T) defined by

«(TF = PwF) (F €XK)

is an algebra homomorphism from H™ into the space of all bounded linear oper-
ators in K; moreover, |«(T)| < flel .-

In this functional model each property of the invariant subspace M corres-
ponds to a property of the operator T, and conversely. We are going to use these
correspondences in order to obtain results about a particular class of contrac-
tions.

Using results in [9, Chapter II1], the class Cy» originally defined by means
of a quite complicated functional calculus, can be regarded as the subset of all
those C-contractions such that #(T) = 0 for some nonidentically zero function
u € H*. Tt is known [9, Proposition IIl. 4.4] that if T is a C-operator, then
there exists an inner function m.. (the minimal function of T) such that u(T) =
0 if and only if u € m H™.

The existence of a nonexceptional vector was proved in [10] for the case
when K is a finite dimensional vector space, and this result plays a very
important role in the theory of Jordan models [11].

Professor B. Sz.-Nagy notified us that he and C. Foiag have recently found
a proof of the existence of a nonexceptional vegtor in the general case, and they
have used this fact to extend the theory of Jordan models [13]. These results
are partially analyzed in $3, in connection with the study of the so-called weak

contractions.
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The results of this article are partially contained in the author’s thesis [4].

I. Preliminary results.

1. In[4] we have analyzed the properties of three families of invariant sub-
spaces, namely, those included in the following definitions.

Definition A. An invariant subspace M is called a full-range invariant sub-
space if given any weakly measurable function G(e™) defined on D with values
in K, the condition G(e’*) L F(e™) in the sense of K (a.e.), for all Fe i, im-
plies G(e™) = 0 almost everywhere.

It follows from the Beurling-Lax-Halmos theorem [3, Lectures VI and VII] that

Mis a full-range invariant subspace if and only if it can be expressed as
M= {Ue™)F(e™) = UF(e™): F € HE,

where U is an inner function-operator; i.e., U(e'™) is a (weakly) measurable func-
tion defined on dD with values in the set of all unitary operators in K such that
U(e™) ¢ €H? forall ¢ € K. Then U is uniquely determined by M up to right
multiplication by a constant unitary operator. (Two inner function-operators
are identified whenever they agree a.e. on dD [3].)

An inner function-operator U(e'®) can be continued to an analytic operator
valued function defined on D such that || U(z)HK <1, forall z €D, and U(e®™) =
(strong) lim U(z), as z — e** nontangentially (see [4], [9]).

Definition B. An invariant subspace M is called an IN-subspace if there
exists a (scalar) inner function ¢ such that qH,z< c (2], [4).

Definition C. An invariant subspace N = UH,Z< is called a subspace of the
determinant class if it is a full-range invariant subspace and if I - UNz)U(z)
belongs to the (classical) trace class of operators in K, for all z € D [1], [4].

Denote by F7, (IN)", and (det)™ the classes of all invariant subspaces
corresponding to the Definitions A, B, C, resp. Then we have: (det)” C (IN)~
cF- ((det), (IN) and ¥ will denote the corresponding families of inner function-
operators). If dim K < «, then (det) = (IN) = ?; on the other hand, if K is infi-
nite dimensional, then (det) £ (IN) £ F [4].

If M= UH12< € (det)”, then there exists a constant unitary operator X such
that U(z)X belongs to the classical determinant class of operators in K; in what
follows, we are always going to assume that, if M = UHIZ< belongs to the deter-
minant class, then the inner function-operator U is chosen so that [determinant
of U(z)] is well defined for all z € D (see [1], [4]); moreover, it will be assumed
that det U(z) (which is an inner function) is normalized in the sense that its
first nonzero Taylor coefficient is positive. We shall make the same assumption
for any inner function.

~

Let M= UHIZ< et ;if K1 =Mn K, then we can write K = K0 %) K1 (orthog-

onal direct sum) and
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2 2 2 2
1.1) M=ty @ DN HE 1= Hi @ UgHi .

where U is an inner function-operator with respect to the subspace K ; moreover,
1U(00pl < lIpll g, for all ¢ € K, & # 0.

It follows from [9, Proposition VI, 3.5] that MeF ifandonlyif T € Coo
moreover, the inner function-operator Uo(z) is equal (up to constant unitary factors,
on both sides) to the characteristic function OT(z) of T (=P9), i.e.

(1.2) Ugla) = 0,(2) = [= T+ 2D (1 = 2T%)7 D 1]g >

where D =(I-T *T)%, Dox=(-TT w4, D, - DT(K),@T* = 5;*(K) (the upper
bar denotes topological closure; 07.(2): '(DT - fDT*’ for each z € D).
Let M be an invariant subspace and let F € H,2<. Following M. J. Sherman

[7], we shall say that M contains the direction of F if, for some scalar function
f#0, [F €. Then, we have the following

Proposition 1.1 ([4, Chapter 1]; see also [7]). (i) Let M= UHIZ< € (IN)”; then
there exists an inner function q such that rHIZ< C M (+ an inner function) if and
only if r € qH™ (i.e., if and only if q divides r; this fact will be denoted by r< g).

(ii) Similarly, if U is an invariant subspace containing the direction of F €
H12<, then there exists an inner function p such that pF € N and [ € H®, [F € N1
=/ € pH™.

The function g of (i) is precisely the minimal function m . of the introduction,
and it will be called the minimal inner function (mif) of m (or U, or T). The func-
tion p of (ii) is the minimal inner function of F with respect to n (p is the
mif ) of F).

A relation between ¢, U and T is given by the following:

Theorem 1.2 ([4, Chapter V], [9, Chapter VII). Let U € (IN) and let q be its
mif. The domain of analyticity of U(z) (U™ (z),resp.) is the same as the domain

of analyticity of q(z) (q~2), resp.); moreover, U and q (U~ and ¢~

, resp.) have
the same kind of isolated singularities.
In particular, the set D N olT) (T defined as usual, o{T) denotes the spectrum

of T) is precisely the set of all zeroes of q(z).
Now we can state the following correspondences:

Proposition 1.3. The invariant subspace M belongs to the class:
(i) F if and only if T €C,
(i) (IN)~ if and only if T € C,
(iii) (det)” if and only if T € Coo and it is a weak contraction (i.e.,
trace (I = T™T) < o and D ¢ o(T)).
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Proof. The statements (i) and (ii) are clear from the previous results.
Observe that (I - T*T): K— K = EDT @ fD.; is a nonnegative hermitian operator
with kernel equal to @;‘., thus we have

wlly = T*7) = e (U1, — T*TYP,) = tr(lmT - 6%(0)0..(0))

=t (IKO = U§0)U(0) = er (1, — U*(0)U(0)).

On the other hand, the characteristic function T = (T-a)(I-a7)"! is
equal to 01 (2) = GT((z + a)/(1 + az)), for any a €D (cf.[9, Chapters VI and
VII]) and T, is a weak contraction if and only if T is so.

Using these facts, the following statements are clearly equivalent:

(1) T is a weak C00~ contraction;

) U €eF and tr (I - UOIU(0)) < o;

(3) U eF and ull - UN(a) U(a)) < =, for all a € D;

(4) M e (der).

In fact, (1)=>(2) =»(3) =>(4) =>(3) follow immediately from the definitions
and previous arguments. It is also clear that (3) implies that T € C00 and
tr(I = T™T) < . Since U € (det) C (IN), it follows from Theorem 1.2 that D ¢
o(T). Hence, T is a weak C00~contraction. Q.E.D.

Remark. The implication: T is a weak Coo contraction=> Ml € (det)”,
is contained in [9]. The proof of [9, Theorem VIII. 1.1] is precisely the con-
struction of the determinant of 97.(2)!.

2. The next result is immediate ([3], [9]):

Lemma 1.4. Let M be an invariant subspace and let T be defined by (0.1).
Then, to each T-invariant subspace Ko C X corresponds exactly one invariant
subspace 3110 -containing M, and conversely. The relation between KO and
?ﬁo is given by

@ K, =Knm;
) )'ﬂo =MNe Ko =M x Ko (Cartesian product).

Proposition 1.5 (4, Chapter 1], [9, Chapter VII)). Let W= UHZ € (IN)~
with mif q. For any function p such that q < p, define
1.3) W, ={F e H}: (g/p)F €M} = U, HE.
Then

(i) Mc :)T(b € (IN)™ and the mif of mp is equal to p.

(ii) If g = Hn q, is any [actorization of q into pairwise coprime inner
factors, then M = nn mqn and K=" - V’2 Kq", where an = m;ﬂ , an N
qu ={0} ifném (Vn an denotes the closed subspace spanned by the an 's).
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The most interesting case corresponds to the canonical factorization (see

[4], [5D):

(1.4) q = bds = <Hb"’k> <Hd>

where

(1) b is the Blaschke product of q, bk is the elementary Blaschke factor
corresponding to the zero )\k €D ()\k £ )\b if k# b) and m, is the order of this
zero,

2) d(z)_ exp{l(z+ e ’)/(z-e ’)}, 0<0 < 2m, 9 949 if j£b, l}.> 0,
Z l < oo, and d=11 d] is the discrete singular /actor of q fmally,

(3) s(z) = exp faD(z + e)/(z - e™”)dv(y)} = e(z, v), where 1y) is a measure
given by a continuous nondecreasing function, which is singular with respect to
Lebesgue measure in [ 0, 27). s(z) is called the continuous singular factor of
q.

As in [4], [7], the least common multiple (greatest common divisor, resp.) of

two inner functions, p and ¢, will be denoted by p A ¢ (p V g, resp.).

Lemma 1.6 ([4, Chapter Il). Let M € F", Ge HY and assume that M con-
tains the direction of G with mif(M) of G equal to q = pr, where p and r are
inner functions. Then

?ﬂ:unicm ={F €Hf<:rF€3'IUCHi

and the mxf(m ) of G is equal to r.

Moreover. if WT = U H2 and M = UprHf(, Up, Vp €F (to every invariant
subspace contamzng M tbere corresponds a factorization of U of this type; see
[3], [8)), then v, € (IN) and its mif is equal to p. Thus, the lattice of invariant

subspaces

contains a sublattice isomorphic to the lattice of inner functions
(1.6) {pra <p<i1l.

Proposition 1.7. Let M = UH,2<€ (det)” be an invariant subspace whose
mif q coincides with the determinant of U. Then the lattices (1.5) and (1.6) of
Lemma 1.6 are identical.

Proof. The proof can be obtained by a modification of the argument given in
[10, Theorem 1], or by the following argument based on results in [4, Chapter II]:
Let Nl= VH,2< be any invariant subspace containing M and let U= VW be the
corresponding factorization of the inner function-operator U. Then V, W € (det);

moreover, if p, p' (r, 7, resp.) are the mif and the determinant of V (W, resp.),
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then p' = ps (r' = rt, resp.; s and t are scalar inner functions) and we have
g =det U = (det V)(det W) = p'7' = (pr) (s1).

On the other hand, erIZ< C V(er() C VWH,Z< = U.’{i. Therefore, pr < g < (pr)(st).
We conclude that st =1, and p = mif of V =det V, r = mif of W= det W.
By Proposition 1.5, the mif of Wp ={F 6!—1,2(: rF eM}= Upr< is equal to p;

since the mif of ) is also equal to p, it is not hard to verify that
M, =MV pHE = VN M, pH2 C N}

The first part of the proof and the above inclusion imply that p= det Up <
det V = p.
Hence det U =det V and N = mp. Q.E.D.

1I. Exceptional subsets.
1. Definition D. Let M € (IN)” with mif g. The set

&EM =1{F e H12<: 9 #9, 9 is the mif ON) of F}
will be called the exceptional subset of Hf( with respect to M.

Theorem 2.1. Let M € (IN) with mif q = bds = ﬂn q, (where the q,’s are
nonconstant pairwise coprime inner functions). Then

(i) & =Uné(fmqn) (an defined by (1.3));

(ii) &M = Kax W (Cartesian product), where K_ = &M N K = P[&(M];

(iii) if s=1, then &) is a countable union of proper invariant subspaces
and KU is a countable union of proper T-invariant subspaces of X;

(iv) &M is a first category F _, subset of HIZ< and KO is a first category
F_ subset of X.

Note. We shall see later that the statement (iii) is sharp.

Proof. (i) Let F € &) and let p be its mif (M); then g < p and g # p.
Therefore, there exists a factor 9, of g suchthat g does not divide p; let
p=p,, where p =p V q, . Then g, <p , q,#p, and g A r =1

Therefore, the w*closed invariant subspace of H®, Jl={f € H™: o, F) €
anL contains q, and T hence (see [3, Lecutre IV]) it also contains r, V
q,=1. Thus, F € é()ﬂqn) and we conclude that

EMc UEM, ).

Conversely, if p F € mqn,where 9, <bp, forall n, and ?, # q,,» for some
m, then

(H pn>Fe?ﬂ=> qmeGW%Feg(m)%g(fm)D U (‘?:.(‘Wq ).

m
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(ii) Let F=F + F, € H2 P whereF0=PF€K and F1=(1—P)F €M, and
let p be an inner functlon

Then, pF €M if and only if PF, € M (since M is an invariant subspace, it is
clear that [JF1 e M.

Hence if F € &), then PF € &M) N X, and therefore, P[&(M] c &M N K.

On the other hand, if F € 8N N X and G €M, then F + G has the same
mif (M as F; hence F + G € &M) from which the result follows.

(iii) I s=1,cthen g= (b, *)(ILd) [as in (1.4)). According to (i),

k by i ]

Observe that
EM ) =1F e bk lp e)ﬂ =y
k
By Proposition 1.5 the mif of 'm k is equal to bk and the mif of W,;’ is
equal to b, ; therefore, ‘mk is a proper invariant subspace of H2
Similarly, the mif of .Wd”. is equal to dj (a']. # 1) and the m1f of
"o _ 2. 4(1-1/n) !
MY, =tF eHy: d; Femdj}
is equal to d!/™ £ 1; therefore W'; , is a proper invariant subspace of H12<.
Since 8(de) is clearly equal to U°_, m” we conclude that

j.n

&) = [U m;] [U U ]
k j n=1

has the desired property.
The statement relative to KU follows from (ii) and the previous argument.
(iv) We are going to prove that &(M) is always an F . subset of H,2<.
According to (i),

&) = 6()Rb) U &M,) U &M )

and we have already proved that é(mb) and @(md) are actually first category
F__ subsets of H2

7 Let s(z) = e(z, ©); then 6(‘)11 )= U, R o Where 5{ o= F €H2

n=1"s,

elz, V)F € Ws, for some measure v < p, such that vl < ";LH - 1/n}.

Let fs , De the set of all those measures on dD satisfying the above con-
ditions. ﬁs . is clearly a convex w*-compact set of measures; hence if F,
€ ‘(Rs’n, k=1 2,0, Fk — FO in HIZ< and v, € .S?s'n is the measure associated
to F,, then we can assume (passing if necessary to a subsequence) that v, —
@ i *
vy €%, in the w*topology. 'Then,

ez, Vk)Fk — elz, vo\Foll < ||le(z, Vk) - elz, VO)]FO!E + ez, yk\. ‘rFk - Fo]”

= |lez, v)) - elz, v NIF I + IF, = Fyl.
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By hypothesis, |F, = Fy|| = 0, as k& — . On the other hand, e(z, v,) —
e(z, v) uniformly on compact subsets of D, and therefore, e(z, v,) — elz, v)
weakly in H? (actually, the sequence converges in H%-norm). Since e(z, l/k),

ez, 1/0) are inner functions, we conclude (cf. [4, Chapter II]) that

[le(z, Vle)Fk — elz, VO)FOH — 0, as k— oco.

Thus e(z, VO)FO e, F,e€ R, and we conclude that R is a closed
2 s,n s,n
subset of Hy.
Hence (%(‘Jr(s) (and, therefore, &GON)) is a F_ subset of H12<.
In order to prove that &(?lls) is a first category subset we only need to show
that Hﬁ\é(?ﬂs) is dense in Hf(‘
We shall need the following

Lemma 2.2 (M. J. Sherman, [8)). Let W be an invariant subspace containing
the directions of F |, F, € H,2< and let q,, q, be the mif OM) of F,, F,, resp.
Then, the mif M) of F = F, + AF, is equalto g=gq, A q, forall A € C, except

at most for a denumerable subset.

Corollary 2.3. (i) If e_ vV {Fl, Fyyovny FN}, and M contains the direc-
tion of F. e H,z< with mif M) equal to by i= 1,2, ..., N, then there exists F
€ & whose mif M) is equal to p = by A by AN by

(ii) If K is infinite dimensional and M e ANY with mif q satisfying the
condition g(0) > 0, then for every € >0 there exists a function F_€ Hf< whose
mif M), g, satisfies: q,0) < q(0) +e.

Furthermore, the set G, = {F € Hf<: gp(0) <40) + ¢} (where qp denotes

the mif ON) of F) is dense in Hi.

Proof. (i) This follows from Lemma 2.2 by induction on N.

(ii) Let {(;bn}::l be an ONB of K, and let Ky = Vi¢,, .-+, énl. Then
the mif of )IIN =Mn H’2<N (considered as an invariant subspace of H’2<N) is
equal to pny=20; A P; A" AbN

By induction on N we can obtain vectors ¢, € Ky such that p, is the
mif M) = mif M) of ¢y, N=1,2,---.

It is clear that |py,(2)| is nonincreasing for each z € D and that py,
converges to ¢q in L%-norm and uniformly on compact subsets of D [4, Chapter I].
Therefore, given any ¢ > 0 there exists N such that p,(0) < g(0) + ¢; then ¢y
(chosen as above) satisfies our requirements.

From Lemma 2.2, the mif (N) of F, = + AF (for any fixed F € H12<) is
equal to qFA =PNy N 9p> for all but a countable subset of A’s. Hence

qFA(O) S. p(N)(o) < q(o) + €.
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This proves (ii). Q.E.D.

We are going to complete the proof of Theorem 2.1. To this end observe that
Corollary 2.3, (ii) implies that H? \ f’R n is dense in H This proves that
5(311 ) is a first category F_ subset of H2

As in (iii), the statement relative to KU follows from (ii) and the previous
argument.

The proof is complete now.

Remarks. (a) The statement of Lemma 2.2 cannot be improved. In fact, if
the inner function g admits the expression g = H:,:l q, (where the g 's are
nonconstant pairwise coprime inner functions), then we can construct an invariant
subspace JM € (IN)™ with mif g, so that the set of exceptional functions w, =
¢, + A b, (where ¢, ¢, denote the constant functions Fl.(ei") =¢. ¢ €K,
j=1, 2) of the lemma is in one-to-one correspondence with an arbitrary given,
denumerable family of complex numbers {A,17°_,. More generally, if dim K> 1
and {K’.};‘;l is any family of proper closed subspaces of K, then the mif of m=
N :-:1 m], , Where

m]. = [P]. + (I - P].)q ]Hf(

(P denotes the orthogonal projection of K onto K ) are equal to g¢, q,» Tesp,

and the exceptional subset &) sacisfies the condmon

&0 NK = [U 60111.)] NK-= U K.
~ !

() If M= M, eaN)”, themlfoffm is g, j=1,2,but g, v q, £1,
then &) C 6(511 )U 6(W ) and the mclusxon can be strict, in general. For
example, if K= CZ,

=0 1 0
wo= " | m=[ w2,

1 0 1 K? 2
then M= N N, = e’ HZ% has exceptional set &) = I, but &M, u &) =
Moo ML,

2. We are going to complete our results about exceptional subsets.

Proposition 2.4. Let M € (INY" with mif g =b.r. Then

(i) if F e&M), then closure {fF: f € H*} C &ON);

(i1) &M is always a (not necessarily denumerable) union of invariant
subspaces;

(iii) if r is nonconstant, then &EM) is dense in H,2< (and KU is dense in
Ky;

(iv) H: = V [HZN&EMD], K = V K\K 1.



1972] THE EXCEPTIONAL SUBSET OF A CO-CONTRACTION 103

Moreover, if q is not a power of an elementary Blaschke factor, then
(2.1) HE =V &M, K-=VK_,

(v) KU =10} if and only if there exist A € D and a subspace K, C K, K, #
{0} such that
K=t -X2)"'¢:¢ €K}

In this case M = [(I - PO) + (- 2)/0 - Xz)PO]H12<, where P is the orthogonal

projection of K onto Ko.

Proof. (i) Since M is invariant

qpF €M =>1(q.F) = q.(fF) €M, forall [ e H™.

Now the result follows from the fact that M is closed.

(ii) This follows immediately from (i). In a more explicit form, we have
&M = U{)np: 4P is a proper divisor of g}.

(iii) Let r = e(z, p); then

E > EM) > U lelz, p/nHi2l,
n=2

and this union of invariant subspaces is dense in Hf(.

(iv) The first part is an immediate consequence of Theorem 2.1. Assume
that ¢(z) is not of the form 5™ (z, A), for some A € D and some nonnegative
integer N, then we have two different cases:

(1) o(T) contains more than one point. Then g can be factoredas g=p - r,
where p and 7 are nonconstant coprime inner functions.

Let M, W be defined by (1.3). Then M u M C &M and

W, v =00 AT = p2,

(2) oT) consists of one isolated point of dD; in this case g(z) = d(z, /, 6)
for some />0 and e’® € 4D. According to (iii) &M is dense in HIZ< and, by
Theorem 2.1, (ii) K_ is dense in K. This proves (2.1).

(v) Assume that K o = {0}. Then the argument of (ivX1) implies that ¢
cannot be factored in a nontrivial way; i.e., ¢ =1 or g(z) = &z, A), for some A €
D. In the first case, K = {0} and Ko, = @; the second case and the remaining
statements are contained in [4, Ghapter III].

From Theorem 2.1 we get

Corollary 2.5, Let M = UH,Z< €F ™ and let q be an inner function. The

following two statements are equivalent.
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(1) There exists F € Hi whose mif M) is 9
(i1) U can be factored as U =W . B, where W € ¥ and B is an IN-operator
with mif q.

Proof. (i) =>(ii). This follows from Lemma 1.6.
(11) =>(1). Assume that U =W . B and take F = W . G, where G € H,z< is
any function such that its mif (B) is equal to q. Then the mif ) of F is also gq.
3. Most of the previous results are still valid when le< is replaced by some
suitable (closed) subspace; namely

Proposition 2.6. Let Me(N) and let £ be any closed subspace of Hf<
such that

2.2) Ke V5@,

Then &' M) = &M N £ is a first category F -subset of L.
Note. Observe that V' _, s*(K) = H12<0 (defined by (1.1)).
Proof. It is clear from Theorem 2.1 that &'(N) is an F -subset of L.
Let {Fk}w be on ONB of £ and let p, be the mif (M) of F,. If p y, =
py N p, A--. Apy, then the limit

p(Z) = lim P(N)(Z) (N — oo)

defines an inner divisor of the mif g of M.

Since K C \/°° ts™(F, ): k € J} and, clearly, p(S"F ) €M for all k € ] and
all n=0,1,2,..., it follows that pK Cm therefore, pH CN, i.e., g divides
p. Hence g = p.

On the other hand, a standard argument shows that the set £(N) -{F e £;

F divides p(N)} is dense in £.

Using these two facts it is not hard to conclude (by a formal repetition of
the proof of Theorem 2.1) that the complement of &"MN) in £ is a dense subset
of £.

In [7], M. J. Sherman conjectured that any invariant subspace containing all
directions is necessarily an IN-subspace. This result was recently proved by
Sz.-Nagy and Foiag ([12]). Using Sz.-Nagy and Foiag techniques, Sherman
proved a stronger result: The conclusion remains valid if we merely assume that
T contains all the directions corresponding to a subspace £ such that H2 =
V7, s™(&) [8]. A slightly stronger form of this theorem is given by the follow-

ing:

Theorem 2.7. Let M be an invariant subspace containing all the directions
of the functions F € ), where Q is a second category subset of a subspace L
satisfying (2.2). Then N is an IN-subspace.
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Proof. It is clear from the definition of £ and the properties of Q that

(2.3) K=M"=vI]V Ps"F=\ T°PF:F cQ
n=0 n=0

Let KF = \/ T"PF 311 K (F € Q). By hypothesis, m € (IN)™ «nd
(2.3) implies that N ‘N . F € m

Let g be the mif (M) of F € Q. If there exists an inner function g such
that ¢ < g, for all F €, then it is not hard to see that ¢{} C M, and this implies
(by the definition of £) that ¢HL C, i.e., M e (IN)~.

Assume that there is no such a function g¢; then we can choose a'sequence
{F_}CQ such that, if p_ is the mif O0) of F_, then biny=b1 APy Neee Aby
converges to zero uniformly on compact subsets of D. By our hypothesis on {2,

it is not hard to deduce from Proposition 2.6 that the set

g o]

Pick any function F € Q'. It follows from the definition of &' that PNy

cannot be empty!

divides the mif M) of F for all values of N, which is clearly impossible. There-
fore, M e any.

If we omit the condition (2.2), then we have

Theorem 2.8. Let M be an invariant subspace containing all the directions
of the functions F € Q, where Q) is a second category subset of a subspace L.
Then there exists an inner function p satisfying the conditions:

1) pLch.

2) ¢q fch {q an inner function) =>p divides q.

(3) The set {F € £ p does not divide qp = the mif M) of F} is a first
category F _-subset of L.

Proof. Let J1 = \/°° §7(£). N is an invariant subspace and therefore, by
the Beurling-Lax-Halmos tbeorem (see [3, Lecture V]) can be written as n-
AH?Q’ where K, is a suitable complex separable Hilbert space and A is a
function defined on 9D (a.e.) whose values are isometries of K, into K and
satisfying the condition: Ay € H’2<1' for all ¥ €K,.

The operator A commutes with the multiplication by e and it maps HK1
isometrically onto Jl. Hence there exist subspaces ml, 521 contained in HKl
such that A: 311 - MnN A: Sf — & (isometrically onto).

Moreover, 1f F =AF, (F, € H ) then pF € W if and only if pF, Em
and the subset Q, ={ F, € H2 AF € Q} is a second category subset of £1

Then, by Theotem 2 7, )T(] is an IN -subspace of H . Let p be the mif of
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ml; then p clearly satisfies the conditions (1) and (2). Furthermore, {F € £
does not divide g} = A[g(ml)]; hence p also satisfies (3).

An example. Theorem 2.7 is almost sharp. Let m- UHf< be the full-range
invariant subspace defined by the ‘‘diagonal’’ operator U, where U¢ = z"¢
(qun }::=1 is an ONB of K). Then N contains the analytic direction of all analytic
polynomials whose coefficients are finite linear combinations of the ¢vn’s (the
set of all these polynomials is dense in Hf(). However, M is not an IN-subspace.

Now we are in a position to prove that the statement (iii) of Theorem 2.1 is

sharp, 1.e.

Proposition 2.9. Let W € (IN)~ with mif q = bds and assume that s(z) is non-

constant. Then &) cannot be written as a countable union of subspaces of Hf(.
We shall need the following rather technical lemma:

Lemma 2.10. Let u be a positive Borel measure on dD containing no atoms
and let {E }*_| be a sequence of p-measurable subsets such that wE )>0.
Then there exists a p-measurable subset E such that (1) p(E) > 0; (2) y(En\E)
>0, forall n=1,2, e

Proof. Since u contains no atoms, we can, given the sequence {En}:=1,
obtain a new sequence of p-measurable subsets {E;}:=1 such that
(a) Er'l C En for each n,
(b) 0<uE)<e/2%,
where ¢ is any positive number less than ||p|.
Then the set E = GD\U:"zl Er'l satisfies our requirements.
Proof of Proposition 2.9. Let s(z) = e(z, p) and assume that
)
EM)- U &,
n=1
where \S?.n is a subspace of Hf( (n=1,2,...).
It follows from Theorem 2.8 that, for each =, gn is contained in an IN-sub-
space of the form mn ={Fe H12<: elz, p ) F € M3, where p, is a measure on 9D
such that dp = bn(t)dy, 05 b (<1 (ace., dp) and

Joota = J ey =l < Dl

Since ?ﬂn C 5(5]'(5), we can assume that
M) U .
n=1

Let E =1lte [0, 27]: bn(t) £ 1}; then {En}:’___l is a sequence of p-measur-
able subsets of dD satisfying the conditions of Lemma 2.10. Let E be a p-
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measurable subset of dD ,chosen as in the lemma and let dv = x () du, where
xE(t) is the characteristic function of JD\E.
Claim. 1If ={F € H’2<: ez, v) F éms} then

U
ng ,.[31 L

In fact, we have the following sequence of implications: NcU '::l mn%
Nlc 31(,,0, for some n;=>v <p,, = Xg(1) < by (¢) (a.e., du). However, by our
choice of E, this last inequality is false for all values of n.

Therefore J1¢ U:,O.—_l Wn; since JU is clearly contained in é()ﬂs), we conclude
that goﬂs) ;éU::l gn, contradicting our assumption.

Since (by Theorem 2.1, (iii)) &) = &(ms) U &', where &' is a countable
union of subspaces, we conclude that &N itself cannot be written as a count-

able union of subspaces.
4. We shall complete this section with two miscellaneous results.

Proposition 2.11. Let € (IN)™ with mif q and let & be a closed subspace
of HIZ< satisfying the condition (2.2). Then there exists an orthonormal basis
{F } of 8 such that the mif M) of F_ isequaltogq, forall n=1,2,....

Proof. According to Proposition 2.6, we can find a function G, € Rl _{Fe
&: |F|| = 1} so that the mif ) of G, is q. Assume that {F, Fy, ..., F

n—-1’
Gn} is an orthonormal system such that the mif O of F,j=1,2,-++,n-1,
and G are equal to g. Let G:H»l ef!, G;+1 LViF, Fy oo F, G,}. Applying

. 2 2
Lemma 2.2 to the functions (aJGn + 'BG:HI)’(BGn - aG'n“), a,B>0,a" + B =1,

we can get a pair

- ! _ '
Fn - anGn + BnGn+l’ Gn+l - Bran - anGn+1’

such that the mif (M) of F,.G,., areequalto q.
Let {E_} be any given ONB of £ and let G, be chosen as above. If E; =
AG, for some A €0D, take G'2 =E,; if E| and G are linearly independent,

then take

Gz'=(E1 - (Ey Gy GI)HEI —(E. Gy) 61”—1’

and so on. Now the result follows by induction on 7.

The statement (i) of Proposition 2.4 clearly implies that if F € KU then it
cannot be a cyclic vector for T. On the other hand, B. Sz.-Nagy and C. Foias
have proved [13] that if F € K\KU is a cyclic vector for T, then every element

of K\KU is a cyclic vector; hence we have

Corollary 2.12. Let T be a C-operator and assume that T bhas a cyclic

vector. Then the set of all cyclic vectors of T forms a Gg-dense subset of K.
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III. Weak C yo-contractions and Jordan models.
1. We shall need some definitions:
Let T be a bounded linear operator in the (complex separable) Hilbert space

]

X and let E be a subset of K. The (finite or denumerable) cardinal number

pp = inf {cardinal @): K = \ T"E)
n=0
is called the multiplicity of T (see [11]). For example, pp =1 means that T
has a cyclic vector.

If T' is a bounded linear operator in X' (another Hilbert space) and there
exists a quasi-invertible operator X: K=K (i.e., ker(X) = {0} and range (X)
is dense in K') such that T'X = XT, we shall write T < T' or T' > T.

We have the following properties [11]:

(1) T' > T ifand only if T*> T'*;

(2) T" > Tand T' > T imply T' > T;

(3) T' > T implies B > By s

(4) if T and T are C,o-contractions such that T' > T,
and u € H®, then «(T') > (T);

(s) if T', T are C,-contractions and T' > T, then My = M.
If T" > Tand T > T'," - he operators T and T' are said to be quasi-

similar.

Definition E. Let {qn}:’___l be a finite or infinite sequence of nonconstant
inner functions satisfying the condition ¢, <g, <...<g_ <...<1. Then the
Jordan operator corresponding to the sequence {qn§ is the Cj-contraction

associated to the invariant subspace
M= 2
J ? (an ¢n),

where {(;Sn};":l is an ONB of some Hilbert space K'

This operator will be denoted by
](ql) @](qz) o - - @](qn) &---, or ](ql, Gyr 30 ° " Q0 .

The (finite or denumerable) cardinal number w will be called the length of
the operator | (see [11]).

It is clear that the invariant subspace M is actually an IN-subspace with
mif q,.

It was proved in [11], [13] that if T € C) then pp =p,* and if pp = I.V <
0, then T is quasi-similar to a unique Jordan operator (the Jordan model of T!)
J(gqys «++ 5 qp) of length N.

We are going to extend the notion of Jordan model to a particular class of

C,-operators. Some of the proofs of the results of this section can be obtained
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from those in [10] and [11] (with perhaps a few formal modifications). In these cases, we
shall merely quote the corresponding reference.

Let (IN)g = {U € (IN): the mif of U is a Blaschke product} and let (det)g =
(det) N(IN); ((IN); and (det) are similarly defined).

Lemma 3.1. Let M = UH,Z< € (IN) with mif q = b[;" (i.e., q is the power of
order N >1 of an elementary Blaschke factor having its zero at the point A € D),
and assume that T has a cyclic vector G. Then M € (det)y and det U = g.

Proof. Observe that X = mtc [bTH;z(] ; hence G = EN - gxb';‘lﬁn, where
g, ()= (1 = \D%/(1 - X2) and ¢y, -, Py € K.

Hence
00 00 o0 N-—-1
n n
G.1) =V T%G= V (T-M)"G=V NG =V b}T)G
n=0 n=0 n=0 n=0

is a finite dimensional space and therefore Me (det)y and det U is a Blaschke
product of degree less than or equal to N ([4, Chapter III]). Using this result
and the relation det U < g we conclude that det U = ¢ and dim Ky =nN

Corollary 3.2, Let M = UH?< € (IN)g with mif g =1, b:k , and assume that
T admits a cyclic vector. Then M e (det)B and det U = q.

Proof. By Theorem 1.2, o(T) = closure {A,: A, is the zero of b,(2)}. Fixk
and let ', C D\o(T) be a (positively oriented) circle separating {A,} from
a(T)\{Ak}; then

1
P,(T) = — - 7)1
(3.2) k( ) o frk (= ) ldz

is the projection of X onto the subspace
(3.3) K, = tF eX: (T3 )"*F = b %(T)F = 0}

along its complementary space K;, where Kk, K; are T-invariant subspaces such

that

3.4y K=K @K oK)=} of KD =oM\r,}

(® denotes an algebraic direct sum, which is not orthogonal, in general).
Moreover, P (T)T = TP (T (cf. [6, Chapter XIJ).
Let F be a cychc vector for T; then, from K- \/°° T"F we infer that
K, =P, (TK = V P (T)T"F = V T"P(T)F = V TP (T)F.
n=0 n=0 n=0

Now observe that ‘m Kl =B, H € (IN)p and its mif is equal to bmk
Since F, = P (T)F isa cychc vector for T,, we only need to show that W €
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(det)E and det B, = b:k, from which the result follows (in fact, using results in
[4, Chapter III] we obtain M= nk )ﬂk and det U = l'l,e (det.Bk) = g; hence Me
(det)p)-

We have: (1) K, = \/%_; TRF,, and (2) X, admits the expression (3.1) of
Lemma 3.1. Furthermore, b:’k (Tk) = 0, and therefore, T, satisfies a polynomial

-1
"k TZFk and dim Kk

equation of degree m,: (T, - A,)"* = 0. Hence, Kk = V.0

<m,.
kNow we can apply a result from [4, Chapter III-2]. If dim Kk < m,, then the
mif of mk is a Blaschke product of degree N < m,, which contradicts our previous
resule. Hence, dim Kk =m, and we conclude that B, € (det)y and m, =

degree (det B) = dim Kk > degree (mif of Bk) =m,; i.e., det B, = mif of B, = b}'%.

The following theorem is contained in [10, Theorem 2]:

Theorem 3.3. Let T € C(N) (i.e., T can be represented in the form (0.1)
where K is a Hilbert space of dimension N < ); then the following conditions
are equivalent:

(i) there exists a cyclic vector for T;

(i) if M= UH,2< (U an inner function-operator), then det U(z) = ¢(2), q =
mif of U,
(iii) for each inner factor p of q there exists a unique T-invariant subspace

Kp such that m = p, and this subspace bas the expression

Kp= {F e K: p(T)F = 0f;

T|Kp

(iv) there is no proper T-invariant subspace & such that mr|e = 4

Theorem 3.3". Let T € C, be the contraction associated to the IN-subspace
W, and let (i), -+, (iv) be as in Theorem 3.3. Then:

(1) in the general case (ii)=> (iii)=> (iv) =>(i);

(2) moreover, if Me (IN)E, then the four properties are equivalent.

Sketch of the proof. (1) (ii) =3 (iii) and (iv) =>(i) follow from Proposition
1.7, Theorem 2.1, and the corresponding argument in [10, Theorem 2]. For the
proof that (iii)=>(iv), see [10, Theorem 2].

(2) (iv)=>(i) is the statement of Corollary 3.2. Hence if Me (IN)E, then
(i), (i1), (iii) and (iv) are equivalent.

Remark. A closer analysis of the subspaces m: of Theorem 2.1, (iii) shows
that, if M € (IN)5 and T has a cyclic vector, then

&0 = ij ‘gxk‘ﬁk*l and K, = ij [Kn;gxkqbkp],

for some unitary vectors ¢, € K; i.e., &N and .Ko are countable unions of sub-

spaces of codimension one.
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Corollary 3.4, If M € (IN)g, then the restriction of T to any cyclic T-
invariant subspace is a weak contraction.

Corollary 3.5. If M = mb N md N ms is the decomposition of the IN-subspace
M with mif q = bds, given by Proposition 1.5, and T admits a cyclic vector, then
Jllb = BH2 € (det)~ and det B = b = mif of B.

2 Theorem 3.6, Lez M = BH2 € (IN) with mif g =11, b k and let X =
\/ i be the decomposition of K m associated to the zeroes of q (i.e., the
one given by (3.2) to (3.4)). Let T be defined as usual; then

(i) if dim Kk =1, <o, for all k, then T admits a (unique) Jordan model,
i.e., there exists a Jordan operator | such that T > | > T. Moreover, if | =
](ql, PUREERY B ..), then 9, =4 and length | = [Ties

(ii) Moreover, if M € (det)y, then the IN-subspace M’ associated to |

belongs to (det);3 and

(3.5) b= det B = Hb"e Hq

(ii1) Conversely, if T > ] (or ] > T), where ]| is a Jordan operator such
that Hn qn(z) converges (uniformly on compact subsets of D) to a function b(z)
#£0, then ] is the Jordan model of T, e (det)B and the equalities (3.5) are
satisfied.

Observe that the proof of [11, Proposition 3] can be easily modified to show
that

Proposition 3.7. Let
]=](q1: G0 v G, ...) and ]I =]'(q’1, gy -+ 99 ced)
be two Jordan operators of lengths w and w' resp., and assume that | > J'
Then w = ', q', = g, (for all n), and both operators coincide (up to unitary
equivalence).

Proof of Theorem 3.6. Let K = V K and let T, = P (T)T = TP (T) as in
Corollary 3.2. Then k1, < o, for all k Smce T, sausﬁes a polynomxal
equation of degree m,, it is clear that p, <eo if and only if dim K < oo,

(1) Let dim K =t, <o, for all k. Then (see [11, Theorem 2]) thete exists

a Jordan operator of finite length
T mp o mp~1 mp—1
jk"](bk""’bk'bk e bR b b)),

k
mp mp=1
where Tmj-1 tEIMS are equalto &, %, Tmy=2" Tmj~1 tEIMS are equal to b, ,
-, 1o — 7, terms are equal to b,
mp—1
=Z(b+1)(r -r, ) G =0
n b4l m,

and ]l; is similar to T,.
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Define the operator | as follows: [ = J(gq,, 55 - IR .), where q,=
nk (nth term of ];) (the product is taken over all those k such that the length
of ], is >n). _

Claim. | is a Jordan model for T. Let X' be the space on which | acts and
lee X' =V, K, K =K @K " P())and J, = JP(J) = P,(J)] be defined by
the formulas (3.2) to (3.4) of Corollary 3.2. Then ], is unitarily equivalent to
], hence it is similar to T,. Let X,: K — K, be an invertible map such that
T X, =XJ, (k=1,2,...) and define the bounded linear map X: K' — K by
means of X = Zk ckaP; §)) (Ck >0, for all k), where the constants ¢, are chosen
so that ||X[| <1 (e.g., we can take ¢, = 2’k||xk||‘1, in which case X is a com-
pact operator). We want to show that X is actually a quasi-invertible operator
from XK' to K, and

(3.6) TX = X].
N 00 N ' [
Lee £ =@, X Ry = Viwn Koo Py = o1 Pu(D) and ler £, Ky

and Pg, be similarly defined.
N
Lec F' =F] +Fy + ...+ Fy €&y (F, €¢K). Then

N N N
4 ‘ 1 1
XJF' = Z:X(]Fk)= > X, JF, = 2' c TX Fy
k=1 k=1 k=1

N
’ '
=T| X e X, Fy | = TXF".
k=1 )
Since UNSZIZJ is dense in K' and X is continuous, we obtain (3.6). More-

over, it is not hard to infer from the definition of X that X(Sf;(,) = £N and
Xlg;‘,: QI:J - gN is an invertible map, for all N. Therefore,

XY - X(U )= UxE- U -k

It only remains to show that ker (X) = {0}.

Observe that £~ and “(RN form a positive angle in K, and K= ﬁN ® ‘(RN;
moreover, g&and RI(J have similar properties in K.

Let G' €ker(X). Then G' has a unique decomposition G = G,:, + Fy,
where G;\, € EZ:J and FI:J € .‘R,i,

Then Gy = X(Gy) € £ and Fy = X(Fy) € Ry. Since X(G') =0, we have:
Gy =-Fy ef,nR, =1ol

On the other hand, the fact that le;:, is invertible implies that G, =0, for
all N. Hence

ker(x)< M Ry =toh
k
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Therefore, X is quasi-invertible. Thus we have: T > J.

The same argument proves that Y = Zk c,: XZIPk(T) is a quasi-invertible
and JY =YT;i.e., ] > T > J. Hence | is a Jordan model for T, and ]* > T*
> J*(i.e., J* is a Jordan model for T™).

Now, the uniqueness of J (and J*) follows from Proposition 3.4. Thus we
have J*= ](qf, PUREEIRE SR .), where g~(z) = ¢(2); in particular, Popx = =
length of ] = length of J*

(i) If Kt = )ﬂk = Bka(, KI;J' = m’; = Bl; H,2<, and M € (det)g, then it follows
from the constructions of (1) that

b=detB=n det B, = HdetBé: Hb;k= an.
k k k n

Gi) If T > J, then dim X, =dim X, = ¢, for all .

If ¢, is not finite for some &, then by divides Il g for all values of m,
and this implies b(z) = 0, contradicting our assumption. Hence ¢, is always
finite.

It is clear that b;ek divides & for all k; thus II, b;k <b=1 q_ (Hk b;k
converges and it defines an inner function) and therefore Me (det)p.

Now (iii) follows from (i) and (ii).

As in [11, Corollaries 1 and 2], we have

Corollary 3.8. Let m= BHIZ< € (IN);B, mo= B'Hf< € F~ and assume that X =
mt - Vk Kk’ where o(TlKk) = {/\k} and dim .Kk =1, <co. Then

) IfT>T o T' > T, then T and T' bave the same Jordan model.
Conversely, if T and T' have the same Jordan model, then they are quasi-
similar. lf, in particular, Me (det)y, then b € (det) and det B' =det B.

(ii) T and its restriction T" to a proper T-invariant subspace cannot have

the same Jordan model.

Proof. If T > T' or T' > T, then W' ¢ (IN)y and it has the same mif as
M ([9, Proposition VII, 2.1]). Let K= Vk. Kk’ K- Vk K;z be the decomposition
(3.2) to (3.4). It follows from the proof of Theorem 3.6 that dim Ki =dim Kk =1,
for all k, and the proof proceeds along the lines of Theorem 3.6.

3. The sufficient condition for the existence of a Jordan model for the con-
traction T (where J € (IN)p) is clearly not necessary; however, we believe
that the only interesting cases age those considered in Theorem 3.6. In fact,
the operators satisfying the condition (i) of Theorem 3.6 can be redefined as
those C-contractions such that I - T*T is compact and the associated in-
variant subspace M belongs to the subclass (IN)%; this definition (and the one
corresponding to the determinant class, or some intermediate class) can be

naturally extended.
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We conjecture that Theorems 3.3 and 3.6 (and related results) remain true
without the assumption that the mif of the IN-subspace M is a Blaschke product;
moreover, this seems to be the most general situation in which all results of this
type are valid.

For example, if m- szo where K is an infinite dimensional Hilbert space,
then X = K and T = 0; then T and its restriction to any infinite dimensional
subspace have the same Jordan model; namely, | = J(z, z, z, - -- ). This proves
that the hypothesis of Corollary 3.8, (ii) cannot be relaxed.

A final remark. It was proved in [11] that if T € C,(N), then it has a Jordan
model of length @ < N.

Assume that M = UH’Z< € (det)” with mif ¢ and det U = p and assume that T
admits a Jordan model of finite length J(g,, 95, +-+ » q,), where 4, =9 and p =
H:=1 q,,; then q“ < Il:=l q, = b, and therefore,

> inflk: q® < p} =wg-

Let b=T17_, b:, r=17_, b, be two Blaschke products with the same

zeroes (all the zeroes of r have order one), and let

I=1] ku'ku""’ku"” and J'=J(n @ J.
k=2 k:ﬂ

k=1
In the first case, there is no finite w satisfying the above condition; in the
second one, w, = 2. However, J' has also infinite length.
Note. After this paper was written, the author received the preprint ‘‘Bound-
edness from measure theory’’, by Henry Helson. In this article, H. Helson gives
(among other results) new proofs of the constant directions theorem of [8] and

several results related to §2.
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