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THE EXCEPTIONAL SUBSET OF A ^-CONTRACTION

BY

DOMINGO A. HERRERO

ABSTRACT.   Let   T be a   C -operator acting on a (complex separable) Hilbert

space   K ; i.e.,   T is a contraction on K and it satisfies   the equation   q( T) = 0

for some inner function   q, where   q(T)  is defined in the sense of the functional

calculus   of  B.Sz.-Nagy  and  C. Foias.   Among all those inner functions   q there

exists a unique minimal function   p  defined by the conditions:    (1)   p( T) = 0;   (2)

if  ç( T) = 0, then  p divides   q. A vector   F £ K  is called exceptional if there

exists an inner function   r such that   r(T)F = 0, but  p  does not divide   r.   The

existence of nonexceptional vectors plays a very important role in the theory of

C -operators.    The main result of this paper says that nonexceptional vectors

actually exist; moreover, the exceptional subset of a   C  -operator is a topologi-

cally small subset of K .

DLet  HK he the   H    Hardy class of analytic functions in the unit disc

{z: \z\ < l\ with values in the complex separable Hilbert space  K.   If F(z) =

S + <7 ifi z"    (if/    £ K)  is an element of  f/f,, then in the norm of   K,
n=0 r n r 72 K'

lim F(z) = F(elx),       z —» eix nontangentially,

exists for almost every  elx £ dD = {z: \z\ = l\.   If G(z) = S + 7. cf z"  is also an

element of HJ,, then the inner product of  F  and  G can be expressed as

+ oo

(F, G) = £ tyn,€j-   JdD (F(e'X)< G(C-»dm,
72 = 0

where  ( , )  denotes the inner product of  K and  dm - (l/2rr)dx is the normalized

Lebesgue measure on  3D  ([3], [4] , [9]).

The shift operator  5  in  Hj.  is defined by

SF(z) = zF(z)=^if/nz" + l

72 = 0

and its adjoint  S    is given by

a   t  v     F(z) - F(0)      + ~
S     F(2)   =  -Z-    =    Z^72 + IZ"'

_ 72=0

Received by the editors November 13,  1970 and, in revised form, December 20,  1971.

AMS 1970 subject classifications.   Primary 47A15, 47A20, 47A60.
Key words and key phrases.   Sz.-Nagy and Foias' functional calculus, Baire category

theorems,   C    -,  C     -, and   C  -contractions,   C     -weak contractions, invariant subspace,

full-range invariant subspace, IN-subspace, determinant class, inner function-operator,

IN-operator, minimal inner function, characteristic function, analytic direction, except-

ional subset, quasi-similar transformation, Jordan model.

(l)This research was partially supported by National Science Foundation Grants

GP-14255 and GU-3171.
Copyriglil © 1973, American Mathematical Society

93



?4 D. A. HERRERO [November

An invariant subspace is a subspace (i.e., a closed linear manifold) Jïi  of

H2   such that S % C M.   If A = m   , then A  is invariant under S     (we  shall say

that K  is  S  -invariant) and the operator  T: J\     ' A  defined by

(0.1) TF = PiSF),

where  P  denotes the orthogonal projection of H„   onto A, is a  C    -contraction

in the sense of [9]; i.e., ||T|| = || Ps|| < 1   and  T     —► 0  strongly as  n  tends to

oo.   The first condition is clear and the second one follows from the fact that  T

= S" | K (= Sn  restricted to X).

Moreover, we nave

(0.2) T"P=P5",     for  ra = 0, 1,2, ....

Conversely, if  T  is a  C    -contraction  of the complex separable Hubert

space A, then  T  is unitarily equivalent to an operator of the type described

above and (0.2) holds.   This is a special case of the functional model of Sz.-

Nagy and Foias.   In [9l, these authors develop the following functional calculus:

In  u £ H°° (the Banach algebra of all bounded analytic functions in  D)

and  T = PS, then the map u —> uiT)  defined by

u(T)F = PiuF)       (F eK)

is an algebra homomorphism from H     into the space of all bounded linear oper-

ators in  A; moreover,   ||«(T)|| < ||¿¿||    .

In this functional model each property of the invariant subspace  m corres-

ponds to a property of the operator  T, and conversely.   We are going to use these

correspondences in order to obtain results about a particular class of contrac-

tions.

Using results in  [9, Chapter III], the class C   , originally defined by means

of a quite complicated functional calculus, can be regarded as the subset of all

those   C.-contractions   such that  uiT) = 0 for some nonidentically zero function

u £ r7°°.   It is known [9, Proposition III. A.A] that if T  is a  C  -operator, then

there exists an inner function   zt2t   (the minimal function   of  T) such that  uiT) =

0  if and only if  u £ mT H   .

The existence of a nonexceptional vector was proved in [l0] for the case

when   K  is a finite dimensional vector space, and this result plays a very

important role in the theory of   Jordan models [ll].

Professor B. Sz.-Nagy notified us that he and C. Foias have   recently found

a proof of the existence of a nonexceptional vector in the general case, and they

have used this fact to extend the theory of Jordan models [l3l-   These results

are partially analyzed in §3, in connection with the study of the so-called weak

contractions.
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The results of this article are partially contained in the   author's thesis [4].

I.    Preliminary results.

1.    In [4] we have analyzed the properties of three families of invariant sub-

spaces, namely, those included in the following definitions.

Definition A.  An invariant subspace  M is called a full-range  invariant sub-

space if given any weakly measurable function  G(e'x) defined on 3D  with values

in  K, the condition  G(e'x) 1   F(e'x)  in the sense of  K (a.e.), for all  F£M, im-

plies  G(etx) = 0 almost everywhere.

It follows from the Beurling-Lax-Halmos theorem [3, Lectures VI and VII] that

m  is a full-range invariant subspace if and only if it can be expressed as

t = {U(e'x)F(eix)= UF(e'x):F £ h\\,

where  U  is an inner function-operator; i.e., U(elx)  is a (weakly) measurable func-

tion defined on dD with values in the set of all unitary operators in  K such that

U(eix) </> £ H2, for all cp   £ K.    Then   U  is uniquely determined by M up to right

multiplication  by  a  constant  unitary  operator.   (Two  inner function-operators

are  identified whenever they  agree  a.e.  on  dD  [3].)

An inner function-operator  U(elx)  can be continued to an analytic operator

valued function defined on D  such that   ||i7(z)||„ < 1, for all z £ D, and  U(e'x) =

(strong) lim U(z), as z —> elx  nontangentially (see [4], [9])-

Definition B.  An invariant subspace  M  is called an IN-subspace if there

exists a (scalar) inner function  q  such that qHK C JÏÏ [2], [4].

Definition C.  An invariant subspace  M = UH„   is called a subspace of the

determinant class if it is a full-range invariant subspace and if / - U\z)U(z)

belongs to the (classical) trace class of operators in  K, for all z £ D [l], [4].

Denote by J   , (IN)~, and (det)~ the classes of all invariant subspaces

corresponding to the Definitions A, B, C, resp.   Then we have:   (det)~ C (IN)~

C J"     ((det), (IN) and A  will denote the corresponding families of inner function-

operators).   If dim K < oc, then (det) = (IN)= A; on the other hand, if  K  is infi-

nite dimensional, then (det) 4 (IN) 4 3"   [4].

If M = UHK £ (det)7 then there exists a constant unitary operator X  such

that  U(z)X belongs to the classical determinant class of operators in  K; in what

follows, we are always going to assume that, if M = UH2   belongs to the deter-

minant class, then the inner function-operator  U  is chosen so that [determinant

of  U(z)]  is well defined for all z £ D  (see [l], [4]);  moreover, it will be assumed

that det U(z) (which is an inner function) is normalized in the sense that its

first nonzero Taylor coefficient is positive.   We shall make the same assumption

for any inner function.

Let 1 = UH2, e?~ if  Kj = Jli O K, then we can write   K = KQ ©  Kj   (orthog-

onal direct sum) and
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(l.i) *-^1©»nji¿ol..ii|i©üXo.

where   U     is an inner function-operator with respect to the subspace  K  ; moreover,

||iyo(OV||K<||^||K,forall cP £K0,cP/0.

It follows from [9, Proposition VI, 3-5] that )Ii £ A     if and only if  T £ C     ;

moreover, the inner function-operator   U (z)  is equal (up to constant unitary factors,

on both sides) to the characteristic function OAz)  oí T (= PS), i.e.

(1.2) U0iz)= 6Tiz)= [- T + zDT  (/-2T*)-1Dr]L>

_ _
where DT = (/ - T*T)y\  DT* = (I - TT*)Á, íDr = DT(K),3)T*= DT*(K) (the upper

bar denotes topological closure; 6Tiz): Dj.    > A)^.*, for each  z £ D).

Let ill be an invariant subspace and let F e H „. Following M. J. Sherman

[7], we shall say that M contains the direction of F if, for some scalar function

/ 4 0, jF £!ÍÍ.   Then, we have the following

Proposition 1.1   ([A, Chapter  ll; see also [7]).   (i)   Let % = UH2,  £ (IN)~; then

there exists an inner junction q such that rH „ CM. (r an inner junction) if and

only if r £ qH      (i.e.,   if and only if q divides  r; this fact will be denoted by r < q).

(ii)   Similarly, if K is an invariant subspace containing the direction of F £

HK, then there exists an inner function p such that pF £ Tí and f £ H°°, ¡F £ Tí

=>/ epH°°.

The function  q   oí (i) is precisely the minimal function  mT   of the introduction,

and it will be called the minimal inner function (mif) of JÍÍ (or  U, or  T).   The func-

tion p  of (ii) is the minimal inner function of  F  with respect to Tí (p  is the

mif 01)  of  F).

A relation between  q, U and  T  is given by the following:

Theorem 1.2 ([4, Chapter V], [9, Chapter VI]). Let U £ (IN) and let q be its

mif. The domain of analytic i ty of Uiz) iil~ (z),resp.) is the same as the domain

of analyticity of qiz) iq~ (z), resp.); moreover, U and q iU~ and q~ , resp.) have

the same kind of isolated singularities.

In particular, the set  D n o(T) (T defined as usual, ct(T)  denotes the spectrum

of  T)  is precisely the set of all zeroes of qiz).

Now we can state the following correspondences:

Proposition 1.3.    The invariant subspace  m belongs to the class:

(i)   A    if and only if T £ C    ,

(ii)   (INr if and only if T £ CQ,

(iii)   (det)    if and only if T £ C       and it is a weak contraction (i.e.,

trace (/ - T*T) < 00 and D <t oiT)).
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Proof.   The' statements (i) and (ii) are clear from the previous results.

Observe that (/ - Ti): K     * A = J)     © J)     is a nonnegative hermitian operator

with kernel equal to Jur; thus we have

tr(/K - T*T) = tr([/K - T*T]|S>r) = trU^    - 6%.(0)0T(0))

= tr(/K    - U*(0)UQ(0)) = tr(/K - U*(0)U(0)).

On the other hand, the characteristic function T = (T — a)(l - aT)~ is

equal to dra(z) = 9T((z + a)/(l + az)), fot any a £ D (cf. [9, Chapters VI and

VIIl]) and  T    is a weak contraction if and only if T  is so.

Using these facts, the following statements are clearly equivalent:

(1) T  is a weak C-contraction;

(2) 1/ ef and tr (/ - u\o)U(0)) < °°;

(3) U e J  and  tr(/ - <7*(a) (7(a)) < ~, for all  a e D;

(4) DTÏ e(det)\

In fact, (1)=^> (2) =í>(3) =^>(4) =>(3)  follow immediately from the definitions

and previous arguments.   It is also clear that (3) implies that   T £ C       and

tr(/- Tl) < o°.   Since   U £ (det) C (LN), it follows from Theorem 1.2 that D <£

(AT).   Hence, T  is a weak C-contraction.     Q.E.D.

Remark.  The implication:   T  is a weak C-contraction =^ Jli £ (det)  ,

is contained in [9J.   The proof of [9, Theorem VIII. l.l]   is precisely the con-

struction of the determinant of 6j.(z)\.

2.   The next result is immediate ([3J, [9]).'

Lemma 1.4.   Let M be an invariant subspace and let  T be defined by (0.1).

Then, to each T-invariant subspace J\   C Jv corresponds exactly one invariant

subspace JH   'containing m, and conversely.    The relation between 3\    and

JlL   zs given by

(1) K0 = Kn)lïo;

(2) 3lî0 = % © K0 = ÎIÎ x K0   (Cartesian product).

Proposition 1.5 ([4, Chapter II], [9, Chapter VII]). Let jH = UH2K £ (IN)~

with mif q.   For any function p    such that q < p, define

(1.3) %    ={F £ H2K: (q/p)F e)H!= VpH\

Then

(i) 3H C Jlî    e (IN)~ and the mif of fil     is equal to p.

(ii) If q = li    q     is any factorization of q   into pairwise coprime inner

factors, then M = O    J|L       and    K = %   = V   K^  , where K„    = îlî„   , K„     Cl
' '    'n 't! "   72       172 *72 *77 ^72

jig    = JO!  if 77 4 m (V   K»     denotes the closed subspace spanned by the S\q   's).
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s,

The most interesting case corresponds to the canonical factorization (see

L4], L5j):

(1.4) q = bds= (l\b^k) (lid)

where

(1) b is the Blaschke product of q, b,   is the elementary Blaschke factor

corresponding to the zero  X,   £ D iX, / X,   if  k ^ h) and  m,   is the order of this

zero,

(2) d.iz) = expj/.(z + el6j)/iz - e'9')\,   0 < 9. < 2rr, Q. / dh  ii j 4 h, I. > 0,

2. /. < oo, and  d = I].d. is the discrete singular factor of  q ; finally,

(3) s(z) = expjj\„(z + exy)/iz — ely) dviy)\ = e(z, v), where  Ay)  is a measure

given by a continuous nondecreasing function, which is singular with respect to

Lebesgue measure in [ 0, 277].   siz) is called the continuous singular factor of

?■

As in [4], [7], the least common multiple (greatest common divisor, resp.) of

two inner functions, p and  q, will be denoted by  p A q ip   V <?, resp.).

Lemma 1.6   ([4, Chapter II]). Let % £ A , G £ Hj,  and assume that M con-

tains the direction of G with  mif (ill)  of G  equal to  q = pr, where p and r are

inner functions.   Then

5lU UH2kc\p = \F £H2K: rF £%\CH\

and the mif (11  )  of G  is equal to  r.

Moreover, if %   = U  H2,  and % = U  V  W2,,  U„,  V    eî  (to every invarian1        p p     K p    p     K p        p J

subspace containing m  there corresponds a factorization of U of this type; see

[3l, [8]), th

subspaces

[3], [8]), then  V    £ (IN) and its mif is equal to p.    Thus, the lattice of invariant

■Mcucy

contains a sublattice isomorphic to the lattice of inner functions

(1 61 \p: a < p < 1 !.

Proposition 1.7.   Let % = UHK£ (det)~   be an invariant subspace whose

mif q coincides with the determinant of U.    Then the lattices (1.5) and (1.6) of

Lemma 1.6 are identical.

Proof.   The proof can be obtained by a modification of the argument given in

[10, Theorem 1], or by the following argument based on results in [A, Chapter II]:

Let Tí = VHK  be any invariant subspace containing %  and let   U - VW  be the

corresponding factorization of the inner function-operator   U.   Then  V,  W £ (det);

moreover, if  p, p    ir, r , resp.) are the mif and the determinant of  V (W, resp.),
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then p ' - ps (r ' = rt, resp.;  s  and  /  are scalar inner functions) and we have

q = det U = (det I') (det W) = p'r' = (pr)(st).

On the other hand, prH2, C V(rH\) C VWH2( = t/f/j"..   Therefore, pr < q < (pr)(st).

We conclude that  st = 1, and  p = mif of   V = det V, r = mif of  W = det W.

By Proposition 1.5, the mif of lli    = JF £ tf¿{ rF e 5Hl = U  //£■  is equal to  p;

since the mif of 7Ï  is also equal to  p, it is not hard to verify that

nc*p-*vpff*-niJT:*c)r, pi/2 cum.

The first part of the proof and the above inclusion imply that  p= det U    <

det V = p.

Hence det U = det V and Tl = 51!.     Q.E.D.
Z7

II.   Exceptional subsets.

1.   Definition  D.   Let  % £ (IN)"   with mif q.   The set

§(JR)= JF e H2K:qF¿q, qF   is the  mif OR)  of  F!

will be called the exceptional subset of  //?.  with respect to  Til.

Theorem 2.1.   Let  m £ (IN)    with mif q = bds = II    q    (where the   q   "s   are

nonconstant pairwise coprime inner functions).   Then

(i)   ëm)=Unê(5n,B) (%n defined by (1.3));

(ii)   Ê01I) = \x % (Cartesian product), where Ka = (b(t) nK= P[&(%)];

(iii)  if s = 1, then fe(.)li)  is a countable union of proper invariant subspaces

and a     is a countable union of proper T-invariant subspaces of a;

(iv)   &(m)  is a first category  FŒ subset of H2,  and .KCT is a first category

F    subset of K.

Note.   We shall see later that the statement (iii) is sharp.

Proof,   (i) Let   F £ ë(!)H)  and let  p be its mif (58); then  q < p and  q 4 p-

Therefore, there exists a factor  q    of  q  such that  q    does not divide  p; let

p = p  r  , where  p    = p   V q   .   Then   q    < p  , q    4 P     and  q     A   r   = 1.r rn   n' r72 z-      '    •?„ 2„ z-„»    2„  7"   fn in    "       „

Therefore, the  zzAclosed invariant subspace of   H°°, Tl = !/ e 7/°°: /(p  F) e

llî_   S,  contains   q    and  r  ; hence (see [3, Lecutre IV])  it also contains   r     V
In 'n n' n     v

(?=1.   Thus, F e fe(J)L  )  and we conclude thatJ72 *72

ë(5R)c U €(JR   ).
72 n

Conversely, if p F £ mn  , where   q    < p    fot all 72, and  p    4 Q   , fot some
" r72 In' Jn       rn ' rm        'm'

777, then

fil P„Ve5R"^ — FeîR-*Feë(ÎR>-^ë(5R)D U  ß(?R    J.
\  7; 7 ^7« » qn
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(ii)   Let   F = F0 + Fj  £ H2,, where FQ= PF £ K and  Fj = (/- P)F £%, and

let  p be an inner function.

Then, pF £ Ii  if and only if pF„ e %  (since m  is an invariant subspace, it is

clear that  pF',  £ »).

Hence if  F e S(?R), then  PF 6 SO«)  n  K, and therefore,   PlSOR)] C SOR) n K.

On the other hand, if  F £ êCH) O K   and  G e II, then  F + G has the same

mif (llî)  as   F; hence   F + G £ SOR)  from which the result follows.

(iii)   If  s = 1, then  q = (l\^fe) (II .d)  [as in (1.4)].    According to (i),

S(3R) = U ë(JB m.)
A   A

u Uë()IÏ,

Observe that

so« iFeHf;*?*"^**
,m^' &*     &

4
5«,".

By Proposition 1.5 the mif of  %™k    is equal to  b,       and the mif of  m" is
A.

equal to  b, ; therefore, %"' is a proper invariant subspace of  HK

Similarly, the mif of  m^.  is equal to  d.

%1 \F er/j>:¿(i-i/«>F e5R .

^ 1)    and the mif of

is equal to ri /n /■ 1; therefore   m".      is a proper invariant subspace of   HK.

Since  ë(')llj.)  is clearly equal to  U°°   , *■      , we conclude that
aj J      ~x ^s n -1       j¡f¡   I

<».[yi;]u[yû*?..]

has the desired property.

The statement relative to  K^ follows from (ii) and the previous argument.

(iv)   We are going to prove that  ibinl)  is always an  F     subset of  H„.

According to (i),

SOR) = S0B. ) u SOR.) uSOR )
6 a s

and we have already proved that  (b\mA  and  x%(% ) ate actually first category

F_ subsets of H2.
CJ K

Let  siz) = eiz, /¿); then  S(JR  ) =  U~-i *s „> where  5\       = JF £ W^:

eiz, v)F £m   ,   for some measure v < p, such that \\v\\ < \\p\\ - l/n\.

Let i.        be the set of all those measures on  3D  satisfying the above con-
s,n j     &

ditions.   1        is clearly a convex  z¿z*-compact set of measures; hence if  F,

£ J\      , k = 1,2, • • • , F,  —» FA   in  H „  and   v,   £ \        is the measure associated
s,n' k 0 K k s,n

to  F,, then we can assume (passing if necessary to a subsequence) that  v,   —*

V0  €     s.n
in the  !¿z*-topology.   Then,

eiz, vk)Fk - eiz, vjFj < ¡[eiz, vA - eiz, vA]F^ + \\eiz, VA.Fk - FQ1||

= ||[e(z, vA-eiz, v0)]F0W + \\Fk-F0\\.
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By hypothesis, \\F k - FQ\\ —> 0, as   k —> °°.   On the other hand, e(z, v A  ~*

e(z, vA uniformly on compact subsets of    D, and therefore, e(z, vA —► e(z, vA

weakly in  H    (actually, the sequence converges in  H -norm). Since   e(z, vA,

e(z, Vr) are inner functions, we conclude (cf. [4, Chapter II]) that

||e(z, vk)F    — e(z, vQ)F   \\ —► 0,     as  k —> °o.

Thus   e(z, vAF. £ m, F. £ J\       , and we conclude that J\        is a c/c

2
subset of  //„.

0'   0

Hence  ë01I  )  (and, therefore, &(%)) is a   F^ subset of  H2,.

In order to prove that fe(JKs)  is a first category subset we only need to show

that  H2K\tb(jHs) is dense in  tf£.

We shall need the following

Lemma 2.2  (M. J. Sherman, [8]).   Let M  be an invariant subspace containing

the directions of F., F 2 £ //„   and let q., q2   be the mif (JÏÏ)  of F., F 2, res p.

Then, the mif (JIÎ)  of F = F,  + XF2   is equal to q = q,   A q2  for all X £ C, except

at most for a denumerable subset.

Corollary 2.3.     (i)   If ¿l =  \J {F., F2, ■ ■ . , FN\, and DK  contains the direc-

tion of F. £ HK with mif (M)  equal to p., j = 1, 2, . . • , N, then there exists  F

£ X  whose  mif (5TÏ)   is equal to  p = p:  A   P2   A---A    p„.

(ii)   // K  is infinite dimensional and M £ (IN)    with mif q satisfying the

condition q(0) > 0, then for every e > 0  there exists a function F   £ HK  whose

mif Oil), q , satisfies:    q (0) < q(0) + c.

Furthermore, the set G   = JF £ HK: qp(0) < q(0) + c\ (where qF  denotes

the  mif (m)  of F)  is dense in //„.

Proof, (i)   This follows from Lemma 2.2 by induction on N.

(ii)   Let  S<p„r = 1   be an ONB of   K, and let   KN = V l</V ••• • 0Ni-   Then

the mif of *!\l., = M CI//,.      (considered as an invariant subspace of H„   ) isN KN r KN

equal to  p(N) = p,   A   P2    A • •• A PN"

By induction on  N we can obtain vectors if/N £ KN  such that   p_N>   is the

mit(tN) = mif(1)  of ifjN, N =1,2, ... .

It is clear that   |p..,.(z)|   is nonincreasing for each z £ D and that  P,N\

converges to  q  in  L  -norm and uniformly on compact subsets of  D [4, Chapter I].

Therefore, given any  c > 0  there exists   N such that  pN(0) < q(0) + e; then if/N

(chosen as above) satisfies our requirements.

From Lemma 2.2, the   mif (N) of  FA = i/>N + XF (for any fixed   F £ HK) is

equal to qF     = p(N, A   1F, fot all but a countable subset of A's.   Hence

1F   (0)<p(N)(0)<q(0) + e.
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This proves (ii).     Q.E.D.

We are going to complete the proof of Theorem 2.1.   To this end observe that

Corollary 2.3, (ii) implies that   HK\ Ji        is dense in  H„.   This proves that

©OR  ) is a first category   Fa subset of //„.

As in (iii), the statement relative to a^ follows from (ii) and the previous

argument.

The proof is complete now.

Remarks, (a)   The statement of Lemma 2.2 cannot be improved.   In fact, if

the inner function  q admits the expression  q = II"0, q     (where the  q   's are

nonconstant pairwise coprime inner functions), then we can construct an invariant

subspace  m £ (IN)~ with  mif q, so that the set of exceptional functions co, =

cpx + X,cp2  (where  cpx, </>,  denote the constant functions   F ie'x) = cp., cp. £ K,

;'= 1, 2) of the lemma is in one-to-one correspondence with an arbitrary givea

denumerable family of complex numbers   {A,, iT°_, .   More generally, if dim K> 1

and   \K \.       is any family of proper closed subspaces of   K, then the mif of Jxi -

fl j _ i  M . , where

*y = rp¿ + (' - WE

(P    denotes the orthogonal projection of   K onto   K), ate equal to  q, q ., resp,

and the exceptional subset fe(.ll) satisfies the condition

S()1I) nK=   |U SOiyl ok= (J K,-

(b)   If 3R = %x n ^2 e(IN)~, the mif of 5R . is  q ., j = 1, 2, but  q x  V   q2 / 1,

then S(Dïï) C S()1I. ) U ë(Jli7) and the inclusion can be strict, in general.   For
1

example, if   K = C   ,

%x

e'x    0

0      1 f: ;]*11K' ^2 =

then )R = ÎRj D JR2 = elxH2K  has exceptional set S(3R) = DR, but S(5lïj) U S(3R2) =

%2xj %x /%.

2. We are going to complete our results about exceptional subsets.

Proposition 2.4.   Let 5R £ (IN)" with mif q = b.r.   Then

(i)   if F £ SOR), /¿era closure  j/F: f e H°°\ C SO«);

(ii)   S(}R)   ¿s always a (not necessarily denumerable) union of invariant

subspaces;

(iii)   ¿/ r  zs nonconstant, then fe(JÏÏ)  z's dense in HK  (and J\a   is dense in

K);
(iv) h2k = V [H2K\ë(to)], K- vtKvy.
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Moreover, if q  is not a power of an elementary Blaschke factor, then

(2.1) 4 = Vê«),     K=VKcr,

(v)   7 = ¡O)  if and only if there exist X £ D and a subspace   KQ C K, KQ 4

JO! such that

K = j(l -Xz)-lcp:cp £K0\

In this case m = [(/ - P  ) + (X - z)/(l - Xz)P AHK, where  PQ   is the orthogonal

projection of A  onto An.

rrool. (i)   Since  Jll  is invariant

qFF £% =^f(qFF)= qp(fF) el,     for all / £ H°°.

Now the result follows from the fact that M is closed.

(ii)  This follows immediately from (i).   In a more explicit form, we have

&(%) = Ui')l¡„: qp~  is a proper divisor of q\.
p

(iii) Let  r = e(z, a); then

oo

&0R) 3 E0Rf) 3   (J   [e(z, fi/«)/f¿],
77 = 2

and this union of invariant subspaces is dense in  //,,.

(iv) The first part is an immediate consequence of Theorem 2.1.   Assume

that  q(z) is not of the form   b   (z, X), fot some  X £ D and some nonnegative

integer  N, then we have two different cases:

(1) a(T) contains more than one potnt.   Then  q can be factored as   q = p ■ r,

where  p and r are nonconstant coprime inner functions.

Let %  , 1   he defined by (1.3).   Then "Hi   U îlî   C &(%) and
P       r ' p r

(2) a(T) consists of one isolated point of dD; in this case   q(z) = d(z, I, d)

fot some  / > 0 and  e      £ 3D.   According to (iii) &(%) is dense in  H„  and, by

Theorem 2.1, (ii)   A    is dense in A.   This proves (2.1).

(v)   Assume that  A^ = JO j.   Then the argument of (ivXl) implies that  q

cannot be factored in a nontrivial way; i.e., q = 1   or  q(z) = b(z, X), for some X £

D.   In the first case, A = JO! and  a    = 0; the second case and the remaining

statements are contained in [4, Chapter III].

From Theorem 2.1 we get

Corollary 2.5.   Let M = UH„ £ A    and let  q  be an inner function.    The

following two statements are equivalent.
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(i)    There exists  F £ //„   whose mif(JÏÏ)   is   q;

(ii)    U can be factored as   ¡J = W . B, where  W £ A  and B  is an W-operator

with mif q.

Proof.  (i)=^(ii).   This follows from Lemma 1.6.

(ii)=#»(i).   Assume that   U = W ■ B and take   F = W ■ G, where   G £ H2K  is

any function such that its mif(B)  is equal to  q.   Then the mif Oil) of  F is also  q.
2

3.   Most of the previous results are still  valid when   HK  is replaced by some

suitable (closed) subspace; namely

Proposition 2.6.   Let JÍÍ £ (IN)    and let it  be any closed subspace of HK

such that

oo

(2.2) K'c   V    S"(£).
zz = 0

Then S"(JR) = S()R) O X  is a first category   F  -subset of =L.

Note.  Observe that V°°  n S"(K) = H2,     (defined by (1.1)).*    ZZ   =U ¿S. Q J

Proof.  It is clear from Theorem 2.1 that fe"0R)  is an  F^-subset of Ä-.

Let  \Ek\keJ  be on ONB of £ and let  pk be the mif OR)  of  Ffe.   If p(/v) =

px  l\   p2   A . . .  A pN, then the limit

piz) = lim p(N)(z)       iN—x*,)

defines an inner divisor of the mif q of iii.

Since  K C V"=0 ÍS"(Ffe): * e / i and> clearly, piS^) e % tot all  ¿ £ /  and

all   n = 0, 1, 2, • • • ,  it follows that  pK C %.; therefore, pHK C JÍÍ, i.e., q divides

p.   Hence  q = p.

On the other hand, a standard argument shows that the set ^~,Ns = \E £ i-;

qF  divides  p,NA is dense in i_.

Using these two facts it is not hard to conclude (by a formal repetition of

the proof of Theorem 2.1) that the complement of fe"0R)  in i-  is a dense subset

of £.

In [7], M. J. Sherman conjectured that any invariant subspace containing all

directions is necessarily an IN-subspace.   This result was recently proved by

Sz.-Nagy and Foias ([12]).   Using Sz.-Nagy and Foias techniques, Sherman

proved a stronger result:   The conclusion remains valid if we merely assume that

JR contains all the directions corresponding to a subspace  J- such that  HK ~

V °°_o ■*>"(£) [8].   A slightly stronger form of this theorem is given by the follow-

ing:

Theorem 2.7.   Let "IH  be an invariant subspace containing all the directions

of the functions   F £ ÇI, where Q,  is a second category subset of a subspace X.

satisfying (2.2).    Then M   is an IN-subspace.
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Proof.   It is clear from the definition of X and the properties of fi  that

■ t    oo oo

(2.3) K = ft    =   V ] V   PS"F =  V   T*PF:Fefi
(72 = 0 72 = 0

Let  KF = V"_0   TnVF,  JRF = KF   (F £ 0).   By hypothesis,  %p £ (INF und

(2.3) implies that % = D j5llF: F e fi!.

Let  <7p   be the mif (m)  of   F £ fi.   If there exists an inner function  q  such

that  q < qF, fot all  F £ fi, then it is not hard to see that  qQ, C 511, and this implies

(by the definition of x) that  qHJ, C 51Î, i.e., 5H £ (IN)~.

Assume that there is no such a function  q; then we can choose a sequence

JF   ! C Q such that, if  p     is the mif (m) of  F   , then  p(N) = p,  A P2 A • • •   A pN

converges to zero uniformly on compact subsets of  D.   By our hypothesis on fi,

it is not hard to deduce from Proposition 2.6 that the set

Q' = fi\  y mF )1

cannot be empty!

Pick any function   F £ fi .   It follows from the definition of fi    that  p(N)

divides the mif (JK)  of  F for all values of  N, which is clearly impossible.   There-

fore, JÏ £(IN)~.

If we omit the condition (2.2), then we have

Theorem 2.8. Let m be an invariant subspace containing all the directions

of the functions F £ Çl, where fl is a second category subset of a subspace A..

Then there exists an inner function p satisfying the conditions:

(1) p£c5K.

(2) q i_ C .Ml (q an inner function) =î>p  divides  q.

(3) The set {F £ X: p does not divide  qF = the mif ()li)  of F\  is a first

category  F -subset of X.

Proof.  Let 51 = V °°_0 ^"^^  5Ï is an invariant subspace and therefore, by

the   Beurling-Lax-Halmos theorem (see [3, Lecture V]) can be written as  il =

AHK , where   K.    is a suitable complex separable Hilbert space and  A   is a

function defined on 3D (a.e.) whose values are isometries of  Kl   into  K and

satisfying the condition: Aif/ e HK , fot all if/ £ K y

The operator A  commutes with the multiplication by  elx and it maps   //„

isometrically onto 51.   Hence there exist subspaces  .11 j, I1   contained in  //„

such that  A: ill, —» % Cl 5i;  A: Xj     ' X (isometrically onto).

Moreover, if  F = AFj   (F,   £ H2K  ), then  pF £ 5R  if and only if  pFj  £ JRj

and the subset 0,  = j F,   £ H„   : AFj  £ fi!  is a second category subset of X
1 i 1'

Then, by Theorem 2.7, 511 j   is an IN-subspace of  HK   .   Let  p be the mif of
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JRjj then  p clearly satisfies the conditions (1) and (2).   Furthermore,  jF £ ¿L: p

does not divide  qF \ = A[fe(jïïj)];   hence   p also satisfies (3).

An example.  Theorem 2.7 is almost sharp.   Let  M = UHK  be the full-range

invariant subspace defined by the "diagonal" operator   ii, where   Ucp   = zncp

i\cp   S°°_,    is an ONB of   K).   Then M contains the analytic direction of all analytic

polynomials whose coefficients are finite linear combinations of the  cp  's  (the

set of all these polynomials is dense in  H¡A.   However, M is not an IN-subspace.

Now we are in a position to prove that the statement (iii) of Theorem 2.1 is

sharp, i.e.

Proposition 2.9.   Let M £ (IN)~ with mif q = bds and assume that siz)  is non-

constant.    Then fe(JK)  cannot be written as a countable union of subspaces of HK.

We shall need the following rather technical lemma:

Lemma 2.10.   Let p  be a positive Borel measure on dD  containing no atoms

and let \E   !°°_,   be a sequence of p-measurable subsets such that piE  ) > 0.

Then there exists a p-measurable subset  E  such that (1)  piE) > 0; (2) p.iE    \E)

> 0, for all n = 1, 2, •• • .

Proof.  Since  p contains no atoms, we can, given the sequence  jF
ZZ    7Z = 1 '

obtain a new sequence of ¿¿-measurable subsets   JE   S      ,   such that
t n n n =i

(a) E    CE    fot each  ra,

(b) o"<¿¿(F/)<e/2",

where  e  is any positive number less than  ||f¿||.

Then the set  E = ctD\U°°,  E    satisfies our requirements.

Proof of Proposition 2.9.  Let  s(z) = eiz, p) and assume that

oo

S0Rs)=   U £„'
zz=l

where  A     is a subspace of  H„  (ra = 1, 2, • ■ • ).

It follows from Theorem 2.8 that, for each  ra, X     is contained in an IN-sub-
' '     zz

space of the form 3TÏ   = ¡F £ H „: eiz, u ) F £jH\,  where  ¿¿    is a measure on  dD
r n iv r fl zz

such that   dp    = h it)dp, 0 <   h  it) < 1   (a.e., dp) and

(b it)dp=    (    dfi   = ||¿¿   || < ||¿x||
JdD   n n J   D      n       "rn"        llrM

Since  lR   C feOR ), we can assume that
zz s

CO

SOU ) =   M   IR .
5 ^^ ZZ

ZZ=1

Let  E    = ir e [0, 277]: h it) ¡¿ l\; then  j£   \°°   ,   is a sequence of  ¿¿-measur-
rz ' zz zz rz =1 *

able subsets of  dD  satisfying the conditions of Lemma 2.10.   Let  F  be a  p-
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measurable subset of 3D ,chosen as in the lemma and let dv = \E(t)dp, where

yE(t) is the characteristic function of 3D\e.

Claim.  If 51 = JF £ H2K: e(z, v)  F £jKJ then
oo

5i? u K-
72 = 1

In fact, we have the following sequence of implications: 51 C U°°_i 5K =^>

51 C 5H„0, for some 72Q =^> v < p„0 =*► XE(f) < hnQ (t) (a.e., dp). However, by our

choice of  E, this last inequality is false for all values of  72.

Therefore  51 </ U°° = i ^  > since  51 is clearly contained in fe(5ll  ), we conclude

that &(M ) r^U*3-! ^~  ' contradicting our assumption.

Since (by Theorem 2.1, (iii)) ë(5lï) = fe(51ï ) u ©', where  &'  is a countable

union of subspaces, we conclude that fe(JH)  itself cannot be written as a count-

able union of subspaces.

4.   We shall complete this section with two miscellaneous results.

Proposition 2.11.   Let JIÎ e (IN)    with mif q and let X   i>e a closed subspace

of H„  satisfying the condition (2.2).   Then there exists an orthonormal basis

{F   ! of X such that the mif (511)  of F     is equal to q, for all n = 1, 2, ... .

Proof.  According to Proposition 2.6, we can find a function  G,  £ X    = ¡F £

X:  || F || = 1 j so that the mif (5H)  of  G x   is  q.   Assume that  JFj, F., ... , F     ,,

G  ! is an orthonormal system such that the mif (511) of   F., ; = 1, 2, • • ■ , 72 - 1,

and G    are equal to q.   Let  G'   . £ X. , G'    , L \l {F y F 2, ••• , F__i< G   \.   Applying

Lemma 2.2 to the functions  (aG   + BG'    AAßG   - <xG'    , ), a, ß > 0, a2 + ß2 = 1,72       r^    77 + I       "    „ ,2 + 1 rr —     ' r- '

we can get a pair

F   = a G   + ß G',       G    ,= ß G   - a G'    ,
72 72      72 f«      72 + 1' 77 + 1 ^72      72 72      72 + I '

such that the mif (511)  of   F  , G      ,   are equal to  q.72 72 + L n '

Let JE  S be any given ONB of X and let Gl  he chosen as above.   If El =

XG,   tot some  X £dD, take   G'2 = E2; if  E1   and   G,   ate linearly independent,

then take

G2=(£i- <Ev Gi> G!>H£r- <Ec Gi> GJ_1-

and so on.   Now the result follows by induction on  tz.

The statement (i) of Proposition 2.4 clearly implies that if  F e a^ then it

cannot be a cyclic vector for   T.   On the other hand, B. Sz.-Nagy and C Foias

have proved [13] that if  F £ K\K    is a cyclic vector for  T, then every element

of a\a    is a cyclic vector; hence we have

Corollary 2.12.   Let  T  be a   C„-operator and assume that  T has a cyclic

vector.    Then the set of all cyclic vectors of T forms a   G^-dense subset of A.
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III. Weak C0„-contractions and Jordan models.

1.   We shall need some definitions:

Let  T be a bounded linear operator in the (complex separable) Hilbert space

A and let H  be a subset of a.   The (finite or denumerable) cardinal number

pT = inf I cardinal (5): K =   V    T"(H)V
( n=0 )

is called the multiplicity of  T (see [ll]).   For example, pr = 1   means that   T

has a cyclic vector.

If T is a bounded linear operator in a' (another Hilbert space) and there

exists a quasi-invertible operator X: a —► a' (i.e., ker(X) = jOj and range (X)

is dense in A )  such that   T X = XT, we shall write   T ■<, T   or   T'   !>  T.

We have the following properties [ll]:

(1) T'   >  T if and only if  T* >  T'* ;

(2) T'   >   T and   A'   >   T'   imply   T"  >-   T;

(3)   T    *>■   T implies  pT > pT, ;

(A)   if  T    and  T are   C„--contractions such that   T   )>-   T,

and   u £ H°°, then  uiT )  >- uiT);

(5)   it  T , T are   C.-contractions and   T    >- T, then  mT = m^,.

If  T    >-   T and   T  ">■ T , •'    -   he operators   T and   T   are said to be quasi-

similar.

Definition E.   Let  ja   !     ,   be a finite or infinite sequence of nonconstant
'zz   fZ = l '

inner functions satisfying the condition  qx <. q2< ■ • • < q    < ... < 1.   Then the

Jordan operator  corresponding   to the sequence  \q   \ is the   C -contraction

associated to the invariant subspace

ft =    0   iq   H2cP   ),
n n       ^n

z
where   \cp   j     ,   is an ONB of some Hilbert space   K .

' n n = x r

This operator will be denoted by

JiqA®Jiq2)®.       <&jiqn) ©...,       or     Jiq y q r q y . . . q^ . . .).

The (finite or denumerable) cardinal number co will be called the length of

the operator  /  (see [ll]).

It is clear that the invariant subspace  JR  is actually an IN-subspace with

mif qx.

It was proved  in  [11], [13] that  if  T £ CQ  then pT = pr* and if pT = N <

oo, then  T  is quasi-similar to a unique Jordan operator (the Jordan model oí  T!)

/(?l' • • ■ ' ?/v^  of lenzStn  N-

We are going to extend the notion of Jordan model to a particular class of

Cfi-operators.   Some of the proofs of the results of this section can be obtained
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from those in [10] and [ll] (with perhaps a few formal modifications).   In these cases, we

shall merely quote the corresponding reference.

Let (IN)ß ={U £ (IN): the mif of   U is a Blaschke product! and let (det)„ =

(det) O (IN)fi   ((IN)~   and (det)~   are similarly defined).

Lemma 3.1.   Let 5)1 = UH„ £ (IN)„   with mif q = b.   (i.e.,  q  is the power of

order N > 1   of an elementary Blaschke ¡actor having its zero at the point X £ D),

and assume that  T has a cyclic vector G.    Then M £ (det)T,   and det   U = q.

Proof.  Observe that K = 5H1 C [b^ HJA ̂  ; hence   G = S^1 g xb\ifj n, where

gxU) = (l - |A|2)M/(1 -Xz) and <//0, ••• 7<AN_! e K.

Hence

oo oo oo /V — 1

(3 n K=   V   T"G=   V   (T-A)"G=    V   b"A\T)G=    \d   b"x(T)G
72=0 72=0 72 = 0 72 = 0

is a finite dimensional space and therefore  511 £ (detC_   and det U is a Blaschke

product of degree less than or equal to  N ([4, Chapter III]).   Using this result

and the relation det U < q we conclude that det U = q and dim (a) = N.

Corollary 3.2.   Let 5R = UH2K £ (INFg   with mif q = n,  b™k , and assume that

T admits a cyclic vector.    Then M £ (det)7>  «72(7 det U = q.

Proof.  By Theorem 1.2, cr(T) = closure  JA  : X,   is the zero of  b (z)\.   Fix k

and let  V, C D\a(T) be a (positively oriented) circle separating  JÀ, !  from

ct(T)\jA^!; then

(3.2) PkW=j- fr(z-T)^dz
¿m        k

is the projection of a  onto the subspace

(3.3) A, = iF £K:(T-Xk)mkF = b™k(T)F = 0\

along its complementary space  A, , where a, , A,   are   T-invariant subspaces such

that

(3.4)        K = KJkeK;,    o(T\Kk) = \xkl,    o(t \ KA = o(t)\\\ k\

(© denotes an algebraic direct sum, which is not orthogonal, in general).

Moreover,   Pk(T)T = TPfe(T) (cf. [6, Chapter XI]).

Let  F be a cyclic vector for   T; then, from A =  V°°_o T"F, we infer that
oo oo oo

Kk=Pk(T)K=    V   Pk(T)T"F=   V   T"Pk(T)F=   V   T"kPk(T)F.
72 = 0 77 = 0 „ = 0

Now observe that 5il    = K,  = 0,7/K £ (IN)^   and its mif is equal to  b, *.

Since   F, = PAT)F is a cyclic vector for  T, , we only need to show that 5R,   e
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(det)g and det B, = b, , from which the result follows (in fact, using results in

[4, Chapter III] we obtain ft = 0, ft, and det ¿7 = II, (det B A = q; hence ft £

(det)g).

We have: (1) A, = V~=o ^~1^k' and ^ k a^m'ts tne expression (3.1) of

Lemma 3.1. Furthermore, bmk (T.) = 0, and therefore, T, satisfies a polynomial

equation of degree   Z77fe:   {Tk - X¿mk = 0.   Hence, K'fe = V "í0" '  T^ and  dim K^

<  777, .
—       k.

Now we can apply a result from [4, Chapter III-2].   If dim A    < m  , then the

mif of JR.   is a Blaschke product of degree   N < m,, which contradicts our previous

result.   Hence, dim a, = ??7,, and we conclude that   B,  £ (det)„  and  ?77,  =

degree (det B^) = dim Kfe > degree (mif of Bfe) = m ; i.e., det B, = mif of B, = bTk .

The following theorem is contained in [10, Theorem 2]:

Theorem 3.3. Let T £ CAN) ii.e., T can be represented in the form (0.1)

where K is a Hilbert space of dimension N < oo); then the following conditions

are equivalent:

(i)   there exists a cyclic vector for  T;

(ii)   if JR = Ub>K  ÍU an inner function-operator), then det Uiz) = qiz), q -

mif of U;

(iii)   for each inner factor p  of q  there exists a unique T-invariant subspace

a.    such that m.r\v    = p, and this subspace has the expression

Kp = lF £.K: piT)F= 0!;

(iv)   there is no proper T-invariant subspace X. such that  m   i„ = q.

Theorem 3.3' .   Let  T £ C.   be the contraction associated to the IN-subspace

JR, and let (i), • • • , (iv)  be as in Theorem 3.3.    Then:

(1) in the general case  (ii) =^ (iii) =>(iv) =^>(i);

(2) moreover, if M £ (IN)ô, then the four properties are equivalent.

Sketch of the proof.  (1) (ii)=#»(iii) and (iv)=^(i)  follow from Proposition

1.7, Theorem 2.1, and the corresponding argument in [10, Theorem 2].   For the

proof that (iii)=^(iv), see [10, Theorem 2].

(2) (iv)=£>(i) is the statement of Corollary 3.2. Hence if ft £ (IN)g, then

(i), (ii), (iii) and (iv) are equivalent.

Remark.  A closer analysis of the subspaces  ft^   of Theorem 2.1, (iii) shows

that, if ft £ (IN)o   and   T has a cyclic vector, then

ë(ft)=    U    ig.    <¿JX     and     Ka=   IJ   [Knjg      cp-   IH
k Xí k **

for some unitary vectors  cp, £ K; i.e., S(!)R) and Kff are countable unions of sub-

spaces of codimension one.
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Corollary 3.4.   // ft £ (IN)~, then the restriction of T to any cyclic T-

invariant subspace is a weak contraction.

Corollary 3.5. // ft = ft, O ft , D ft is the decomposition of the IN-subspace

JR with mif q = bds, given by Proposition 1.5, and T admits a cyclic vector, then

ftfc = BH2K £ (det)~   and det B = b = mif of B.

2.   Theorem 3.6.   Let ft = BH2K £ (IN)¿   with mif q = II ¿ b™k and let K =

V, ■'V   he the decomposition of A = JR    associated to the zeroes of q (i.e., the

one given by (3.2) to (3.4)).   Let   T  be defined as usual; then

(i) if dim A, = t, < 00, for all k, then T admits a (unique) Jordan model;

i.e., there exists a Jordan operator J such that T >- / >- T. Moreover, if J =

/(<?,, q2, ••• , qn, • • •), then  qx = q  and length  J = pT-

(ii)   Moreover, if JR £ (det)~ , then the IN-subspace ft'   associated to J

belongs to (det)„   and

(3.5) fc=derfl= Il b[k=   II  <?„•
k «

(iii)   Conversely, if T  >- /  (or J   >- T), where J  is a Jordan operator such

that II    q (z)  converges iuniformly on compact subsets of D)  to a function  biz)

tk 0, then J  is the Jordan model of T, JR £ (det)T,    and the equalities (3.5) are

satisfied.

Observe that the proof of  [ll, Proposition 3] can be easily modified to show

that

Proposition 3.7.   Let

J = }iqy q2, ■■■ , qn,  ■ ••)  and j'  = j'iq\, q'2,  . . . , q\, . . . )

be two Jordan operators of lengths co  and co'  resp., and assume that J >- J .

Then co = co', q'  = q    (for all ra), and both operators coincide (up to unitary

equivalence).

Proof of Theorem 3.6.  Let K =   \Jk Kfe and let  Tfe = Pk(T)T = TPfc(T) as in

Corollary 3.2.   Then  pT    < pT, for all  k.   Since   T^  satisfies a polynomial

equation of degree   m  , it is clear that  pT    < <x> if and only if dim A    < 00.

(i)   Let dim K    = /, < 00, for all  k.   Then (see [ll, Theorem 2]) there exists

a Jordan operator of finite length

r'  -  t(Umk umk    Lmk~x ,mk~x L L  \

,mk 1 imk~l
where   r        ,   terms are equal to   b,K,r        -.- r        .   terms are equal to  b, ,

zzz£-l ze mk~ mk~L *

.. . ,  fQ — r.   terms are equal to   è, ,

"»/fe

I
fc = 0

-1

and  /,    is similar to   7\ .
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Define the operator  /  as follows:    / = J(q¡, q2, • • • , q  ,■••), where  q    =

II7 ("th   term of /, )   (the product is taken over all those  k such that the length

of /,    is > 7z).

Claim.  ]  is a Jordan model for   T.   Let A    be the space on which  /  acts and

let  K'  =  VA \, K'  = JÇ   © K'k * P¿(/) and   /^ = /P¿(/) = P¡(/)/  be defined by

the formulas (3.2) to (3.4) of Corollary 3.2.   Then  /,   is unitarily equivalent to

/, ; hence it is similar to   T,.   Let   X  : ii       * A    be an invertible map such that

T X   = X J    (4=1,2, • . -)  and define the bounded linear map X: A   —» A  by

means of X = S,  ci,X  ^ (/) (c, > 0, for all  k), where the constants   c,   are chosen

so that   ||X|| < 1  (e.g., we can take  c,  = 2~   ||X, ||~   , in which case   X is a com-

pact operator).   We want to show that  X is actually a quasi-invertible operator

from a    to a, and

(3.6) TX = X].

Let XN =0£+1 Kk, »„ = V:=N + 1   \,  %-*!„ Pk(T) and let  X¿, 9^,

and   Pa,      he similarly defined.

Let  F'  = Fj  + F2  + ■ . ■ + F'N £ £'N  (F'k  e K£).   Then

XJF' - f X(jF'k ) = ¿ e^/F^ = ¿ CfeTX^
fe=l fe=l fe=l

/  N \

= TyLckxkF:) = TXF'-

Since  Um °7z   IS dense in A.     and  X is continuous, we obtain (3.6).   More-

over, it is not hard to infer from the definition of X  that  X(X-N) = X^  and

X|x,: X. —> x^  is an invertible map, for all  TV.   Therefore,

x(K') = x(Ux')=   U *(£')=   UL = 1
\ N       "I N " N       N

It only remains to show that ker (X) = JO \.

Observe that  X     and  Ji.,  form a positive angle in a, and  A = X    © .K^;

moreover, an and jL,  have similar properties in A. .

Let  G    6 ker (X).   Then   G    has a unique decomposition   G   = GN + F^,

where   G'N £ X^  and   F'N £ 5^.

Then   GN = X(G^) e XN  and   FN = X(F^) e iRN.   Since   X(G' ) = 0, we have:

GN--FNe£NnKN = i°S-

On the other hand, the fact that  X|X^   is invertible implies that  GN = 0, for

all N.   Hence

ker(X)C   fi K¿ = 10|.
k
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Therefore, X  is quasi-invertible.   Thus we have:    T  >- /.

'k c'kXl   PkThe same argument proves that   Y = 2    c, X,    P AT) is a quasi-invertible

* .    t*
and  JY = YT; i.e., /  >- T  >- /.   Hence  /  isa Jordan model for  T, and  /    >- T

>- /   (i.e., /    is a Jordan model for  T ).

Now, the uniqueness of / (and /*) follows from Proposition 3.4. Thus we

have / = Jiqx, q2, • ■ ■ , q~, ■ ■ •), where q~iz) = qiz); in particular, pT* = pT =

length of / = length of  / .

(ii)   If Klk = ftfe = BkH2K, K'kL = ft¿ = B'k H2K, and ft £ (det)~,  then it follows

from the constructions of (i) that

è = det B = II   det B, =   I] det B'k =  U bk   =  II *«
fe k k n

(iii) If  T >■ /, then dim K    = dim K'  = í     for all  k.

If   ' ,   is not finite for some   k, then   b™ divides  II q     for all values of  772,
k ' k n1 n '

and this implies   biz) s 0, contradicting our assumption.   Hence   t,   is always

finite.

It is clear that   b^ divides   b for all  k; thus  üfe b k < b = Un ?   (ü^ è,fe

converges and it defines an inner function) and therefore  JR £ (det)„-

Now (iii) follows from (i) and (ii).

As in [11, Corollaries 1 and 2], we have

Corollary 3.8.   Let ft = B/V2, £ (IN)~ , ft'   = B'H2K £ <A~ and assume that K =

JR   =   Vz, •'V» tuhere ct(T|a ) = JÀ   | and dim A   = t, < 00.    Then

(i)  // T  >- T    or  T    >-   T, then  T and T    have the same Jordan model.

Conversely, if T and T    have the same Jordan model, then they are quasi-

similar.   If, in particular, ft £ (det)g, then ft'   £ (det)g   and det ß'   = det B.

(ii)   T and its restriction  T    to a proper T-invariant subspace cannot have

the same Jordan model.

Proof. If   T ">■ T'  or  T' >-   T, then ft'   £ (IN)1¡   and it has the same mif as

ft ([9, Proposition VII, 2.1]).   Let  K =   V. K     K'= \/    K'   be the decomposition

(3.2) to (3.4).   It follows from the proof of Theorem 3.6 that dim K, = dim A    = /, ,

for all  k, and the proof proceeds along the lines of Theorem 3.6.

3.  The sufficient condition for the existence of a Jordan model for the con-

traction  T (where JR £ (IN)~ )  is clearly not necessary; however, we believe

that the only interesting cases aye those considered in Theorem 3.6.   In fact,

the operators satisfying the condition (i) of Theorem 3.6 can be redefined as

those   CQ-contractions such that  / - Ti   is compact and the associated in-

variant subspace  JR belongs to the subclass (IN)^; this definition (and the one

corresponding to the determinant class, or some intermediate class) can be

naturally extended.
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We conjecture that Theorems 3.3 and 3.6 (and related results) remain true

without the assumption that the mif of the IN-subspace  5H is a Blaschke product;

moreover, this seems to be the most general situation in which all results of this

type are valid.

For example, if JH = zHK, where   K is an infinite dimensional Hilbert space,

then A = K and   T = 0; then   T and its restriction to any infinite dimensional

subspace have the same Jordan model; namely, / = ](z, z, z, . • •).   This proves

that the hypothesis of Corollary 3.8, (ii) cannot be relaxed.

A final remark.   It was proved in [ll] that if  T £ CAN), then it has a Jordan

model of length co < N.

Assume that 5H = UHK £ (det)~ with mif q and det U = p and assume that T

admits a Jordan model of finite length ](q,, q2, ■ ■ ■ , qj), where q, = q and p =

Il     , q   ; then  q    < II     ,  q    = p, and therefore,72 = 1     * 72' ' 72=1    ^ 72 r ' '

co>  infjzc: qk < p\ = coQ-

Let   b = nT_j  b,, r = ïiV_,   b    be two Blaschke products with the same

zeroes (all the zeroes of r have order one), and let

(oo oo oo V

nvnv-nv- and /'-*»•*
k = \ k=2 k=n J

In the first case, there is no finite <y„ satisfying the above condition; in the

second one, coQ = 2.   However, /     has also infinite length.

Note.  After this paper was written, the author received the preprint "Bound-

edness from measure theory", by Henry Helson.   In this article, H. Helson gives

(among other results) new proofs of the constant directions theorem of [8]  and

several results related to §2.
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