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A NEW CLASS OF FUNCTIONS OF BOUNDED INDEX
BY

S. M. SHAH(!) AND S. N. SHAH(2)

ABSTRACT. Entire functions of strongly bounded index have been defined and
it is shown that functions of genus zero and having all negative zeros satisfying
a one sided growth condition belong to this class.

1. Introduction. Let f(z) be an entire function and let

.
a.n ) = Q,() = max {M;:‘—Z)'} (/%) = (=),

O<j<s
Definition 1. An entire function f(z) is said to be of bounded index (we
shall also say of class B), if for some fixed s, {|/™)(z)|/n!}< Q_(2) for all n
and all z (see [3], [6]).
It is known that given any transcendental entire function f, there exists a

transcendental entire function g of unbounded index such that [7]

log M(r, f) ~ log M(r, g} (7 — ).

In particular, given two numbers A and p such that 0 < A < p < «, there exists
a function g of unbounded index such that g is of order p and of lower order A.
A resule of this type cannot hold with g of bounded index since a function of
bounded index must necessarily be of exponential type [8]. Furthermore, known
examples of functions of bounded index and order one are all of regular growth,
that is, the order of a function is equal to its lower order ([5], [9]). In this paper
we show that there exist functions of bounded index, and of given order p and
lower order A provided 0 <A< p <1 (see also [10]). Our attempts to construct
such functions have led us to the remark that a very simple subclass SB, of the
class B, displays a particularly useful property. If f € SB and P is a poly-
nomial then fP € SB.

Definition 2. An entire function f(z) is of strongly bounded index (we shall
also say of class $B) if there exist quantities x, 0 < x <1, r;, and an integer
s > 0 such that
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(1.2) I/ " X2)|/n! < xQ (2),

for all »>s +1 and all z with |z| >7,. For instance, f(z) = ¢* € SB. Here
X =%, s=1, r,=0. We now state

Theorem 1. Let {(z) be entire and f(z) € SB. Then
(i) f(z) €B,

(ii) if P(2) is a polynomial then f(z)P(z) € SB,

(iii) {/(z)/P(2)} € SB provided {{(z)/P(z)} is entire,

(iv) if a is any complex number and
(1.3) ‘ 0<X<e‘2|“|
where x is the constant in (1.2), then e®%*{(z) € SB.
Our main result is

Theorem 2. Let {a 1 | be a positive, strictly increasing sequence such

that
(1.4) a,,q-a,2b, (n>1),

where {b_}>_ . is positive nondecreasing and
n’n=1

a.s) - 1 .
n=1 nbn <o

Then

(1.6) (=) =1 (1 + i)e SB.
n=1 an

Theorem 2 has four useful corollaries. Consider the Lindeldf functions

(1.7) 1@ =1 (1 + ai)

1 n
where a_ = {n(log )2 0<A<1 and @ >1 if A =1, @ an arbitrary real
number if 0 <A1,
Corollary 2.1. All Lindeléf functions defined by (1.7) belong to class SB.

Corollary 2.2. If a is any nonzero complex number and {(z) satisfies the

assumptions of Theorem 2, then
(1.8) flaz) = F(z) € SB.
Corollary 2.3. Let {a_}*_ satisfy the conditions of Theorem 2, and let

{an.}";’_l be any one of its infinite subsequences.
Pi=
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Then

ﬁ (1 + ai)= gz) € SB.

j=1 .
] "7

From Corollary 2.2, we deduce that F(z) € SB C B and consequently there
exists an index s such that
|FXz)| |FU)(2)|
Ty S max T ¢,
n: 0sjss ]:
for all n and all z.
Assume now a real and greater than one so that (1.8) and (1.1) impl
24 ply

n|s(n
aLn!)(ai)' S asﬂs(az).

Replacing az by {, we obtain

l/(")(C)I/n!SQS(C)/a""S (r=s+1,s+2,.:.)
for all {.

We thus see that the functions in Theorem 2 belong to SB in a very special
sense: the constant ¥ in (1.2) may be chosen arbitrarily small (a diminution of
X will of course increase, in general, the value of the index s).

In particular, if @ is given, we can choose X so as to satisfy (1.3).

Consequently assertion (iv) of Theorem 1 leads to

Corollary 2.4, If [(z) satisfies the conditions of Theorem 2 then %7 *b((z)
€ SB.

In Corollary 2.3 we can choose a subsequence {a" } by omitting from the
given sequence {an} long sections of consecutive tetm;. The entire function
h(z) corresponding to this subsequence belongs the the class SB and it is obvious
that we may, by suitable choices of the gaps, obtain irregularities in the growth

of h(z). We are thus led to the following result which we state without proof.

Theorem 3. Let [(z) be given by (1.6) and let a sequence {a }* | satisfy

the conditions of Theorem 2. Let

(1.9) Ry, Rypeor (R <R ,m=1,2,---, R — o)

be a given sequence.
. . (=] oo
It is always possible to select a subsequence {c].}’.=l of ta 1> | and two

subsequences {RAy_1, IR 15| of (1.9) such that

(1.10) Bz) = ﬁ(l + i) € SB,

j=lN j
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and such that for all k=1,2, ...
log M(R, b) > (1= 1/(k + 1)) log M(R}, /),
and

log log M(R,, b)
< .
log RZ k+1

By an appropriate choice of gaps we can also construct a function b belong-
ing to B and of given order p and of given lower order A where 0 <A< p<L
We omit the details of construction.

In §2 we give the proof of Theorem 1. $3 contains necessary lemmas and

S 4 gives the proof of Theorem 2.
The authors wish to thank Professor Albert Edrei who suggested the consid-

eration of functions of the class SB and conjectured Theorems 1 and 2.

2. Proof of Theorem 1. Proof of assertion (i). By Definition 2, there exist
fixed quantities X, 0 <x <1, 7, and s >0 such that (1.2) holds for all n>s +1
and all z with |z| > 7.

We examine [(z) and its successive derivatives in the closed disk

(2.1) 2] < g

Since the number of zeros of [ in (2.1) is n(ro, 1/f), it is obvious that one of the
quantities f(z), f'(z), -- -, /(N Nz) (N = n(r g, 1/1)) is different from zero.
Let

G
2.2) QN(z)= max {L/—])(—Z)l}.

0<j<N 7!
It is clear that QN(Z) is continuous and does not vanish in (2.1). Hence for
some a >0,

(2.3) QuD >a (2| <7y

Assume |z| <r,. By Cauchy’s formula, for the nth derivative,

(n
(2.4) VT}—ﬂS%M(TO+ 2, /)-

If n is sufficiently large, say n>ny>s +1, (2.3) and (2.4) imply
M(rg + 2, f
2"
for all z such that |z| <7 and for all » >n, Let p =max(ny N). Then (2.5)

and (2.2) imply

(n)
2.5) |/ n!(Z)| < <xa< xQu2)
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2.6) RSN {l/"’(zN b oGeen,
0<J<p -

provided |z| <7,. On the other hand, since 7, >s +1, and f € SB, (2.6) holds
for n>p+1 and |z|> 7o+ Hence we can drop the restriction on the size of
|z| and this completes the proof.

Proof of assertion (ii). By hypothesis (1.2) holds for all »>s +1 and all
z such that |z| > r,. Let

2.7) gl2) = (z - z)f(2),
G
(2.8) Qz) = max {V ]-),(Z)|}’
0<js<s 1
G)
2.9) 0%2) = max {lg;]('z—)l—}
O<j<s+1 I’
Since

€L )

n! n! (71— 1)'

(2.10)

we have, for n>s +2 and |z| > 7,

(n
@.11) lg™ =) )(Z)‘ < x QML + |z - 2,

From (2.7) we obtain, for z # z .,

1) g2 1 g2 (D1t gla)  CDal
a7l (z_z0)+1!(n—l)! (z_zo)Z 0! n!(z-zo)"“

(2.12)

(2.9) and (2.12) yield, for z # z,

(n
A=) )(Z)| Q*(z){ LI 1 2+---+——1—;ﬁ} (0<n<s+ 1)
lz=zo| |z- 2z EEEN
Consequently we have from (2.11) and (2.8), for > s +2 and |z| > Tor 2 £ Z g,
(n 1
l—g—v—)(ﬂ<xﬂ*(z){l+|z—zoll ek ———— 1
Iz—zo| |z = zo|"

If |z| is sufficiently large, say |z| > R,, then

1 '
x!l+|z—z|}; --+—————§<x
0 | _zo| Iz_zo|n+l

where 0 < x <1. This shows that g(z) € SB. Now if P(z) = (z - Zo) ooz —Zp)
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and Q(z) = AP(z) (A a constant) then the above argument applied (p + 1)
times shows that fP € SB, fQ € SB. This completes the proof.
Proof of assertion (iii). Let

(2.13) g(2) = [(2)/(z - z()

and let Q(z) and Q%(z) have the same meaning as in (2.8) and (2.9). Then for
n>s +1 and |z|2r0,z;ézo,

lg' )(Z)|<Q() X + 1 +---+——1-—‘m

|z’zo| |z—z0|2

(2.14)

|z -z,

From (2.13) we have, for 1 <n<s,

(n)(2) (n)(5) Xz)
@1s) U nf'g‘g n!Z| |z = zg| + L{;—)Jd) ({1 + |z - 2|}

and

1) = g |2 - 7o| S Q1 +

Hence (2.15) holds for 0 < » < s and
(2.16) AUz) < Q* )1 + |z - 2|}

The inequalities (2.14) and (2.16) imply

. X L
<Q(Z){1+|Z—ZOH m"’ +|z-20ln+l

(2.17) g2 (Z)|

for n>s +1 and |z| 27, z # z;. Hence for |z| sufficiently large, say |z] 2 R,,
we have |g((z)|/n! < x" Q*(2), where 0 < X" <1, for >s +1 and |z| > R,.
This means that g(z) € SB.

If P(z)= H?=0(z -2,) and 0(z) = AP(2), then the above argument shows that
//P €SB, {/Q € SB. This completes the proof.

Proof of assertion (iv). Let

(2.18) glz) = e?%f(2).

Then

g(")(z) _ paz /(")(z) N ”/(n—l)(z) .

2.19
( ) n! n! (=11

+%’;/(z) .

There is a similar relation where [ and g are exchanged and a is replaced by

— a. From this latter formula we deduce
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(n)() az G )
Lo s leme it {t f)!(z el

In particular if

(2.20) 0**(2) = max { ——'g(i.)(Z)'}
O<jss 7! !

we have, in view of (1.1),
@.21) Q2) < |e~22|lalQ** (2.

By assumption, (1.2) is satisfied for some fixed } <1 and consequently (2.19)
yields for all »>s + 1 and all z such that |z| > 7,

(n)( ) ez n-s-1 n-s
lg n!zigle |{<1+|—a!|+...+——|a| >XQ(Z)+<L:|—9) . l " )Q(z)}

(n-s-1)

l lfl-'S

< |eaz|e|“|{x+ (a '}Q(z).

n—s)!

Using (2.21) we find, for 2> s +1 and |z| > 7,

(n)
'g '(Z)| S e2|a|< |a| )Q**(z)
n: (n s)!

Since s is fixed |a|""°/(n - s)! — 0 as n — o0, and so we may select, in view
of (1.3), an integer s, > s, so that

n-s
e?lal (x+ |a|_> <yx'<1
(n-s)

as soonas 7 >s,+1. Hence forall >s,+1 and all z with |z| > Ty
(n G
lg )(Z)I <x "Q**(2) < x' max {——lg .'(z)l}.
0<jzs g ]
The proof of Theorem 1 is now complete.
3. Lemmas. Ve require several lemmas. The first two lemmas contain
known results.
Lemma A [2, Example B. 18). If {6 IT is positive nondecreasing and

z(nbn)_l < o0, then

(3.1) lim 1987 _ o

n-00 b

Lemma B [4,p. 261). If a, <a,<---<a, and B, <P, <= <B,, then



370 S. M. SHAH AND S. N. SHAH [November

(3.2) aIBfl + a’zB,'z toeeet a”'Bjn SaB+a,By+ 004+ a,,Bn

for every permutation Jpoeee . of 1,2, «veym.

Lemma 1. Let a, ,-a >b, (n > 1) where {617 is positive nondecreas-
ing and E(nbn)'l <. Given K> 1 and €> 0, it is possible to find an integer
N > 1 and a positive nondecreasing sequence {c_}_| such that the following

conditions hold simultaneously:

(3.3) c,28 (n>N),
= 1 e
(3.4) Z — <=,
iNic; 4
(3.5) @, -a,>2Kec,+8 (2N,
- 1
(3-6) z —< 4+ o0,
=t %
(3.7) aN+2m+1"“N>“N+2m'aNZ(K+ Dmeyn,, (m21),
1 1 1
. — e < >
(3-8) Cn+1 * Cni1t Cpa2 * Car1 T Cpaa t Cn+3 * ¢ (n - N)’
1 1
(3.9) + - . + 1 <e (a>N)
Cpot 26,5 3c,_; (n-N)ecy

Proof. (i) Let c,= bn/(K +1). Then {cn}::l is the required sequence
such that 2‘-(ncn)°l <+ . By Lemma A and the convergence of this series we
can choose N so large that (3.3) and (3.4) are satisfied.

(ii) a,,g-a,2b, =(K+1)c, >Ke +8 (n2N).
This proves (3.5).
(iii) Since
2m-1 2m-1
ap+2m - a? = Z (ap+j+l - ap+") 2 (K + 1) Cp.‘.ja
j=0 j=0
we have on taking p =2, p + 2m = 2n,

a, >(K+ e +-+++c,, )2(K+1Dnc,.

Hence
1 1 1
_—t — < K—zi —_
a2n a2n+l + ncn



1972] A NEW CLASS OF FUNCTIONS OF BOUNDED INDEX 371

and the convergence of the series in (3.6) follows from (3.4).
(iv) Taking p =N we get

AN +2m ~ N >(K+ l)chHn.

Since {a_} T, (3.7) follows.

(v) We have
ottt ot H o 2 Cntmt "t Cpiom-1 2 mCptm (m 2 1)
and so
Z 1 1
n= c M c + C *
n+l n+l n+2
i 1 2 z": 1 & 1
<2 < — - +2
j=1 ]Cnﬂ C” j:_-l’ 1=;+1 7Cn+1
1
<——(l+logn)+2 Z —
j=n+l ]cnﬂ
By Lemma A

21 + log n)/c,<e€/2 if n2 N,
and

2 3 <% ifn2N,

—n+17 n+j

Let N = max(N v NZ)' Then for n > N, En < ¢ and (3.8) is proved.
(vi) Let >N and r=1/c__ +1/2 _,+-+ 1/(r = N)e . By (@),

(a) Lo g
Cp=1 Cn-2 °N
and
1 1 1 1
<eve<=< =,
(b) n—N<n—N-1 5 <7

By applying Lemma B to (a) and (b) we have

1 1 1
r<— + +ooee +
..CN 2CN+I (n_N)cn_l
<1 <1 1 1) 1 . 1

— +—+-o-+— +_—_+ooo ———
TN 2 N/~ N +Dey (n-N)ec,_;
-1+lOgN+Z <e

i=1 (N +])CN+’
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for N sufficiently large. This proves (3.9) and also completes the proof of
Lemma 1.
In what follows in this section and in the next section we shall take
€=1/100 and N > 1 such that (3.3)=(3.9) hold and also
1 - 1 K
— +

—< =

cn &Ny 100

Lemma 2. Let I ={z: |z +a_| <4},n> N, and suppose z ¢U:°=Nl“nv. Then

(3.10) 2

j=N |z + |

<y<l1

where X is some fixed number.

Proof. Let z = x + iy. Then either

(i) x>-ay, or

(ii) - a, 1 <*¥x<-a, for some well-determined » > N.
Suppose first that (i) holds. By assumption

(iii) 1/|z + aN| <Y
and

Z+ aN+l| 2 |x+ aN+1| 28N, -2 (K + l)cN.
Hence
(iv) 1|z + ay +1| <1/(K + 1) ¢y < 1/100.
For j> N+ 2,

|z + ai|2|x+a].|_>_aj—aN.

Hence by (3.7) we have for j =N +2m ot N +2m + 1, m > 1,

|z + “,-l > (K + l)ch

o
Consequently

oo 1 )
® —ZN:+zIZ+a|‘K+1 Zlch+m<Ea
and (3.10) follows from (iii)—(v). Suppose now (ii) holds. Then
(vi) 1|z+a)+1/|z+a,,|<%
For j>n+ 2,

lz+al|>|x+a]>a -a 2K+ e,y +¢;

,-2*“‘+Cn+1)
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and so, by (3.8),

L) 1 1
(vii) > 1 <K41~1{ 1 + +...}<m.

c
j=n+2 |z + a].| Cntl Sna1t Cn42

If n>N we have for N <j<(n-1)
|z+al.|Z|x+aj|2|an—a].|_>_(K+ 1)(1z—j)cj

and (3.9) yields

n—1
1 1 1 1 1 1
(viii) 2 < { + . _1
j=N |z+ a]l K+ 1 Cn—l 2Cn_2 (71— N)CN < lnn.

From (vi)—(viii) we get (3.10) in this case also. The proof of Lemma 2 is complete.

Lemma 3. Let

12 =11 (1+2)

i=N 7
and let { - di}?;N be the zeros of ['(z). Then for all j and k (j >N, k> N),
(3.11) |, - ay| > 8.

Proof. We need to show that if |z + ak| <8 for some k, then

/'(Z)_i 1 Zo.

f(2) B jaN 4

For j > k + 1, we have by (3.5),

|z+a’.| > Ia].—akl -z + aklz(ai—ak)—SZ K(c]._1+cj_2+~- + ).
Hence by (3.8)

s 1

2

1{1 1 }
—_— < =
ik+1 |2+ a] Kl cp+cpy 50
If k>N we have for N <j <k -1 (see (3.5)),

|z +a)|>(a, -a)-|z+a>a -a -8>Kk-jc,.

This gives, by (3.9),

k-1 1
PR~ L ST VAL I S B
k

<z + ‘4 <=
=N |z + al.l K -1 26, (& - N)CN 100

Since |z + akl < 8, (i) and (ii) imply



374 S. M. SHAH AND S. N. SHAH [November

This completes the proof of Lemma 3.

Lemma 4. If z €T’ =iz: |z +a_| <4} for some n >N, then

00

(3.12) <y<1

j=N |Z + d]|
where X is some fixed number.

Proof. (a) We have, by Laguerre’s theorem [1, p. 23], a) <d < Ay <o

Suppose first

(i) |z + ay| < 4.

By (3.11) and (i)

(ii) lz+ dyl>(dy—ay)~|z+ay|>8-4=4.
For j >N + 1 we have by (3.5)

|z + d|>(d - ay) - |z+ ay| 2 a;-ay-42>Klc; | +¢;

PP L eyl

Hence by (3.8),

ad 1 1(1 1 1
(iii) 3 __<_{_+.—+...}<_,
isN+1 |2+ 4] Kley ex*teng 50

These two inequalities (ii) and (iii) give (3.12).
(b) Suppose now |z +a | <4 for some n >N + 1. Then

lz+d|>d -a)-|z+a|>8-4=4
Similarly |z + dn-ll >4 and so
Giv) Vlz+d, ||+ 1/|z+4d]|<%.
For j > n + 1, we have by (3.5)
le+d|>(d-a)-|z+a]|>(q-a)-42Kc; j+¢c;_, +++ c,)

This gives (see (3.8))

hae 1 1(1 1
) _t <._{_+__+...}<_,
szH-l |z+dj| K 2 Sat Can 100
If N<n -2 we have for N<j<n -2,

lz+d}|> |d, - a,| -1z + al>a,-a, -42 Kn-j-1c,,,.

Hence (3.9) yields
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ne~2
: 1
(vi) Z 1 <—1{ 1 +._1 +oeee 4 1 }<___.
=t [z + djl Kle,_1 Z2c, ("'N"I)CNH 100

The inequalities (iv)—(vi) imply (3.12). The proof of Lemma 4 is complete.

Lemma 5. Let

=11 (1+ ).

j=N i

Then f(z) is an entire function of genus zero and
(2= I1 (1 + d£>
j=N i

where f'(0) = ?ﬂa;l. If for some z at least one of the two inequalities

00
(1) <x <1,
j=N |z + a,"
(3.13)
(ii) > L <y«
j=N |z + djl

where x is a constant, holds, then for this z

|/(n+1)(z)| al " '
(3.14) e D1 = {X 7, =51 (z)|}
<Xn maxﬂ/(Z)ls l/'(z)”v n=1,2,¢0..
Proof. Let
- 1
el = igN (z+a)

and suppose (i) of (3.13) holds. Then

|p(2)] < x <1,

(iii) .

p™X2) = (1)"m 3 ___1__1 n=1,2,00.

i=N (z+ a)"*

Hence

(n)(z)l 0. 1 00 1 n+l .
(iv) lo < < <yt

A SR\ e

Since ' = fp we have
™ 12| < xl/(2)|

and

375
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|/(n+l)(z)|_ 1
(i) (n+ 1) T+l

1 (n)(3) (n-1)5) .,
Sn+1 U n!Z|X I/( 1)' I ...+|/(z)|x +1;.

{/(n)(z) _ILZ) /("'1)(z)£(_z_) /(z) p(n)(z)
a0l " (n-Dr 1t Tt or

We now use an induction argument to show that
(vii) 1" X2 (Z)l @], me1, 2

For the inequality holds by (v) for » = 1. Suppose it is true for n=1, 2, -+
m. Then by (vi),

) 1 {/<m>(z)

m+ 1)1 =m+1

x+ oo @

m!
(viii)

= Pex i e o 1G] = xr ),

This proves (vii). Suppose now (ii) of (3.13) holds. We have then

/"(z)—/(z)z D

and the above reasoning yields

")

H n+l) ot _ o
(ix) G X /'@ (=0,1,2,.-2).
From (vii) and (ix) we have

l/(n+l)(z)|

a1l =™ {XMIV(Z)I’ %1 V‘(Z)l}

<x" max{|/(2)], |/"(D]} (n=1,2,..).
This completes the proof of Lemma 5.

4, Proof of Theorem 2. We have

00 z N-1 z 0 2
i=1 7 1 i’ j=N i

where P(z) is a polynomial of degree (N - 1) and /N(z) = ﬂ;:N(l + z/a’.) and N
is determined as in the remark following Lemma 1.

Let z be given. Then either z €I for some n> N or z éU:;NFn‘ If
z El—‘n for some n > N, then by Lemma 4, (ii) of (3.13) holds and heénce, by
Lemma 5, (3.14) holds with f replaced by fy.

If z¢ U:;NF,,, then by Lemma 2, (i) of (3.13) holds and we have, again by
Lemma 5, (3.14) with [ replaced by f,. Hence fy € SB and so by Theorem 1,
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{(2) = P(2){\(2) belongs to SB. This completes the proof of Theorem 2.
The corollaries are almost obvious and we leave the proofs to the reader.
Note that if f(az) € SB then f(|a|z) € SB and conversely..
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