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A NEW CLASS OF FUNCTIONS OF BOUNDED INDEX

RY

S. M. SHAH(') AND S. N. SHAH(2)

ABSTRACT.   Entire functions of strongly bounded index have been defined and

it is shown that functions of genus zero and having all negative zeros satisfying

a one sided growth condition belong to this class.

1.   Introduction.   Let  fiz) be an entire function and let

(1.1) flU) = QsU)=    max il/(^z)l  I      (/(°>(2) = fiz)).
0<j<s   \       j- J

Definition 1.   An entire function  fiz) is said to be of bounded index (we

shall also say of class B), if for some fixed  s,   {|/(n)(z)|/»!| < üsíz) for all  tz

and all z  (see   [3], [6]).

It is known that given any transcendental entire function  /,  there exists a

transcendental entire function  g oí unbounded index such that   L7J

log far, f) ~ log M(z-, g)       (r -. °°).

In particular, given two numbers   X and  p such that  0 < À < p < °o, there exists

a function  g of unbounded index such that  g is of order  p and of lower order  À.

A result of this type cannot hold with  g of bounded index since a function of

bounded index must necessarily be of exponential type   [8].   Furthermore, known

examples of functions of bounded index and order one are all of regular growth,

that is, the order of a function is equal to its lower order  ([5], [9]).   In this paper

we show that there exist functions of bounded index, and of given order  p and

lower order  À provided  0 < À < p < 1   (see also   [10]).   Our attempts to construct

such functions have led us to the remark that a very simple subclass  SB, of the

class   B, displays a particularly useful property.   Ii f £ SB  and   P is a poly-

nomial then  fP £ SB.

Definition 2.   An entire function  fiz) is of strongly bounded index (we shall

also say of class  SB) if there exist quantities   y,  0 < y < 1,   rQ,  and an integer

s > 0 such that
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d-2) \f("Xz)\/n\<Xtts(z),

for ail  72 > s + 1   and all z with   |z| > rQ.   For instance,  f(z) = ez £ SB.   Hete

X = H,  s = 1,  rQ = 0.   We now state

Theorem 1.    Let f(z) be entire and f(z) £ SB.   Then

(i)   /(*) £ B,

(ii)   if P(z)  is a polynomial then f(z)P(z) £ SB,

(iii)   \f(z)/P(z)\ £ SB  provided \f(z)/P(z)\  is entire,

(iv)   if a  is any complex number and

il    3\ -.    . ,11
U-3J 0 < y < e~2\a\

where  y  is the constant in (1.2),   then eazf(z) £ SB.

Our main result is

Theorem 2.   Let  \a   1°°_    be a positive, strictly increasing sequence such

that

(1.4) a   ,. - a   > b (n > 1),
72 + 1 72-77 -      "

where  \b   \°° ,   is positive nondecreasing and72'72=1 f s

(1-5) ^ <  oo.
,   720

72 = 1 72

Then

oo     , .

(1.6) f(z)= n (1 + ~)£SB.
72 = 1   \ 72 '

Theorem 2 has four useful corollaries.   Consider the Lindelöf functions

a.?) /(,)=n (i+i),

where   a    = ÍT2(log Tz)a¡1/X ,   0 < X < 1   and   a > 1   ifX=l,   a an arbitrary real

number if  0 < X < 1.

Corollary 2.1.   All Lindelöf functions defined by (1.7) belong to class SB

Corollary 2.2.   // a  is any nonzero complex number and f(z) satisfies the

assumptions of Theorem 2, then

(1.8) f(az) = F(z) £ SB.

Corollary 2.3.   Let {a   ¡°°_    satisfy the conditions of Theorem 2, and let

\a   ,\°°_.   be any one of its infinite subsequences.
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Then

g(z) £ SB.S(,+.f>
From Corollary 2.2, we deduce that  F(z) £ SB C B  and consequently there

exists an index  s  such that

|F("**)|  „ (\F{>\z)\

72!

f\F"Kz)\\
-   max   \-7i— I '

o<j<s {      A     )

for all  72 and all  z.

Assume now   a teal and greater than one so that  (1.8) and (1.1) imply

a"\f(n)(az)\        sn        .
—-—¡-L < asü (az).

n\ s

Replacing   o.z by  Ç,  we obtain

|/ M(0\/nl < Qs(0/an-s       in = 5 + 1, 5 + 2,.. • )

for all C

We thus see that the functions in Theorem 2 belong to SB  in a vety special

sense:  the constant  x in (1.2) may be chosen arbitrarily small (a diminution of

y will of course increase, in general, the value of the index  s).

In particular, if  a is given, we can choose   x so as to satisfy (1.3).

Consequently assertion (iv) of Theorem 1 leads to

Corollary 2.4.   // f(z) satisfies the conditions of Theorem 2 then eaz    f(z)

£SB.

In Corollary 2.3 we can choose a subsequence   \a    j by omitting from the

given sequence   \a   j long sections of consecutive terms.   The entire function

h(z) corresponding to this subsequence belongs the the class  SB and it is obvious

that we may, by suitable choices of the gaps, obtain irregularities in the growth

of  h(z).   We are thus led to the following result which we state without ptoof.

Theorem 3.   Let f(z) be given by (1.6)  and let a sequence  \a   \  _    satisfy

the conditions of Theorem 2.    Let

(1-9) RVR2,...       (Rm<Rm + l, »-1,2,..., A.--)

be a given sequence.

It is always possible to select a subsequence ¡c.S.°7   of \a   j ötzz^ two

subsequences  \R¿\V_,, \P'k !f°_,   of (1.9) such that

(1.10) h(z) = U(l +—)e SB,
y=i \      cjf
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and such that for all /è = 1, 2,

tog MiR'k, h)>   ( 1 - 1/U + 1)) log MiR'k, f),

and

log log MiR'î, h) l
■.

log* 1

By an appropriate choice of gaps we can also construct a function  h belong-

ing to  B  and of given order  p and of given lower order  X where  0 < À < p < 1.

We omit the details of construction.

In   §2 we give the proof of Theorem 1.   $3  contains necessary lemmas and

§4 gives the proof of Theorem 2.

The authors wish to thank Professor Albert Edrei who suggested the consid-

eration of functions  of the class  SB and conjectured Theorems 1 and 2.

2.   Proof of Theorem 1.   Proof of assertion (i).   By Definition 2, there exist

fixed quantities   y, 0 < x < 1, rn anc^  s > 0 such that (1.2) holds for all  tz > s + 1

and all z with   \z\ > r,.

We examine  fiz) and its successive derivatives in the closed disk

(2.1) \*\<*V

Since the number of zeros of / in (2.1) is   tz(t0, l/f),   it is obvious that one of the

quantities  fiz), f'iz), • ■ ■ , f      iz) iN = zz(rn, 1//)) is different from zero.

Let

\fU\z)\l(2.2) nNiz)=   max    /iLî}*lil.
N 0<j<N  {       I-      )

It is clear that  flw(z) is continuous and does not vanish in (2.1).   Hence for

some   a > 0,

(2.3) iiNU)>a.       (M<r0).

Assume   |z| < /■„.   By Cauchy's formula, for the  nth derivative,

\f{n\z)\   s    l    Ml -,     /)
(2.4) -^i-r¡M(r°+2'f)-

If  zz is sufficiently large, say  n > nQ > s + 1,  (2.3) and (2.4) imply

(2-5) iL^P<^- <X*<X*¿*\fMiz)\ x ML'o+J* /)
2"

for all z such that    |z| < rQ and for all  zz > nQ.   Let  p = max (t20, N).   Then (2.5)

and (2.2) imply
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(2.6) |/<">U)I J|/</\z)|
Il --0:

lax   < -rj-> (72 >

i<p \    1-   )
<X    max   <--.->        (t2 > p + 1),

provided   \z\ < rQ.   On the other hand, since   "0> s + 1,  and  / £ SB,  (2.6) holds

for  72 > p + 1   and   |z| > rQ.   Hence we can drop the resttiction on the size of

\z\  and this completes the proof.

Proof of assertion (ii).   By hypothesis (1.2) holds for all  ?2 > s + 1   and all

z such that   |z| > r0.   Let

(2-7) g(z) = (z-z0)f(z),

(2-8) nU)=    max   /J/LMl,
0<j<s   { 1-        )

(2.9, tfU>-     „»    {1ÄI.

Since

gM(z)     , JM(z)     f<«~l\z)
(2.10) ^—— = (^-^o)Z-^+ -ri7~72! 72! (72  -D!

we have, for  72 > s + 2  and   |z| > rQ,

(2.11) k^li<xñ(2)!i + |,-2o|i.

From (2.7) we obtain, for z fz z„,

(7 121   /("^     8M(z)        1 g(n-l)^    U>»     . . ikl       (-1)""'

«' »!     (z-2o) + 1!(t2-1)!(2_2o)2 0!   „!(z-z0)" + 1"

(2.9) and (2.12) yield, for  z ¿ zQ,

JlÍ!M<Q*W/^_     +—L_+...+T_i_\ (0<72<S+l).
72! - \|z-Z0| |Z-Z0|2 \Z-Z0\" + 1Í

Consequently we have from (2.11) and (2.8), for  72 > s + 2  and   |z| >rQ,zj¿ zQ,

Kpsw.wfa.-¡j4
If   |z|  is sufficiently large, say   |z| > Rj,  then

where   0 < y' < 1.   This shows that  g(z) £ SB.   Now if   P(z) = (z - zQ) ■ . .(z - zp)
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and Qiz) = APiz) (A  a constant) then  the  above argument  applied  (p + I )

times shows that  fP £ SB, fQ £ SB.   This completes the proof.

Proof of assertion (iii).   Let

(2.13) giz) = fiz)/iz-zA

and let fi(z) and  Q  (z) have the same meaning as in (2.8) and (2.9).    Then for

n > s + 1   and   |z| > rn, z / zn.

(2.14) Jl^^L* _1 +
zo\     \*    *0I2 l*-*0lB+1

From (2.13) we have, for  1  < tz < s,

(2,5) ^<k^l|z-,0| + ^"1)(-)l<^(z)jl + |z-z(
tz!      -       zz! ol        in-D\     - (

and

\fiz)\ = \giz)\ \z - z0\ < n*(z) ¡1 + \x - zQ\ |.

Hence (2.15) holds for  0 < n < s and

(2.16) Q(z) <Q*(z){l + |z-z0|S.

The inequalities (2.14) and (2.16) imply

(,17)     UÄo^n^-,,1,!   *  t...,_L_<
TZ! \Z - Z 01

for  T2 > s + 1   and   \z\ >rQ, z / zQ.   Hence for   |z|   sufficiently large, say   |z| > R2,

we have   \gM(z)\/n\ < y" ®*iz), where   0 < y" < 1,  for  tz > s + 1   and   |z| > R r

This means that  giz) £ SB.

If   P(z) = np_0(z - z .) and  Qiz) = APÍz), then the above argument shows that

f/P e SB, f/Q  £ SB.   This completes the proof.

Proof of assertion (iv).   Let

(2.18) giz) = eazfiz).

Then

(2.19) ¿^--e«*\^ + j!r^+... + ili(z)\.
n\ I     n\ in-1)1 »! j

There is a similar relation where  / and  g ate exchanged and a   is replaced by

- a.   From this latter formula we deduce
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\fH*
n\

In particular if

<   e-
ij<n   \        7-'        J

(2.20) ß**(*) = max /1*7(*>U
o&iss \     A     f'

we have, in view of (1.1),

(2.21) ü(z)<\e-az\e\a\n**(z).

By assumption, (1.2) is satisfied for some fixed  y < 1   and consequently (2.19)

yields for all  72 > s + 1   and all z  such that   |z| > r.

n\       -'       'l\        1! („_S_1)!/A \(n-s)\ n\)        j

<k-|>i|xtig]Q(2).

Using (2.21) we find, for  tz > s + 1   and   |z| > rQ

,(«>(r\l        _i   1 / l„|n-s

R^<e2l«4x+7^>**(z).
«!       " \ (n-s)!,

Since  s  is fixed   |zz|" —s/(/2 - s)\ —> 0 as   n —> °°, and so we may select, in view

of (1.3), an integer  sQ > s,  so that

(77 ■*'* ' "■

as soon as   tz > sQ + 1.   Hence for all tz > 5Q + 1   and all z with   |z| > rQ,

lMiz)\
^ X "    v;i' — X       maj

n.- ,• .- ,

The proof of Theorem 1 is now complete.

"}(z)l ,0**r  . , |lg(?)(z)|\
——¡ < y 12    (z) < y      max   K1^— >■

3.   Lemmas.   We require several lemmas.   The first two lemmas contain

known results.

Lemma A [2, Example B. 18].   // je   i^° z's positive nondecreasing and

2(nb )~    < 00, then
n

(3.1) limito.
72-<*>       0„

Lemma B   [4, p. 26l].   If a. < a, < • • • < a .   and ß, < ß2 < ■ • ■ < ßn,  then
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(3.2) a^^ + a2ßh + .. . + aß.^ <a^1 + a2ß2 + ... + ajßn

for every permutation   /,» •♦• , /    of  1, 2, • • ■ , n.

Lemma 1.   Let a     , — a    > b     (n > l) where  \b   IT  is positive nondecreas-72+1 72—72 — 72    1 r

272g and S(t2Zj)  )~    < r».   Given  K > 1  ¡272t/ e > 0,  zi zs possible to find an integer

N > 1 anda positive nondecreasing sequence  \c   \  _.   such that the following

conditions hold simultaneously:

(3.3) cn > 8       (n > N),

(3.4) y — < «
■m ? c .      4
;=N'    ;

(3.5) a   ., - zz   > Kc   + 8      (t2> N),

(3.6) £r<+-
7 = 1       7

(3-7) flN+27n + l-flN>aN+27„-flN>(K+l)"2CN+772 U ^ l}'

(3-8)    ^i + c +1lc +? + c +1 + c1.2 + c :, + •••<*   (»>*>.
72 + 1 77+1 72+2 72 + 1 72+2 72 + 3

(3.9) — +—L— + —L- + ...+ —L—<<    („>7V).
c„_i      2cn_2     3cn_3 (72-N)cN

Proof,   (i)   Let c    = b /(K + l).   Then  jc   I     .is the required sequence
72 72 7272=1 ^ T

such that  S(t2c  )~    < + oo.   By Lemma A and the convergence of this series we

can choose N   so large that  (3.3) and (3.4) are satisfied.

(ii) an+l -an > bn = (K+ l)cn > Kcn+ 8       (n>N).

This proves (3.5).

(iii)   Since

2777-1 2772-1

V2777   -   %   =        £ K+7 + 1   -   «W   >   ̂   +    D Z       W
7=0 ;=o

we have on taking  ft = 2, ö + 2?tt = 2n,

zz,    >(K+l)(c    +... + C-,      ,)>(K+1)t2C.
2 77 72 2t2— 1      — 72

Hence

11 2 1
-   +   -     <    V-Î     -7
<Z, S,       . K +   1   72C

272 2t2 + 1 77



1972] A NEW CLASS OF FUNCTIONS OF BOUNDED INDEX 371

and the convetgence of the series in (3.6) follows from (3.4).

(iv)   Taking p - N  we get

aN+2m-aN>{K+1'mcN+m-

Since  |flni [ , (3.7) follows,

(v)   We have

C    . ,   +   • • •   +  C     .-. .   >   C     .       +   • • •   +   C     , , .   >  772 C     , (772>l)
72 + 1 72+2772—1   —       72+772 72+2t77— 1   — 72+777 —

and so

¿,„ = -— +-+ • • •

<2Z— <-E     +2V     -1
~ ,   1c    . ■       c      f-> i ¿-      i c

, = 1 72+7 72     7 = 1   / 7=72 + 1     /       „.

1     ^   2   A 1 .

2 °° 1
<— (1  + log 72)+  2     £

7=72+1   /C77+7

By Lemma A

and

2(1  +  log72)/cn  <e/2       if   72 >  /Vj

2   f     7-i-<i     if72>N2.
7=72+1   '       72+7

Let N = max(Nj, N 2).   Then fot n > N, 2r < ( and (3-8) is proved.

(vi)   Let 72 > -V   and r = 1/Cf|_ , + l/2cn_ 2 + • • • + l/in - N)cN.    By (i),

(a) _L<_J_<...<J_,
CN

and

(b) n^N<n-^rri<---<12<T

By applying Lemma B to (a) and (b) we have

r<±+       *       +...+
CN      2cN+l in-N)cn_,

1 +* + •••+ t. I + ,-r^-+ • • • +s-(

7+TogN   g _i_<e
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for N   sufficiently large.   This proves (3.9) and also completes the proof of

Lemma 1.

In what follows in this section and in the next section we shall take

e = 1/100 and N > 1   such that (3.3)-(3.9) hold and also

—   y   1  <  K

Lemma 2.   Let  T   = \z: \z + a   \ < 4l, n> N, and suppose z é U°° WT  .   Thenn ' n' "_' rr r   w „ _zv     n

1
(3.10) Z   j--7 <X< 1

;=N \z + a.\

where  y is some fixed number.

Proof.   Let z = x + iy.    Then either

(i)  x >- «N,   or

(ii)   - a     , < x < — a     fot some well-determined n > N.
n + 1 — 77 —

Suppose first that (i) holds.   By assumption

(üi) l/\z+aN\<lA

and

\z + «W+il > |* + «N + il > «w + 1 - «TV > (K + DcN.

ence

(iv) l/|z+ «N+1| <1/(K+ l)cN < 1/100.

For j > N + 2,

|z+ fly| > |x + a.\ > ß;. - aN.

Hence by (3.7) we have fot j = N + 2m  or N + 2m + 1, m > 1,

\z + fl,.| > (K + l)zzzcN+m.

Consequently

oo i 1 °° 1 l

(v) 21    ;-. < p—;   £   -< 7777,
7=N+2 \z+a.\      K+l   —,   zzzcN+m      100

and (3.10) follows from (iii)-(v).   Suppose now (ii) holds.   Then

(vi) V\z+an\ + l/\z+an+1\<V2.

For / > zz + 2,

|z+ «y| > |*+«y| >a;.-ßs+1>(K+ iXc.^, + c._2 + ■■■ + cn+l)



1972] A NEW CLASS OF FUNCTIONS OF BOUNDED INDEX 373

and so, by (3.8),

1               1      Í   1                   1 ) 1(vii) Y    -J— < —l— {-?— +-+ • ■ • Í < Tm '
i&2   |z+a;|      «+l\cn+1     cn+1 + cn+2 J      100

If ?2 > N  we have fot N < j < (n - l)

and (3.9) yields

72- 1

\z + a.\ > \x + a.\ > \an - a.\ >(K+ l)(n - /) c.

(viü)       E    |-J^,<rI,f-I_+      *+... + ,_V-N —
7=N   k+7-|      K+1iC72-l     2c„-2 (n-N)cN)      loo"

Ftom (vi)—(viii) we get (3.10) in this case also.   The proof of Lemma 2 is complete.

Lemma 6.   Let

/<*>-n (i*i)
7=N    V 7 '

ötzz/ /e/  j - d .\°°_N  be the zeros of f (z).   Then for all j and k  (j >N, k > N),

(3.11) lrf¿-**!>•■

Proof.   We need to show that if   |z + a A < 8  for some  k,  then

lM.V  ^¿0
f(z) ~hz+a,

For 7 > k + 1,  we have by (3.5),

* + ak\> (a. - ak) - 8 > K(c._ l + c._2.+,... + cfcz + a.   >   a, - a.   -   z

Hence by (3.8)

y        i      <i_n     _1_ )    J_
/xfe + 1   |*+ a-|      K\ck + ck+ ck+l + '">  <50'

If k> N  we have for N <j <k-l (see (3.5)),

|z + a.| > (a,  - a.) - |z + a, | > a,  - a. - 8 > K(k - j)c..

This gives, by (3.9),

k-l

/Eft   |z+a|-K\cfe_1 + 2cfe_2+        +(^_/V)cJ <100-

Since   |z + ¿z,| < 8,  (i) and (ii) imply

/(z)   -8       100      50
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This completes the proof of Lemma 3.

Lemma 4.   // z e T    = \z: \z + a   j < 4! for some n > N,   the.ten

(3.12) 2- ,—~—r, < X < i

rx>

z —-

where  v ¿s some fixed number.

Proof,   (a) We have, by Laguerre's theorem  [l, p. 23], aN < dN < aN     < . . .

Suppose first

(i) |z+ a A < 4.*NI

By (3.11) and (i)

(ii) |z+ dN\>idN- aN)-\z+ aN\>8-4= 4.

For / > N + 1 we have by (3.5)

\z+ d.\ > (d. -aN)-\z+ aN\>a.-aN-4> K{c._ , + c._2 + • • • + cwI.

Hence by (3.8),

,.Jr+i k+f^l   MC/CÄ^Ä/'"I   'ff

These two inequalities (ii) and (iii) give (3.12).

(b)   Suppose now  |z + a   \ < 4 fot some n > N + 1.   Then

\z + d \ > (d   -ij)-|z+cz|>8-4 = 4.1 Z21    — 72 Z2 ' 77 '    —

Similarly   \z + d      , I > 4  and so
' 72 — 1

(iv) i/\z + dn_l\+i/\z+dn\<y2.

For j' > n + 1, we have by (3.5)

|z + d.\ > id. - a ) - \z + a  \ > ia. - a ) - 4 > KÍc.    , + c.   ,+••• + c ).
1 11 n n 1 n — 1 - I 1-2 n

This gives (see (3.8))

I  \ V< 1 ^   1 Í 1 1 11(v) >       -   < — J-h -   + . . . }   <-.
.*f.. \z+ d\       K\c c   + c     , )       100/=7Z+l|^rM.'l VZ2 ZZ 72+1 '

If N < tz - 2  we have for N <j <n -2,

\z + ¿,.| > My - «J - l*+ «J > "„ - «y + i - 4 >  K(" - / - 1} C,+r

Hence   (3.9) yields
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(vi)    ny _i_ <-U_L + J_ +... + .:_I_j <_L
¡%\z+d.\       K\cn_l       2cn («-/V-l)cN+1J       100-

The inequalities (iv)—(vi) imply (3.12).   The proof of Lemma 4 is complete.

Lemma 5.   Let
OO 7 .

/w-n(i+f)-

Then   fiz)  is an entire function of genus zero and

Z \f'iz)=fi0)fl  (l + f)

vhere /*(0) = 2°°_Na.    .   If for some z at least one of the two inequalities
,=N  ;

0) ZT-L^<x<i,
;=N   F+ «J

(3.13)

(ii) Sr-L7i<x<li
y=N   |Z+ zi.|

where y  is a constant, holds, then for this z

\f(n+1)iz)\
Smax^x^l/U)!,^!/'^!}

(3.14) in+ 1)!

<yn max{|/(z)|, |/'(z)|!,        T2= 1, 2,-...

Proof.   Let

i
p(z) =  £   _J_

y=N (z+ ay)

and suppose (i) of (3.13) holds.   Then

lí**)| <x<i,
(iii)

^>(z)=(-l)"72!Z(—^Ti,       ,= 1,2,....
;=/V (z + a.)

Hence

(iv) I^M.f;
ra! /=Af |z +

1 /   °° 1 \7Z+1

flyr+1       \y=zv  |z+ fl^-iy

Since  /' = fp we have

(v) l/Vz)|<x|/(z)|

and
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(vi)

\f(n+1)(z)\ _ _J_ I <f(n)(z) p(z)     fl»~lXz) p(z) f(z) p(^Xz)\\

n+1)]        «+l|l     «!       0!   +(t2-1)!       1!   +""+0!        72!     j|

irM^*-«**".,/«>lx">}.
We now use an induction argument to show that

(vü) ^     ,      <X*1/(*>I.       »-1,2,....
72 !

For the inequality holds by (v) for  72 = 1.   Suppose it is true for 72 = 1, 2,

272.   Then by (vi),

|/(m+1)(z)|  ^      1      (f<»\z)

(m +   1) !       _  722 +

(viii)

<
m

KR*«.w«)

This proves (vii).   Suppose now (ii) of (3.13) holds.   We have then

1
f"(z) = f'(z) Z

7=/V (z+ d)

and the above reasoning yields

\An+2)(A\
(ix) U.-P<X"+1|/'U)| (72=0,1,2,...).

(77 + 1)!

From (vii) and (ix) we have

\f(n+l)iz)\^ (   n+, X"    „„  ..)

(tz+1)!     -maX{X       l/U)|'zTTll/(2)|)

<X" max!|/(z)|, |/'(z)|S       („= 1,2,...).

This completes the proof of Lemma 5.

4.   Proof of Theorem 2.   We have

00      . , N — I    / \°°7

/<«>-n(i+i)- n >4 n i^) = pw/^
7 = 1   x 7 / I        v 7 /  7 =N   x I •'

where   P(z)  is a polynomial of degree  (N - 1)  and  fN(z) = 11^(1 + z/V)  and  N

is determined as in the remark following Lemma 1.

Let  z be given.   Then either  z eT    for some   n> N or z ^ U   ..^r  •   If

z e r    for some  n > N,  then by Lemma 4, (ii) of (3.13) holds and hence, by

Lemma 5, (3.14) holds with  / replaced by  fN.

If z 4 U°0=Nrn,  then by Lemma 2, (i) of (3.13) holds and we have, again by

Lemma 5, (3.14) with  / replaced by fN.   Hence  fN £ SB and so by Theorem 1,
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fiz) = Piz)fAz) belongs to  SB.   This completes the proof of Theorem 2.

The corollaries are almost obvious and we leave the proofs to the reader.

Note that if /taz) £ SB then  /(|a|z) e SB  and conversely..
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