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ON THE GENUS OF A GROUP

BY

ARTHUR T. WHITEÍ1)

ABSTRACT.  The genus of a group is defined to be the minimum genus for any

Cayley color graph of the group.   All finite planar groups have been determined,

but little is known about the genus of finite nonplanar groups.   In this paper two

families of toroidal groups are presented; the genus is calculated for certain

abelian groups; and upper bounds are given for the genera of the symmetric and

alternating groups and for some hamiltonian groups.

Introduction.  Corresponding to a presentation P, in terms of generators and

relations, for a group G is the Cayley color graph Dp(G), defined as follows:   The

vertices of D „(G) ate the elements of G; with the generators are associated dis-

tinct colors, and there is a directed edge in  Dp(G) from gx to g2  and colored with

the color of generator h, if and only if g.h = g2 in G.   For each generator of order

two, we adopt the standard convention of replacing each pair of directed edges

(z?l> z?2) and (ä2' S1) by the single undirected edge  [gx, g2l.   The genus, y, of a

graph is the minimum genus among the genera of all closed orientable 2-manifolds

in which the graph can be imbedded.   The genus of a Cayley color graph,

y(DP(G)), is the genus of the graph that results when all arrows and colors are

omitted from  Dp(G).   We define the genus of a group G to be the minimum genus

for any Cayley color graph of G; i.e.

yiG) m  min   y(Dp(G)).
over P

If G has no finite genus, we write  y(G) = <*>.   Levinson [lO] has shown that an in-

finite group G has either y(G) = 0 or y(G) = °°.   Here we consider only finite

groups.   A minimal presentation has no redundant generators.   If y(G) = y(Dp(G)),

we call P a genus presentation for G.

Dyck [7] (see also Burnside [A, Chapters 18 and 19l) considered maps on

closed orientable 2-manifolds that are transformed into themselves in accordance

with a fixed group G, acting transitively on the regions of the map.   Any such map

gives an upper bound for y(G), as a "dual" formed in terms of Burnside's white

regions gives a Cayley color graph for G.   Brahana [3] studied groups represented

by regular maps on closed orientable 2-manifolds; these maps correspond to pre-

sentations on two generators, one of which is of order two.   In this context the
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group acts transitively on the edges of the map, and again an upper bound for  y(G)

is obtained.   In this paper we regard G as acting transitively on the vertices of the

map induced by imbedding  D p(G) in a closed orientable 2-manifold; indeed, it is

well-known that the automorphism group of  Dp(G) is isomorphic to G, independent

of the presentation P.   Our point of view may give a closed orientable 2-manifold

of lower genus for a given group; for example the direct product Z2 x Z.   (where

2.n denotes the cyclic group of order n) is toroidal for Dyck (or Burnside) and for

Brahana, yet y(Z2 x Z4) = 0; see Figure 1.   Also, our definition has the following

intuitive appeal:   a Cayley color graph gives a "picture" of its group, from which

many group properties (such as commutivity, normality of certain subgroups, the

multiplication table) can be discerned; perhaps then it is natural to seek the most

efficient surface upon which to "draw" this picture.

x r\_»._n xy

Planar groups. Maschke [ll] determined all finite planar Cayley color graphs,

and thus all finite groups of genus zero.   We summarize his findings (see [5, p.

37] to identify Maschke's extended octahedral and extended icosahedral groups as

Z    x S , and Z    x S,, respectively):

Theorem 1.   The finite group G is planar if and only if G = G. x G7, where

G, = Z, or Z_, and G. = Z  , D   , A ., S . or A ..
1 1 2 2 72*      n*      4'     4 5

In this paper we present two infinite families of toroidal groups, determine the

genus for certain abelian groups, and derive upper bounds for the genera of several

other classes of groups.   We will find particularly useful an algebraic description

of graphical imbeddings developed by Edmonds [8] (see also Youngs [15]).

Edmonds' permutation technique.   Let a connected graph H have vertex set

V(H) = {vlt v2,. ■ ■ , vn\.   Let  V(i) = {v.\v.v. £ E(H)\, where  E(H) denotes the edge

set of H.   Let p.i V(i) —» V(z') be a cyclic permutation, of length   |V(z')|; then
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(pj, p2,' • • , P  ) uniquely determines a 2-cell imbedding of 77 in a closed orient-

able 2-manifold such that the adjacencies at  v. ate given (in the order imposed by

the fixed orientation) by p ..   Conversely, corresponding to a 2-cell imbedding of a

connected graph 77, the  p{ ate uniquely determined.   Furthermore, let  D = {(v., v-)\

v v. £ E(H)\, and define F: D —« D by F(v., v.) = (v ., p   (v.)); then the orbits under

the permutation F correspond to the region boundaries of the imbedding.   We will

specify each such orbit by listing the constituent vertices  in sequence.   In the

present context, of course, the vertices are group elements.

Two classes of toroidal groups.   We are now prepared to compute the genus

for two infinite families of groups.

Theorem 2.   The group Z    x Z    is toroidal if (m, n) > 3 and planar otherwise.

Proof.   If (m, n)= 1, Z    y Z= Z      .   If (m, n) = 2, Z    xZ    =Z1xZ      ...
m n mn \    ,     7 ,      m n 2 zzzzz/2

For  (m, n)>3, y(Zm x Z^)> 1, since Zffl x Z^  is not one of the groups of Theorem

1.   Now consider the following presentation P:

Zm*Zn = (r>Arm = S" = rsr-ls-l=e);

then y(Zm x Zn) < y(Dp(Zm x ZJ) = 1 (see Figure 2 for the case  m = n = 3; the

generalization to arbitrary m, n >3  is entirely obvious).
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Figure 2.  Z,xZ,   on the torus'3 ~ "3

The next class of groups includes the quaternions, the smallest order non-

planar group.

Theorem 3.   Let  G    be the dicyclic group:

G„= (x, y|x2" = x"y-2 = y-'xyx = c);

then y(G  ) = 1, for n > 1.



206 A. T. WHITE [November

Proof.  We note that  y(G  )>1, since  G     is not planar for zz > 1 (Gj = Z4).

We show that  y(Dp(G  )) < 1 for P as in the statement of the theorem.   Let  17 =

{xl\l < i < 2n\ and V2 = {x'y\l < i < 2n\; thenG   = V, u   V2, a disjoint union.   Now

in  Dp(G  ) every edge colored x joins two vertices in  V,   or two vertices in   V2,

since (x7x £ V. and (x'y)x £ V2, tot otherwise (xJy)x = x  , fot some k, and y would

be redundant.   Also, every edge colored y joins a vertex in  V.   to a vertex in   V2

(or vice-versa), since (x')y £ V'    and (x'y)y = x!(y  )= x'x" = x, + n£ V,.   We select

the permutations p     of Edmonds' algorithm as follows:

Í(gx   \ gy-\ gx, gy)    if g £ Vy

(gy, g*> gy
Figure 3 depicts the situation at g £ V2.

gx~l)    ifg£V2.

O   gx

gy
- 1

)

o->-0- ->—o gy

ó gx

Figure 3.  The situation at g £ V2

We now compute orbits under F.   Consider the directed edge (a, ay~   ), where

a £ V..   Then fly       £ V,, and we compute the next vertex in this orbit to be

p     -t(zz) = rzy_1x £ V-,.   Continuing   in this fashion, we obtain the orbit:  a - ay~   —

ay~   x - ay-   xy — ay~ lxyx — ay~  xyxy-    - • • • .    But  ay~   xyx = a and

zzy     xyxy       = zzy     , so this orbit has length four.   We obtain  272  distinct orbits of

this form, as a ranges over  V..   Similarly, we obtain  2t2  additional distinct orbits,

all of length four, containing directed edges of the form (a, ay~   ), where  a £ V

This exhausts all the directed edges of Dp(G  ), so that this 2-cell imbedding has

p = 4t2, q = 872, and r = 4n (where p, q, and r denote the number of vertices, edges,

and regions respectively).   The euler formula  p-q+r=2-2y now gives y = 1.

Abelian groups.   The following theorem is a standard result in elementary

group theory; see for example [2, p. 348].

Theorem 4.   Let G be an abelian group of order n; then G can be expressed

(uniquely) as a direct product:

Z      x Z      x ■
772 I 777 2

x Z
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where  n = W.   ,m ., m .  is a multiple of m .   ,  for 1 < i < r - 1, and r is the rank of G.
i = l    i'     i r/z+IJ —    — ' '

There is a graphical product that corresponds in a natural manner to the direct

product for groups. Let 77, and 7/, be two graphs, with vertex sets V(H.) and edge

sets  E(H.), z'= 1, 2  respectively.   The cartesian product  77, x H»  has:

(i)   V(HX x H2)= V(Hx)x V(H2),

(ii)   E(HX x 772)= j[(a,, u2), (vv v2)\\ux = tz,

and [u2, vA £ EÍH2), or u2 = v2 and [a,, y,] £ EÍH,)i.

Similarly, the cartesian product Dp  (GA x Dp  (GA of two Cayley color graphs

has vertex set   V(D p  (G,)) x V(Dp  (G2)), and (g ¡, g2) is joined to (g¡, gp by an

edge colored h if and only if either:

(')  g\ = g{ an^ z?2^ = &2> ^or ^ a z?enerator in  P2, or

(ii)  g2 = g' and gj¿ = g[, foi h a generator in  P,.

Now let the presentations   P. for G , z = 1, 2, be given by:

Gx = (kx,--. , kjwx = •••  = wr= e),

G, = ( &       .,•••,£  I izz     ,=...= iiz        =e);
2        v   zzz+ 1 ' 'rz'r+l z- + s ''

then the (external) direct product  G. x G,  has standard presentation P, given by:

G, xG, = (zfe,,-..,/fe   Imz, =• • ♦= w        = k .k .k ~   k ~    = e, I < i < m < j < n),
1 2 1' '     zz1     1 r + s i]i 1 —     — ' —     '

where we represent g.  £ G. as (g,, ec   ) and g, e G2 as (eG   , g2), in the product

G, x G2.

The next theorem follows directly from these definitions. (Figure 1 illustrates

the theorem, for  G, = Z2, G2 = Z ..)

Theorem 5.   TAe cartesian product of the Cayley color graphs for two groups

is a Cayley color graph for the direct product of the two groups; i.e.

Dp(Gx x G2)= DPi(Gx)xDp2(G2).

Let  Cm . denote a directed cycle with all edges colored with color z.   Then if

Z      =(x.|x.'=   e) is given by presentation   P.,D„(Z    )=C    ., and Theorem 4,
771 i I        I ? i "^ I ^" Z

together with repeated applications of Theorem 5, gives:

Corollary 5a.   If G is an abelian group of rank r, G = Z       x Z      x • • • x Z
J ' °        r      ' ' zzz j zzz2 zzzr'

then

Dp(G)=C      xC      x-.-xC     .
r zzz j zzz 2 zzzr

Thus the genus of an abelian group is no greater than the genus of an appro-

priate repeated cartesian product of cycles.   In [14], the author has investigated

the genus of repeated cartesian products of cycles.   Here we consider first the case

where  m . = 2, I < i < r; C2  denotes the graph having two vertices and one edge,

corresponding to the group  Z2.   The following lemma is useful.
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Lemma 1. Suppose that 3 does not divide the order of the group G, and let P

be a minimal presentation for G.   Then D „(G) contains no triangles.

Proof.  Suppose  Dp(G) contains a triangle; then we find a closed walk

h.   h2  h,    - e in Dp(G), where   h ■ is a generator in P, and  zz. = + 1.   If any two of

the  h. ate distinct, then one of these two is redundant, contradicting the minimal-

ity of P.   If, on the other hand,  b. = A, = b,, then the a. all have the same sign;

but then  h. = e, so that 3 divides the order of G.

Theorem 6.   Let G    be the group of order 2T having every nonidentity element

of order 2.   Then

y(G)=l + 2r~3(r-4),       r>2.

Proof.   G    is necessarily abelian, of rank r.   By Lemma 1, an imbedding of a

Cayley color graph for  G    giving the genus will have no triangular regions.   Hence

by a well-known consequence of the euler formula (see, for example [9, p. 118]),

y(Gr) > 1 - p/2 + q/4,

where p = 2T and 2<? > r2r; thus

y(G) > 1 - 2r~ » + r2r- 3 = 1 + 2r" 3(r - 4).

But  G    is the group of Corollary 5a, with all  m . = 2, so that

y<C ) < yiDAG)) = yiQ) = 1 + 2T-\r - 4);

where the genus of the r-cube  Q    has been computed ([l] and [12]).

We next generalize this result, in accordance with [14], where the following

theorem is established:

Theorem 7.   Let the graph H    be defined by: H, = C,      ; H   = H      . x C.      ,°        r 72 ' J 1 2772J' 72 72—1 2 777 „ '

72 > 2.   // 772; > 2, 1 < i < n, then

yiHn)= 1 + 2"-2(7z-2)  flmy
z'= 1

The constructive method employed in the proof of Theorem 7 is easily modi-

fied to allow any or all of the m . to be 1 ; suppose m .> 2 fot 1 < i < k, but ttz . = 1

for k + 1 < i' < n.   Then we obtain:

Theorem 7a. y(Hn)= 1 + 2""3(t2 + k - 4)Il" = I77z..

This leads directly to:

Theorem 8.   Let G be an abelian group of rank r, written as

G = Z,      xZ,      x---
2?tz i 2tt!2

where  m. is a multiple of m .   , for 1 < i < r - 1.
z r        '      z+1 ' —    —

G = Z,       xZ.       x-'-xZ,     ,
277ZT 2tt!2 2777r'
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Suppose that m, 4 1, but  m,    . = 1, 0 < k < r.   Then

r

y(G) = 1 + 2r-3(r+ k - 4)Y[m..

i = l

Proof.   By Corollary 5a and Theorem 7a,

y(G) < y(Dp(G)) = y(C2n>i x C2mi x- - -x C2m)

r

= 1 + 2r~3(r+ k- 4)Y[m..

z = l

The imbedding constructed for Theorem 7a has every region bounded by exactly

four sides, and is minimal for G (since G has rank r), unless another imbedding

can be found involving triangular regions.   But any such imbedding must be of a

Cayley color graph for G having larger degree than that corresponding to presenta-

tion P, and routine manipulations of the euler formula establish that the genus is

then no longer minimal.   Hence

r

y(G)> 1 + 2T-Hr+ k- 4)f|772¿.
z = l

Hamiltonian groups.  A nonabelian group G is said to be hamiltonian it every

subgroup of G is normal in G.   For example, the quaternions 0 are hamiltonian.

In fact, hamiltonian groups have been characterized [6]:

Theorem 9.  A group G is hamiltonian if and only if G = QxAxA2, where

Aj   is abelian of odd order and A.   has every nonidentity element of order 2.

Suppose that A , = Z      x Z      x • • • x Z     , with r the rank of A ,, and that A.,
rr l m\ 7722 mr ! 2

has order  2", with  r < n.   Then we have:

Theorem 10.   The hamiltonian group G has genus bounded by:

yiG)< 1 + 2"JTt72.(72 + 0.

2 = 1

Proof.  Since   K,   , (with edges colored and directed appropriately) is a Cay-

ley color graph of minimum genus for Q, we apply Theorem 5 to see that   K ,   , x
4,4

C72m x-.-x C2m x Qn_r is a Cayley color graph for G. The constructive tech-

niques of [14] can be further extended to achieve a quadrilateral imbedding of this

graph, giving the upper bound.

Formulas for four classes of presentations.   In this section we develop genus

formulas for four classes of presentations; these formulas collectively describe

minimal imbeddings for all planar groups, as well as upper bounds for the genera

of the groups  S    and A   .
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Theorem 11.   If G is minimally generated by ig j, ■ • • , gn\ and satisfies at

least the relations g   * = e   = (il. _.g .)*,    I < i < n, then

yXC)<_xAA(„-X-l-p).
7 = 1

Proof.  Select pg = (ggv gg^1, gg2, gg2\--- , gg„, gg~A, for all g £ G.

Then, using Edmonds' algorithm, we compute orbits as follows:

(i)   An orbit containing the directed edge (a, ag~   ) continues with /z     -l(a) =

agT   ; hence this orbit corresponds to the relation  g'-e and has length  m ..   (If

zzz. = 2, we draw edges for both gg ■ = g    and g g¿ = g, obtaining   |G|/2  2-sided re-

gions; for each such region, the two sides may be identified and the arrows re-

moved, so that the region is destroyed but the genus is unaffected.)

(ii)  An orbit containing the directed edge (a, ag .) continues with  p      (a) =
z       _, a g 2

ag,g;+l', hence this orbit corresponds to the relation  (II._,g.)   = e and has

length  nk.   As there are no other orbits, we find:

" "ici   ici
r = >   r      + r  , = }  J—. . J_[

£—.   zzz,•        nk      ¿-^ ^     .   ,

¿ml z'=l    mi *

where r denotes the number of z?z .-sided regions in the imbedding corresponding

to the relation g. ' = e, and r , denotes the number of /zzfe-sided regions correspond-

ing to the relation    (II._jg.)   = e.     The euler formula now gives the genus.

We note that an equivalent formula was obtained by Burnside [4, p. 398] in a

different context.   Theorem 11 gives  y(G) exactly, for  G = Z   , A     S ., A      or

Z    x Z,.   We also obtain the following two corollaries:

ZP 11 T  1Lorollary 11a.

y(Sn)<l + —J--"(„2-5z2+2), n>2.

Proof.  Take Sn = (s, t), where s = (1 2 3 • • • n), I = (1 2); then s" = t2 =

(st)"-1 = e.

Corollary lib.

in- Din- 3)! .   ,
1 +-t--(n   - 6n + A),    n odd,

nin - 2)!(z2 - 5)
1 +-,     n even.

o

Proof.   Take  A^ = (s, r), where s = il 2 ■ ■ ■ n - 2), r = il n - l)(2 n) if n is odd;

then s"~ 2 = r2 = isr)n = e.   If n is even, let A    =(s, r), where s = il 2 • ■ • n - 1)

and r= (l 2)(3 »), so that s""1 = r2 = isr)n~l = e (see L3J).

The two formulas given above for 5    and A     respectively were also found by

Brahana [3], using a different method and in a slightly different context.
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Theorem 12.   // G is minimally generated by {g., • • • , g  \ and satisfies at least

the relations g2 = e = (gkgk   ,)     , 1 < i < n, 1 < k < n; and if Dp(G) is bipartite

for this presentation P, then

fe=l    /

Proof. Select

Í(ggl> gg2'--- > gg„)>       g e vv

(gg„,- ■'• gg2< z?g]). g e V2'

where   V. U  V2  is the partition of the vertex set of the bipartite graph  D p(G).

Then, computing orbits, we find:

" "    \G\
r= y>    = yizi .

fcti  2wk    ft.i 2V

the genus now follows from the euler formula.

In applying Theorem 12, it is naturally desirable to order the g. so that

~Lk_xl/wk  is a maximum.    Theorem 12 gives   y(G) exactly for  G = Dm, SA, Z2 x

D   , Z2 x S4, Z2x A     and the group (3, 3, 3; 2) of Coxeter (see [5, p. 134]).

The corollary below gives a bound for   y(S   ) that coincides with a result of

Jacques; see [13].

Corollary 12a.  y(SJ < 1 +  (n\/S)(n - 5),     n > 6.

Proof.  Sn = ((1 2), (2 3), (3 4), •• -, (72 - 1 72)); now take   Vl=An.

Note that this bound is not as sharp as that of Corollary 11a.

Theorem 13.   If G = (g,, gjlg^1 = g™2 = e = (g:g2gï ^2" ! )¿>> "^ere  TOi > m2>

3, r/>e72

y(G)<l+i£l(l-l).

Proof. We use pg = (gg,, gg2, ggj \ ggj1) for all g £ G. Then every orbit

has length 4k, so that r= \G\/k, p = |G|, q = 2|G|, and the euler formula shows

that

y(G)<y(Dp(G))< l+^l(l-A
2

where P is the presentation given above for G.

We note that the group G of Theorem 13 is abe lian if and only if k = 1, and

that in this case we have  y(Z      x Z      ) < 1, in agreement with Theorem 2./x7721 7722

We now vary the presentation of Theorem 13 by setting m2 = 2  (we still re-

quire  TO] > 3).   Define the multi-graph  W*by omitting all colors and arrows  from
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D AG) and shrinking every cycle representing the relation g,     = e  to a single

vertex.

Theorem 14.   If H* is bipartite, then

*wí«-!?("-í,tÍ)
Proof. Let V, (VA be the set of all elements g of G such that every word

for g involves g2 an odd (even) number of times. Then G = V, U V2, since 77*

is bipartite.   Select

!(ggv gg2>ggï1'>      [{geVv

(ggl    , gg2> Sz?i)        i{ g £ ^2-

Computing orbits for this imbedding, we obtain

\C\      \G\
r = r       + r, , =-1-— .

m l        4Ze       mx       2k

We note that p = |G| and a = 3|G|/2.   Thus

y(C)<y(Dp(G))<l + i_l!(l - ^ - |

Theorem 14 gives  y(G) exactly, for  G = Z2 x Z^ (m even), S4, and Z2 x A4.

The corollary below improves both bounds (given in Corollaries 11a and 12a) for

y(Sn), fot n odd.

Corollary  14a.   For n odd,

(n-l)\
y(S  )< 1 +-(rz- 3),        «> 3." 6

Proof.   Let 5^ = (r, s), where r = (1 2) and s = (1 2 3 • • • n), so that  r2 = s" =

(r~  s~  rsA = e.   We first claim that 77* for D„(5   ) is bipartite.   To see this, con-

sider any cycle C in Dp(S  ); the cycle corresponds to e, which is in A   .   Since n

is odd, s is also in A   .   Hence r must appear an even number of times in C; thus

all cycles in 77* are even, and 77* is bipartite.   Thus Theorem 14 applies, with

772 j = n and k = 3.

Asymptotic behavior.   Let  ÍG   S be a sequence of groups, with  G ■ a proper

subgroup of G .   ., z = 1, 2, • • • ; let /    and k    be the degree and average number

of sides per region for a genus presentation of  G    respectively.   Similarly, con-

sider  iG'S with parameters  /' and k', where   G-   is a proper subgroup of G!    .

and a subgroup of  G , z = 1, 2, • • • .   Let a(n) - b(n) indicate that lim _x(a(n)/b(n)) = 1 ;

i.e.  a(n) is asymptotic to b(n).   Our final theorem relates the ratio y(G  )/y(G')

to the index of G ' in G  , under certain conditions.

Theorem 15.   If (i)   k   - k '
' zz zz'

(ii)   either  i   -   /', or j    -, oa and i' —» oo   and
>n       'zz'        'zz 'zz '

(iii)  y(Gn) —* °° and y(G'n) —+ <»,
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then

y(G  )/y(G') - (j //')L&7, : C'L'v    n'   '^    n'       ^'n   ' n'      n n

Proof.   The euler formula  y = 1 + V2(q - p + r) applies for both  Gn and G 7

with  2q = jp = kr.   Thus

,        1    (inPn ÍnPn\       ,        P„   / /„ In \

y«g  l+2\— -**—) l + -2-\j-l-Tn)

y(G') ,   //>' 7p'\ P1   If /' \'        n ,11 'nr n ,       • n^n \ rn   I  'n ,        '77   \

**,{—-*.~¡r)   -t(--1-7J

/'    P       i' 72      r 72 '72       r ,

-=   — LG    : G'].
■ i      .i .i n 77J

•n    K In

Corollary 15a.   //, in fact,  j   — j't then

y(Cn)/y(G„) - [G„ : G«].

For example, let  G    and G'   be two elementary abelian 2-groups, of orders

2      and 2" respectively.   By Theorem 6,

y(G„)_ ! +22"-3(27z-4)_.,n+i =^z   [G   :G-].

y(Gn)~ 1  +2"~3(72-4) 7^

Also, if equality holds in Corollaries 11a and lib (for 72 even), we have an example

of Corollary 15a, with  G    = S-,   , G' = 4,   .' ' 72 2 72' 72 272
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