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ABSTRACT. This paper studies the structure of elements X satisfying 0 <
x? < X in a Dedekind o-complete partially ordered real linear algebra. The lolli-
pop-shaped possible spectrum of X had been described previously. Three basic
example types are described, each with possible spectrum a characteristic part
of the lollipop and the possibility of splitting X into a sum of these types is con-
sidered. The matrix case is scrutinized. There are applications to operator theory.
Contributions to the theory of convergence in partially ordered algebras are develop-
ed for technical purposes.

1. Introduction and examples. Let @ be a Dedekind o-complete partially order-
ed linear algebra (dsc-pola), that is, a partially ordered real linear algebra with
directed order, with positive unit 1 and with the property that monotone increasing
bounded sequences have suprema ([1], [2]). This paper investigates the structure
of elements X in (@ satisfying the inequality in the title. This setting is very gen-
eral and along with the natural applications to the theory of positive matrices there
are also applications of the results to the theory of operators in Hilbert space. All
contractions T satisfying ||T — uTzﬂ < 1 — p are constructed.

Part of the importance of elements satisfying the title inequality lies in their
relation to order units. U is an order unit in @ iff for each A € @ there is a real
m > 0 such that — mU < A <mU. For example, the order units in the algebra of
n x n real matrices are the positive matrices. If U is an order unit, then — mU <
U% < mU for some m >0 and X = m~ U is an order unit satisfying 0 < X2 < X.
Conversely, if X satisfies our inequality, it becomes an order unit in the sub-dsc-
pola of X-bounded elements @X= {A €@ — mX < A <mX for some real m > 0}.

1.1. It was shown in [3] that if X € @ satisfies 0 < X% < X, then spectrum X
lies within the lollipop-shaped region C U & where

C=IAl < %: 1A= A% <13

and

S=fAreal: 0<A< 1}
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Three basic example types.
Type S.

Proposition 1.2. Let P be a positive idempotent in Q. Then the set @F" =
{A € ®: PA= AP = A and — mP <A <mP for some real m > 0}, under its inberited
order and algebraic structure, forms a dsc-pola in which P is both identity and an

order unit.

Proof. Only order completeness and closure under multiplication need be check-
ed. Let Mn§°1° be a monotone increasing sequence in @F: bounded by B in @Fl’
and with supremum A in (. Then A <A<B <mP for some positive real m and
all 7. Multiplying on both left and right by P, we get A < PAP <B <mP which
shows that PAP is the supremum of {A }T in @; Check closure under multipli-

cation by using the following exercise.
Exercise 1.3. If —C<D<C and — EXF<E, then — CE<DF<CE.

Theorem 1.4 (Nakano, DeMarr, see Dai [1, Theorem 4.2]). Suppose the identity
1 of a dsc-pola @ is an order unit. Then Q is commutative. If m is the largest
and M is the smallest real number satisfying m1 < A < M1, then spectrum A is
contained in the closed real interval [m, M] and contains the end points of that

interval.

(We note that Nakano and DeMarr both prove a completely satisfactory spectral
theorem for elements in (f under the above hypotheses. Actually Nakano [5] assumes
@ is a lattice. DeMarr’s hypotheses are even weaker than ‘'l is an order unit’’.)

X satisfying 0< X2 < X is said to be of type S if it is in 61; for some P.
Since the identity in &‘; is an order unit, it follows using 1.1 and the above *‘spec-
tral theorem’’ that, for X in (i[;, 0< x? <X iff 0 < X < P. Thus a type S element
has spectrum within S. (The complex number A is not in the spectrum of X if and
only if Re A+ i Im A~ X has an inverse B + iC in the formal complexification of
@; see 2.5 of [3] for details.)

Typical example of a type S element: (@ = all real functions on a set, with
usual order, P is the constant function 1, and X is any function taking values in
the closed interval [0, 1].

Type C. Let

(1.5) Y=X-X%>o0.

Then X2 — X+ Y =10 and “*solving’’ this equation for X, choosing the negative

sign in the quadratic formula we obtain
(1.6) X =g(Y)=(1-v1-4Y)/2 (false).

Simple examples (X =1 for instance) show that this formula for X is invalid. Dis-



1972] 0<X2< X 343

regarding this, note that the Maclaurin series

(1.7) ()= S p gne S (2=,
e) = 2 b= 2

for the complex function w = (1 — v/1 — 42)/2 has positive coefficients, converges
absolutely in |z| < Y%, and for all such z

(1.8) lw| <% and w-w? =z

[4, Theorems 246-247].

Let &1 be the ring of formal real power series absolutely convergent in |z| <
%, partially ordered coefficientwise. If X, = 2:’:1 b,z" > 0, then X, — X% = the
series z > 0. Thus X, satisfies our inequality. Let az be the sub-dsc-pola of
al formed of sums of X -bounded elements and multiples of the identity. X in a
is of type C if it is the image of X, under an order-preserving, suprema-preserving
algebra homomorphism of &2 into {.

The question of invertibility in the ring of power series with absolutely conver-
gent coefficients was answered by N. Wiener (see [6, Ex. 12, p. 97] or [10, Lemma
616]). For al we merely have a change of scale. An element 2: c,z" € @l has
spectrum the set of complex numbers {w: w = 2‘3’ c,z" |z| < %3. It then follows
from (1.8) that the spectrum of X2 in (il is C. The spectrum of X2 in @2 is C
also, but we postpone a proof to $7. A type C element, as a homomorphic image
of X,, must have its spectrum within C

Type J. X is said to be of type J if X = YW + Z where W2 =W, W>0, Z2? =
0, WZ=2ZW=2Z,and Z> - YW. X2 =YW+ Z so X satisfies our inequality. It
is easy to check that spectrum X is {14} if W=1 and is {44} U {0} otherwise. Specific
example of a type J element: The matrix X= [g’ 11/2] Here W = [(1) ?] and Z = [g (1)]

Other examples could be constructed by taking direct sums of types S, C, and
J. We ask to what extent a ‘‘decomposition of the spectrum’’ into the three types
might be possible for all X satisfying 0 < X? < X. Our main theorem will give posi-
tive results in this direction when ! is not in the spectrum. A complete answer is

given for the dsc-pola of n x » matrices.

2. Order limits. If B € @ we say o-lim B_ = B iff there exists a positive
decreasing sequence A =~ with greatest lower bound 0 such that —A <B - B <

A for all n. The o-limit is unique if it exists. ‘“The o-limit of a sum is the sum

’

of the o-limits.”’ o-lim yB, = y(o-lim Bn) for y real. o-limits preserve order, i.e.,
if B,<C,, the.n o-lim B, < o-lim C . If B is monotone increasing, o-lim B =
sup B . See [1] and [2] for more information on dsc-polas and order limits.

. n . . 0o .
If o-lim Em -0 B,, exists, we denote it by Em -0 B,,- For B >0, we write

o0 . . .
Em -0 B,, < = to indicate convergence of the series.
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We can now make sense of the right side of (1.6) for any element satisfying our
inequality.

Proposition 2.1. Suppose 0< X2< X and let Y = X — X2, Then g(Y) =
3* b YP< X,
n=1"n -
Denote the sum of the series by V.
Proof. Let V=327 | b Y". By induction we shall show that X >V for all
m > 1. In fact, this inequality implies that X = X2yyY> V’zn +Y >V . the right
inequality following from the fact that as formal series

2.2) (gl b 2" )2 rzm= <§1 bnz").

For m=1, V_ =Y <X. It follows that the series converges and X > V.

2.3. Since we can also verify that V’Zn +Y<V, ,itappears most likely that
V — V2 =Y, which is a formula we must have for our main theorem. Unfortunately,
this remains unproven in general, the difficulty being caused by the fact that multi-
plication is not necessarily o-continuous [2, p. 639). (We say multiplication is o-
continuous iff o-lim A = A implies o-lim BA = BA and o-lim A B =AB for all
B.)

We say power series 23 ¢ A™ and X7 d A" multiply correctly if their product

is 2_ (27 9 cl.dn_l.)A". We conjecture that power series always multiply correctly.

Theorem 2.4. Let A >0 in (@ and suppose 3 A™ < . Then power series
3% ¢, A" satisfying |c | < Mn? (some M, p, all n) o-converge and multiply correctly.

Moreover,
o (o]
(2.5) B zoj c A" =ZO c,BA™ forall B €Q.

This theorem, the proof of which we postpone to $6, is related to the follow-

ing theorem of R. DeMarr.

Theorem 2.6 [2, Propositions 2 and 3] For A>0 and A > 0, the following are
equivalent:
@ (O — A1 = E A" 1A)
i) W —A4)"1>o0.
(iii) £5 A71A1A)? < .
Proof. Without loss of generality, let A = 1. For (ii) implies (i), let F =
(1 — A)~! in DeMarr’s Proposition 3. All else is spelled out there.

3. Main Theorem.

Theorem 3.1. Suppose
(1) 0< X2 < X.
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) % - X)~! exists.

3) % -x"12>0.
Then there exists P >0 satis[ying P2 = P, P commuting with any element that
commutes with X. 4P < PX < P. spectrum PX C 3. Ifwelet Q=1—P and Y =
X — X2, then 2% 1 5,(0Y)" = 0X = QV and spectrum QX C C.

Proof. (4 — X)2 =Y — Y. Hypothesis (3) says (%4 — Y)~! > 0, or equivalently
by Theorem 2.6, (4 — Y)~1 = 2;1“:0 4(4Y)" < . It now follows from Theorem 2.4
and the fact that 2 b ()" <o that V =2 | b Y” is among the series multiply-

ing correctly and we have

(3.2) V-vi=vY=X-X2
Now define D = X — V > 0. Define P = D(2X — 1)~ . That all elements mentioned

so far commute with each other and with any element which commutes with X fol-
lows from (2.5). The following formulas are all straightforward algebraic conse-

quences of (3.2):

(i) D(X + V) =D,
(3.3) (ii) D(2X — 1) = D(1 — 2V) = D?,
(iii) 0< D24[(Y% — X)~112 = P2 = D(2X — 1)(2X — 1)~ 2= P.

We also check P — PX=0QX - 1)"1D(1 - X)=Q2X - 1)"!'D(X+ V - X) >0 so
PX <P, Also 2PX - P=P(2X - 1)=D >0 so %P < PX.

By (2.5), 2:;1 bn(QY)” = QV where Q =1 — P. Moreover, QX — QV=0D =0
so QV = 0X. OX is not necessarily a type C element (V is), but its spectrum lies
within C because it is the image of X,=2%_ b z" under the algebraic homomor-
phism of &1 to @ which sends the series 3 1 c,2" to 2:21 c (oY)".

PX is a type S element. Because Y%4P < PX < P, its spectrum as an element of
@FI’ lies within [%4, 1]. If P £ 1, its spectrum as an element of @ will be its @F',
spectrum with the point 0 added.

Comments. spectrum X = spectrum PX U spectrum OX. Thus we have also
proved the main result of [3] assuming our additional hypotheses (2) and (3). In any

event, the heart of [3] is a comparatively unmotivated proof that

(=)
(3.4) for A>Y%, > ATHAT1Y)" < .

n=1
This can now be obtained easily from Proposition 2.1 by comparison of series.

Hypothesis (2) is equivalent to the existence of (4 — Y)~ 1. (3.4) says that

o<A-Y)"1= 22 0 AT I(A=1Y)". Hypothesis (3) merely requires right continuity
of these relations at A = Y. It is not clear that (3) is necessary. However this may
turn out, DeMarr’s generalization of the Perron-Frobenius Theorem provides weak

conditions on ( guaranteeing the required continuity.
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Theorem 3.5 (DeMarr [12]). Suppose (a) for each B € @ there exists real A > 0
and C>0 in @ with - C<B<C and DI (A~10)" < o or suppose (stronger)
) @ has an order unit. Then for A >0, (u— A)=1 does not exist where W=
inf{A>0: 2> A 14)" < oo,

4. The matrix case. Suppose ( is the dsc-pola of 7 x 7 real matrices and 0
<X?<Xin (. Since order units abound the conclusion of the Main Theorem holds
unless Y% ¢ spectrum X. In that case we must work hard. Choose 0<a<1 with a
so close to 1 that (4a, %] Nspectrum aX = & Since 0< (aX)?< aX, the Main
Theorem holds for aX. The spectral projection P for the part of the spectrum of
aX lying in (%, 1] is a nonnegative matrix. This P is the same spectral projec-
tion for X. 4P < PX < P. It follows from the deeper structure of @,; (see [1, Chap-
ter I]) that PX=XAP +AP,+---+ X P where /4<A <A,<...<A <1 are the
eigenvalues of X in (/z, 1] P are positive projections and P P =0 1f i#].

Now let A be an e1genvalue of Y in C and let P}‘ be the assocmted spectral
projection. Then PJ\X = XP)\ = )\P)\ + Z)‘ where PA Z)‘ = Z)‘ PA = ZA and Zx

is nilpotent (look at the Jordan form).

(4.1) PyY =P (X - X2) =(A=AHPy + (1 - 20)Z, + Z}

and this is the spectral part of Y corresponding to the eigenvalue A — A2, The
function z =w — w? isa I-1 holomorphic function from the interior of C onto
tlz] <%} with inverse w = 2 b_z". It follows (see (7, Vol. I, pp. 113—114]) that, for
A in the interior of €, = b, (P, Y)" =P X.

Now suppose A is on the boundary of C, i.e. A = A2| =Y. 2 b,Y" converges
and hence X b,(P, Y)" converges. This latter series can converge [7, Vol. I, p.
111, Theorem 7] iff the series X b,z" and its formal derivatives up to degree m — 1
converge at A — A% where m is the index of A — A% in Y = the degree of A —AZ in
the minimal polynomial of Y = the order of nilpotence of (1 — 2A0)Z, + Zi. The
relevant convergence facts are in [4, Theorems 246-247]. = b,z" converges to
(1 =1 -4z)/z forall |z|=%. = nbnz"'l converges to (1 — 4z)~ % for all |z| =
14 except at z = Y where it diverges. X n(n — l)b 2"~ 2 diverges when |z| =
Hence for A— A2 £ that is A £ %, we have 0 = ((1 -20)Z, + z? ) and since Z,
is nilpotent, this means Z2 =0, For A=1%, 0=(0- Z, + Z)‘)1 = Zi also.

We can now calculate explicity 2 b P Y = (Z b ()\—Az)")P +
(Z nb, (A - A2R-1(1 - ZA))Z which is AP, + Z =P X when A £ Y but is AP,
for A =%. Let Q be the specttal pro;ecnon assoc1ated with the spectral set e -
{%}. Summing over the spectral values in the set, we obtain X bn(QY)n = 0X.

P, X is atype J element if Z, £ 0, whereas if Z,, =0, it is at once types C, §
and J. To verify this, only P,/2 > 0 still must be proven. As we have seen, P,, is
the spectral projection associated to the maximum eigenvalue % of the nonnega-

tive matrix Y and Y is a simple root of the minimal polynomial of Y.
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Lemma 4.2, Let the maximum eigenvalue of a nonnegative matrix A be a simple
root of its minimal polynomial. Then the associated spectral projection is nonnega-

tive.

Proof. Without loss of generality assume the maximum eigenvalue is 1 and
denote the associated projection by P,. The other eigenvalues of modulus 1 must
be roots of unity (this is proven for irreducible nonnegative matrices in [7, Vol. II,
p. 53], and can be extended without difficulty to reducible matrices using [11, p. 46,
line 11]). B=7n"YA + A% +...+ A™) is nonnegative and also has spectral projec-
tion P, at eigenvalue 1, but if » is chosen correctly, B has all its other eigen-

values of modulus strictly less than 1. The “‘simple root’’ hypothesis implies

PlB = Pl. B = Pl + C, where PlC = CPl = 0, and C has spectral radius less than

1 so C" — 0. Then B” — P, and P, is nonnegative.

5. Banach algebras and operator theory. Let B be a (perhaps complex) normed
algebra, R be the real numbers and @ = B ® R, with coordinatewise addition and
multiplication and A = (B, p) >0 iff |B| < p. @ is order-complete (a dsc-pola) iff
B is norm-complete (a Banach algebra) [8, Theorem 2] and we shall assume this
completeness.

Again let us suppose that X = (S, p) € @ satisfies 0 < X2 < X. This is equiva-

lent to

(5.1) ISl <u and |IS-S2| <p-ps

Only 0 < p <1 need be considered.
5.2 First consider 0< p< Y% and apply Proposition 2.1. Y = (S — S2, - yz).

V=g(Y)= (i b, (S - $H)", glu- #2)> = (i b (S - D)7, u).
1 1

V <X or, in other words, [|S — 2T & (S — $2)*|| < 0. We have here a short proof of
the following unpublished result of DeMarr.

Application 5.3. Let |R|| <! in a Banach algebra. Then S =37 b R" is the
unique solution to the equation S — S2 = R in ||S|| < %. The uniqueness is proved
above. That |[S|| <2 & ||R|” <% and that S solves the equation are well known

(norm-convergent power series in Banach algebras multiply correctly).

Corollary 5.4. Let A satisfy |I — A|| <1 in a Banach algebra. Then there is
a unique B in the algebra with ||l — B|| <1 and B? = A.

Proof. Let S = %I — B) and R = %4(I — A).
We have also shown in 5.2 that when 0< u <1, then X =V, X is a type C
element and the Main Theorem’s conclusion holds. We now show that when p> Y%

then % is not a spectral value of X, which together with the existence of an order
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unit (0, 1) in @ implies that the Main Theorem holds for this Banach algebra case
using only the hypothesis 0 < X2 < X.

Lemma 5.5. spectrum X C{u} U {]A| < %: A = A?| < p— pu?}. The same inclusion
holds for spectrum .

Proof. spectrum X = {y} U spectrum S. For A € spectrum S, (5.1) implies [A|
<pand A =A% <p—p? For |A| >%, A must be real (1.1), but if % <A <y then
A=AZ>p—

We now use our Main Theorem to describe all linear operators S on Hilbert
space satisfying (5.1) for fixed p. For p <Y, such § are described in Application
5.3. Now suppose p> Y. We have P £0. P=(E,y) with E2=E, y2 =y and
IENl <y. Thus y =1 and |E|l = |E?| < ||E]* so |E]l =0 or |E| = 1.

In case E =0, Q= (1, 0) and the equality QX = QV yields S =375 (S - $?)".
Moreover, ||S — S2|| < u - pu? <Y% so S is again of the sort described in Application
5.3.

If |E|| =1, PX=(ES, p). spectrum PX = {yu} in &‘; so by Theorem 1.4, uP <
PX < pP. PX=pP. ES=pE. S=pE +S, where S, = (1 —E)S. Thus QX =(Sl’ 0)
and from QX = QV we obtain §, = ZT’ bnR" where R = (1 — EXS — $?). We next
show that ||R|| < p— p? and thus that §, is among the operators described in 5.3.

An idempotent operator of norm 1 on Hilbert space, such as E, must be self-
adjoint. (This can be checked, as suggested by another proof by J. Ledbetter, by
expanding ((1 — E)E*x, (1 — E)E*x) to show that (1 — E)E* = 0.) 1 — E must
also be a selfadjoint idempotent and hence also of norm 1. [[(1 — EXS — $?)|| <
IS = SN < - p2

We summarize our results as a theorem about T = p~ 1s.

Application 5.6. T is a linear contraction operator on Hilbert space satisfying
IT = uT?| <1 = pu for given p> 0 iff it is of the form T = E + 2T u lb"R" where
E is a selfadjoint projection, ||R|| < - p? and ER = RE = 0.

5.7. If 0< X2< X, then @X’ the sub-dsc-pola of X-bounded elements, is a
Banach algebra under the norm [|A[y = inf{m: — mX < A < mX}. Exercise 1.3 shows
this norm is submultiplicative. Norm completeness is most enjoyably proven by
checking order completeness in the dsc-pola &X ® R described earlier in this sec-
tion. (A , A ) is monotone increasing and bounded by (4, A) in (ix ® R iff AL X —
A and A, X + A are monotone increasing and bounded respectively by AX — A
and AX + A. Then A, is monotonically increasing, and sup A, and o-lim A exist.
In fact, 2(sup A )X = sup(A X + A )+ sup(X X — A ) and 2 o-lim A =
sup(A_ X+ A ) -sup(A_X — A ) and because o-limits preserve order sup (A,,r)=
(o-lim An, sup )\n).

We now apply Application 5.3 to the Banach algebra @x,



1972) 0<X2<x 349

Theorem 5.8. Suppose 0< X2 < X in Q. For each R satisfying — %X < R <
X, S = ET’ b R" is the unique element of @ satisfying S — S2 =R and — %X <
S < UX.

This is a short proof for another unpublished result of DeMarr who used the

statement of 5.8 to prove 5.3.

6. Normal order convergence. Our goal here is the proof of Theorem 2.4, but
it does not take very much longer to give an outline of a new theory of convergence

in dsc-polas for which multiplication is continuous.
Lemma 6.1. Let A >0, 2 A <oco,and B>0. Then XBA <BZXA .

Proof. B3* A >B3I™A =3"BA .

6.2. We shall say that nao-lim B = B iff there exists C >0 with E"l" C’. < oo
such that for each m > 0 there exists N sothat — C <B - B <C  whenever
n>N_. (For convenience, when we say a sequence is ndo-convergent, we assume
the sequence of C’s is given and, without loss of generality, we shall assume
Nm+ 1 >N,

6.3. If nao-lim B = B, then o-lim B, = B.

Proof. Let A = 2?:,,, C;, where N <n<N__,. Then A >0, A, 1 0, and
-A <B-B <A,

6.4. *“The sum of the nao-limits is the nao-limit of the sum.”’

6.5. Multiplication is nao-continuous. If nao-lim B, = B, then nao-lim AB
AB for all A,

Proof. That the order in ( is directed implies that A = A - A, where A >
0 and A, > 0. Thus we may assume A > 0. Then AC >0, EAC]. <o and —-AC
< AB — AB_ < AC,_.

6.6. If nao-lim B, =0 and o-lim A =0, then nao-lim A B, =0.

Proof. We may even weaken the hypothesis on the A by assuming only — A
<A <A,all A, fixed A. Then - AC <A B <AC  (use Exercise 1.3).

6.7. If nao-lim B = B and nao-lim A = A, then nao-lim B, A, = BA.

Proof. Using 6.5 and 6.6, the standard proof for limits of products works here.

6.8. We say B is a nao-Cauchy sequence iff there exists C  as in 6.2 so
that for each m > 0 there exists Nm such that whenever 7, > Nm and n,> N,

then — C < Bn1 - an <C,,. A sequence is nao-convergent iff it is nao-Cauchy.

Proof. Let B be nao-Cauchy. Let D = BNm+1 - By, 02 b, +C, <2C .
Tl'.xus > (Dm + Cm) converges, and hence X D, converges. Note that BNl +
2’1 D = BNi. Let o-hm]. BN,- = B. For N]. >n2>N_, - c,<B, - BNj <C,- Thus
-C <B -B<C_.

m — n - m

6.9. Suppose A >0, £ A  is nao-convergent and — A < B <A . Then

p3 B, is nao-convergent.
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ny ny ny .

Proof. - Enl A, < an B, < 2"1 A_ so X B, is nao-Cauchy.

6.10. If A >0, A’: >0,and X A, and p3 A': are nao-convergent then
oo G A,-A,;_j) nao-converges to (27 A )ET A)).

BRNCATHNIEIPRCA oI

and the conclusion follows from 6.7 and the definition of nao-convergence.

6.11. Suppose in addition in 6.10 that — A _<B_ <A and — A’ <B, <A .
Then 37_ (2;.’=1 B].B’:_].) nao-converges to (27 B )T B,).

Proof. Write 3B as 2(A_+B )-Z2A_ andsimilarly for B,.

6.12. Suppose A >0 and 2‘: A" o-converges. Then the series nao-converges.

Proof. Let C =327 A” - 2’6"‘1 A" = 3% A" <A™ 3T A" and note that
3% [A™ 3 A"] < oo,

6.13. We prove Theorem 2.4. If A>0 and X7 A” < co then (2 A™)(Z A™) =
2 (n + 1)A” nao-converges. By induction the power series for (2 A”)? nao-converges.
But these series have coefficients of the order of n ~!. Thus series X c,B” mul-
tiply correctly if — A <B <A and |C,,l < MnP,

6.14. Suppose X >0 and X2 c, X" converges whenever pX |c"| < oo (for instance

when 0 < X2< X). Then these series all nao-converge and therefore multiply cor-

rectly.
Proof. Define C_ Z:’N lc,|X” where N _ is chosen so that
[~} o0
DN (En=N,,, e, 1) < eo.

7. Type C elements.

7.1. The spectrum of X, in &2. Recall &2 is the algebra of formal real series
absolutely convergent in {|z| < %} with non-zero-degree coefficients bounded by a
multiple of those of X, = X7 b z"

Under the norm ||2°° c z"ll = lco| +infim > 0: — mX, < X7 ¢ 2" < mX,}, @
is the Banach algebra ((Tl)x2 with unit added.

The norm of the backward shift operator

0.2 TP S

in @ may be computed as [|zL|| = sup,, (||= Lz27)1/ 1127 = sup, (b~ ! /b h-
(recall 1.7). One can similarly check that the operator norm of (z )" = 4"

We wish to show that the spectrum of X2 in @2 is C. Since @2 C &1, this
spectrum contains C. By (1.1) we need only check that (A - Xz)'l exists for %<
A < 1. As a function on the complex disc {|z| < %4},

(7.3) 1 = X ~i-N
A-X, 2_(A=A)
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and we are done after verifying that, for % <A <1, X, — (1 = A) vanishes at p =
A = A2 (use 1.6) and that the operator

(7.4) (z-pk: () — (@) - [(W/(z-p

in @2 is the bounded operator %>, u"~ I(zLY". (The interested reader will find
it easier to verify this himself than to locate [9, 5.16 (c) (2)].)

Additional information about type C elements would be learned by further study
of az. For instance, the above discussion shows that for X a type C element and
A>Y A-X)"1= Iy AT Ixn < =y, b x < T pt 147X =
(2/C2\ = 1))%X.

8. Example. The following example shows that ‘‘splitting the lollipop’’ as
described in this paper for special cases is not possible in general. Let @ con-
sist of all sequences An (n=2, 3, 4,--+) of real 3 x 3 matrices, algebraic opera-
tions defined by termwise matrix operations and partially ordered entrywise. Let X

be the sequence

1 1 1 1 1 1

5 3 6 3 3 3

1 1 1 2 1 1 1 1 1 1

) x =(L_4f-L 2 _1 ], _+_> 11 1

-3 n (2 n> 3 3 3 (2 n 3 3 3
1 1 1 1 1

6 3 6 3 3 3

W —— e —|
R, P,

One may check that P2 =P ,R2=R ,R P =P R =0, X — X2 =

% - 1/712)(1?'z + Pn) and thus 0 < X2 < X. It is also easy to check that the conclu-
sion of the Main Theorem holds. In fact, the uniqueness of spectral decomposition
for matrices shows that P must be the constant sequence P . But now restrict con-
sideration to the sub-dsc-pola of X-bounded elements ax. P¢ &X because at best
P < (n/Z)Xn and the conclusion of the Main Theorem does not hold for X in C'Zx.
Note that (% — X)~! is not within @, either.

The above matrix-sequence counterexample object was discovered by K. Koh
for use as a ring-theory counterexample.

With the above pathology as a guide we conjecture that if 0 < X2< X in @Q,
then @ can be embedded as a sub-dsc-pola of a dsc-pola B in which the spectrum of
X *‘splits”’.
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