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ON THE SEMISIMPLICITY OF GROUP RINGS OF

SOLVABLE GROUPS
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ABSTRACT. Let K[G] denote the group ring of G over the field K of
characteristic p > 0. An interesting unsolved problem is to find necessary
and sufficient conditions on G for K[G] to be semisimple. Even the special
case in which G is assumed to be a solvable group is still open. In this
paper we prove a number of theorems which may be of use in this special case.

We follow the notation of [3]. In addition let W be a subgroup of G. We
say that W has locally finite index in G and write [G : W] = L.f. if for all
finitely generated subgroups L of G we have [L : L N W] < co. We say that G
is a A-group if G = A(G). The main result of this paper is

Theorem. Let K be a field of characteristic p > 0, let G be a solvable
group and let H be a normal A-subgroup of G. Then JKIG] N KIH] # 0 if and
only if H bas an element b of order p with [G : C(h)] = L.

We remark that this generalizes techniques found in [1], [2] and [5].
Moreover, recent results of A. E. Zalesskir in [5] guarantee that under certain
circumstances if G is solvable and if JK[G]# 0 then such a subgroup H exists
with JKIG] n K[H] £ 0. In particular this solves the problem in the case of

metanilpotent groups.

1. o-nilpotent elements. Let (o) be an infinite cyclic group and let A

denote the ring of rational integers. For convenience set
+
AN =1{1,2,3,--c,n-0c} and Al={11, 20 3.0, nl,... 0

Suppose (o) acts on aring R. If a € R we say that a is o-nilpotent if there
exists an infinite subset S of A! such that for each s € S there exists an

integer 7 =1(s) > 1 with
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Let I be a right ideal of R. We say that [ is o-nil if every element of I is
o-nilpotent. Observe that if (o) actson a group H, then (o) acts naturally on
the group ring K[H]. In this section we study o-nil right ideals in K[H]. No
assumption will be made here on the characteristic of the field.

Suppose (o) acts on an abelian group A. Then the polynomial ring Alo]

acts in a natural way. If A is torsion (as a A-module) then we set

moni A = {a € A| a/®) = 1 for some monic polynomial f(o) € Alol}.
If A is torsion free then we set
poly A ={a € A| a®@) = 1 for some /(o) € Alol, f(o) £ 0},
nilp A = {a € A| 2" =" _ 1 for some m, n € A*}.
We have the following basic facts.

Lemma 1. Let A be an abelian group acted upon by (o) .
(i) If A is torsion then moni A is a (o )-invariant subgroup of A and
moni (A/moni A) = (1).
(ii) If A is torsion free then poly A is a {o)-invariant subgroup of A,
A/poly A is torsion free and poly(A/poly A) = (1).
(iii) If A is torsion free then nilp A is a (o)-invariant subgroup of A,
A/nilp A is torsion free and nilp(A/nilp A) = (1).

Proof. (i) Let f(0) and g(o) be monic polynomials. Then so is f(0)g(o).
Suppose a, b € A. If al (9 =1, b8~ | then (ab=1)/(D8(D -] Thus clearly
moni A is a (o)-invariant subgroup of A. If ¥/ (7 € moni A then b/ (98(?)_ |
for some monic glo) so moni(A/moni A) = (1).

(ii) Let f(0) and g(o) be nonzero polynomials. Then so is [(0)g(o).
Suppose @, b € A. If al (D =1, b8(°) = 1 then (ab~1)/(9)&(D) _ | Thys clearly
poly A is a (o)-invariant subgroup of A. If b5 € poly A, then (&' (V) =
(&Y () = 1 for some nonzero f(o). Since A is torsion free, b/(?) = 1 and
b € poly A. Thus A/poly A is torsion free. Finally if &/ (°) € poly A then
b/ (D8(9) _ 1 for some g(a) £ 0 so poly(A/poly A) = (1).

(iii) This follows as in (ii) with the additional observation that if f(0) =
(0" = D™! and g(o) = (6”2 = 1)™? then f(0)g(0) divides (07172 — 1)™1*™2,

The following is a variant of a well-known result.

Lemma 2. Let w,, w,, «--, w, be a complete set of nonzero algebraic
conjugates over the rational numbers 2 and suppose that |w,'| <1 forall i

Moreover, suppose there exist nonzero algebraic integers cpc «y ¢, and an

A t
infinite subset S C A" such that cw;] is an algebraic integer for all i < t and

s €S. Then the w/s are all roots of unity.



1972] GROUP RINGS OF SOLVABLE GROUPS 291

Proof. Since the c!s are all algebraic integers it follows that if ¢ = ¢ c,

-+ ¢, then ca)f is an algebraic integer. Moreover, the product of all the
algebraic conjugates of ¢ has this same property so we may assume that ¢ is a
rational integer.

Foreach s €5 let /s(O =l'[i.=l - cwf)- Since ¢ is a rational integer
and since ia)l.f is a complete set of algebraic conjugates over 9 it follows that
1L € A 4. Moreover, ca)f is an algebraic integer so [ ({) € A[{. Now
lw,] <1 so0 lcwf! < c and it follows that there exists a fixed bound for the
coefficients of /s(O independent of s. Since § is infinite, we conclude that
there exists an infinite subset S, of § such that for all s € § the polynomials
{(Q are identical.

Fix s, € SO. Then for each s € SO Ehere exists a permutation 7 of the
subscripts such that cwf = cm:(()i). Finally S, is infinite and the number of
such permutations is finite so there exists two distinct elements s, s’ € So
having the same permutation. Then for all i, ca)f = cw‘:' and hence w; is a
root of unity since ¢ #0 and w, # 0.

Lemma 3. Let A be an abelian group acted upon by (o). Let a,=
1,a, a, «-+, a, be a fixed finite set of distinct elements of A and let S be an
infinite subset of A*. Suppose that for each s € S there exists an integer
r=1xs) > 1 and a set of subscripts iy, i|, +++, i, not all zero with
e
o 1 %2 Y
(i) If A is torsion, then moni A £ (1).
(ii) If A is torsion free, then poly A £ (1).
(iii) If A is torsion free and A = poly A, then nilp A # (1).

Proof. It is easier to view this result additively. Thus in this proof we
will assume that A is an additive abelian group and the action of Alo] on A
will be indicated by right multiplication.

Let us consider the above situation. For each s € S let T_ denote the set
of nonzero subscripts occuring in the s-equation. Since S is infinite and the
number of subsets of {1, 2, ---,k} is finite, it follows that there exists an
infinite subset S, of § such that T, =T is the same forall s €S, We can
then replace § by §, and {ao, a0, akf by {ai| i=0 or i € T} if necessary
to obtain the irredundant situation in which each a; for i> 1 occurs at least
once in each equation.

Suppose first that A is a vector space over a field F. Then A is a right
Flol-module and f£[o] .is a principal ideal domain. Suppose that the above
situation is irredundant and set
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B=aFlo]+a,Flo] + --‘+akF[a].

We show that there exists b € B, b# 0 and f(0) € Flol, f(o) # 0 with bf(0) = 0.
If not then B is a finitely generated F[o]-module which is torsion free as an
Flol-module. Then B is a free Flol-module and hence there is a module
homomorphism ¢ of B onto Flo]l. Now ¢>(a0) =0, qS(al), cee, qS(ak) € Flol and
these are not all zero since B is generated by a, a,, ++-, a,. Say gb(al) # 0.
Let t be the maximum degree of the polynomials ¢(ai). Since § is infinite we

can choose s € § with s> ¢t and deduce that
gb(aio) + ¢>(al.l)o‘ + ¢>(ai2)02$ +eee+ Pla; )o™ =0,
r

By the irredundancy condition ¢(a,) # 0 occurs here and since s> deg ¢(aij)
we see that the above left-hand term is a nonzero polynomial in F{o], a contra-
diction. Thus for some b € BC A, b# 0 there exists (o) € Flol, f(o) # 0
with bf(0) = 0.

(i) Suppose A is torsion and assume that the situation is irredundant.
Since each a; has finite order we can choose an integer m and a prime g such
that a,mq = 0 for all i but a;m# Q for some i. Say am# 0. Let A_ denote
the set of elements of A of order 1 or g. Then A  is a GF (g)lo]- module and
am €A, for all i. Now for each s € § we multiply the s-equation by m to
obtain a corresponding equation in Aq. Since a;m # 0 occurs in each such
equation we conclude from the above that there exists b € Aq, b#£ 0 and
[(0) € GF(glol, [(0) # 0 with bf(0) = 0. Now GF(g) is a field so we may
suppose that [ (o) is monic and then we can choose f(0) € Alo] monic with
7(0) = f(0) mod ¢q. Since bg =0 we have bf(0c) = 0 so b € moni A and
moni A £ (0).

(ii) Since A is torsion free, A is naturally embedded in A ®, 9 and
(A ®, /A is torsion. Clearly o] acts on A ®, 9. Now each of the given
equations can be viewed as an equation in A ®, 9 so by our earlier observation
there exists 7 (o) € Yol and b € A ®, 2 both not zero with 57 (o) = 0.
Choose integers m, n# 0 with b= bm € A, f(0) = nf () € Alo]l. Then b £0,
(o) # 0 and bf(6) = 0 so b € poly A and poly A # (0).

(iii) We suppose that the situation is irredundant and we may assume that

A= aIA[a] + azA[o] Foeeet ak,\[o].

As above A is naturally embedded in V= A ®, Q and Yol acts on V. Since
A = poly A each a; is annjhilated by a nonzero polynomial in o] and thus

V is a finite dimensional Q-vector space. Say dimq V =t and let {w AP

ey (oti be the set of eigenvalues of o on V. Then this is a union of complete
sets of algebraically conjugate elements ever 9 and w;# 0 since o is one-to-

one in its action on A.
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Let W=V ®q Q where Q= Q[col, @, +++» ®,]. Then Q[o] acts on W,
dimg W = ¢ and the eigenvalues of 0 on W are precisely v, w,, -+, w,. Let
us study one such eigenvalue w. From the Jordan canonical form for o we see
that there exists a nonzero linear functional ¢: W — Q with ¢(bo) = ¢(b)w for
all b € W. Multiplying ¢ by a rational integer if necessary we may suppose that
#(a)), #la,), -+ -, #la,) are algebraic integers. Moreover, since the as generate
W as an Qlol-module we cannot have ¢(a)) = 0 forall i. Say ¢l(a,) £ 0. Let ¢
be the product of the nonzero qS(ai)’s so that ¢ £ 0 is an algebraic integer and
let m= max{l¢(ai)|/|¢(aj)| | qS(aj) £ 0}.

Let s € S. Then for some 7> 1 we have
¢(ai0) + ¢(dil)ws + ¢(ai2)w25 Foeee 4 ¢(ai )o™S = 0.
r

Since qS(al) # 0 occurs in here there are at least two nonzero terms. Thus we
may suppose that 7> 1 is given above with ¢(a, ) # 0. Since the ¢(a; ) are

j
algebraic integers this implies that q.')(ai Jo® is an algebraic integer and hence

so is cw®. Suppose now that |w| > 1. Then for all s € S the equation

r—1 ¢(aii)
rs _ _ S js
=3 )

yields

r=-1
i mlo|™ - 1) mlw™|
™| <m Y o =2 <
=0

(ol =1 ~(lo|*=1)

Thus |w|* < m+ 1 for all s €S, certainly a contradiction.

We have therefore shown that for each i=1, 2, ..., t we have le.l <1
and there exists a nonzero algebraic integer c¢; such that cimf is an algebraic
integer for all s €S. By Lemma 2, each , is a root of unity. Hence for some
integer n> 1, (0" — 1) has all eigenvalues 0 and thus (0" — 1)! annihilates
all elements of A C W. Thus nilp A £ (0) and the lemma is proved.

If H is a subgroup of G we let ﬂg denote the natural projection ﬂg: K[G]
— K[H]. This is of course a module homomorphism if we view K[G] and K[H]
as either right or left K[H}modules. Thus in particular if I is a right ideal of
KIG), then #G(D) is a right ideal of K[H].

Lemma 4. Let N <] H be (0)-invariant groups with H/N = A abelian. Then
Alo) acts on A. Suppose that either
(i) A is torsion and moni A = (1),
(ii) A is torsion free and poly A = (1), or
(iii) A = poly A is torsion free and nilp A = (1).
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If a€KIH] is o-nilpotent, then nfi(a) € KIN] is o-nilpotent.

Proof. Write a=oj+ a;y, +--- + @y, where a € KIN], a; = nﬁ(a) and
Yo=1,¥p ¥5 +++» ¥, are in distinct cosets of N in H and hence represent
distinct elements in H/N=A. Say a =1€A and a,=Ny, €A for i =
1,2, -,k

Suppose by way of contradiction that &, is not o-nilpotent. Since a is
o-nilpotent there clearly exists an infinite subset S of A! such that, for any
s €S and for some r=7r(s)> 1,

2s s s _2s s
aa®a®’...a% 20 and aoacsag . %I £0.

Now writing o as above we have the ordered products
4 ols olS oIS oIS oIS L4 ols
[ +ag 8 +eetop yp )=0 and JJleg ) #o0.
i=0 1 =0

Since a]‘.’l € KIN] this clearly implies that there exists subscripts i; not all
oS o2s ors . oS _o2s
iYiy Yip Vi, € N. Thus for the same subscripts ;0% i,

rs . . .
. af = 1. Since our assumptions contradict the results of Lemma 3 we

r
conclude that ﬂﬁ(a) = a, is o-nilpotent.

zero with y

Lemma 5. Let A be an abelian group acted upon by (o) and let a,, a,,
-+, a, be a finite number of elements of A. We let (a,, a,, -+, an)(c’) denote
the subgroup of A generated by the elements a; and their conjugates under (o).
(i) If A is torsion and A = moni A, then (a,, a,,---, an)(a) is finite.
(i1) If A is torsion free and A = nilp A, then for some integer m > 1,

(@, ay, -+, a,) () bas an ordering compatible with the action of o™.

Proof. (i) Since (e, a,, vy a Y= (@ )N a ) (a W e
suffices to show that, for any a € A, (a)(a) is finite. Let a € A, Then
a™ =1 for some m > 1 and @/ (®)=1 for some monic polynomial f(o) € Alol.

It follows that aA[U] is a homomorphic image of the additive abelian group

Ale)/ (mAlo] + f(0)Alo)).

Let glo) € Alo). Since f(0) is monic we have g(o) = g(0)f(0) + H0) where
deg r(0) < deg f(0). Since there are only finitely many possibilities for r(0)
modulo mAlo] it follows that Alo)/(mAlo] + (0)Alo)) is finite. Thus aAlel js
finite.

Finally a“["] is invariant under 0 and 0 acts in a one-to-one manner.

A[cr]

Since a is finite we see that o maps this group onto itself so aA[C’] is

also invariant under 6~ 1. Thus (a)¢? = aAlol is finice.
(ii) This is essentially the fact that a torsion free nilpotent group can be

(o™i_q)yki

ordered. Since A =nilp A for each 7 there exists k;, m; > 1 with a;

= 1. Since
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n
I'I (Omi- l)kl (0m1m2~° cmy, 1)k1+k2+‘ . °+k"

i=1

m., eeem

we see that (6™ — 1) acts trivially on (al, a , a,) where m=mm, n

o e
and k = k; + k, +---+k . Thus clearly (6™ - 1)* acts trivially on
<al’ aZ’ tt0y an)(0)= B.

Let 7=0™ and for each j< k set

B, =lbeB| b1 =1}

1

Then (1) = B, B;C+-CB,=8B and clearly B/B]. is torsion free. We now
i-1 for j=1,2,«c¢, k.

Observe that 7 centralizes each such quotient so each of these orderings is

order each of the torsion free abelian quotients B]./B

compatible with the action of 7. Finally we order B. Let b € B, b# 1 and
choose j sothat b € B, - B;_,- Then we say b> 1 if and only if bB,._l >B,_,
under the ordering of B]./B]._ 1+ It is now easy to check that this yields an
ordering of B compatible with the action of 7=0".

We now come to the main result of this section.

Proposition 6. Let N <] H be {o)-invariant groups with H/N abelian. Let
a € K[H], a# 0 and suppose that aK[H] is a o-nil right ideal. Then there exist
y € Supp a and a (o)-invariant subgroup N* of H with [N*: N]<e such that
mulay " DKIN*] is a o-nil right ideal of KIN*].

Proof. Set A= A = H/N and we define a series of (o)-invariant subgroups
of A. Let A, be the torsion subgroup of A. Then A/A3 is torsion free and
since Alo] acts on A/A3 we set AI/A3 = poly(A/A,) and A,/A, = nilp(A/A)).
Moreover, A3 is torsion and Alo] acts on A so we set A4 = moni A3. We then
have A=A D A D A,D A;D A, D (1). Define {o)-invariant subgroups
H=Ny2 N2 N,D2 N;2 N2 Nby N/N=A4,

Let B € aKlH] so that B is o-nilpotent. Since H/N,= A/A, is torsion
free and poly A/A1 = (1) by Lemma 1(ii) it follows from Lemma 4(ii) that
ﬂg 1(,3) is o-nilpotent. Since N,/N,= A /A, is torsion free, A,/A, =
poly A|/A, and nilp A;/A, = (1) by Lemma 1(iii), it follows from Lemma 4(iii)
that "fvlz(ﬁ) = ﬂx;ﬂz 1(B) is o-nilpotent. Thus rrﬁ 2(CV-K[H]) is a o-nil right
ideal of K[Nz].

Write ﬂzz(a) = Zl: ay; where a, € K[N3], 1 €Supp &, and y,, y, =+ ¥,
are in distinct cosets of Ny in N, Thus y,, y, *++, y, represent distinct
elements y , y 5 *++, ;k €N,/N;. Now N,/N;=nilp N,/N; soby Lemma 5
(ii) the group ()71, ;2, e ;k)(a) has an ordering compatible with the action of
o™ for some fixed m > 1. Fix such an ordering and suppose that the above
subscripts are so chosen that ;k > ;i for i # k. Then 1 > )71.)7;1 and y, €

Supp a since 1 € Supp a,.
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Now 3(OLy; = a, and we show that a K[N ] is a o-nil right ideal of
KIN,]. Let ye€ K[N 4 Then ayp y € aklH] is a-mlpotent and hence so is
"Nz(ay L) = 7r (a)yk y since y, ly e KIN o+ Thus Ei Y Ve Ly, is
o-nilpotent. Let S be the infinite subset of Al associated thh this property.
Since there are at most finitely many elements of A! not divisible by m we may
assume that for all s € S we have m | s. Thus 0° also preserves the ordering.

Finally let s €S. Then for some r=As) > 1 we have the ordered product

11 <Z a2y ) < 0.

j=0

Since afis € K[N3], yojs € K[N3] and ;?is(yzl)ajs <T for i < k we conclude
that

Haz_]syo,'s _

Thus a,y = nﬁ}(ay,: )y is o-nilpotent.

We have therefore shown that there exists y € Supp a with TTZ 3(ay" l)K[N3]
=1 a o-nil right ideal. Let B €. Since N,/N,=A,/A, is torsion and
moni A /A = (1) by Lemma 1(1), we conclude that ﬂNi(B) is o-nilpotent by
Lemma 4(1) Since TN 3(l) b} 77 (ay‘l)K[N ] we see that the latter is a o-nil
right ideal of K[N,].

Now N,/Nz A, and A, = moni A,. Since (Supp "N (ay Y)N/N is finite,
there exists by Lemma 5(i) a fmlte (0)-1nvanant subgroup N */N of A, with
Suppﬂ (ay~1) C N*. Thus = t(ay l)"ﬂ (ay D) and 7 -(ay"l)K[N 1>

t(a)’ )K[N ] so the latter is a o-nil nght 1deal of K[N ] This completes
the proof.

2. The main theorems. In this section we apply the above proposition to the

semisimplicity problem. We first generalize it slightly.

Lemma 7. Let N <] H be (o)-invariant groups with H/N a solvable
A-group. Let a € K[Hl, a# 0 and suppose that aKlH] is a o-nil right ideal.
Then there exists y € Supp & and a (o)-invariant subgroup N* of H with
[N*: Nl <o such that nﬁt(ay"l)K[N*] is a o-nil right ideal of KIN*1.

Proof. Let H=N D N2 «++2 N, =N correspond to the derived series
of solvable H/N. Then certainly each N, is (o)-invariant. We show by
induction on i that there exists (a)-invariant N* with HD N* 2 N,

[N N] <o and y, € Supp @ such that ﬂN*( ay; I)K[N | isa a-ml right
ideal of K[Nf] For i = 0 we take N = H Ny, and y, any element of
Supp a.
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Let us suppose the result holds for some i < k. We consider the quotient
N’;‘/N!.+1 which has an abelian subgroup N,/N, , of finite index. Since H/N =
A(H/N) this implies easily that NT/NHI has a center of finite index and hence
(see Lemma 2.1 of [3]) N?/an has a finite commutator subgroup M/Ni”. Thus
M is (o)-invariant, [M : Ni+1] < o and N:‘/M is abelian.

By Proposition 6 applied to M <] N:.‘ there exists a (0 )-invariant subgroup
Nz, of N? with [Nil : M] <  and an element z € Supp ﬂZf(ayi"l) such that
* ) z

N.
Nt (mhelayh) - 2TDKING, ] is @ o-nil righe ideal of K(N}

i+l
*
[Ni+1'

]. Since

: Ml < o and M : Ni+]]< o we have [Nj‘+1 :N!.+1]<oo. Now =z €N>:

1

implies that nZ:;(ay_,._l) cz7 = ﬂzlf(ayi'lz_l). Also z € Supp ﬂg’:(ayi_l)

implies that there exists Y41 €Supp a with z = yi+1yi_l' Thus ayi"lz"l =

ay’;:l and by the above ﬂ%;ﬂ(ay;:l)K[Nf“] is 0-nil. The induction step is
proved and the i = & case yields the result.

At this point the characteristic of the field comes into play. We assume
throughout the remainder of this paper that K has characteristic p > 0. If
a € KIG] we define

Quot a = {xy~!| x, y € Supp a},
p-Quot a = {g € Quot a| g #1 has order a power of pl.
Proposition 8. Let H be a (o)-invariant solvable A-group and let o € K[H],
a#0. If aklH) is a o-nil right ideal of KIH) then there exists g € p-Quot a

and an integer n > 1 such that 0" centralizes g.

Proof: We apply Lemma 7 with N = (1). Then there exists a finite (o)-in-
variant subgroup N* of H and y € Supp a such that nz,(ay' DKIN®] is a o-nil
right ideal of KIN*]. Since N* is finite there exists an integer n such that o”
centralizes N*. Now B= n}:{,,(ay"l) is o-nilpotent and since there are only
finitely many elements of A! not divisible by =z it follows that for some s with
n|s we have B7*! = IBBUS‘BUZS ... B7° =0. Thus B is nilpotent. Now
y € Supp o implies that 1 € Supp ay™! so 1 € Supp B. Then Lemma 3.5 of [3]
implies that there exists g € Supp 3, g # 1 such that g ‘has order a power of p.
Clearly, g € p-Quot a and 0" centralizes g € N*. The result follows.

We can now obtain our main results. If W is a subgroup of G we let
VW=1{x € G| x™ € W for some integer n> 1}.

Observe that \/W need not be a subgroup of G even if G is assumed to be
solvable.

Theorem A. Let K be a field of characteristic p > 0 and let H be a normal
solvable A-subgroup of G. Suppose that a € JKIG] N KIH] with a 0. Then
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G = U v C(g).

g€p-Quot a.
Moreover, if G is solvable then for some g € p-Quot a we have [G : CG(g)] = Lf.

Proof: Let x € G. We distinguish two cases according to whether the image
of x in G/H has finite or infinite order.

Suppose first that x! € H for some integer t. If G, = (H %) then clearly
[G, : H1 < =. Now by Lemma 16.9 of [3], a € JKIG]I n K[H] C JKIH] and thus,
by Lemma 19.6 of [3], aKIH] is nilpotent. Choose y € Supp a so that 1 €
Supp ay™! !
g # 1 of order a power of p with g € Supp o.y'l. Thus g € p-Quot a. Finally
H=A(H) so [H:C (g)] < o and [G (g)] < oo. This implies that x" €

(g) for some integer n > 1 and x e\/(—j (g).

Now suppose that x has infinite order modulo H. Then x has infinite order

and ay” ' is nilpotent. By Lemma 3.5 of [3] there exists an element

and the map o' — x' affords an isomorphism of the two infinite cyclic groups
(o) and (x). Since (x) acts on H we then obtain a natural action of (o) on H.
Observe that for all integers s € Al, x° has infinite order modulo H and thus
Lemma 21.3 of [3] implies that JKIG] n KIH] is a o-nil ideal of K[H]. By
Proposition 8, there exists g € p-Quot a such that 0" centralizes g for some-
n> 1. Since o and x act the same way we have x € \/C_G(E) and the first result
follows.

Finally if G is solvable then the main result of [4] implies that for some

g € p-Quot a we have [G : C.(g)] = Lf.

Theorem B. Let K be a field of characteristic p >0 and let G be a
solvable group. Suppose H is a normal A-subgroup of G. Then JKIG] n KIH]# 0
if and only if H has an element b of order p with (G : CG(b)] = Lf.

Proof: Suppose JKIG] N K[H] £ 0 and choose a# 0 in this intersection. By
Theorem A there exists g € p-Quot a with [G : CG(g)] = 1f. Let b € (g) have
order p. Then C(h) D C ct8) so c:C (b)] = Lf.

Conversely suppose that there exists b € H of order p with [G : C (b)] = L.f.
Let W=(h)". Then W is a finite normal subgroup of H whose order is divis ‘ble
by p. We show that JKIW]C JKIG). Since JKIW]#£ 0 and JKIW] C KI[H], this
will yield JKIG] n KIH] £ 0.

Since W is finite, it clearly suffices to show that if L is a finitely generated
subgroup of G with L O W then JKIW]C JKIL]. Now by definition [L : C, ()]
< e so since C, () clearly normalizes W we have [L : N, (W] < w. Observe
that N; (W) D W. Let N denote the core of N, (W) in L, that is, the intersection
of all conjugates of N, (W). Then [L : N]< o and N <] L. Since W< L N
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H<]L and WC NL(W) we have W C N. Clearly W<]N. By Lemma 19.4 of [3],
JKIW] C JKIN] and, by Theorem 16.6 of [3], JKIN] C JKIL]. Thus jklw]C JkIL]
and the result follows.

It is interesting to consider an example now. Let A = Z be the cyclic
group of order p and let B = HZ be an infinite direct product of copies of Z
If G=A| B and if K has charactenstnc p > 0 then, by Theorem 21.6 of [3]
JKIG] is the augmentation ideal of KIG]l. Now G has a normal abelian subgroup
H # (1) so clearly JKIG] n K[H] £ 0. By Lemma 21.5(ii) of [3] we see that H
has no element 5 of order p with [G : CG(b)] < 0. Thus the condition
[G : C(P)] = Lf. in the above theorem cannot be replaced by the condition

(G: CG(b)] < oo,

Theorem C. Let K be a field of characteristic p> 0 and let H <] G with
A(H) solvable. Let I be an ideal of KIG] with I n K[H] nilpotent. Suppose
aelIn KIH] with a# 0. Then

G= ) VClg).

g€(p-Quot A)NA(H)

Moreover, if G is solvable then there exists g € (p-Quot a) N A(H) with
[G:Cel=Lr.

Proof. Clearly I n K[H] is G-invariant and hence so is 8(I N K[H]) where
0 is the projection map 0: K[H] — K[IA(H)]l. By Lemma 20.1(ii) of [3],
0(1 n K[H]) is a nilpotent ideal of K[A(H)]. Observe that A(H) is a normal
solvable A-subgroup of G. '

Let x € G and let B € 0(I n K[H]). Then B*"® € 6(1 A K[H]) since
6(1 n KIH]) is G-invariant and hence BBstst .+« B¥"° = 0 for some 7> 1
since the ideal is nilpotent. If (&) is an infinite cyclic group we let (o) act on
A(H) by way of the homomorphism o' — x7. By the above 0(I N K[H]) is a 0-nil
ideal of KIA(H)].

Let a € In KIH] with a£0 and let z € Supp a. Then 1 € Supp az™~! so
6(az™1) £ 0. By Proposition 8 there exists g € p-Quot B(az™!) and an integer
n > 1 such that 0” centralizes g. Thus x € \/C—G(g;) Since

g € p-Quot 6(az"1) C p-Quot az~! = p-Quot a

the first part follows.

Finally if G is solvable then the main result of [4] implies that for some
g € p-Quot a we have [G : C.(e)] =Lt

At this point it is apparent that a strengthening of some results of A. E.
Zalesskir in [5] will solve the semisimplicity problem for solvable groups. As

an indication we offer the following
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Proposition 9. Let K be a field of characteristic p > 0 and let G be
metanilpotent. Say N is a normal nilpotent subgroup of G with G/N nilpotent
and set H = A(NA(G)). Then JKIG) £ 0 if and only if there exists an element
b € H of order p with [G : C.(B)] = L.

Proof. If such an element » € H exists then by Theorem B we have
JKIGI n K[H1 £ 0 so JKIG]# 0.

Conversely let us assume that JK[G]# 0. Suppose K[G] has a nonzero
nilpotent ideal. Then by Theorem 20.2 of [3], JKIG] n KIA(G)] £ 0 so certainly
JKIG] n K[H] £ 0. On the other hand, if K[G] has no nonzero nilpotent ideal,
then by Theorem 2 of [5] we again have JKIG] n K[H] £ 0. The result follows
from Theorem B.

Added in proof. The semisimplicity problem for group rings of solvable
groups has been solved. Indeed A. E. Zalesskir has proved the following lovely

result.

Theorem. Let G be a solvable group. Then G has a normal A-subgroup
H with the following property: if 1 is a nonzero ideal of K[G] then I N K[H] #£ 0.

We remark that the subgroup H above is a characteristic subgroup of G given
by a specific construction. It seems reasonable to call it the Zalesskir subgroup

and denote it by 3(G). Then the above combines with our Theorem B to prove

Theorem. Let K be a field of characteristic p >0 and let G be a solvable
group. Then JKIG] £ 0 if and only if 3(G) contains an element b of order p
with [G: C(b)] = L[.

More recently Professor Zalesskir has extended these arguments slightly to
show that if G is finitely generated and solvable then JK[G]= NK[G]. From

this one obtains easily

Theorem. Let K be a field of characteristic p >0 and let G be a solvable
group. Then

JKIG) = JKIH] . K[G]
where H is the characteristic locally finite subgroup of G given by

H = {x € G|[G: C(x)] = Lf. and x bhas finite order}.
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