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ABSTRACT.      Let  K[G] denote the group ring of  G  over the field K  of

characteristic  p > 0.   An interesting unsolved problem is to find necessary

and sufficient conditions on  G  tot K[G\ to be semisimple.    Even the special

case in which  G  is assumed to be a solvable group is still open.    In this

paper we prove a number of theorems which may be of use in this special case.

We follow the notation of  [3J.   In addition let   W be a subgroup of  G.    We

say that  W has locally finite index in  G and write   [G : W] = l.f.   if for  all

finitely generated subgroups   L  of  G  we have   [L : L O W] < oo.   We say that  G

is a A-group if  G = A(G).   The main result of this paper is

Theorem.   Let  K be a field of characteristic p > 0,   let  G be a solvable

group and let  H be a normal A-subgroup of G.    Then JK[G] O K[H] /= 0 /'/ and

only if H has an element h of order p with  [G : C ._(£)] = /./.

We remark that this generalizes techniques found in  [l], [2] and  [5J.

Moreover, recent results of A. E. Zalesskil in   [5] guarantee that under certain

circumstances if  G is solvable and if  JK[G] /= 0 then such a subgroup  H exists

with  ]K[G] O K[H] ■/ 0.   In particular this solves the problem in the case of

metanilpotent groups.

1.   <7-nilpotent elements.   Let   (o) be an infinite cyclic group and let A

denote the ring of rational integers.   For convenience set

z\+ = {l, 2, 3, ...,72,... i    and    Al-fll, 2!, 3!.«!,.••}.

Suppose   (o) acts on a ring R.   If a e R we say that a is  onilpotent if there

exists an infinite subset  S of A!  such that for each  s e S there exists an

integer  r = ris) >_ 1  with

„S        2s rs

cxoAaA    ...oA   =0.
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Let   / be a right ideal of R.   We say that  /  is  a-nil if every element of / is

cr-nilpotent.   Observe that if  (o)   acts on a group  H,   then    (o)  acts naturally on

the group ring  K[H],   In this section we study a-nil right ideals in   Kin].   No

assumption will be made here on the characteristic of the field.

Suppose   (o) acts on an abelian group  A.   Then the polynomial ring A[ct]

acts in a natural way.   If A  is torsion (as a A-module) then we set

moni A = \a £ A\ a'^' = 1  for some monic polynomial f(o) £ \\.o]\.

If A  is torsion free then we set

poly A = \a £ A\ af(cr) = I   for some  f(a) £ A [a],  f(a) ¿ 0\,

nilp A  = \a £ A\ zz(tr  -1)    = 1   for some  m, n £ A   \.

We have the following basic facts.

Lemma 1.   Let A  be an abelian group acted upon by (a) .

(i)   // A   is torsion then moni A   is a   (o)-invariant subgroup of A  and

moni (A/moni A) = ( 1 ).

(ii)   // A   is torsion free then poly A   is a  (o)-invariant subgroup of A,

A/poly A   is torsion free and poly (A/poly A) = (1 ).

(iii)   // A   is torsion free then nilp A   is a  (o)-invariant subgroup of A,

A/nilp A   is torsion free and nilp(A/nilp A) = ( 1 ).

Proof,   (i) Let f(o) and g(o) be monic polynomials.   Then so is f(o)g(o).

Suppose a, b £ A.   If a! (tT) = 1,  />s(<T) = 1  then  (ab~ l)> (^s(^) = L   Thus dearly

moni A   is a  (a)-invariant subgroup of A.    If V (a) £ moni A  then  V l    gl     =1

for some monic g(o) so moni (A/moni A) = ( 1 )..

(ii) Let f(o) and g(o) be nonzero polynomials.   Then so is  f(o)g(o).

Suppose a, b £ A.   If a'{a) = 1,  ¿>g(cr) = 1  then (ab~ l)< ^s(^) m L   Thus dearly

poly A  is a  (a)-invariant subgroup of A.    If bs £ poly A,  then (V 'cr')s =

(bsY (<T) = 1  for some nonzero f(o).   Since A   is torsion free,   ¿/^ = 1  and

b £ poly A.   Thus A/poly A   is torsion free.   Finally if b1 (0_) £ poly A   then

è/(°-)g(°-) = !   for some  g(a) ^ o  so  poly (A/poly A) = (1).

(iii)   This follows as in  (ii)  with the additional observation that if f(o) =

(a*1 - l)mi   and g(o) = (o"2 - lT2   then f(o)g(o)  divides  (a*1*2 - l)m^m\

The following is a variant of a well-known result.

Lemma 2.   Le/  <y,, co  , ■ ■ ■ , co,  be a complete set of nonzero algebraic

conjugates over the rational numbers  â and suppose that   |oj .| <  1  for all  i.

Moreover, suppose there exist nonzero algebraic integers c , c  , • • • , c    and an

infinite subset S C A    such that  c xús   is an algebraic integer for all  i <_ t and

s £ S.    Then the co '.S  are all roots of unity.
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Proof.   Since the  c'.s are all algebraic integers it follows that if c = c .c 2

• • • c   then  ceo .   is an algebraic integer.   Moreover, the product of all the

algebraic conjugates of  c has this same property so we may assume that  c  is a

rational integer.

For each  s € S let / ÍQ =W ;      (£— c<ds).    Since  c is a rational integer

and since Ico !  is a complete set of algebraic conjugates over A it follows that

fsiö e 2[C1-   Moreover,  ccos  is an algebraic integer so / (¿) € A[Q.   Now

|(U | <_ 1  so  |«us| < c and it follows that there exists a fixed bound for the

coefficients of / ÍQ  independent of s.   Since  S is infinite, we conclude that

there exists an infinite subset  SQ  of S  such that for all  s £ SQ  the polynomials

/ io   are identical.

Fix s    £ Sq.   Then for each  s £ Sn there exists a permutation  r of the

subscripts such that  c<y? = ceo   ....   Finally  SQ  is infinite and the number of

such permutations is finite so there exists two distinct elements  s, s    £ Sfl

having the same permutation.   Then for all  i,   ccos = ccos    and hence   co . is a

root of unity since   c / 0 and  co ■ á 0.

Lemma 3.   Let A  be an abelian group acted upon by (o).    Let a   =

1, a , a2, • • •, a,   be a fixed finite set of distinct elements of A  and let  S  be an

infinite subset of A .   Suppose that for each s £ S there exists an integer

r = ris) >_ 1   and a set of subscripts  i , i     • • •, i    not all zero with

„s       2 s ~Js
er      er u ,

a.a.a.      • •■ a.     = 1.
'0   '1     '2 r

(i)   // A   is torsion, then moni A ■/ (l).

(ii)   // A  is torsion free, then poly A / ( 1 ).

(iii)   // A   is torsion free and A = poly A,   then nilp A f (1).

Proof. It is easier to view this result additively. Thus in this proof we

will assume that A is an additive abelian group and the action of A[o~] on A

will be indicated by right multiplication.

Let us consider the above situation.   For each  s £ S let  T    denote the set

of nonzero subscripts occuring in the  s-equation.   Since  S is infinite and the

number of subsets of }l, 2, • • • ,k\  is finite, it follows that there exists an

infinite subset S _  of S  such that  Ts = T is the same for all  s £ SQ.   We can

then replace  S by  SQ and \aQ, a^, •••, ak\ by !iz¿|  i = 0 or  i £ Tl  if necessary

to obtain the irredundant situation in which each  a. tor z >   1    occurs at least
z -

once in each equation.

Suppose first that  A  is a vector space over a field   F.   Then A  is a right

F[c7l->module and  d[o]   is a principal ideal domain.   Suppose that the above

situation is irredundant and set
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B = aiF[o] + a2F[o]+ ■■■ + akF[o].

We show that there exists   b £ B,   b ¿ 0 and  f(o) £ F[o],  f(o) 4 0 with  bf(o) = 0.

If not then   B  is a finitely generated  F[o]-module which is torsion free as an

F[ff]-module.   Then  ß  is a free   F[cr]-module and hence there is a module

homomorphism  <f> of  S  onto  F[o].   Now (p(aQ) = 0,  cp(a), •••„ <p(a.)  £ F [a]   and

these are not all zero since   ß  is generated by  z7., a2, •••, a,.   Say  <p\aA 4 0.

Let  t be the maximum degree of the polynomials  <p(a).   Since  S is infinite we

can choose  s £ S with  s > t  and deduce that

d>(a. ) + cb(a . )os + <p(a . )o2s + . . . + <h(a . )ors = 0.
*0 *l l2 lr

By the irredundancy condition cp(a.) / 0 occurs here and since  s > deg ó(a. )
li

we see that the above left-hand term is a nonzero polynomial in  F[ff],' a contra-

diction.   Thus for some  b £ ß C A,   b f= 0 there exists  f(o) £ F[o],  f(o) 4 0

with  bf(a) = 0.

(i)   Suppose  A  is torsion and assume that the situation is irredundant.

Since each  a. has finite order we can choose an integer  ttz  and a prime   q  such

that  a .mq = 0 for all  i but  a .m f= Q for some  z.   Say  a,m / 0.   Let A     denote

the set of elements of A  of order   1   or  q.   Then  A    is a  GF(q)[o]-module and

a .ttz £ A     for all  i.   Now for each  s £ S we multiply the  s-equation by  ttt  to

obtain a corresponding equation in  A   .   Since  a.m / 0 occurs in each such

equation we conclude from the above that there exists  b £ A  ,   b 4 0 and

T(o)  £ GF(q)[o],  J (o) ¿ 0 with   fc/Âff) = 0.   Now  GF(zj)  is a field so we may

suppose that / (o)  is monic and then we can choose f(o) £ A[cr]   monic with

f (o) = f(o) mod q.   Since  bq = 0 we have  bf(o) = 0 so  b £ moni A  and

moni A 4 (0).

(ii)   Since  A  is torsion free,  A   is naturally embedded in  A ®A  A  and

(A ®x 2)/A  is torsion.   Clearly  â[cr]  acts on A  ®A 2.   Now each of the given

equations can be viewed as an equation in  A ®A A  so by our earlier observation

there exists f (o) £%o]   and    b   £ A ®x 2 both not zero with  b f (o) = 0.

Choose integers  m, n 4 0 with b = bm £ A,   f(o) = nf (o) £ M.o].   Then  b ¿ 0,

/(ff) / 0  and  ¿>/(o) = 0  so  b £ poly A   and poly A / (O).

(iii)   We suppose that the situation is irredundant and we may assume that

A = a \ [ff] + a2\ [ff] + • • • + ak\ [o].

As above  A   is naturally embedded in   V = A ®A S  and â[zj]   acts on    V.    Since

A = poly A  each  a.  is annihilated by  a nonzero polynomial in  2[ff]   and thus

V  is a finite dimensional 2-vector space.   Say dimo V = t and let it)., 67,,

• • •, co \ be the set of eigenvalues of o  on  V.    Then this is a union of complete

sets of algebraically conjugate elements over A and co . 4 0 since o  is one-to-

one in its action on  A.
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Let  W = V ®g ß where  0 = A[co ., co2, • • ■ , co^\.   Then fi[ff] acts on  W,

dimn W = t and the eigenvalues of  o on  W are precisely co v a>2, • • • , cot.   Let

us study one such eigenvalue  co.   From the Jordan canonical form for o we see

that there exists a nonzero linear functional  </> : W —»ft with  chibo) = cf>ib)co  for

all  b £ W.   Multiplying  0 by a rational integer if necessary we may suppose that

cßiaA, cßiaA, • • • , cpiaA are algebraic integers.   Moreover, since the  a's generate

W as an  ft[o"]-module we cannot have  cpia.) = 0 for all  i.   Say  chía A / 0.   Let  c

be the product of the nonzero  c6(fl.)'s  so that  c /= 0 is an algebraic integer  and

let    z/z = max 1 |c/>(cz¿)|/|c/>(a .)| | chía.) / 0\.

Let  s e S.   Then for some  r>   1  we have

chía. ) + chía. )cos + chía. )co2s + ••• + cpia.)uTS = 0.
'O 'l l2 lr

Since  f/ziflj) / 0 occurs in here there are at least two nonzero terms.   Thus we

may suppose that  r>   1   is given above with chía. ) / 0.   Since the  c/j(a..) are

algebraic integers this implies that chía. )cos is an algebraic integer and hence
lr

so is   ccos.   Suppose now that   |&j| > 1.    Then for all  s   £ S  the equation

chía. A

yields

7-1

2=0

-1)<-

i\co\s-i)   ~(Ms-i)

Thus   |c<j|s A m + 1  for all  s £ S,  certainly a contradiction.

We have therefore shown that for each  i = 1, 2, • • • , / we have   |ct)-| <_ 1

and there exists a nonzero algebraic integer  c.  such that  c.cos is an algebraic

integer for all  s £ S.    By Lemma 2, each co.  is a root of unity.   Hence for some

integer 72 >_ 1,   io" - l) has all eigenvalues  0  and thus   io" - lr  annihilates

all elements of AC  If.    Thus  nilp A / (0)  and the lemma is proved.

If H is a subgroup of G we let 77^ denote the natural projection nH: K[G]

—» Kiel]. This is of course a module homomorphism if we view K[G] and K[H]

as either right or left K[z7]-modules. Thus in particular if / is a right ideal of

K[G], then  n^il) is a right ideal of  KW.

Lemma 4.   Let N <] H be  (o)-invariant groups with H/N = A  abelian.  Then

l\.[o] acts on A.   Suppose that either

(i)   A   is torsion and moni A = (l),

(ii)   A   is torsion free and poly A = \l),  or

(iii)   A = poly A  is torsion free and   nilp A = (l).
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If a £ K[H]  is o-nilpotent, then 77^(a) £ K[N]  is  o-nilpotent.

Proof.  Write  a = a. + a,y, + • • • + (\yk where  a. £ K[N], aQ = 77^(0) and

y 0 = 1, y 1. y 2> ' ' " ' y*  are *n distinct cosets of N in  H and hence represent

distinct elements in  H/N = A.    Say  aQ = 1 e A  and  a. = /Vy¿ £ A  for  z =

1, 2, •-.,*.

Suppose by way of contradiction that a. is not ff-nilpotent. Since a is

ff-nilpotent there clearly exists an infinite subset S of A! such that, for any

s £ S and for some  r = r(s) >  1,

s      2s rs s      2s ^rs
aoA aa    ...a?    =0    and    aQaa 07     . .. 07    £ 0.

Now writing  a as above we have the ordered products

flK1S+afyf + ...+afyf) = 0    and     f[(af)¿0.
!=0 7=0

Since   aa      £ K[N] this clearly implies that there exists subscripts   i. not all
• , crs    cj2s rj-rs . q-s    ¡j 2s

zero with  y.  y.    y.       • • • y .       £ N.    Thus for the same subscripts a. a.    a .
TS     '«Cr»l 7'2 '«r _ K '0   il      *2

■ • ■ d7     =1.   Since our assumptions contradict the results of Lemma 3 we
lr

conclude that  T7N(a) = aQ is   ff-nilpotent.

Lemma 5.   Let A  be an abelian group acted upon by  (ff) and let a., a2,

• • • , a     be a finite number of elements of A.    We let   (a., a-,•••, a   )^a' denote

the subgroup of A  generated by the elements  a. and their conjugates under (ff).

(i)   // A   is torsion and A = moni A,   then   (a^, a?, • • • , a   )(CT'  is finite.

(ii)   // A   is torsion free and A = nilp A,   then for some integer   m >_ 1,

(zz,, a~, • . • , a  )(<T' has an ordering compatible with the action of a™ .

Proof,   (i)   Since   (zz jf «2, .... «n)<CT> = (a A <^(zz2)<CT> •••  (an )<*> it

suffices to show that, for any  a £ A,   (aya' is finite.   Let  a £ A.    Then

am = 1  for some  ttz >   1  and  zr '<T' = 1   for some monic polynomial  /(ff) £ A[ff].

It follows that  a   Lcr- is a homomorphic image  of the additive abelian group

AM/UAM , /(ff)AM).

Let g(ff) £ A[ff].   Since  /(ff) is monic we have  g(ff) = q(o)f(o) + r(o) where

deg r(o) < deg /(ff).   Since there are only finitely many possibilities for r(o)

modulo  T7zA[ff] it follows that A[ff]/(?72A[ff] + f(o)\[o]) is finite.   Thus  aA'-<Tl is

finite.

Finally  a^-ai is invariant under  ff and  ff acts in a one-to-one manner.

Since  a   ^ai is finite we see that  ff maps this group onto itself so  a   '-cr' is

also invariant under o~  .   Thus   (a)^a' = a   ^a' is finite.

(ii)   This is essentially the fact that a torsion free nilpotent group can be

ordered.   Since  A = nilp A  for each   z  there exists  ze.,   722. >  1  with  a(.a   z_1'
r v      1 — l

= 1.   Since
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n¿»i
iami- l)k- (ff"!lm2-- ,mzz _ Dk\+k2+---+kr

we see that io m - 1)     acts trivially on   (a., a¿, ••• , a  )   where  772 = 722,7722 • • • m

and k --  k.  +  k2 +■••+ k   .   Thus  clearly iom - l)     acts  trivially  on

(ay ay •-., aj{a)= B.

Let t = om and for each j < k set

B.= \b£B\ b{T-l)' = l!.

Then   (l) = BQ C B, C • • • C  B, = ß   and clearly  ß/ß .  is torsion free.   We now

order each of the torsion free abelian quotients  B ■/B • _ ,   for  /' = 1, 2, • • •, k.

Observe that  t centralizes each such quotient  so each of these orderings is

compatible with the action of  r.   Finally we order  B.   Let  b £ B,   b / 1  and

choose  /' so that b £ B . - B .    ..   Then we say  b > 1  if and only it bB     , > B .   ,z ; 7- 1 / 7 ,- 1 ;_ 1

under the ordering of  B ./B ._..   It is now easy to check that this yields an

ordering of ß  compatible with the action of r = om.

We now come to the main result of this section.

Proposition 6.   Let  N <]  H be (o)-invarianl groups with H/N  abelian.    Let

ce £ Kirr],   a./- 0 and suppose that  olK[H]   is a o-nil right ideal.    Then there exist

y £ Supp a. and a (o)-invariant subgroup   N    of H with [N* : N ] < 00   such that

n^ay-^KÍN*] is a o-nil right ideal of K[N*].

Proof.   Set A = A. = H/N  and we define a series of (cr)-invariant subgroups

of A.   Let A.  be the torsion subgroup of A.   Then A/A,  is torsion free and

since  A[ct]   acts on  A/A     we set A JA, = poly (A/A,)   and  A A A. = nilp(A/A,).

Moreover,  A,   is torsion and  A[o]  acts on A   so we set  A. = moni A,.   We then

have A= AQ D_ A . D_ A    D_ A, 3  A. D_ (1 ).   Define (a)-invariant subgroups

H=N0AN1AN2ANiAN4AN by N/N= Ar
Let ß £ a-K[H]   so that ß  is a-nilpotent.   Since  H/N.= A/A .   is torsion

free and poly A/A. =  (l)  by Lemma l(ii) it follows from Lemma 4(ii) that

77^ iß)  is a-nilpotent.   Since  N¡/N2= A./A2  ls torsion free,  AY/A2 =

poly A,/A2  and  nilp A./A2 = (1) by Lemma l(iii),  it follows from Lemma 4(iii)

that 77^ iß) = z7n17tJJ  iß)  is a-nilpotent.   Thus 77^ íaK[H])   is a cr-nil right

ideal of  K[zV"].

Write  77"  (a) = 2^ a¿y¿  where   a. £ K[N A\,   1 £ Supp a.  and yy y 2, •••yk

are in distinct cosets of zV,   in  /V?.    Thus y., y-., •••, y,   represent distinct

elements y 1# y 2, • • ■, y k £ N2IN-,.   Now  N2/N. = nilp N2IN,   so by Lemma 5

(ii) the group (y ., y 2, • • • y , )*a' has an ordering compatible with the action of

o ""'  for some fixed m >_ 1.   Fix such an ordering and suppose that the above

subscripts are so chosen that y , > y ■ tor  i / k.   Then   1 > y .y 7       and y,   £

Supp a since  1 e Supp a
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Now 77N (ay"1) = afe  and we show that  akKÍNA   is a ff-nil right ideal of

KIN A.   Let y £ KIN A.   Then  ayTly e aKlrl]  is ff-nilpotent and hence so is

nN2(aykly) = nN2{a>yklY since y~kly el^Nzi- Thus s*=i v^íV is

ff-nilpotent.   Let  S be the infinite subset of A!  associated with this property.

Since there are at most finitely many elements of \l not divisible by 772 we may

assume that for all  s £ S we have  772 | s.   Thus os also preserves the ordering.

Finally let s £ S.   Then for some  r = ris) >   1  we have the ordered product

n(z<vv>-V')-o.
Since  a°'s e K[N?],   y°",S  £ KIN?]   and y °~;S(y " 1)<7,'S < Ï Íat i< k we conclude

that

r : „       ,■ „

TTaf yCT?   =0.

7 =0

Thus   aky= 77^ (ay~!)y is ff-nilpotent.

We have therefore shown that there exists y e Supp a with  77., (ay-  )K[N A

= I   a ff-nil right ideal.   Let ß £ I.   Since  N,/N¿ ~ A ,/A4  is torsion and

moni A,/A . = (l)  by Lemma l(i), we conclude that 77.,  (/3)   is ff-nilpotent by

Lemma 4(i).   Since 77 ̂  (/) 7 ""m (ay~ )/<[/V4]   we see that the latter is a cr-nil

right ideal of K[N4].

Now /V4//V£¿A4  and A4=moni A4.   Since   (Supp 77^ (a.y~l))N/N is finite,

there exists by Lemma 5(i) a finite  (ff )-invariant subgroup N /N  of A,  with

Supp 77^ (ay-')C N*.   Thus  Z7^»(ay" l) = ^(ay~ l)  and n^(ay~ x)KÍN4] D

77^*(ay~  )K[N ] so the latter is a ff-nil right ideal of  K[/V ].   This completes

the proof.

2.  The main theorems.   In this section we apply the above proposition to the

semisimplicity problem.   We first generalize it slightly.

Lemma 7.   Let N <] H  be  (o)-invariant groups with  H/N  a solvable

\-group.    Let  a. £ K[H],   a/ 0 and suppose that  o,K[H]   is a o-nil right ideal.

Then there exists y £ Supp a and a (o)-invariant subgroup N    of H  with

[N* : N] < 00  such that 7r"*(ay- !)/<[zV*]   is a o-nil right ideal of K[N*].

Proof.   Let  H = NQ 7 N'. 7 * " ' 2. ^t = N  correspond to the derived series

of solvable  H/N.   Then certainly each  N ■ is (ff)-invariant.   We show by

induction on   i that there exists (cr)-invariant  N .    with  H D_ N .   7 ^¿<

[iV*  : N ] < 00   and y. e Supp a  such that 77^*( ayJ^KÍN* |   is a ff-nil right

ideal of   K[/V*].     For  2=0 we take  NQ   = H = NQ,  and  yQ  any element of

Supp a.
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Let us suppose the result holds for some   i < k.   We consider the quotient

N*/N;   j   which has an  abelian subgroup  zV¿/zV;. + 1   of finite index.   Since  H/N =

AÍH/N) this implies easily that  N./Ni   -,   has a center of finite index and hence

(see Lemma 2.1 of  [3])  N ./N;   j   has a finite commutator subgroup M/Ni + 1.   Thus

M is   (cr)-invariant,   [M : N.   .] < <x> and  N ■/M  is abelian.

By Proposition 6 applied to  M <] N.  there exists a  (ff)-invariant subgroup

N.  ,   of  N. with  [N,.  j  : M] < oo and an element z £ Supp nN*iay~   ) such that

nN*    C'rjIJiCa.yT"1) • z_1)K[/V* j]  is a a-nil right ideal of    /X[z\z\   J.   Since

[N{   j- : /M] < oo and  [M : /V.   ,] < °° we have  ÍN i   ¡  : /V.   j] < oo.   Now z e /V;.

implies that  Z7^*(ay~   ) • z~    = 77^*(ay_  z~   ).   Also z £ Supp z7^»(ay~   )

implies that there exists  y.   .   £ Supp a with  z — y.   ,y~   .   Thus  ay-   z       =

ay-  ,   and by the above  77V(«    (ay-  ,)k[/V* .]  is  cr-nil.   The induction step is
yz+l ' N i + 1 i+' Z + 1

proved and the   z' = k case yields the result.

At this point the characteristic of the field comes into play.   We assume

throughout the remainder of this paper that  K has characteristic  p > 0.   If

a £ K[g] we define

Quot a = \xy~   | x, y £ Supp a],

p-Quot a = \g e Quot aj g / 1   has order a power of p\.

Proposition 8.   Let  H  be a  (o)-invariant solvable  A-group and let  a. € K[hl],

a/ 0.   // aKÍH]  is a o-nil right ideal of K[h]  then there exists g £ p-Quot a

and an integer n >  1  such that o"  centralizes g.

Proof: We apply Lemma 7 with N - (l). Then there exists a finite (cr)-in-

variant subgroup N of H and y £ Supp a such that 77^„(ay~ )k[/V*] is a cr-nil

right ideal of K[N ]. Since N is finite there exists an integer n such that on

centralizes N . Now ß = n^Ao-y' ) is cr-nilpotent and since there are only

finitely many elements of A! not divisible by /z it follows that for some s with

n | s we have ßr+1 = ßßaSßa2s ■ ■ ■ ßars = 0. Thus ß is nilpotent. Now

y e Supp a implies that 1 £ Supp ay-1 so 1 e Supp ß. Then Lemma 3-5 of [3]

implies that there exists g £ Supp ß, g / 1 such that g 'has order a power of p.

Clearly,  g £ //-Quot a and  on  centralizes  g £ N*.   The result follows.

We can now obtain our main results.   If  W  is a subgroup of  G we let

\/W= \x £ G\ xn £ W for some integer  n > 1 ¡.

Observe that   yW  need not be a subgroup of  G even if G is assumed to be

solvable.

Theorem A.   Let  K  be a field of characteristic p > 0 and let  H  be a normal

solvable A-subgroup of G.   Suppose that  a £ ]K[G] n K[h] with a / 0.    Then
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G= U       V'Cc(g).
gep-Quoi a

Moreover, if G  is solvable then for some g £ p-Quot a zzze have  [G : Cr(g)] = /./.

Proof:   Let x £ G.   We distinguish two cases according to whether the image

of x  in  G/H has finite or infinite order.

Suppose first that xl £ H for some integer  /.    If  G, = (//, x ) then clearly

[G,  : //] < oo.   Now by Lemma 16.9 of  [3],  a £ JK[g] n K[h] Ç JK[h]  and thus,

by Lemma 19.6 of [3], olKIh] is nilpotent.   Choose y e Supp a so that  1 £

Supp ay        and  ay-     is nilpotent.   By Lemma 3-5 of  [3]  there exists an element

g ¿ 1   of order a power of  p with g £ Supp ay-   .      Thus  g £ p-Quot a.   Finally

W = A(H) so  [H : CH(g)] < 00 and  [Gj  : CG  (g)] < 00.   This implies that x" e

Cr  (g) for some integer 72 >   1  and x £ yCc(g).

Now suppose that x has infinite order modulo H.   Then x has infinite order

and the map  ol —► x'  affords an isomorphism of the two infinite cyclic groups

(ff)  and   (x).   Since   (x)  acts on  H we then obtain a natural action of (ff) on  H.

Observe that for all integers  s e A!,  xs has infinite order modulo  H and thus

Lemma 21.3 of  [3]  implies that  }K[g] O K[h]  is a  ff-nil ideal of  K[h].   By

Proposition 8, there exists   g £ p-Quot a such that ff"  centralizes g for some '

72 >_ 1.   Since  ff and x act the same way we have  x £ \fCAg) and the first result

follows.

Finally if  G  is solvable then the main result of  [4]  implies that for some

g £ p-Quot a we have  [G : C   (g)] = l.f.

Theorem B.   Let  K be a field of characteristic p > 0 and let  G  be a

solvable group.   Suppose  H  is a normal ¡\-subgroup of G.   Then  JK[g] Ci K[h] / 0

if and only if H has an element h  of order p with [G : Cc(h)] = /./.

Proof:  Suppose  JK[g] n K[h\ 4 0 and choose  a ¿ 0  in this intersection.   By

Theorem A there exists  g £ p-Quot a with  [G : CG(g)] = l.f.  Let h  £ (g) have

order p.   Then  CG(h) 2 Cçig) so  [G : CG(h)] = l.f.

Conversely suppose that there exists  h £ H of order  p with  [G : CG(h)] = l.f.

Let  W = (h)   .   Then  W is a finite normal subgroup of H whose order is divis'ble

by  p.   We show that  JK.[w] C J k[g].   Since  J KW f 0 and  J kW Ç /([/i],  this

will yield /K[G] O K[h] ¡¿ 0.

Since  W  is finite, it clearly suffices to show that if  L   is a finitely generated

subgroup of  G with   L 2 W then  /K[W] C ]K[l].   Now by definition  [L : CL(h)]

< 00  so since  CL(¿) clearly normalizes   W we have  [L : N.ÍW7)] < 00.   Observe

that  NL(W)7 W.   Let  N denote the core of  NL(W)  in  L,  that is, the intersection

of all conjugates of NL(W).   Then  [L : N] < 00 and  N <]  L.   Since  U7 O L n
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H <¡ L and  WC N LÍW) we have  W C N.   Clearly  W<¡N.     By Lemma 19.4 of  [3],

JKÍWl Ç }K[N] and, by Theorem 16.6 of  [31,  } K.M Ç JK[l].   Thus  J KM C J k[l]

and the result follows.

It is interesting to consider an example now.   Let  A = Z    be the cyclic

group of order  p and let  B = UZ    be an infinite direct product of copies of Z  .

If G = A\ B  and if  K has characteristic  p > 0  then, by Theorem 21.6 of  [3],

JK[g] is the augmentation ideal of  K[g].   Now  G has a normal abelian subgroup

H / (1)  so clearly  JK[g] O K[h] / 0.   By Lemma 21.5(ii) of  [3] we see that  H

has no element  h of order  p with  [G : CAh)] < oo.   Thus the condition

[G : CAh)] = l.f.   in the above theorem cannot be replaced by the condition

[G : CGih)] <oo.

Theorem C.   Let  K be a field of characteristic p > 0 and let H <] G with

A(w) solvable.    Let  I be an ideal of K[g] with  I n K[H] nilpotent.   Suppose

a.£ I n K[h] with a/ 0.   Tz/e/z

g = U A~cjg).
g£(p-Quot a)n_ÇH)

Moreover, z/ G  z's solvable then there exists g £ (//-Quot a) n A(ß) zízz'íí

[G : Caíg)] = l.f.

Proof.  Clearly  / D K[h] is  G-invariant and hence so is  ö(/ C\ K[H]) where

6 is the projection map 6: K[h] —> KÍAÍH)].   By Lemma 20.1(a) of  [3],

Oil n K[H]) is a nilpotent ideal of   K[A(ß)].   Observe that  A(ß)  is a normal

solvable  A-subgroup of G.

Let x £ G and let ß £ 0(/ n K[h]).   Then  /3x2S e ö(/ n K[tf]) since

f?(/ D K[«])  is   G-invariant and hence  ßßxSßx2s ■ • • ßx's = 0 for some  r >  1

since the ideal is nilpotent.   If  (<ï) is an infinite cyclic group we let   (o) act on

A(ß) by way of the homomorphism  o' —► x1.   By the above  6ÍI n K[h]) is a cr-nil

ideal of  K[A(h)].

Let aeln K[h] with a /, 0 and let z £ Supp a. Then 1 e Supp az so

diaz" ) / 0. By Proposition 8 there exists g e p-Quot ö(az~ ) and an integer

72 ;>  1   such that  o"  centralizes  g.   Thus  x £ \/Cr(g).   Since

g £ p-Quot Oiaz'1) C /z-Quot az~l = //-Quot a

the first part follows.

Finally if  G  is solvable then the main result of  [4]  implies that for some

g £ //-Quot a we have   [G : Cc(g)] = l.f.

At this point it is apparent that a strengthening of some results of A. E.

Zalesskir in  [5] will solve the semisimplicity problem for solvable groups.   As

an indication we offer the following
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Proposition 9.   Let  K be a field of characteristic p > 0 and let  G be

metanilpotent.   Say N is a normal nilpotent subgroup of G with G/N nilpotent

and set  H = A(NA(G)).   Then JK[G] f= 0  if and only if there exists an element

h £ H of order p with  [G : CG(h)] = l.f.

Proof.   If such an element  h £ H exists then by Theorem B we have

]K[G] n K[H] ¿ 0 so JK[G] ¿ 0.

Conversely let us assume that  ]K[G] ¿ 0.   Suppose   K[C] has a nonzero

nilpotent ideal.   Then by Theorem 20.2 of  [3],  JK[G] n K[A(G)] 4 0 so certainly

]K[G] D K[H] ¿ 0.   On the other hand, if  K[G] has no nonzero nilpotent ideal,

then by Theorem 2 of  [5] we again have  JK[G] n K[H] f= 0.   The result follows

from Theorem B.

Added in proof.   The semisimplicity problem for group rings of solvable

groups has been solved.   Indeed A. E. Zalesskifhas proved the following lovely

result.

Theorem.    Let  G  be a solvable group.   Then  G has a normal /^-subgroup

H with the following property: if I  is a nonzero ideal of K[G]  then I n KÍH] ¿ 0.

We remark that the subgroup  H above is a characteristic subgroup of   G given

by a specific construction.   It seems reasonable to call it the ZalesskiY subgroup

and denote it by  3 (G).   Then the above combines with our Theorem B to prove

Theorem.   Let  K be a field of characteristic p > 0  and let G  be a solvable

group.    Then JK[G] jL 0  if and only if 3 (G) contains an element h of order p

with  [G: C(h)] = l.f.

More recently Professor Zalesskirhas extended these arguments slightly to

show that if  G  is finitely generated and solvable then  ]K[G] = NK[G].   From

this one obtains easily

Theorem.    Let  K  be a field of characteristic p > 0 and let G  be a solvable

group.   Then

}K[G] = JK[H]   . K[G]

where  H  is the characteristic locally finite subgroup of G given by

H = \x £ G|[G: C(x)] = /./. and x has finite order}.
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