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CANONICAL NEIGHBORHOODS FOR
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ABSTRACT. D. R. McMillan has shown that in any neighborhood of a compact
two sided surface in a 3-manifold there is a closed neighborhood of the surface
which is the sum of a solid homeomorphic to the cartesian product of the surface
with the unit interval and some small disjoint cubes-with-handles each of which
intersects the cartesian product in a disk on its boundary. In the present paper
the author generalizes this notion of canonical neighborhood so that it applies to
topological embeddings of arbitrary polyhedra in 3-manifolds. This is done by
replacing the cartesian products by small regular neighborhoods of polyhedral
approximations to the topological embeddings.

In [20] McMillan established the following result on neighborhoods of sut-
faces in 3-manifolds:

Theorem. Suppose S is a compact, boundaryless, polybedral surface, M is a
pwl 3-manifold, and [ is a homeomorphism of S onto a two sided surface in Int M.

Then for each ¢ > 0 there is a pwl embedding g of S x [0, 1] into Int M and
there is a finite collection sz.} of mutually exclusive, polybedral cubes-with-
bandles in Int M such that

(1) for each y €5, p([(y), gly, €)) <e (e =0, 1),

(2) each dia H,< ¢ and each H N g(s x [0, 11) is a disk in Bd H. and

3) gs x[0, 1Dy U H, contains a neighborhood of [(S) in M.

In this paper we generalize McMillan’s notion of a canonical neighborhood so
that it applies to embeddings of arbitrary polyhedra in 3-manifolds. In our system
regular neighborhoods of approximating polyhedra take the place of embeddings of
cartesian products. In $8 we obtain existence and uniqueness theorems for ca-
nonical neighborhoods. In §9 we sharpen McMillan’s theorem for surfaces by re-
moving the compactness and no boundary assumptions and by showing that the
diameters of the fibers of g(S x [0, 11) can be kept small.

Notation. Some of our conventions are taken from [8], [9], [10]; however,

Presented to the Society, December 15, 1966 under the title Neighborhoods of poly-
hedra in 3-manifolds; received by the editors April 29, 1971,

AMS (MOS) subject classifications (1970). Primary 55A30, 57A10; Secondary 57C35,
57C40.

Key words and pkrases. 3-manifold, neighborhoods of surfaces, canonical neighbor-
hoods, topological embeddings of polyhedra, small regular neighborhoods, approximating
polyhedra, cubes-with-handles.

(1) Research supported in part by NSF contracts GP-3857 and GP-5804.

Copyright © 1973, American Mathematical Society

465



466 ROBERT CRAGGS [November

we have changed our use of several terms in this paper.

Manifold and manifold-with-boundary are taken as synonymous. A surface is
a 2-manifold. If Y C X then Fr Y denotes the set (Cl Y) N Cl(X - Y). If we
write that a function, say f, takes a pair (X, Y) into a pair (U, V) then we mean
that [~}U) = X and [~ }V) = Y. We use p to denote a metric and d(Y, Z) to
denote the distance between sets Y and Z.

We use C(X) to denote the set of continuous,. nonnegative functions g on X
such that, for each ¢ > 0, p~ X[, )) is compact. We use C(X, Y) and C(X, Y, Z)
to denote respectively the subset of C(X) consisting of the functions which are
positive on Y and the subset of C(X) consisting of the functions which are posi-
tive on Y and 0 on Z. We write p, <p, if p,(x) <p,(x) for each x in the com-
mon domain of p; and p,. Let p € C(X). A map [ of a subset Y of X into X
is a p-map if, foreach y € Y, p(y, f(y)) <u(y). If f{ and g are maps of Y into X,
then g is a p-approximation to f provided gf"lisa w-map of f(Y). A subset
Z CX isa p-set if Z is contained in an open set O(Z) with dia O(Z) <inf p on
0(Z).

For p, and p, € C(X) and a natural number &, we say that (X, p,, p,, k) has
Property S if, for every sequence of points x,,---, x, such that each p(xl., xi+1) <
#z(xi), “Z(xk) < pl(x 1) and "l(xl) <2u I(xk)' The composition of k p-maps is not
necessarily a (kRp)-map, and the inverse of a p-map is not necessarily a p-map.
The two conditions in the definition of Property S are used to get around these two
facts.

We follow unpublished notes of M. H. A. Newman in using 0(21 :Z”) to denote
n

the map of [a,, a ] onto [, b ] which takes each a; onto b, and is affine on
each subinterval [ai, a;, l]. If YCX then a collar on Y in X is a closed embed-
ding ¢: Y x [0, 1] — X for some 7 # 0 such that, for each y € Y, ¢(y, 0) =y and
AY x [0, 7]) contains a neighborhood of Y. If X and Y are polyhedra then ¢ isa
pwl collar provided the map ¢ is pwl. We say that ¢ is a proper collar provided
that any homeomorphism b of Y x [0, 7] onto itself which takes each fiber

y x [0, 7] onto itself and is the identity on Y x {0, r} induces a homeomorphism of
X which is an extension of ¢hd~1. If p € C(X) then ¢ is a p-collar provided
each ¢y x [0, 7]) is a p-set.

We emphasize that here polyhedra are not necessarily compact. We write < to
indicate a subcomplex or subpolyhedron, and we use < to indicate a full subcom-
plex. For a complex K, |K| denotes the carrier of K, and if X is a set in |K| then
[X] denotes the intersection of all subcomplexes of K whose carriers contain X,
and N(X, K) denotes the polyhedron underlying the intersection of all subcomplexes
of K whose carriers contain neighborhoods of X. For a simplex s in a complex
K, lk(s, K)={t: sxt € K}, st(s, K) =s*1k(s, K), and st°(s, K) = |st(s, K)| -
|s *k(s, K)|. For a complex K, K, denotes the i-skeleton of K. For a simplex s
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of K, b(s) denotes the barycenter of s, or if we are dealing with a derived sub-
division of K, d(s) denotes the vertex in Int s. Here K" denotes an nth derived
subdivision of K, and for L < K, (K, L)" denotes an nth derived subdivision of K
modulo L. In (K, L)1 there is one vertex in Int s for each simplex s of K — L.

The following definitions on collapsing, although somewhat restrictive, are
sufficient for our needs. First N°, N°, and ¢ denote respectively simplicial
collapse, elementary collapse, and collection of disjoint collapses with compact
supports. We explain this last term more fully: X N Y means that X and Y are
polyhedra with Y C X, CI(X - Y) is a polyhedron, and if C is a component of
Cl(X - Y) then C is compact and C  C NY. Finally, for polyhedra X and Y
which are not necessarily compact, X v Y means that there is a finite sequence
of collapses X = X ) N X, N ... N“X, =Y. For polyhedra X, Y, and Z, an
elementary collapse X \° Y is admissible with respectto Z if (X-Y)NZ £
implies that X — Y C Z. Similarly, a collapse X Y is admissible with respect
to Z if for each component C of CI(X - Y), the collapse C ~ C NY can be
made by way of a finite sequence of elementary collapses which are admissible
with respect to Z. Admissibility of arbitrary collapses is defined in the obvious
fashion. For X CM and p € C(M), we say that a collapse X \ Y is a p-collapse
if each component of CI(X - Y) is a compact p-set. We write X \ 0 if X col-
lapses to a point.

A triangulation of a polyhedron P is a pair (J, ¢) consisting of a rectilinear
simplicial complex | in some Euclidean space together with a pwl homeomorphism
¢ of |J| onto P. If P(1),---, P(k) are subpolyhedra of P then (J, J(1),---,
J(k), @) triangulates (P, P(1),---, P(k)) if each J(i) <] and &(]J(7)]) = P(7).

We follow Cohen [7] in defining regular neighborbood as follows: If P < Q
<R are polyhedra (not necessarily compact) then Q is a regular neighborhood of
P in R if there is a triangulation (J, L, ¢) of (R, P) in which L <] J and there
is a first derived subdivision J! of J suchthat Q = ¢(N(LY, D). If p € C(R)
then Q is a p-regular neighborbood of P in R if, for some triangulation (J, L, ¢)
as above, ¢(N(z, ) is a p-set for each ¢ € L.

Suppose P is a polyhedron, P, < P, and { is a closed embedding of (P, P)
into (M, Bd M). Suppose p € C(M, {(P)). A canonical neighborbood system for
M, P, {, p) is atriple (g, N, {Hl.i) consisting of a pwl homeomorphism g: (P, P)
— (M, Bd M) which p-approximates f, a p-regular neighborhood N of g(P) in M,
and a discrete collection of polyhedral cubes-with-handles {Hl.} in M such that
each Hi is a p-set in Int M which intersects N in a disk and N U UHi contains
a neighborhood of f(P) in M. The polyhedron N U U Hi will be called a canoni-
cal neighborbood for (M, P, f, p).

Next we describe a notion of reduction of a complex. Reduction is used to

alter a complex so that it becomes more like a combinatorial 3-manifold. We begin
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with complexes K, < K and L, < L and a pwl map r: L — K such that AL, =

Ka'
We say that (L, L, 1) reduces (K, Ka) at a set of 2-simplexes {Ai} of K

provided (1) K<L and K_ =L, (2) each lk(Ai, K) = @ and each lk(Ai, L) is a

vertex w; in L - K, where wl.;éw]. for i£j7, B3) L=Ku Uwi * A, and (4)

r is a retraction which is affine on each simplex of L and sends each w; to b(Ai).

We say that (L, L, 7) is an elementary reduction of (K, K ) at a pair (o, S)
where o is a 1-simplex of K if (1) lk(o, K) is a 1-manifold and § is a O-sphere
in fk (o, K) - K, which does not bound in lk (o, K), (2) L= K Uw *g *S where
w is a vertex in L - K, and L =K_, and (3) 7 is a retraction which is affine
on each simplex of L and sends w to b(o).

We say that (L, L, r) is an elementary reduction of (K, Ka) at a pair (v, |)
where v is a vertex of K and | is a 1-sphere in lk(v, K) provided (1) each com-
ponent of lk(v, K) is either a punctured 2-sphere or a point, and lk (v, K) N K, =
@ unless v € Ka in which case lk (v, Ka) is a l-sphere in the boundary of some
component of lk(v, K), (2) lk(v, K) is the sum of disjoint complexes E and F
where ] is in the boundary of some component of E and | N K, =@, (4) L =
{teKivetlhUv*EUu*FyUv*u * ] where u €L )~ K, and L,=K,,and 3) 7 is
a simplicial map from L to K which sends u to v and leaves all other vertices

fixed. Figure 1.1 illustrates an elementary reduction for a vertex.

F

Figure 1.1

We say that (L, L,n reduces (K, Ka) at a set of simplexes {tk¥ of K where
the t.’s are either all 1-simplexes or all vertices if (1) the complexes lk(tk, K) are
mutually exclusive, (2) 7 is the identity on |L] - ¥ r“l(st°(zk, K)), (3) for each
L, there is a sequence of complexes (st (tk, K), st (tk' K) N Ka) = (L(k, 0),
Lk, 0)),+++, (Lk, m), L (k, m)) = (r~ Xst(t,, K)), 7~ X(st(t,, K) NK_,)), there is
a sequence 7, ,,+++, 7, of pwl maps 7y;: L(k, i) — L(k, i — 1) such that
r|L(k, m) = Tp1** Ty, and each (L(k, 7), La(k, i), 'ki) is an elementary reduc-
tion of (L(k, i~ 1), L (k, i - 1)) at a pair (t(k, i), S(k, i)) where S(k, i) < lk(z,. K)
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and Te1t" 'ki(t(k' ) = ty, and (4) if the tk’s are 1l-simplexes then each
1k (ty L) is a 1-ball and if the t,’s are vertices then for each vertex w in
r‘l(Utk), every nondegenerate component of lk(w, L) is a disk.

Finally let P and Q be polyhedra, r a pwl map from Q to P, M a pwl 3-
manifold, f and g closed embeddings of P and Q respectively into M, and p €
C(M). A special map for (M, f, g, r, p) is a continuous p-map 7 of M onto itself
such that

(1) ng = fr,

(2) 7 takes (M - g(Q)) homeomorphically onto M — f(P), and

(3) for each p, € C(M, y’l(O, =)) there is a homeomorphism H of M onto it-
self which p,-approximates 7.

2. Some lemmas on Property S.

Lemma 2.1. Suppose X is a locally compact metric space, p € C(X), and k is
a natural number.

Then there is a function By € c(x, F—I(O, ) such that (X, u, 7o k) bas
Property S.

Proof. By taking infimums over functions defined for a locally finite collec-
tion of compact sets we can reduce the problem to the case where X is compact.

For this case define y, by

(%) = inf({1} U tp(x, y): y € pm 127 VR, 21 Ru))).

The compactness of X can be used to show that p, is lower semicontinuous. By
the Baire insertion theorem (see [14, p. 171]) there is a function psy € AX, =0, o))
with p, <p,. Define p, by p,(x) = minimum (i ,(x), pu(x)/2). It is easily verified
that (X, p, {;> k) has Property S.

Calculations involving Property S will almost always implicitly involve one

of the next two lemmas which follow immediately from the definition of Property S.

Lemma 2.2. Suppose (X, p, p;, k +1) has Property S and suppose Y C X.

Then if g isa p -homeomorphism of Y into X, g~ !

is a 2u-homeomorphism,
and if b -+, by are p -maps of sets Y =Y, -+, Y, where each b, (Y iy

1
CY,then b=hy---b, isa (ky)-map of Y into X.

Lemma 2.3. Suppose S is a metri~ space and y and p, € C(X) are such that
(X, u/6, p;, 2) has Property S.
Then il Y isa p-setin X and [ is a p,-map of Y into X, {(Y) is a p-set.

Lemma 2.4. Suppose M is a (pwl) n-manifold, S is a locally flat (pwl) (n - 1)-
manifold in Bd M which is a closed subset of Bd M, and p € C(M, S).
Then for any r # 0 there is a proper (pwl) p-collar ¢:S x [0, 7] — M on S in M.
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Proof. The topological version is obtained from Brown’s collaring theorem
[6] by cutting down the lengths of fibers. It follows from invariance of domain
that the fibers can be cut back enough so that the collar is proper. The pwl case
follows similarly from [7, 4.2].

3. On p-regular neighborhoods. Here we use Property S to help identify u-

regular neighborhoods.

Lemma 3.1. Suppose that M is a pwl manifold, P is a polybedron in M, and
ps py, and p, € C(M) are such that (M, u/2, 2pu,, 3) and (M, p,, p,, 2) have Prop-
erty S.

Then if N, and N, are p,-regular neighborhoods of P in M, there is a pwl
p-homeomorphism b of M onto itself which is the identity on a polyhedral neigh-
borbhood of P so that h(Nl) =N,

Proof. Without the p’s this lemma is a standard result in regular neighborhood
theory. (See [7, 3.1 and 3.2] for example.) In the proof a third regular neighbor-
hood N, of P is constructed and pwl homeomorphisms b, and b, of M onto it-
self are defined which are the identity on polyhedral neighborhoods of P and take
N, and N, onto N,. If (J |, L, ¢)) and (], L, ¢,) are the triangulations of
(M, P) providing the p, -structures for N, and N, then we can suppose that for
each 7 and each ¢ € ], b, takes ¢ [(#) onto itself and b, is the identity on ¢ (2)
iftNL;= @; thus we can suppose that each h; is a p,-map. But then by Lemma
2.2 each of b, and b'z'l- isa 2p,-map and so b =h3 lbl is a pwl p-homeomor-
phism of M onto itself which takes N onto N, and is the identity on a polyhed-
ral neighborhood of P.

Lemma 3.2. Suppose M is a pwl manifold, P is a polyhedron in M, and u and
o€ C(M) are such that (M, u/6, 788 2) has Property S.

If N is a p-regular neighborbood of P in M and b is a pwl p ,-homeomor-
phism of M onto itself which is the identity on P, then h(N) is a p-regular neigh-
borbood of P in M.

Proof. This follows directly from Lemma 2.3.

Lemma 3.3. Suppose that M is a pwl manifold, Y CM, u € C(M, Y), and k is
a natural number.

There is a function p, € C(M, Y) such that if Q and P are polybedra in Y
with 0 =0, 0 Nveee N Q, =P where each Q, | Q, is a p,-collapse
admissible with respect to BA M and if N is a p -regular neighborbood of Q in
M, then N is a p-regular neighborbood of P in M.

Proof. Use Lemma 2.1 to find Hoys® s ey g € C(M, Y) so that (M, u/6, [T 2),
(M, p,/2k, py, 2k + 1), (M, m3/2, pg 2), (M, p /2, 2us, 3), and (M, pg, py, 2) all
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have Property S. Then choose a triangulation (], {] }, ¢) of (M, {0 }) so that, for
each simplex ¢t of ], () N Q £ @ implies that ¢(N(¢, J)) is a p -set. From the
proofs of Theorems 8.1 and 9.1 of [7] and Theorem 2 of [23] (each time a trian-
gulation is mentioned make sure that the triangulation induces a subdivision of [)
there correspond to each collapse Q, , ~ O, a pair of p,-regular neighborhoods
N, ,of Q, | and le of Q. and a pwl p,-homeomorphism 5, of M onto itself

which is the identity on Q, and takes N, , onto le. From Lemma 3.1 there is a

1
pwl p -homeomorphism b, of M onto itself which is the identity on Q and takes
N onto N and for each i <k there is a pwl y1 ,-homeomorphism b2i+1 of M onto
itself which is the identity on Q, and takes N; onto N, Set h=h, b,  +++h,.
Each bi_l is a p,;-homeomorphism so hb~lisa p,-homeomorphism. It follows

from Lemma 3.2 that N = h~ I(NI;) is a p-regular neighborhood of P.

Lemma 3.4. Suppose M is a pw! n-manifold, Q is a pwl sub-n-manifold which
is closed in M and bas nonempty frontier, Q N Bd M is either a pwl (n — 1)-mani-
fold in Bd Q or the empty set, and p € C(M).

If A: (Fr Q) x[0, 7] — Cl(M = Q) is a proper, pwl p-collar on Fr Q in
Cl(M - Q), then Q U image A is a p-regular neighborbood of Q.

Proof. It follows from the Newman theorem (see [27, Theorem 3] for example)
that C1(M - (Q U image A)) is a pwl n-manifold. Use Lemma 2.4 to extend A to
X' so that A' takes (Fr Q) x [0, 7 + 1] into C1(M - Q) as a proper, pwl p-collar.
Let (7, ¢) be a triangulation of Fr Q such that A'(&(N(z, 7)) x [0, 7+ 1D
is a p-set for each t € 7. Let T be a subdivision of the cell complex 7x [0, 7+ 1}
which adds no vertices (see [27, Lemma 1]), and let ¢: |T| — M be given by
Ylx, 1) =N"(x, O(g :A ':1)(0). Extend (T, ¥) to a triangulation (L, ) of M in
which 7(N(z, L)) is a p-set for each ¢ € [~ 1(Q)]. Note that [n~1(Q)] is auto-
matically a full subcomplex K of L. Then 7(N(K!, L)) = Q U image A where L'
is the first barycentric subdivision of L. Thus Q U image A is a p-regular neigh-
borhood of Q.

Corollary 3.5. Suppose M is a pwl n-manifold, Y CM, p € C(M, Y), and k is
a natural number.

There is a function p, € C(M, Y) such that if P and N are polybhedra in Y
where N is a pwl n-manifold containing a neighborbood of P, N N Bd M is either
a pwl (n — 1)-manifold or the empty set, and N = Ng s - N N, = P is a sequence
of k p,-collapses admissible with respect to Bd M, then N is a p-regular neigh-
borbood of P.

Proof. Choose i, from Lemma 3.3 corresponding to M, Y, p, and k. Let
N=Njy~- N N, = P be given as in the hypothesis. Choose p, € C(M, Y) so
small that p, <, and so that if b is a p,-homeomorphism of M onto itself then
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each of the collapses b(Ni_ l) N b(Ni) is still a yl-collapse. The Newman theo-
rem cited in the preceding proof shows that C1(M — N) is a pwl n-manifold and
that Fr N is a pwl (#» — 1)-manifold. Use Lemma 2.4 to find a pwl embedding

A: (Fr N) x [-1, 2] - M — P so that each My x [-1, 2]) is a p,-set, X | (Fr N) x
[-1, 0] is a proper collar on Fr N in CI(M ~ N), and A | (Fr N) x [0, 2] is a proper
collar on Fr N in N.

Define a pwl p,-homeomorphism b of M onto itself by b =1 on M~ image A
and Ay, t) = My, 0(:i (1) %)(t)). Set Q = h(N). By Lemma 3.4, N is a pt,-regular
neighborhood of Q, and by Lemma 3.3 and the conditions on p,, N is a p-regular
neighborhood of P.

Lemma 3.6. Suppose M is a pwl n-manifold, Q is a polybedron in M, and p €
C(M, Q).

Then there are y-regular neighborhoods of Q, and if N is any p-regular neigh-
borhood of Q, then N =N N\ +-~ N_=Q by a sequence of n p-collapses each
of which is admissible with respect to Bd M.

Proof. The existence of p-regular neighborhoods follows from [7] or [23] and
the fact there are triangulations of neighborhoods of Q in M which partition the
neighborhoods into appropriately small sets.

Let N be a p-regular neighborhood of Q in M with N = ¢(N(K', J1)) where
(J. K, ¢) is a triangulation of (M, Q) with K 47, ]1 is a first derived subdivi-
sion of |, and for each t € K, ¢(N(t, J)) is a p-set. Define another first derived
subdivision J' of | as in [27, Chapter 3] by first defining a simplicial map
A ] — 1[0, 1] with Mv) =0 if v € K, and Mo)=1ifvej], - K,. Choose J' so
that if ¢ is a simplex of | with Mo) = [0, 1] then d(o) € A~ 1(%).

Let J" be the first barycentric subdivision of J' and K" the induced subdi-
vision of K. Let {t’;} denote the j-simplexes of K. Set D].= Ui N(d(ti:), K"), and
for each simplex ¢ of K let #j) =D, Nt Set Ny = N(K', J') and N, = ¢~ QU
(Né N (Ufj) *s:t €K, Ms) =1, t *s € ], and j <n — k})). We claim that each
N
To see this look at a simplex s *¢ of | with Ms) =1 and Mt) = 0. Then for j=
n—k, C=(j)*s) NNy CN;_,
ible polyhedron in Bd C, so C N C N N;. An induction argument now shows that

p
N

collapses to NI'e by a collapse that is admissible with respect to ¢~ 1(Bd M).
is a pwl cell. Furthermore, C NN, is a collaps-

D N,; and that this collapse is admissible with respectto ¢~ 1(Bd M).

Let 5: ' — ]l be a simplicial isomorphism which is the identity on J,. Set
N, = ¢7(N,) (k=0,--+,n). Each N, |, v N, is a p-collapse which is admissi-
ble with respect to Bd M, and N =0.

4. Extending the Lininger-Hosay theorem. Here we use a result of Lister’s
[18] to generalize the theorem of Lininger and Hosay’s [15], [17] on re-embedding
crumpled cubes in E3. The trick of using [18] to simplify the proof of the
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re-embedding theorem was observed by Daverman in [12].

Lemma 4.1. Suppose S is a 2-sphere in E3, D is a disk on S such that
CI(S = D) is tame, and U is a connected open set in E3 suchthat UNS =Int D
and U~ S has two components—U , and U,

There is a homeomorphism g of S onto a tame 2-sphere in E3 and there is a
homeomorphism b of E3 - U, into E3 such that

(M h|E3-U=1

2 g|S-IntD=1,

(3) g(Int D) C U, and

(4) HE?>-U)) ng(int D) = @.

Proof. There is no loss in supposing that U, C Ext S and Fr U is connected.
Since E? is unicoherent the second condition can be achieved by cutting down U
to a smaller open set if necessary. Define p € C(S) by u(x) = d(x, E3 -U)/2.
From [18, Theorem 5] there is a homeomorphism f of S into E3 and there is a
null sequence E,+--, E -+ of mutually exclusive disks in Int D so that (1)
UEI. is closed in Int D, (2) f p-approximates the identity, (3) f(Int D) is locally
polyhedral, (4) f((Int D) - U E)CU,, and (5) f(Int D) NS =U¢(Int E)NnInt E)).
By [3, Theorem 8.5], f(S) is tame, so B = Cl Int /(§) is a 3-cell.

For each i, set F = [(E ). We can suppose that each F is a polyhedron.
Let G; denote the sum of all components of B N Cl Ext § which intersect F;.
Because Fr G;CU and Fr U is connected, G, CCl U,. It follows as in [12] that
the G.’s are mutually exclusive.

For each F, let B, be a 3-cell in F; UInt B such that B; Nnf(s) = F, G, C
B, and Gi N Bd B, C Fi' Let Cl’ oo, Ci" ++ be a null sequence of mutually
exclusive polyhedral cubes in B N U so that each C, N f(S) = F, Foreach B,
let ¢, be a homeomorphism of B, onto C; which is the identity on F,.

Define g tobe f on § - UEi and let g take each E; onto (Bd C )~ Int F .
Set h(x) = x for x € Cl Ext f(S) and h(x) = ¢l.(x) for x € G, Justas in (12), ¢
and b satisfy conditions (1)-(4).

Lemma 4.2. Suppose M is a connected 3-manifold without boundary, S is a
connected boundaryless surface in M which is a closed subset of M, and S sep-
arates M into two components—V \ and V .

Suppose p € C(M, S).

Then there is a p-homeomorphism g of S onto a tame surface in M and there
is a p-homeomorphism b of ClV , into M so that g(S) Nh(C1V ) = a.

Proof. First cover S with a collection of open 3-cells in M. Then use [5,
Theorem 6.3] and [4, Theorem 5] to find a curvilinear triangulation T of S with
tame l-skeleton T and 2-simplexes {Ai} so that each A, CS . CN_ where §, is
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a 2-sphere and N, is an open 3-cell which is a u/2-set. From [5] we can assume
that each S, is locally tame modulo A, Use [8, Lemma 2.1] to find for each A,
a connected open set U, in N, suchthat Inn A, CU, S,NClU,=A, and U, -
Ai has exactly two components. Choose the U/’s so that they are mutually exclu-
sive. For each U; set U,o=U, NV and U; =U,NV,.

Use Lemma 4.1 to find for each Ai a homeomorphism /; of S into N, and a
homeomorphism 5, of N, - U, into N, such that f,=1 on S —Int A, {(Int A)
is locally tame, bi =lon N,~U, and bi(Ni - Uil) fails to intersect /i(Int Ai)’
Set h=1 on M- U U; and h=h; oneach ClU;,. Set [{=[, oneach A, From
[5, Theorem 3.1] and [1], [22], f(S) is tame. The condition on the diameters of the
N./s shows that b is a p-homeomorphism and that [ is a p/2-approximation to
the identity.

Since each /(Al.) separates U, it follows that () separates M into compo-
nents W, and W, where W is the component which contains the connected set
h(M - (V1 U Tl))‘ By Lemma 2.4 we can push f(S) off into W, to get a p-homeo-
morphism g of § onto a tame surface in W,. This completes the proof of the theo-
rem.

We can relax somewhat the requirement that S have no boundary:

Corollary 4.3. Suppose M is.a connected 3-manifold, S is a connected sur-
face in M with S "NBd M=Bd S and S is closed in M, and suppose S separates
M into two components—V  and V .

Suppose p € C(M, S).

Then there is a p-homeomorphism g of (S, Bd §) onto a tame pair in
(M, Bd M) and there is a p-homeomorphism b of (Cl Vg (BAM)NCLV ) into
(M, Bd M) so that g(S) Nh(C1V )= a.

Proof. Let S’ CM' be the doubles of S and M along Bd S and Bd M.
Here M’ is obtained by attaching two copies of M together with the identity
homeomorphism on Bd M. Extend p to p' € C(M', S"). Carry out the constructions
in the proof of Lemma 4.2 for §' in M’ to get [', g', and ' in place of /, g, and
b with the following modifications: (1) Require that Bd § be contained in T, the
tame l-skeleton of the curvilinear triangulation of $'; (2) choose the Ul.’s so
that each U, NBd M = @; and (3) in defining g' from f' by pushing off T, re-
quire that (g')”"'(Bd M) = Bd S. Then for » and g just take »' | M and g' | S.

The theorem which follows, the promised extension of the Lininger-Hosay
theorem, is obtained from Lemma 4.3 in much the same way as Theorem 2 is estab-

lished in [17]. We give only a sketch of the proof.

Theorem 4.4. Suppose M is a connected 3-manifold, S is a connected surface
in M with S "NBdM=BdS and S is a closed subset of M, and suppose §

separates M into two components—V , and vV,
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Suppose p € C(M, S).
Then there is a p-homeomorphism b of (M -V, (Bd M) - V) into (M, Bd M)
such that b(S) is collared in M - h(V ).

Proof. By combining Corollary 4.3 with [9, Theorem 9.2] it is possible to
define inductively a sequence of re-embeddings b, (i =1, 2,--) of (Cl V,
(Bd M) N Cl V) into (M, Bd M), a sequence of homeomorphisms g; (i=1,2,--)
of (S, S N Bd M) onto tame pairs in (M, Bd M), and an embedding A of (§ x [0, 1],
(S n Bd M) x [0, 1]) into (M, Bd M) so that (1) bi — b a p-homeomorphism of
ClV, into M, (2) g; —>h|S and gfS) N h(ClV ) = @ for each 7, and (3)
My, 1/i) = gl-(}’) (y €S, i=1,2,--+). Butthis says that h(S) is collared in
M= bV ).

5. Some combinatorial preliminaries. We omit a proof of the first lemma here.
It is easily obtained by building up a homeomorphism over blocks of convex linear

cells.

Lemma 5.1. Suppose u *v %S = u * B is a combinatorial n-ball where u and
v are vertices and S is a combinatorial (n — 2)-sphere. Let r denote the simpli-
cial retraction u ¥ B — B which sends u to v.

Then there is a pwl homeomorphism ¢ of |u *B| - |S| onto |Int B| x [0, 1]
such that, for each y € Int B, ¢r~Uy) =y x [0, 1] and $(y) = (y, 0).

Lemma 5.2. Suppose K, < K and L, < L are complexes, r is a simplicial
map from L to K, v is a vertex of K, and S is a 1-sphere in lk(v, K) such that
(L, L, r) is an elementary reduction of (K, K ) at (v, S).

I/ H and | are finite subcomplexes of K containing v such tbat H NS ] by
a collapse that is admissible with respect to Ka, then r~ Y(H) N '1(]) by a
collapse that is admissible with respect to L . Furthermore, =) M50 bya

collapse that is admissible with respect to L .

Proof. First collapse r~I(H) \° H(0) U 7~ !(J) where H(0) = [|r~}(H)| -
(Jv*u*S| = |v* S]] and u is the new vertex added to obtain L. Do this by col-
lapsing simplexes v *u *r~ 1(t) across free faces u *r~!(t) in order of decreasing
dimension for simplexes ¢ of S N (H — J). Then for each simplex ¢t € H with t £ v,
there is a unique simplex ¢ in H(0) which is taken isomorphically onto ¢ so
H \* ] induces a collapse H(0) U r~1(J) NS 7~ 1(J) via r~L It is clear that
this collapse is admissible with respect to L and that r~ 1(v) N5 0 by a collapse
that is admissible with respectto L .

6. Splitting a surface. Theorem 6.1 is the key to reducing the canonical
neighborhood problem to one that can be solved using McMillan’s techniques. It

says roughly that a two sided surface S in a 3-manifold can be split open and
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blown up into S x [0, 1]. McMillan uses this idea in [21] in the proof of Theorem
2 when he constructs the auxiliary manifold M*. Daverman and Eaton [13] have

sketched out a weaker version of this theorem for interiors of disks.

Theorem 6.1. Suppose P, <P and Q, <Q are polyhedra, r is a pwl map
from (Q, Qa) to (P, Pa)’ S is a connected polybedral surface in P with § N P,=
Bd S, and ¢ is a pwl homeomorphism from (S x [0, 1], (Bd S) x [0, 11) to a poly-
bedral pair (C, Ca) <(Q, Qa) so that, on C, r¢ is the projection of S x [0, 1]
onto S. Suppose that r takes Q — C homeomorphically onto P - S.

Suppose M is a 3-manifold and f: (P, P)) — (M, Bd M) is a closed embed-
ding, and suppose there is a connected open set W in M containing [(S) such
that W — S has two components—W , and W with Ccl(-—Y- l(Wl.))ﬁC cs,;=
S x i) (i=0,1).

Suppose u € C(M, [(5)).

Then there is an embedding g: (Q, Q) — (M, Bd M) and there is a special
map w for (M, f, g, r, ).

Proof. The idea of the proof is to use Theorem 4.4 to obtain from [ embed-
dings of /~YcI W) (i =0, 1) whose boundaries are collared on one side and then
to use [10, Theorem 8.2] to separate the two copies of [(S) so that the collars

attach along corresponding endpoints. See Figure 6.1.

L

B W)

B W) oo
11

hoW,)

Figure 6.1

Let U be a connected open set in M such that SCUCW and X, =(Fr U)N
W,#@ (i=0,1). Set U;=UNW, (i=0,1). Let u, and p, € C(M, /(S), M- U)
be such that (M, s 2ty 2) and (M, Ps Moo 2) have Property S. Substitute
(U—MS—>K BdS —>K, [—[, p,— p) in Theorem 8.2 of [10] to find an
associated v € C(S, S). Use Theorem 4.4 to find p.z-homeomorphisms bo of
M-U, and bl of M- U, so that bl./(S) is locally collared in M - hi(Ui) and
p(x), b f(x)) <ulx) (x €S, i=0,1). Set S, = (S x %), and set C, =
oS x [, 4] (=0, 1). (Here [1, %l =[%, 1].) From Lemma 2.4 there are homeo-
morphisms g, of C, into U-hU) (i=0, 1) so that (1) g{C;~-S) is locally
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tame, (2) for each x € Si' gl.(x) = bi/r(x), (3) for each x €5, gi(r"l(x) N Ci) is a
p,f (x)-set, and (4) for each x € C, p(gz.(x), fr(x)) < vr(x) < pz(/f(x)).

Define homeomorphisms f. of S into U (=0, 1) by [(x) = gl.(r‘l(x) NSy).
For each x €, p(f(x), {{x)) <v(x) by (4) in the preceding paragraph. Now [(S)
is tame in U by [1], [22] so by our application of [10] there is a {t ,-homeomorphism
h of M such that hf =/,.

Note that /1(5) separates X from X, in Cl U because hl(Cl Uu)u
g 1(Cl - S%) is a sum of components of (Cl U) - /,(8) which contains X, and
misses X,. Furthermore, » 1(Cl upn /l(S) = bb ((Cl UO) N fl(S) = @. Thus
bl(Cl Ul) N bbo(Cl Uy = @, and g is a homeomorphism where g is defined by
g=fron Q-r~Y~Yv), g= hbof on r"I/“l(Uo), g=h,f on r - 1(Ul), g =
hgy on C, and g =g, on C,. Notice that U - g(C) = hb (U Ub (U)).

Define w by =1 on M - U, n=b61b'l on hb(Cl U ), n'= b;l on
bl(Cl Ul)’ and 7= /rg"1 on g(C).

If x €h (ClLU,) with x = b(y) then p(x, m(x)) = p(x, ¥) < p,(y) < p(x). If
x €hbh(Cl Ug) then x = bb (y) and m(x) =y. Now p(y, b (y)) < p,(y) <p (b (»)
< px)/2, and p(b(y), x) < py(b () < p,(x) < plx)/2. Thus plx, 7(x)) < plx). If
x € g(C), then x = g(y) and n(x) = fr(y). By an analysis similar to the preceding
one we find that p(x, m(x)) < ulx) for x € g(C).

It remains to show that 7 can be approximated arbitrarily closely by a homeo-
morphism. Since point inverses 7~ !(x) are cellular [19, Theorem 6] this actually
follows from work of Voxman’s [25, Theorem 1] (Bd M presents no real problem);
however it is instructive to look at a direct proof.

Let A € C(M, ,fl(o, )). Choose A, and A, € C(M, ,fl(O, ~)) so that, for
x €M, A(x) <inf A | 7~ }(x) and so that (M, A}, 2X,, 2) has Property S. Repeat
the construction of g and 7 with A, in place of p to get A,-home omorphisms h(;
of M - U, b; of M- U,, h' of M, a homeomorphism g' of Q and a A,-map i
such that 7' g' = fr. Define an approximation H to #w by H=1 on M- U, H =
bypT! on b (CLU,), H=h'b(bh)~! on bb(Cl Uy, and H=g'g™" on g(C).
Clearly, H is a homeomorphism. If x € bl(Cl Ul)’ then x = bl(y) and H(x) =
b; () = b;ﬂ(x). Thus p(H(x), 7(x)) < A,(y) <A (y) < Mx) by the definition of AL
If x €bb(ClU)), then x = bb(y), and H(x) = b'b(y) = h'hgm (x). Now p(b'hym(x), m(x))
<A,(x) since h'h; is a A -homeomorphism. Thus p(B'hyhy b= Hx), m(x)) < Mx).
For x € g(C) we have x = g(y) and n(x) = gr(y). Now p(H(x), #(x)) =
ple' ), gy < A G <A (7' () = A(m (%)) < Nx).

For our work here we need to allow [~ 1(Bd M) to contain points in Int S. The

corollary which follows enables us to do this:

Corollary 6.2. Suppose P, <P and 0, <Q are polyhedra, r is a pwl map
from Q to P which takes Q, onto P_, S is a connected polyhedral surface in P
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with BAd S = @, and ¢: S x [0, 11 = C CQ is a pwl homeomorphism such that r ¢
is the projection of S x [0, 1) on S. Suppose r takes Q — C homeomorphically
onto P —S. Set S, = S x 1) (i =0, 1). Suppose Q,NC=5,nN r"l(Pa).

Suppose M is a pwl 3-manifold, f: (P, P)) — (M, Bd M) is a closed embedding,
and suppose p € C(M, {(S)).

Let M' denote the sum of M and (Bd M) x [0, 1] with the identification y =
(y, 0) on Bd M. Suppose that there is a connected open set W in M' containing
[ (S) which is separated by [(S) into two components—W j and W with W C Int M
and (Cl r"l/‘l(Wi)) NCCS, (i=0,1). Suppose that for each x € P, NCL(S - P )
there is a subpolybedron P(x) in [~(Cl W) such that P(x) contains a neighbor-
hood of x in S, P(x) has no local cut points, Pa(x) = P(x) N P, has no point
components, and P(x) - Pa(x) is a 3-manifold.

Then there is a closed embedding g: (Q, Q) — (M, Bd M) and there is a spe-
cial map w for (M, [, g, 7, ) which is the identity on Bd M.

Proof. Extend the metric on M to one on M, and extend p to a function in
C(M'). Replace M by M' in the proof of Theorem 6.1 and carry out the construc-
tions there. Since 7 | bl(M' —Int M) = b'l'1 .., it is sufficient to show that bl
can be chosen so that it is the identity on M' - Int M.

Following the notation in the proof of Theorem 6.1, define a p,-homeomor-
phism b of M' - U such that h, | M -=M=1, h,f(S - P,) is locally collared in
M - bs(Ul)’ and p(/(x), b3/(x)) <A x) (x €5). We claim that baf(S) is locally
collared in M~ b3(U )- The only points where this could fail to be so are points
in f(P, NCI(S-P)). Let x € (P, NCI(S - P)). Then from [10, Lemma 10.1],
b 4(P(x)) is locally tame at x and so h,f(S) is locally collared at x in M—=h,(U)).

This shows that we could have used b3 in place of b, and the proof of the

corollary is complete.

Theorem 6.3. Suppose K is a complex in E’, K, < K, [ is a closed embed-
ding of (|K|, |K,|) into (M, Bd M) where M is a 3-manifold, and s is a 0-, 1-, or
2-simplex of K. If s is a l-simplex suppose that lk(s, K) bas more than one
component, each component of lk(s, K) is an arc, .and lk(s, KYNK, = D unless
s €K, in which case lk(s, K,) is a O-sphere in lk (s, K). If s is a vertex sup-
pose that lk(s, K) has some nonsimply connected component, each nondegenerate
component of lk(s, K) is a punctured 2-sphere, and lk(s, K) NK = @ unless
s € K, in which case lk(s, K,) is a 1-sphere in the boundary of one of the com-
ponents of lk(s, K).

Suppose p € C(M, [(st°(s, K))) and O is an open convex set in E7 contain-
ing st(s, K).

Then there are complexes L <L in E7 and there is a pwl map r: L — K
such that (L, L, r) reduces (K, K,) at s and r~ st (s, K)) C O, there is a closed
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embedding g of (|L|, IL,|) into (M, Bd M), and there is a special map w for
(M, {, g 7, p) which is the identity on Bd M.

Proof. If s is a 2-simplex the conclusion follows easily from Corollary 6.2.
For the remaining two cases let & be equal to the difference between the total
number of boundary components of the nondegenerate components of lk(s, K) and
the number of nondegenerate components of lk(s, K). Use Lemma 2.1 to find
€ CcM, pu~ 1(0, «)) so that (M, w/k, T 1) has Property S. Set (L(0), L (0))
=(K, K,), gg=/,and 7, =1I: L(0) — L(0). Let M’ denote the sum of M and
(Bd M) x [0, 1] with the identification x = (x, 0).

We consider two cases:

Case 1. s is a vertex. We define inductively a sequence of complex pairs
(L), L (i), a sequence of pwl maps 7;, a sequence of embeddings g: (|L(G)),
|La(i)|) — (M, Bd M), and a sequence of special maps m, for (M, 8i_y 8 Ty #1)
which are the identity on Bd M so that each (L(?), L (), 7;) is an elementary
reduction of (L(i — 1), L_(i-1)) at a pair (s;» ;) where S, <lk(s, K), 7, -+
T l(si) =s, and (r1 cee rl._l)"l(st(s, K)) CO.

Suppose that for some 1 <j <k the appropriate items have been defined for
all i <j. Then for some vertex s, in (ro el T l)- l(S) and some component R]-
of lk (s]., L(j - 1)), R; has two boundary components. Choose R; so that if s €
L,j-1) then Ik (S]., LG-1)< R,. An invariance of domain argument can be
used to show that this is always possible. Let S]. be a 1-sphere in R]. which
misses La(j — 1). Notice that S]. < lk(s, K). Use [8, Lemma 2.1] to find a con-
nected open set W in M’ containing f(Int s; *S].) so that W — /(s]. *S].) has two
components—W, and W, W, ClInt M, Cl W, contains a neighborhood of
8;_y(Ints;*S5.) in g, _,(s;*R), and for each component R of lk(s; L(j - 1))
one of Wy Ng,_ I(Si *R) and W, N g; _l(s’. *R) is empty. Let Rippeees Rops

.o, ij be an indexing of the components of lk (S]., L(j — 1)) such that
gi_s;*RINW, 48 < i<q.

Let u; be a point of (E7 = L(j = 1))N O which is joinable to every finite sub-
complex of L(j —1). Let L(j) denote the complex [|L(j - 1)| - st°(s]., L(j - 1))]
U UiSq s; *R.; U Ui>q u kR Us *u, *S]., and set L () = LG~ 1). Let T
denote the simplicial map from L(j) to L(j — 1) which sends u; to s, and leaves
every other vertex fixed. Then (L(j), La(j), r].) is an elementary reduction of
(LG -1), La(j - 1)) at (s]., S].). Lemma 5.1 shows that r; is equivalent to a pro-
jection on |s,. *u, *S].| - IS].|, so from Corollary 6.2 there is a closed embedding
g (LK), IL()]) — (M, Bd M) and there is a special map a; for (M, 8 8y
Tis T2

After k steps, the process terminates since for every vertex v in ('k' . rl)_l(s)
and for every nondegenerate component R of lk(v, L(k)), R is a disk. Set
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(L, La) = (L(k), L (&), g = gy T=Tp++7pand m=m, - m,. Now (L, L, 7)
reduces (K, Ka) at s, and from Lemmas 2.1 and 2.2, # is a special map for
(M, f e, l‘-)'

Case Il. s is a 1-simplex. The items L, L , 7, g, and 7 can be obtained by
an iterative construction analogous to the one in the preceding case. We show how
to define an open set W and a triple (L(1), L (D), rl) to be used in Corollary 6.2
to get the process started, and we leave all other details to the reader.

From an invariance of domain argument, if s € K, then the two components
of lk(s, Ka) belong to different components of lk(s, K). It follows then from [8,
Lemma 2.1} that there are among the components of lk(s, K) two—R | and R,;
there are vertices u € R; -~ K, and v € R, - K_, and there is a connected open
set W in M' containing f(Int(z *s U v *s)) sothat W — f(z #s U v *s) has two
components—W ; and W, with W, CInt M~ f(|K|). For the complex L(1) choose
a point w € O which is joinable to each finite subcomplex of K and set L(1)=
KUs *w*(z Uv) and La(l) =K, Define r, to be a retraction which is affine
on each simplex of L(1) and sends w to b(s).

After (k ~ 1) steps the link of s is a 1-cell and a reduction of (K, Ka) at s

is achieved.

7. Neighborhoods for pinched 3-manifolds. Call a polyhedron P a pinched
3-manifold if it fails to be a three manifold at no more than a discrete set of points
and at each of these points P is locally equivalent to a cone over a finite collec-
tion of disjoint disks. In this section we rework McMillan’s proofs from [21] to
show how to find canonical neighborhoods for embeddings of polyhedra which are

sums of pinched manifolds and graphs.

Lemma 7.1. Suppose P is a polybedral 3-manifold, P is either a polybedral
surface in Bd P or the empty set, and [ is a closed embedding of (P, P ) into
(M, Bd M) such that [(P) is locally tame at f(P,). Set P, =(Bd P)-Int P,.

Suppose p € C(M, [(P)).

Then there is a pwl homeomorphism g of (P, Pa) into (M, Bd M) and there is
a discrete collection {C } of polybedral 3-cells in P with each C, NBd P a
disk D, in Int P, so that

(1) g(P) is tame and g p-approximates f,

(2) each g(D)) and each [(C)) is a p-set,

3) [(P-U(C,-Fr C)) Cg(P - P,), and

(4) for each i, f(P) N g(D) C/f(C).

Proof. Choose p, € C(M, {(P)) so that (M, /2, p,, 2) has Property S. Sub-
stitute (M > M, P, —S,Bd P, =R, [ — [, pu,/ — p) in [9, Theorem 9.1 to ger
an associated v € C(P,, P,). Extend v/~ o f, € C(M) sothat p, <p,.
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From Lemma 2.4 there is a proper collar ¢: P, x [0, 1] — P so that
f¢ly x [0, 1]) is a p,/6-set (y € P,). From [1], [2, [22] we can suppose that
fé is locally pwl on P, x (0, 1].

From [18, Theorem 4] and [1], [2], [22] there is a homeomorphism fo: (P, Bd P b)
— (M, Bd M) which p,/2-approximates | P, and there is a discrete collection of
polyhedral disks {Dz.} in Int P, (discrete in Int P}) so that (1) fo(x) = f(x)

(x €Bd Pp), (2) [, is locally pwl on Int P,, (3) each /(Di) 0] fo(Di) isap,/2-
set, (4) /(P,) nf(Int P,) C U (f(Int D)) N f(Int D)), and (5) [(P) N [(P,) C
[P, x [0, ¥)). For each D, set C,=¢(D,;x[0,%]). We suppose that (6) each
fo(D}) is in general position with respect to the open polyhedron f((Bd C,) - D).
Since [(P) is locally tame on (P ) the proof of Theorem 4 of [18] shows that
{, can be chosen so that {Di} is discrete not only in Int P, but also in P,. Thus
by pushing off f(P) near f(Bd Pb) it is easy to define a pwl homeomorphism f,
of (P,, Bd P,) into (M, Bd M) which has properties (2)—(6) when f, is replaced
by f, and which has the additional property (7) that /,(Bd P,) N {(P) = @.

For each D, f(Fr Ci) N ll(Di) separates /1(Di) N f(P) from fl(Di) N
f(P - C;) in [,(D)). Thus by cutting along components of f,(D)) N [(Fr C)),
sewing in new disks from f(Fr C)), and then pushing the adjusted portions of
fl(Di) into f(Int C)) for each D, we get a pwl homeomorphism f, of P, into M
which agrees with f, on the complement of /3 U Ine C,) so that each [/,(D)N
f(P)Cf(Int C, U Int D). Since each f(C)) is a p,/2-set it follows that [, is a
{t,/2-approximation to f.

Define f,: P, — M by [,(x) = [¢(x, 1). Since f; is also a p,/2-approxima-
tion to / our application of [9] provides a pwl homeomorphism b of (P, x [0, 11,
(Bd Pb) x [0, 1]) into (M, Bd M) such that h(y, 0) = [0, by, 1) = f5(), and
h(y x [0, l]) is a p,f(y)-set for each y € P.

Define a homeomorphism g, of P into M by g, | P~ image ¢p=f]| P -
image ¢ and g = b¢>"1 on qS(Pb x [0, 1]). If x = ¢(y, ) then p(f(x), go(x)) <
pUG), O + p(f(y), g (x)) < (f (/6 + p (f(¥)) < ([ (x))/6 + plf(x))/2 <
(2/3)u(f(x)). Thus by using [11], [2], [22] to take a close pwl approximation to g,
which agrees with g, on P, and takes P onto g (P) we get a g for which con-

ditions (1)—(4) in the conclusion of the lemma are satisfied.

Theorem 7.2. Suppose P is a polybedral 3-manifold, P, is either a polybed-
ral surface in Bd P or the empty set, M is a pwl 3-manifold, and [ is a closed
embedding of (P, P ) into (M, Bd M). Suppose p € C(M, {(P)).

Then there is a pwl homeomorphism g of (P, P ) into (M, Bd M) and there is
a discrete collection of polybedral cubes-with-handles {Hi} in M such that

(1) g is a p-approximation to f,

(2) each Hi is a p-set in Int M,
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(3) each H.N g(P) is a disk in g(Bd P), and
(4) g(PYu §) Hi is a closed neighborbood of [(P).

Proof. The proof is divided into two cases:

Case 1. [(P) is locally tame on [(P ). This case follows from Lemma 7.1
exactly as Theorem 1 of [21] follows from Lemmas 1 and 2 there.

Case II. General case. Only Case I of the theorem is used in the remainder
of this paper; thus we can use Theorem 9.1 in obtaining the general case. We
omit the u’s and just sketch the proof.

Define a proper collar A: P x [0,1] = P on P, in P sothat fA is locally
pwlon P, x (0, 1], and apply Theorem 9.1 to get a pwl embedding : (P, x[o0, %],
(Bd P,) x [0, %4]) — (M, Bd M) and a discrete collection of polyhedral cubes-with-
handles {Gi} so that A(P, x [0, yhu U G, contains a neighborhood of /(Pb)
and h(P, x %) lies between h(P, x 0) and fA(P, x 1). Then apply [9] as in the
proof of the preceding lemma to extend 5 to a pwl embedding of (P, x [0, 1],

(Bd Pb) x [0, 1]) into (M, Bd M) so that h(y, 1) = fMy, 1) for y € P,. Define
g':P —Mby g =fon P—-image A and g'My, t) = h(y, t). Take a pwl approxi-
mation to g' which agrees with g’ on P, to get g. The H/'s are obtained from

the G/’s by throwing out those which are contained in g(Int P).

Theorem 7.3. Suppose Q =P, <P <Q are polybedra such that P is a
pinched 3-manifold, P is either a surface which has a 3-manifold neighborhood
in P oris the empty set, C1(Q — P) N P = @, and dimension (Q - P) < 1.

Suppose [ is a closed embedding of (Q, Q,) into (M, Bd M) such that [(P)
is locally tame on f(Pa) and p € C(M, {(Q)).

Then there is a canonical neighborbood system for (M, Q, f, p).

Proof. Let gy € C(M, f(Q)) correspond to M, f(©Q), u, and k=35 in Corollary
3.5. Let (L, K, Ka, @) be a triangulation of (Q, P, Pa) with K, K, < L such
that, for each ¢ € L, f$(N(s, L)) is a p,-set. Let {vi} denote the vertices of K
whose links are not connected, and let {uk¥ denote the vertices of L~ K,. Fur-
ther, let {0].} denote the 1-simplexes of L — K. Let L? denote the second bary-
centric subdivision of L.

Let {O(t): t € L} be a collection of orientable, open {t,-sets such that )
for each t, f(N(t, L?) CO(2), (2) O(s) NO(t) =@ if s t=@, (3) 0(t) CO(s)
if t<s,and (4) O(1) NBdM=0@ if t N K, = @. For each u, let B(u,) be a pwl
3-cell in O(u,) such that (5) /q_’)(uk) € Int B(xz) and (6) f(Q) NBd B(x,) is
totally disconnected.

set P(0)=g(Uv), P(1)=P - P(0), and P(2) = C1(P - U ¢(N(»;, K?)).
Set M(1) =M~ ({(P(0) U(Q - P)) UUB(x,)). Choose p, <y, in C(M, {(P(1)), M — M(1))
so that (7) for each ¢ € L, supiu,(x): x € 0(1)} < d(fp(N(v, L?), M - 0(2)).
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Apply Theorem 7.2 for the substitution (M(1) =M, P(1) = P, [ = f, p, —p)
to get a pwl embedding g, of (P(1), P) into (M(1), Bd M) and a discrete collec-
tion of polyhedral cubes-with-handles {Gk} in M(1) so that the four conditions are
satisfied in the conclusion of the theorem. We suppose that any G, is thrown out
if it does not intersect f(P). From (7) if G, ﬁ/qS(N(vi, L?) £ @ then G, C
O(v)). We suppose that g, has been adjusted so that (8) each g ¢(|lk(v,, K?))
misses UGk and (9) each quS(N(vi, K?) fails to intersect [(P(2)). Extend g,
to all of Q by setting g, =/ on Q - P(1).

In each O(v)) let C(v,) be a compact, polyhedral 3-manifold such that (10)
Cw)ng,(P)=g,6Nw, K?), (11) (Bd Cv)) N g,(P) = g (| Ik (v,, K?)]), (12)
foreach G,, G, CC(v)) or G, N C(v) = B accordingly as G, N g, p(N(v,, K?) #
@ or G, Ng @N(v,, K?) =@, (13) N(1) = g,(P)u U Cw)u U G, contains a
neighborhood of f(P), and (14) (Bd C(v))) N f(Q - P) is totally disconnected.

Each D(v) = g ,(P) N Bd C(v)) is a collection of mutually exclusive disks;
thus from [20, Lemma 1] there is a finite collection Mij‘ of mutually exclusive
polyhedral arcs in C(v) - D(v)) which span Bd C(v)) so that the closure of C(v;)
minus a regular neighborhood of U]. A, in C(v,) - D(v) is a cube-with-handles.
We can suppose each Bd A, : misses [(Q). Each st(vl., LY NS v, ¥V, U
1k (v L? where V,isa complex having one vertex in each component of
lk (vi, L?). From [20, Corollary 1.1] there is a pwl homeomorphism b, of M onto
itself which is the identity on (M — N(1)) U (M - UO(vi)) so that (15) each
b (A ij) Nf(Q) =@ and (16) b, | G, #1 = G, CO()) for some i. Condition (16)
can be obtained by requiring that b, be the identity on all G,’s which fail to
intersect any f$(N(v_, L?). Set g,=h8,

In each bl(C(v .)) subtract a regular neighborhood of bl(U A ) which misses
both g,a(|lk (v, 2)|) and [(Q) and take the closure of what remams to get a
polyhedral cube-with-handles E(vi). By (8), (11), and (14), E(vi) = B(vi) U F(Ul-)
where (17) B(vi) is a pwl 3-cell, (18) F(vi) is a polyhedral cube-with-handles
missing g,(P(2)), (19) B(v;) N F(v)) is a disk, and (20) f(Q - P) nBd E(vl.) C
(Bd B(v)) - F(v). Set N(2) = g,(P(2))u U B(v)). Note that N(3) = N(2) U
U{Gk: G, NClw) =G for every v U U F(v) contains a neighborhood of f(P) in M.

Using the same constructions as in the preceding two paragraphs we find a
collection {E(o)} of mutually exclusive polyhedral cubes-with-handles in Int M
such that (21) N3)u U B(uk) V] UE(o ) contains a neighborhood of f(Q) in M,
and for each 0 (22) E(o ) C O(o) (23) N(33) N E(a ) is a pair of disks in
Bd(N3)u U B(uk)) one in each B(t) for which t < ;s (24) E(o) N F(v ) =0
for every v, and (25) E(o ) = B(o) U F(o) where B(o) is a pwl 3-cell, F(o) is
a polyhedral cube-with- handles missing N(3) UUB(uk) and B(a )N F(o ) is a dlSk
in Bd B(a])

Let S, denote the polyhedral surface (Bd P(2)) - (¢( U |k (v, K2)|) U
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Int P_), and set S =ClS,. From Lemma 2.4 there is a proper pwl collar A: § x
[0, 2] — P(2) such that (26) for each simplex ¢ of K with ¢(¢) NS = @,
g;l(O(t)) contains A(S N ¢(2)) x [0, 2]).

Define a pwl homeomorphism g of (Q, Q) into (M, Bd M) as follows: On
P(2) - image A set g =g,. On image A set gA(y, t) = g,Aly, 0((1) %)(t)). Extend g
tn O by using the cone structures on the cells B(t) to have g take (27) each
¢(N(vl., L?) conewise into B(v)), (28) each ¢(N(uk, L?) conewise into B(u,),
and (29) each qS(N(b(oj), L?)) conewise into B(o].) so that if u, or v, <o].
then gplblu, *b(a].))) or gh(b(v; *b(a].))) belongs to Int(B(z,) N B(o].)) or
Int (B(vl.) N B(o].)). From conditions on g, and the B(t)’s and from condition (26),
g is a p-approximation to f.

Set N=N2uU B(o].) uU B(u,). Then N is a pwl 3-manifold which con-
tains a neighborhood of g(Q), and the sum of N and CIL(N(3) ~ N(2)) U U F(a].)
is a closed, polyhedral neighborhood of f(Q). Let (T, ) be a triangulation of §
such that, for each ¢ € T, Ny(N(z, T)) x [0, 1]) C O(s) for some s € L. Let T2

be the second barycentric subdivision of T. For i = 0,-.-, 3 set

N, = CLIN = U IM@(Ne(D), T?) N s ) x [0, 1):

¢t is a simplex of T of dimension > 3-i}).

Then N;=g(Q) U U B(w) uUB) UUB,). Set N, =g(0) vUBw)u
UB(uk) and N = gQ). Now N = NoN NpN-eN N, and each of these collapses
is a p -collapse which is admissible with respect to Bd M. From our application
of Corollary 3.5, N is a p-regular neighborhood of g(Q).

For the cubes-with-handles {H} take tFlv J v {F(oj)} UlG,: G, NCv) =@
for every v }. Then (N, g, {HZ.D is a canonical neighborhood system for (M, O, f, p).

8. Existence and uniqueness of canonical neighborhoods.

Theorem 8.1. Suppose Q, <Q are polybedra, M is a pwl 3-manifold, { is a
closed embedding of (Q, Q) into (M, Bd M), and p € C(M, {(Q)).
Then there is a canonical neighborhood system (g, N, tH}) for (M, Q, f, p).

Proof. The central idea in the proof is to make repeated applications of the
splitting theorems in §6 to transform [ into an embedding of a polyhedron for
which Theorem 7.3 applies and then to use properties of special maps and reducing
systems to recover a canonical neighborhood system for f(Q). We will construct a
tower of polyhedra and maps indicated in Diagram 8.1. This tower will be com-
mutative with respect to solid lines. The Q’s denote polyhedra, the i’s pwl
inclusions or embeddings, the 7’s pwl maps, the [’s topological embeddings, the
g’s pwl approximations to the f’s, the #’s special maps, and H a pwl homeomor-

phism approximating 7.
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Diagram 8.1

Step 1. First story of tower. Let p, € C(M, [(Q)) correspond to p, in Corol-
lary 3.5 for the substitution (M — M, f(Q) — Y, p —p, 10 — k). Because f(Q )
is tame in Bd M there is some pwl structure on Bd M making f | Q, pwl. Let
i:Q — E7 and Jo: BAM — E’ be closed embeddings of Q and Bd M onto poly-
hedra in E’ such that (1) i5'j,(Bd M)=0Q,, (2) jg'ig| Q,=/]Q, and (3)
iy is pwl. By Lemma 3.6 there is a regular neighborhood Q (0) of 7,(Q ) in
7o(Bd M) such that jal(Qa(O)) is a p,-regular neighborhood of /(Qa) with an
appropriate pwl structure put on Bd M. Set 0(0) = i,(Q) U Q_(0), P _(0) = Q _(0),
and let P(0) denote the set of points of Q(0) where the local dimension of Q(0)
exceeds one. Define f,: Q(0) — M by |, =fia1 on 7,(Q) and = ]"61 on Q_(0).

Choose p, € C(M, {,(Q(0))) so that p, <p, and so that if /('): (Q(0), Q_(0))
— (M, Bd M) is a pwl p,-approximation to [, then /(') (Q,(0)) is p,-regular neigh-
borhood of /(')io(Qa) in Bd M. Theorem 7.2 of [10] together with the two dimen-
sional approximation theorems in [1], [2], [22] can be used to show that such a
I, exists. Use Lemma 2.1 to find [T and By € C(M, {,(0(0))) so that (4)

M, p2/6, 2;13, 2) and (5) (M, y3/3, By 4) have Property S. Let L(0) be a recti-
linear complex in E7 such that (6) |L(0)| = Q(0), (7) there are full subcomplexes
K(0) and Ka(O) whose carriers are respectively P(0) and Pa(O), and (8) for each
t € L(0), /O(N(z, L(0))) is a p4-set. Choose open p4-sets O(t) for the simplexes

t of L(0) such that, for each ¢t € L(0), f(N(z, L(0))) CO(2) and s <t => O(s) C
o(2).

Step 2. Second story of tower. Let fAl.} denote the 2-simplexes of L(0)
whose links are empty. Let {yif be a collection of mutually exclusive points in
E7 - Q(0) so that (9) every finite subset of {yi} is joinable to every finite sub-
complex of L(0) and (10) p(yl., b(Ai)) < 1/i for each i. Set K(1)= K(0)u in *'Ai,
L(1) = K(1) u L(0), K (1) = K, (0), P(1) = |K(1)|, Q(1) = |L(1)], and Q.1
= Pa(l) = Pa(O). Let 7, denote the inclusion of Q(0) into Q(1), and let r, denote
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the retraction of Q(1) onto Q(0) which is affine on each simplex of L(1) and
sends each y to b(Ai).

Let {U(A)} be a collection of mutually exclusive open sets in M such that
(11) each U(A) N [(0(0)) = f((Int A) and (12) U(A) C O(¢) provided A; Nt # @.
By applying Theorem 6.3 for each Ai we find that there is a closed embedding
/12 ©QQ1), Q (1)) — (M, Bd M) and there is a special map z, for (M, fo f1 7y By
which is the identity on (M -~ U U(A)) U Bd M.

Step 3. Third story of tower. Let {o,.§ denote the 1-simplexes of K(1) whose
links are not connected. Set L(2, 1) = (L(1), L 1(1))2 the relative second barycen-
tric subdivision, and let K(2, 1) and K (2, 1) denote the appropriate subcomplexes
corresponding to K(1) and Ka(l). Let {U(a].)¥ be a collection of mutually exclu-
sive open sets in M such that (13) each U(o].) N /I(Q(l)) = /l(stc’(oi, L(2, 1)),
and (14) each U(oj) C O(t) provided o, Nt # @.

Repeated applications of Theorem 6.3 show that there is a complex pair
(L(2), L (2)) and there is a pwl retraction 7, |L(2)| = Q(1) such that (L(2),

L ,(2), 7,) reduces (L(2, 1), L (2, 1)) at the 1-simplexes {07}, and there is an
embedding f, of (JL(2)], |La(2)|) into (M, Bd M) and there is a special map 7,
for (M, /1, /2, 7 ;t4) which is the identity on (Bd M) U (M - U U(o].)). Set Q(2) =
|L(2)], 0, =P(2)= P (1), let P(2) denote the set of points of Q(2) where the
local dimension exceeds one, and let K(2) and Ka(2) denote the subcomplexes of
L(2) whose carriers are P(2) and Pa(Z). Let i, denote the inclusion of O(1)
into Q(2).

Step 4. Fourth story of tower. Let L%(2) be a second derived subdivision of
L(2) inducing a subdivision L'(0) of L(0) for which Tyt L2(2) — L'(0) is sim-
plicial. Let {vk} denote the vertices v of K(2) for which lk (v, L(2)) fails to be
a 2-cell or a 2-sphere, and let {uk} denote the vertices of L (2)- K0(2). Both
these sets are contained in L ,(0). From invariance of domain it follows that each
component of each lk(v,, L?(2)) is either a point or a punctured 2-sphere. Let
{U(vk)f be mutually exclusive open sets in M such that (15) each /Z(Q(Z))OU(vk)
= /2(st°(vk), L22)), and (16) each U(vk) C O(vk).

An application of Lemma 6.3 like the previous one shows that there are (17)
complexes and polyhedra L(3), L _(3), Q(3) = |L(3)|, and Qa(’g') = |La(3)|, (18) a
simplicial map 75 from L(3) to L2(2) such that (L(3), La(3), 73) reduces (L 2(2),
Lg(Z)) at the vertices {vk}, (19) an embedding f;: (Q(3), Q(3)) — (M, Bd M)
such that each /;I(Cl Ulw,)) =3 I(N(vk, L *%2))), and (20) a special map m, for
(M, fz, /3, T3 ,u4) which is the identity on (Bd M) U (M — U U(Uk))' Let P(3)
denote the subpolyhedron of Q(3) consisting of the points where the local dimen-
sion of Q(3) exceeds one, set P (3)=0,03), and let K(3) and K _(3) denote the
full subcomplexes of L(3) whose carriers are P(3) and Pa(3).

Notice that Q(3) is the sum of a graph and the pinched 3-manifold P(3), and
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that K(3) fails to be a combinatorial 3-manifold only at certain vertices w in
(Ko(3) = K, o33N Nr3 1({vk§) where at each such w every component of lk(w, K(3))
is a disk. Notice also that (21) each (rlrzra)'l(llk (v, L'(0))]) is a surface be-
cause 7,r,: L%(2) — L'(0) is simplicial.

Step 5. A neighborbood for [(Q). Set 7= mym,my and 7 =7,7,. For each sim-
plex t of L(3), af ,(N(z, L(3))) C O(s) provided rr,(1) Cs. From Theorem 7.3
there is a canonical neighborhood system (g, N(3), {Gi}) for (M, Q(3), /3 y4).
From the proof of Theorem 7.3 we may suppose that (22) for each t € L(3),
ng 3(N(t, L(3))) C O(s) provided rr3(t) C's and (23) there are mutually exclusive
pwl 3-manifolds B(t) in the sets (Int M)N 7~ 1(O(t)) for t € {uk§ U {vk} so that
each B(t) is a regular neighborhood of gsr"l(N(b(t), L?(2))) modulo
8 ,(0(3) ~ Nb(t), LB3)) in M and NG3)=N,3) \ -+~ N 3)=g,003) uUBw,) U
B(u,) by a sequence of four p,-collapses admissible with respect to Bd M where
each component of each CI(N;_,(3) - N(3)) is contained in some 7~ Lo(s)).
Condition (21) enables us to achieve condition (23). From Lemma 5.2 and [16]
we see that each B(t) is a pwl 3-cell.

Now g3r;1 l &3 Ycim - UB(Uk))) is a pwl embedding.. Use the cone struc-
tures on the B(v,)’s to extend this restriction to a pwl embedding g, of (Q(2),
Qa(Z)) into (M, Bd M) so that each g; l(Int B(Uk)) = sto(vk, LZ(Z)). Set g, =
841,11 Set N5(3) = gz(Q(Z)). Let L'''(0) be the second barycentric subdivision
of L'(0), the subdivision mentioned at the beginning of step 4. For each t € L'(0),
g, HN(b(), L'"(0)) C #~(O(s)) for some s. Set N, (3)=g,Q(0) U
Ulg 7 1(N(b(t), L'"(0))): ¢ is a simplex of dimension <2 — i in L'(0)}. Then
N4(3) N N5(3) Noeee N N8(3) = g,(Q(0)), each of these collapses is admissible
with respect to Bd M, and each component of each Cl (NZ._ 1(3) - Nl.(S)) is con-
tained in some 7~ 1(O(s)).

Because 7. is the composition of three special p -maps it is a special B3
map. Further, s(N(3)u U G ) contains a neighborhood of /(Q). Thus from [1], (2],
[22] there is a pwl 2y3-homeomorphism H of M onto itself which approximates 7
so closely that (24) H(N(3) U U‘Gi) contains a neighborhood of f(Q), and (25)
each component of each H(CI (-Ni—- 1(3) = N(3))) is contained in O(s) for some s.
Set g = Hgyio, N =H(N(3)), and {H } = {H(G)}. We claim that (g, N, {H}) isa
canonical neighborhood system for (M, O, f, u). First g is a p -approximation
to f, and H is a 2u;-map so Hg is a p,-approximation to f,. Thus g is a
p-approximation to /. Furthermore by Lemma 3.6 and the conditions on p,, if we
set N, = H(Nz.(3)) then N=Ngy N..oN NB\- Ny N N, o =g(Q) by a sequence
of 10 p1,-collapses which are admissible with respect to Bd M. From Corollary
3.5, N is a p-regular neighborhood of g(Q). Similar considerations show that each

H, is a p-set.
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Except for the distribution of cubes-with-handles canonical neighborhoods are
unique. This statement is given meaning by the following theorem on p-regular

neighborhoods.

Theorem 8.2. Suppose Q< Q are polybedra, M is a pwl 3-manifold, [ is a
closed embedding of (Q, Q,) into (M, Bd M), and p € C(M, [(Q)).

There is a p, € C(M, {(Q)) such that if g, and g, are pwl embeddings of
Q. 9,) into (M, Bd M) which p -approximate f, and if N, and N, are y,-regular
neighborhoods of g ,(Q) and g,(Q) respectively, then there is a pwl p-homeomor-
phism b of (N;, N; N Bd M) onto (N,, N, N Bd M) which extends gzgl_l.

Proof. Use Lemma 2.1 and [11, Theorem 3.1] to find p,, pyoand p €
C(M, {(Q)) so that (M, p/3, 2u,, 4), (M, p,/2, 2p,, 3), and (M, B3 By 2) have
Property S, and so that if /' and /" are pwl p -approximations to { which take
(Q. Q) into (M, Bd M), then there is a pwl extension of /"(/')‘l which takes a
polyhedral neighborhood pair (R', R N Bd M) of (f'(Q), /'(Qa)) onto a polyhedral
neighborhood pair (R, R" N Bd M) of ("), /"(Qa)).

Let g, g, N, and N, be given as in the hypothesis. Let b, be the prom-
ised pwl extension of gzgl'l which takes a neighborhood pair (R,, R, N Bd M)
onto a neighborhood pair (R,, R, N Bd M). Note that gngI is a p;-map; thus by
Lemma 3.6 there are p -regular neighborhoods N; of g,(Q) in R, and N; =
bo(N;) of g,(Q) in R, such that byl N; is a 2p;-map. Furthermore by Lemma
3.1 there are pwl p,-homeomorphisms 5, of (N, N, N Bd M) onto (Nl', N{ N Bd M)
and b2 of (N;, N; N Bd M) onto (N » Ny N Bd M) which are the identity on /I(Q)
and f(Q) respectively. Thus h,h b, is a p-map and a pwl extension of gglg1
which takes (N v Nl N Bd M) onto (Nz' N2 N Bd M).

9. Canonical neighborhoods for surfaces. In this section we exhibit an alter-
nate characterization of canonical neighborhoods for surfaces which is more in the
spirit of McMillan’s work.

Theorem 9.1. Suppose S is a polybedral surface, R CBd S is either a poly-
hedral 1-manifold or the empty set, M is a pwl 3-manifold, and { is a closed
embedding of (S, R) into (M, Bd M). Suppose that u € C(M, {(S)).

If {((nt S) U (Int R)) is two sided in some open subset of M, then there is a
pwl homeomorphism g of (S x [0, 11, R x [0, 1]) into (M, Bd M) and there is a
discrete collection of polybedral cubes-with-bhandles {Hl.} in M such that

(1) for each x €5, and each t €0, 1], p(/(x), glx, 1)) < u(f(x)),

(2) each H, is a p-set in Int M which intersects g(S x [0, 1)) in a disk, and

(3) g(S x [0, 1) u U Hl. contains a neighborhood of f(S).

Proof. From §8 it is sufficient to show that for each u € C(M, {(Q)) there is
some pwl homeomorphism g of (S x [0, 11, R x [0, 1]) into (M, Bd M) which
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satisfies condition (1) and there is some pwl embedding /0: (S, R) - (M, Bd M)
which p-approximates [ so that g(§ x [0, 1]) is a p-regular neighborhood of fo(5).
Let p, correspond to M, p, f(Q), and & =5 in Corollary 3.5. Let By €
CM, f{(Int S U Int R), f{((Bd S) — R)) be such that py <y From Theorem 6.1, the
definition of special map, and [2], there is a locally pwl homeomorphism g’: (Int S
ulnt R) x [0, 11, (Int R) x [0, 1]) — (M, Bd M) so that, for each y €Int S UInt R
and each 1 €[0, 1], p(/(y), g'(y, 1)) 5;12/()/) and g'(y x [0, 1]) is a p,-set.
Let A: ((Bd S)-Int R) x [0, 3] — S be a proper pwl collar on (Bd S) - Int R
in § so small so that if g: § x [0, 11 — M is defined by g | (S — image A) x [0, 1]
=g'| (S - image ) x [0, 1] and g(X(y, s), #) = g'(A(y, 6(? g)(s)), t), then each
gly x[0,1]) is a pt-set, for each (y, 1) € S x [0, 11, p(g(y, 1), {(¥)) 5#1(/()')),
and if f; denotes the pwl embedding f(y) = g'(y, }4) for y ¢ image X and
oAy, ) = g' (N, 0(2 z)(t)), %), then [, p -approximates [. Now g(S x [0, 1])™
g(S x %) by a sequence of 3 p,-collapses admissible with respect to Bd M and
8(S x }4) ~ [ (S) by two p,-collapses admissible with respect to Bd M. These
five collapses are essentially those introduced in the proofs of Theorems 3.6 and
7.3. From Corollary 3.5, g(S x [0, 1]) is a p-regular neighborhood of 1 o(5).
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