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CANONICAL NEIGHBORHOODS FOR

TOPOLOGICALLY EMBEDDED POLYHEDRA

BY

ROBERT CRAGGSÍ I)

ABSTRACT.  D. R. McMillan has shown that in any neighborhood of a compact

two sided surface in a 3-manifold there is a closed neighborhood of the surface

which is the sum of a solid homeomorphic to the cartesian product of the surface

with the unit interval and some small disjoint cubes-with-handles each of which

intersects the cartesian product in a disk on its boundary.   In the present paper

the author generalizes this notion of canonical neighborhood so that it applies to

topological embeddings of arbitrary polyhedra in   3-manifolds.   This is done by

replacing the cartesian products by small regular neighborhoods of polyhedral

approximations to the topological embeddings.

In [20]  McMillan established the following result on neighborhoods of sur-

faces in  3-manifolds:

Theorem.  Suppose  S  is a compact, boundaryle s s, polyhedral surface, M  is a

pwl 3-manifold, and f is a homeomorphism of S  onto a two sided surface in  Int M

Then for each e > 0 there is a pwl embedding  g of S x [0, l]  into  Int M and

there is a finite collection \¡i .1 of mutually exclusive, polyhedral cubes-with-

handles in  Int M such that

(1) for each y eS, pifiy), g(y, e)) <c (e = 0, l),

(2) each dia H . < e and each  H . I~l giS x [0, l])  is a disk in  Bd H., and

(3) giS x [0, 1]) U U H. contains a neighborhood of fiS)  in M.

In this paper we generalize McMillan's notion of a canonical neighborhood so

that it applies to embeddings of arbitrary polyhedra in  3-manifolds.   In our system

regular neighborhoods of approximating polyhedra take the place of embeddings of

cartesian products.   In  §8 we obtain existence and uniqueness theorems for ca-

nonical neighborhoods.  In §9 we sharpen McMillan's theorem for surfaces by re-

moving the compactness and no boundary assumptions and by showing that the

diameters of the fibers of  giS x [0, ll)  can be kept small.

Notation.  Some of our conventions are taken from  [8], [9l, [l0]; however,
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we have changed our use of several terms in this paper.

Manifold and manifold-with-boundary  are taken as synonymous.  A surface is

a 2-manifold.  If  Y Ç X  then  Fr Y  denotes the set (Cl Y) n Cl (X - Y).   If we

write that a function, say /, takes a pair (X,  Y) into a pair (U,  V) then we mean

that  f~ (il) = X and /-1(V) = Y.  We use  p to denote a metric and ¿(Y, Z) to

denote the distance between sets   Y and Z.

We use  C(X) to denote the set of continuous,, nonnegative functions  p on X

such that, for each  r > 0, p~  ([t, oo))  is compact.  We use  C(X,  Y) and  C(X,  Y, Z)

to denote respectively the subset of  C(X) consisting of the functions which are

positive on   Y  and the subset of  C(X) consisting of the functions which are posi-

tive on   Y  and  0 on Z.  We write p.<p2 if p,(x) < p2(x)  for each x in the com-

mon domain of p    and p_.  Let p £ C(X).  A map / of a  subset   y of  X into   X

is a p-map it, for each y £ Y, p(y, j(y)) <p(y).  If / and g ate maps of Y into X,

then g  is a ^-approximation to / provided gf~     is a p-map of f(Y).  A subset

Z C X  is a  ¿¿-set if Z  is contained in an open set  0(Z) with dia 0(Z) < inf p on

O(Z).

For p.  and  p2 £ C(X) and a natural number  k, we say that  (X, p., p2, k) has

Property S if, for every sequence of points x., •••, x,   such that each p(x., x.   ,)<

p2(x-)>  a2^xk) — r^i^i)  anc^  f [(* J < 2p ,(*.).  The composition of k p-maps is not

necessarily a (Tep)-map, and the inverse of a p-map is not necessarily a jii-map.

The two conditions in the definition of Property S are used to get around these two

facts.

We follow unpublished notes of M. H. A. Newman in using  6X, \t  ,")  to denote

the map of [a ,, a ]  onto \b ,, b ]  which takes each a. onto  b . and is affine onr 1 77 1 72 2 2

each subinterval [a ., a .   ,].   If  Y C X  then a collar on   Y  in  X  is a closed embed-
2 2+1 —

ding  <p: Y x [O, r] —► X  for some  r 4 0 such that, for each y £ Y,  cpAy, 0) = y  and

cfiiY x [0, r])  contains a neighborhood of  Y.   If X  and   Y are polyhedra then <f> is a

pwl collar provided the map  cf> is pwl.  We say that  0 is a  proper collar provided

that any homeomorphism h of  Y x [0, r]  onto itself which takes each fiber

y x [0, r] onto itself and is the identity on   Y x Í0, ri  induces a homeomorphism of

X  which is an extension of cf>hcf)~  .  If p e C(X) then  <p is a p-collar provided

each  </>(y x [0, r])  is a p-set.

We emphasize that here polyhedra are not necessarily compact.  We write \  to

indicate a subcomplex or subpolyhedron, and we use <Q to indicate a full subcom-

plex. For a complex  K,   \K\  denotes the carrier of K, and if X  is a set in  \K\   then

[A]  denotes the intersection of all subcomplexes of  K whose carriers contain X,

and  N(X, K) denotes the polyhedron underlying the intersection of all subcomplexes

of  K whose carriers contain neighborhoods of  X.  For a simplex s   in a complex

K,  lk(s, K) = \t: s*t£ K],   st(s,  K) =s*lk(s, K), and  st°(s, K) = |st(s,  K)\ -

|s*lk(s, K)\.   For a complex  K,   K. denotes the  /-skeleton of  K.  Fora simplex s
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of  K,   b(s) denotes the barycenter of s, or if we are dealing with a derived sub-

division of K,   d(s) denotes the vertex in  Int s.   Here  K" denotes an  nth derived

subdivision of  K, and for  L < K,  (K, L)n denotes an 72th derived subdivision of  K

modulo  L.   In  (K, L)    there is one vertex in  Int s  for each simplex s  of  K - L.

The following definitions on collapsing, although somewhat restrictive, are

sufficient for our needs.   First ^»s, ~-^e, and "Nc denote respectively simplicial

collapse, elementary collapse, and collection of disjoint collapses with compact

supports.  We explain this last term more fully:  X  N.c V  means that  X and   Y ate

polyhedra with  Y C X,  Cl (X — Y) is a polyhedron, and if  C is a component of

C1(X - Y) then  C is compact and  C N. C r\Y.  Finally, for polyhedra X and  Y

which are not necessarily compact, X N Y means that there is a finite sequence

of collapses  X = XQ Nc X j  \.c ...  \,c Xfe = Y.   For polyhedra X,  Y, and  Z, an

elementary collapse  X \e Y is admissible with respect to Z  if (X - Y) C\ Z ^ (ZJ

implies that  X - Y C Z.  Similarly, a collapse  X  N"7 V  is  admissible  with respect

to Z  if for each component  C  of Cl (X — V), the collapse  C N C" O Y can be

made by way of a finite sequence of elementary collapses which are admissible

with respect to  Z.   Admissibility of arbitrary collapses is defined in the obvious

fashion.   For X C /Vf  and p e C(M), we say that a collapse  X  \ Y  is a p-collapse

if each component of Cl (X - V) is a compact p-set.  We write  X  \ 0 if X  col-

lapses to a point.

A triangulation  of a polyhedron  P is a pair (/, c6) consisting of a rectilinear

simplicial complex  /  in some Euclidean space together with a pwl homeomorphism

</> of  l/l   onto   P.   If  P(l), ..., P(k) ate subpolyhedra of P then  (/, j(l),---,

J(k), <p)  triangulates (P, P(l),.-., P(k))  if each ](i) </  and  eó(|/(z')|) = P(z').

We follow Cohen [7]  in  defining  regular neighborhood as follows:   If P < 0

< R  ate polyhedra  (not necessarily compact) then  Q  is a regular neighborhood of

P in  R  if there is a triangulation (/, L, cß) of (R, P) in which L <] /  and there

is a first derived subdivision /'  of /   suchthat O = <f>(N(Ll, J1)).  Ii p £ C(R)

then 0   is a  p-regular neighborhood of P  in  R  if, for some triangulation  (/, L, </>)

as above, t/>(/V(z, /))  is a p-set for each  t £ L.

Suppose  P  is a polyhedron, P    < P, and / is a closed embedding of (P,  P  )

into   (/Yl, Bd /Vl).  Suppose p £ C(M, f (P)).  A canonical neighborhood system tot

(M, P,  f,  p) is a triple  (g, zV, |//.|)  consisting of a pwl homeomorphism g: (P, P  )

—»(/Vl, Bd /Yl) which  /¿-approximates  /, a ¿/.-regular neighborhood  N of g(P) in M,

and a discrete collection of polyhedral cubes-with-handles  jz7.|  in M  such that

each H . is a p-set in  Int M which intersects  N in a disk and  N U kJ H . contains

a neighborhood of /(P) in  M.   The polyhedron  /V U U ¡¡ ■ will be called a canoni-

cal neighborhood for (M, P, /, p).

Next we describe a notion  of reduction   of a complex.   Reduction is used to

alter a complex so that it becomes more like a combinatorial   3-manifold.  We begin
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with complexes   Ka <]  K and  Lfl <J   L  and a pwl map r: L —> K such that  KLa) =

Ka-
We say that  (L, L  , r) reduces (K, K )  at a set of 2-simplexes  jA.i  of  K

J K a a ' r 2

provided (1)  K <L  and  Kfl = Lfl,  (2) each lk(Af, K) = tí and each lk(A¿, L)  is a

vertex ti>. in  LQ - K0 where  w . 4 w . fot i 4 f,  (3) L = K U U w . * A;, and  (4)

r is a retraction which is affine on each simplex of L  and sends each w . to  b(A).

We say that (L, L , r) is an elementary reduction of (K, K ) az" a paz> (zj, 5)

where a is a 1-simplex of K if (1) Ik (a, K) is a 1-manifold and 5 is a 0-sphere

in Ik (o, K) - Ka which does not bound in  Ik (o, K),  (2) L=KlJw*o*S where

w is a vertex in L o K- and  L_
0 a K  , and  (3) r is a retraction which is affine

on each simplex of L  and sends  w to  b(o).

We say that  (L, L  , r) is an  elementary reduction of  (K,  K ) at a pair (v, ])

where v is a vertex of K and  /   is a 1-sphere in  Ik (z7, /<) provided (1) each com-

ponent of Ik (v, K) is either a punctured  2-sphere or a point, and Ik (v, K) O K   =

tí unless  v £ Ka in which case  Ik (v, K  ) is a   1-sphere in the boundary of some

component of Ik (v, K),  (2) lk(z>, K) is the sum of disjoint complexes  E  and F

where  /  is in the boundary of some component of E  and  J C\ K   = tí,  (4) L =

ize/<:i2)fiz,iU72*E L)u*Fijv*u*l where a £L.-K. and L   = K   , and (3) r is
J OU rZfl,v'

a simplicial map from   L  to   K which sends  u to  v and leaves all other vertices

fixed.   Figure 1.1   illustrates an elementary reduction for a vertex.

igure 1.1

We say that  (L,  L  , r) reduces (K, K  ) at a set of simplexes  \t,\ of  K where

the  z",'s  are either all   1-simplexes or all vertices if (1) the complexes lk(/,, K) are

mutually exclusive, (2) r is the identity on  \L] - U r~ l (st°(t,, K)), (3) fot each

7 there is a sequence of complexes  (st(tk, K), st(tk, K) n K  ) = (L(k, 0),

La(k,0)),--.,(L(k, m), La(k, m)) = (r-\st(tk,  K)), r~ '(st (7,  K) C\ KJ), there is

a sequence  7 j, • • • , r^     of pwl maps 7^.: L(&, z) —» L(zé, I - 1) such that

r\L(k, m)
k I 7     and each  (L(zé, z), L  (ze, z), r, .) is an elementary reduc-

tion of (L(k, i- 1), La(k, i- I)) at a pair (t(k, 1), S(k, i)) where S(k, i)<lk(tk, K)
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and  r, . • • • r, ktik, zj) = t., and (4) if the   /,'s  are   1-simplexes then each

lk(/,, L) is a   1-ball and if the t,'s ate vertices then for each vertex w  in

r~  (KJtA, every nondegenerate component of Ik (w, L) is a disk.

Finally let  P  and Q  be polyhedra, r a pwl map from 0  to  P,  M  a pwl  3"

manifold, / and g  closed embeddings of  P  and  Q  respectively into  M, and p £

C(M).  A special map for (M, /, g, r, p) is a continuous p-map 27 of M  onto itself

such that

(1) ng = fr,

(2) rr takes  (/Yl - giO)) homeomorphically onto  M -/(P), and

(3) for each p1 £ C(/V1, p     (0, 00))  there is a homeomorphism H of  M  onto it-

self which p.-approximates  n.

2.  Some lemmas on Property S.

Lemma 2.1.  Suppose X  is a locally compact metric space, p £ C(X), and k  is

a natural number.

Then there is a function p    £ C(X, p~ (O, 00))  such that (X, p, p^, k)  has

Property S.

Proof. By taking infimums over functions defined for a locally finite collec-

tion of compact sets we can reduce the problem to the case where X is compact.

For this case define p, by

p2(x) = inf(|llulpU y):y é p-\2'Ukp(x), 2Ukpix))l).

The compactness of  X  can be used to show that p    is lower semicontinuous.   By

the Baire insertion theorem  (see   [l4,  p.  17l1) there is a function p   £ C(X, p~ (0, 00))

with p^<p2.  Define p.  by pAx) = minimumipAx), pix)/2).  It is easily verified

that (X, p, p , k) has Property S.

Calculations involving Property S will almost always implicitly involve one

of the next two lemmas which follow immediately from the definition of Property S.

Lemma 2.2.  Suppose (X, p, p., k + l)  has Property S and suppose   Y C X.

Then if g  is a p -homeomorphism of  Y into X, g        is a  2p-homeomorphism,

and if h  , • • • , h,   are  p.-maps of sets   Y = Y., ■ ■ ■ , Y,   where each  h ._ (Y ■   A

C Y, then  h = h.... h     is a (kp)-map of  Y  into X.

Lemma 2.3.  Suppose  S is a metric space and p and p    £ C(X) are such that

(X, p/6, pj, 2)  has Property S.

Then if Y is a p.-set in X and f is a p-map of  Y  into X,   f(Y)  is a p-set.

Lemma 2.4.  Suppose  M  is a  (pwl) n-manifold, S  is a locally flat (pwl) (n — 1)-

manifold in  Bd M which is a closed subset of Bd /Yl, and p £ C(M, S).

Then for any r ■/ 0 there is a proper (pwl) p-collar </>: S x [0, r] —> M on S in /Yl.
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Proof.   The topological version is obtained from Brown's collaring theorem

[6]  by cutting down the lengths of fibers.   It follows from invariance of domain

that the fibers can be cut back enough so that the collar is proper.   The pwl case

follows similarly from [7, 4.2].

3-  On p-regular neighborhoods.  Here we use Property S to help identify p-

regular neighborhoods.

Lemma 3.1.  Suppose that M  is a pwl manifold, P  is a polyhedron in M, and

p, pv and p2 £ C(zYI) are such that (M, p/2, 2p v 3) and (M, py p2, 2) have Prop-

erty S.

Then if N. a72zi N2 are p2-reguiar neighborhoods of P in M, there is a pwl

p-homeomorphism h of M onto itself which is the identity on a polyhedral neigh-

borhood of P so that h(N A = Nr

Proof.  Without the  p's this lemma is a standard result in regular neighborhood

theory.  (See  [7, 3.1   and  3.2]  for example.)  In the proof a third regular neighbor-

hood N, of P  is constructed and pwl homeomorphisms  h j  and h     of M  onto it-

self are defined which are the identity on polyhedral neighborhoods of  P and take

N .   and N 2  onto  N,.  If (] ,, L ,, </>.)  and (/2, L 2, cpA ate the triangulations of

(M, P) providing the  p2-structures for  N .   and  N2 then we can suppose that for

each  / and each  t £ ] .,   h . takes  ep it)  onto itself and  h . is the identity on </>.(/)

if t C\ L . = 0; thus we can suppose that each  h . is a p?-map.   But then by Lemma

2.2  each of h .  and  h T     isa  2p.-mapandso  h = h~  h.   is a pwl p-homeomor-

phism of M  onto itself which takes  N .  onto N     and is the identity on a polyhed-

ral neighborhood of  P.

Lemma 3.2.  Suppose M  is a pwl manifold, P  is a polyhedron in  M, and ß and

p. £ C(M) are such that (M, p/6, p., 2) has Property S.

// N  is a p -regular neighborhood of P  in M and h is a pwl it -homeomor-

phism of M  onto itself which is the identity on  P, then h(N)  is a p-regular neigh-

borhood of P  in M.

Proof.   This follows directly from Lemma 2.3-

Lemma 3.3. Suppose that M is a pwl manifold, Y C M, p £ C(M, Y), and k is

a natural number.

There is a function p    £ C(M,  Y) such that if 0  and P are polyhedra in  Y

with 0 = O 0 Ni  O.  N---N 0 , = P where each 0 ■ _ . N  Q ■ is a p .-collapse

admissible with respect to  Bd M and if N  is a p-regular neighborhood of 0  in

M, then N  is a ß-reguiar neighborhood of P  in  M.

Proof.   Use Lemma 2.1  to find py •■-, p    ¡i    £ C(M,  Y) so that (M, p/6, p2, 2),

(M, p2/2k, py 2k + 1), (M, p3/2, pA, 2), (M, p.¿2, 2py 3), and (M, py p,, 2) all
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have Property S.   Then choose a triangulation (/, 1/ .¡, cf>) of (/Vl, \Q .|)  so that, for

each simplex /  of /, cpAt) Cx 0 /, 0 implies that cßiNit, }))  is a p -set.   From the

proofs of Theorems 8.1   and  9.1   of [7]  and Theorem 2  of [23] (each time a trian-

gulation is mentioned make sure that the triangulation induces a subdivision of /)

there correspond to each collapse Q ._ . N, Q . a pair of p .-regular neighborhoods

A/._.  of 2_,  and  N.  of Q . and a pwl p.-homeomorphism ¿2- of M  onto itself

which is the identity on Q. and takes  N-_.  onto  N..   From Lemma 3.1   there is a

pwl p,-homeomorphism h    of M  onto itself which is the identity on 0  and takes

N onto N0 and for each  i < k there is a pwl p -homeomorphism h   .      of M  onto

itself which is the identity on 0 . and takes  N.   onto  N ..  Set  h = h-,h-,_ . • • • h

Each  h~     is a p,-homeomorphism so  i"     is a p--homeomorphism.   It follows

from Lemma 3.2 that N = h~ iNJ)  is a ¿/.-regular neighborhood of  P.

Lemma 3.4.  Suppose  M  is a pwl n-manifold, Q   is a pwl sub-n-manifold which

is closed in /Vl and has nonempty frontier, Q n Bd M  is either a pwl (n — ̂ -mani-

fold in  Bd Q  or the empty set, and p e C(M).

If X: (Fr 0) x [0, r] —» C1(/V1 — Q)  is a proper, pwl p-collar on Fr Q  in

Cl(/Y1 - 0), then Q U image X is a p-regular neighborhood of Q.

Proof.   It follows from the Newman theorem (see  [27, Theorem 3]  for example)

that Cl (M — (O U image À))  is a pwl 72-manifold.   Use Lemma 2.4 to extend  X to

À    so that X   takes (Fr Q) x [0, r + l]  into Cl(/M - Q)  as a proper, pwl p-collar.

Let (r, </>) be a triangulation of  Fr Q  such that XAcf>iNit, r)) x [0, r + A)

is a  p-set for each  t £ t.  Let   T be a subdivision of the cell complex   r x [0, r + l]

which adds no vertices  (see [27, Lemma l]), and let ifi: \T\ —> M  be given by

ifj(x, t) = X'(x, $(® "       .)(t)).  Extend  (T, xfi) to a triangulation  (L, 77)  of  M  in

which  q(N(t, L)) is  a  p-set for each / £[r]~Ho)].  Note that [r]~ '(Q)]   is auto-

matically a full subcomplex  K of  L.  Then  tj(/V(K ,  L  )) = 0 xj image À where  L

is the first barycentric subdivision of  L.   Thus Q U image À is a ¿/.-regular neigh-

borhood of Q.

Corollary 3.5.  Suppose M  is a pwl n-manifold,  Y C M,  p £ C(/V1,  Y), and k  is

1 1a natural number.

There is a function p    £ C(/Y1,  Y)  such that if P and N are polyhedra in   Y

where N  is a pwl n-manifold containing a neighborhood of P,   N Pi Bd M   is either

a pwl in — l)-manifold or the empty set, and N = N„  \, . • .\    N, = P is a sequence

of k p.-collapses admissible with respect to  Bd M, then N  is a  p-regular neigh-

borhood of P.

Proof.  Choose p.   from Lemma 3-3  corresponding to  M,  Y, p, and k.  Let

N = N q \ ■ • -\    N, = P  be given as in the hypothesis.  Choose p2 £ C(M, Y) so

small that p2<p,  and so that if h  is a  ¿/^-homeomorphism of M  onto itself then
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each of the collapses  h(N ._.) "^ h(N .) is still a p.-collapse.   The Newman theo-

rem cited in the preceding proof shows that Cl (M — N) is a pwl 72-manifold and

that  Fr N  is a pwl (n — l)-manifold.  Use Lemma 2.4 to find a pwl embedding

k: (Ft /V) x [-1, 2] -* M - F  so that each k(y x [-1, 2])   is a p2-set,   k | (Fr Ai) x

[-1, O]  is a proper collar on  Fr N  in Cl (M - N), and  k \ (Ft N) x [0, 2]  is a proper

collar on  Fr N  in  N.

Define a pwl ^-homeomorphism h of M onto itself by h = I on  M - image k

and  hk(y, t) = k(y, d(~_\ ° 2)(0).  Set Q = i(zV).   By Lemma 3.4, N is a p-regular

neighborhood of Q, and by Lemma 3.3  and the conditions on p2,  N  is a ^-regular

neighborhood of P.

Lemma 3.6. Suppose M is a pwl n-manifold, Q is a polyhedron in M, and u. £

C(M, Q).

Then there are ^.-regular neighborhoods of Q, and if N is any p-regular neigh-

borhood of Q, then N = N „ \ • ■ ■ \ N = Q 'by a sequence of n p-collapses each

of which is admissible with respect to  Bd M.

Proof.   The existence of p-regular neighborhoods follows from [7]  or [23l  and

the fact there are triangulations of neighborhoods of Q  in M  which partition the

neighbothoods into appropriately small sets.

Let  N be a p-regular neighborhood of 0  in  M  with N = cf>(N(K , ]  )) where

(], K, cp) is a triangulation of (M, Q) with  K <] /,   /     is a first derived subdivi-

sion of /, and for each  t £ K,  cf>(N(t, J)) is a p-set.  Define another first derived

subdivision /    of /  as in [27, Chapter 3l by first defining a simplicial map

A: ;   —» [0, l]  with  k(v) = 0  if v £ KQ and  k(v) = 1  it v £ ]Q~ KQ.  Choose  /'   so

that if a is a simplex of /  with  k(o) = [O, l]  then d(o) £ k~ '(7).

Let ]     he the first barycentric subdivision of /    and  K    the induced subdi-

vision of  K.   Let \ti\ denote the  /-simplexes of  K.  Set D . = U¿ N(d(tl), K"), and

for each simplex t of K let t(j) = D . n t.   Set N'Q = N(K', ]') and N'k = <p~ Ho)u

(n'q n ( U\t(f) *s: t £ K,  k(s) = 1,  t *s £ J, and  j < n - k\)).  We claim that each

N,     .  collapses to N',    by a collapse that is admissible with respect to  (/>     (Bd M).

To see this look at a simplex  s * t of ]  with  k(s) = 1   and  kit) = 0.   Then for   /' =

n - k,   C = (/(/) * s) n AL  C iV! _     is a pwl cell.   Furthermore, C D ZV,    is a collaps-

ible polyhedron in  Bd C, so  C \  C n /V,.  An induction argument now shows that

Ai!    . \   N,   and that this collapse is admissible with respect to  cf>~  (Bd M).

Let 77: /' —» / be a simplicial isomorphism which is the identity on JQ. Set

N, = cjxrj^N, ) (k = 0, • • • , 72). Each N, _ "N N, is a ^-collapse which is admissi-

ble with respect to  Bd M, and  N    = 0.

4.   Extending the Lininger-Hosay theorem.   Here we use a result of Lister's

[l8]  to generalize the theorem of Lininger and Hosay's  [15], [l7l  on re-embedding

crumpled cubes in  E   .   The trick of using  [181  to simplify the proof of the
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re-embedding theorem was observed by Daverman in [l2].

Lemma 4.1.  Suppose S  is a  2-sphere in E  ,   D  is a disk on S such that

CAiS — D)  is tame, and  U  is a connected open set in  E    such that  U n 5 = Int D

and U — S has two components— U „ and U..

There is a homeomorphism g of S onto a tame  2-sphere in E    and there is a

homeomorphism h of E    — U    into E    such that

(1) h | E3- (/ = /,

(2) g | S - Int D = 1,

(3) g(Int D) C U, and

(4) h(E3 - U,) Ogdnt D) = tí.

Proof.   There is no loss in supposing that  U Q C Ext S  and  Fr U is connected.

Since  £     is unicoherent the second condition can be achieved by cutting down   U

to a smaller open set if necessary.  Define  p e C(S) by p(x) = d(x, E   - U)/2.

From [18, Theorem 5]  there is a homeomorphism f of S into  E    and there is a

null sequence  E ., • • • , E ., • • • of mutually exclusive disks in  Int D  so that  (1)

L»P. is closed in  Int D,   (2) / p-approximates the identity, (3) /(Int D) is locally

polyhedral, (4) /((Int D) - \J E .) ÇUj, and  (5) /(Int D) H S =(J(/(Int E¿) n Int E.).

By [3, Theorem 8.5l, f (S) is tame, so  B = Cl Int /(S)  is a  3-cell.

For each  i, set  F . = f(E .).  We can suppose that each  F . is a polyhedron.

Let  G. denote the sum of all components of ß D Cl Ext S which intersect  F..

Because  Fr G ■ C U and  Fr U is connected, G.ÇCl UQ.  It follows as in [12]  that

the  G .'s ate mutually exclusive.

For each  F . let B . be a  3-cell in  F . U Int B  such that  B . C\ f(S) = F .,   G . C
z z z z       ' z z —

B ., and  G. n Bd B . C F ..  Let C ,,•••, C ., • • •  be a null sequence of mutually
v i i —     i V v ^ '

exclusive polyhedral cubes in  B C\ U so that each  C . n /(S) = F..  For each B .

let  ci. be a homeomorphism of B . onto C . which is the identity on  F..

Define g  to be  /on  S - U E . and let g  take each E ■ onto  (Bd C .) - Int F ..

Set è(x) = x  for x e Cl Ext /(5) and h(x) = tA .(x)  for x £ G ..  Just as in  [12], g

and //  satisfy conditions  (1)—(4).

Lemma 4.2. Suppose /Vl is- a connected 3-manifold without boundary, S is a

connected boundaryless surface in M which is a closed subset of /Yl, and S sep-

arates  M  into two components—Vn and V ..

Suppose   p e C(M, S).

Then there is a p-homeomorphism g of S  onto a tame surface in M and there

is a p-homeomorphism h of Cl VQ into /Vl so that g(S) D ¿(Cl VA = Ö.

Proof.   First cover  S with a collection of open  3-cells in  /Yl.   Then use  [5,

Theorem 6.3]  and  [4, Theorem 5]  to find a curvilinear triangulation  T oí S with

tame   1-skeleton  T    and  2-simplexes  {A I  so that each A.CS.CN. where  S. is
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a  2-sphere and N . is an open  3-cell which is a p/2-set.   From  [5]  we can assume

that each S . is locally tame modulo A..  Use  [8, Lemma 2.l]  to find for each A.

a connected open set  U . in  N . such that  Int A . C U -,  S . n Cl U ■ = A ., and  U . -r Z 2 2—22 IV I

A. has exactly two components.   Choose the   U .'s  so that they are mutually exclu-

sive.  For each  U . set  (7 .„ = U . n V „ and   U ., = U . D V,.
I ¡0 2 0 2 1 2 1

Use Lemma 4.1  to find for each  A. a homeomorphism /. of S . into  N . and a2 r ' Z 2 2

homeomorphism h . of N.-U.,  into  A/, suchthat /. = / on 5 -Int A.,  /.(Int A.)r 2 2 2 1 2 ' 2 2      J 2 2

is locally tame, h . = I on  A1. - U., and 27 .(A/. - U .,)  fails to intersect  /.(int A •).
' '       I 2 2' 2 2 2 1 '2 2'

Set h = I    on/M-Ufy. and h = h .  on each Cl U .„. Set / = /. on each A .. Fromw 2 2 20 ' '2 2

[5, Theorem 3-l]  and [l], [22], f(S)  is tame.   The condition on the diameters of the

N .'s  shows that  i  is a p-homeomorphism and that / is a p/2-approximation to

the identity.

Since each /(A.)  separates   U. it follows that f(S) separates  AI  into compo-

nents  W     and  W    where  W     is the component which contains the connected set

h(M - (V . U T.)).   By Lemma 2.4 we can push f (S) off into  W .   to get a p-homeo-

morphism g  of S  onto a tame surface in  IV ..   This completes the proof of the theo-

rem.

We can relax somewhat the requirement that S  have no boundary:

Corollary 4.3.   Suppose  M  is a connected 3-manifold, S  is a connected sur-

face in M with S n Bd M = Bd S and S  is closed in AI, and suppose S separates

M  into two components—V „ and V ,.

Suppose p £ C(M, S).

Then there is a ^.-homeomorphism g of (S, Bd S) onto a tame pair in

(M, Bd M) and there is a ¡¡.-homeomorphism h  of (Cl Vn, (Bd M) O Cl VA into

(M, Bd Al) so that g(S) C\ h(Cl VQ) = tí.

Proof.   Let S' C M'  be the doubles of S and  AI  along  Bd S and   Bd M.

Here  M    is obtained by attaching two copies of M  together with the identity

homeomorphism on  Bd M.   Extend p to p   £ C(M , S ).  Carry out the constructions

in the proof of Lemma 4.2  for S    in M    to get f , g , and h    in place of /, g, and

h with the following modifications: (1) Require that  Bd S   be contained in  T., the

tame   1-skeleton of the curvilinear triangulation of 5 ;  (2) choose the   U .'s   so

that each   U . D Bd M = tí; and  (3)  in defining g    from /    by pushing off  T.  re-

quire that  (g')~  (Bd A4) = Bd 5.   Then for h and g   just take  h' | M  and g'  | S.

The theorem which follows, the promised extension of the Lininger-Hosay

theorem, is obtained from Lemma 4.3  in much the same way as Theorem 2  is estab-

lished in  [l7].  We give only a sketch of the proof.

Theorem 4.4.  Suppose  M  is a connected 3-manifold, S  is a connected surface

in M with S n Bd Al = Bd S  and S  is a closed subset of AI, and suppose    S

separates  M  into two components — V „ atzzi  V ,.
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Suppose  p £ C(M, S).

Then there is a p-homeomorphism h of (M - V ., (Bd /Yl) - V.) into (M, Bd /Vl)

such that  h(S) is collared in M - h(V A.

Proof.   By combining Corollary 4.3  with  [9, Theorem 9.2]  it is possible to

define inductively a sequence of re-embeddings  h . (i = 1, 2, • • • )  of (Cl V n,

(Bd M) n Cl VA into  (/Yl, Bd /Yl), a sequence of homeomorphisms g . (z = 1, 2, • • • )

of (S, S n Bd /Vl) onto tame pairs in  (/Vl, Bd M), and an embedding  A of (S x [0, ll,

(S n Bd /Yl) x [0, l]) into  (/Yl, Bd Al) so that  (1) h . —* b  a p-homeomorphism of

Cl V0  into  M,  (2) g . —» // | 5  and g¿(S) n h(Cl VQ) = tí  for each  z, and  (3)

A(y, l/z) = g (y)  (y£S,   i = 1, 2, • • • )-  But this says that  h(S) is collared in

M-h(V0).

5. Some combinatorial preliminaries. We omit a proof of the first lemma here.

It is easily obtained by building up a homeomorphism over blocks of convex linear

cells.

Lemma 5.1. Suppose u*v*S = u*B is a combinatorial n-ball where u and

v are vertices and S is a combinatorial (n - 2)-sphere. Let r denote the simpli-

cial retraction u * B —> B  which sends  u to v.

Then there is a pwl homeomorphism   cf> of  \u * B\ - \S\   onto   |lnt B| x [0, l]

such that, for each y £ Int B,  <f>r~ '(y) = y x [0, l]  and có(y) = (y, 0).

Lemma 5.2. Suppose K <] K and L <] L are complexes, r is a simplicial

map from L to K, v is a vertex of K, and S is a l-sphere in Ik (tz, K) such that

(L, L  , r) is an elementary reduction of (K, K  ) at  (v, S).

If H and J  are finite subcomplexes of K containing v such that  H ^s J  by

a collapse that is admissible with respect to  K , then r~  (H) A.s r~  (J) by a

collapse that is admissible with respect to  L  .    Furthermore,  r~ (v) N»'s 0 by a

collapse that is admissible with respect to  L   .

Proof.   First collapse  r~ l(ll) \s ¡1(0) U r~ l(J) where  H(O) = [|r~ l(H)\ -

(\v *u * S\ - \v * S\)]  and  u  is the new vertex added to obtain  L.   Do this by col-

lapsing simplexes  v * u * r~  (l) across free faces  u *r~  (t) in order of decreasing

dimension for simplexes  /  of S n (Ü - J).  Then for each simplex  / £ H with t 4 v,
7\J

there is a unique simplex  /    in  /7(0) which is taken isomorphically onto t  so

H \.s ]  induces a collapse  H(0) \j r~ '(/) N.s r" '(J) via r~ l.  It is clear that

this collapse is admissible with respect to  L     and that  r~  (v) ~^s 0 by a collapse

that is admissible with respect to  L   .

6. Splitting a surface.   Theorem 6.1   is the key to reducing the canonical

neighborhood problem to one that can be solved using McMillan's techniques.   It

says roughly that a two sided surface S in a  3-manifold can be split open and
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blown up into 5 x [O, l].   McMillan uses this idea in  [2ll   in the proof of Theorem

2 when he constructs the auxiliary manifold Al   .  Daverman and Eaton  [13]  have

sketched out a weaker version of this theotem for interiors of disks.

Theorem 6.1.   Suppose  P    < P and Q    <Q  are polyhedra, r is a pwl map

from (Q, 0  ) to (P, P  ),  S  is a connected polyhedral surface in  P with SOP    =

Bd S, and </> is a pwl homeomorphism from (S x [0, l], (Bd S) x [0, l])  to a poly-

hedral pair (C, C ) < (Q, Q  ) so that, on  C,   rep is the projection of S x [0, l]

onto S.   Suppose that r takes  0 - C homeomorphically onto  P — S.

Suppose M  is a  3-manifold and f: (P, P ) —> (M, Bd M)  is a closed embed-

ding, and suppose there is a connected open set  W  in M  containing f(S) such

that  W -S has two components-W Q and W    with Cl(r~ 1f~H.W))OC Ç S .=

<p(5 x i)  (i = 0, 1).

Suppose  p £ C(M, f(S)).

Then there is an embedding g: (0, 0  ) —> (Al, Bd M) and there is a special

map n for (Al, /, g, r, ¡A.

Proof.   The idea of the proof is to use Theorem 4.4 to obtain from / embed-

dings   of f ~ (Cl W)   (i = 0, l)  whose boundaries are collared on one side and then

to use  [10, Theorem 8.2]  to separate the two copies of f(S) so that the collars

attach along corresponding endpoints.  See Figure 6.1.

Figure 6.1

Let  U he a connected open set in  M  such that  S C U C W and  X . = (Fr U) O

W. /tí (i = 0, 1).  Set  [}.= U O W.   (i = 0, 1).   Let  pj  and p2 £ C(M, f(S), M - U)

he such that (M, p., 2p.p 2) and (Al, p., p2, 2) have Property S.  Substitute

((J _» AI, S -» K, Bd S -. Kß, / _ /, p2 -» p)  in Theorem 8.2  of [10]  to find an

associated  v £ C(S, S).  Use Theorem 4.4 to find p2-homeomorphisms   ¿Q of

M - U.  and  h     of M - U Q so that  h -f(S) is locally collared in  Al - h .(U .)  and

p(f(x), hj(x)) < v(x)  (x £S,   i = 0, 1).  Set  S^ = cf>(S x 7), and set  C . =

cf>(S x [i, 71)  (/ = 0, 1).   (Here  [l, 71 = [7, 1]-)  From Lemma 2.4 there are homeo-

morphisms g . of  C . into  U - h .(U .)  (z = 0, 1)   so that  (1) g (C . - S )  is locally
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tame, (2) for each x e S.,  g (x) = h.fr'x), (3) for each x £ S,  g{(r~l(x) f~l C .)  is a

pf(x)-set, and  (4) for each x £ C., pigi.x), frix)) < vrix) < p2(/r(x)).

Define homeomorphisms  /. of S  into  U (i = 0, 1) by /.(x) = g{ir~  ix) <~) S A).

For each x £ S, pifix), f .ix)) < vix) by  (4) in the preceding paragraph.  Now /-(5)

is tame in   U by [l], [22] so by our application of  [10]  there is a p2-homeomorphisrn

h of M  such that  hfQ = /..

Note that f ¡(S) separates  XQ from Xj  in  Cl U because  h j(Cl (7j) U

g AC . - S A  is a sum of components of (Cl U) - f AS) which contains   X .  and

misses  X0.   Furthermore, h ;(C1 U j) O /,(S) = hh Q(Cl U Q) Ft /j(S) = tí.  Thus

//.(Cl (/,) O ////„(Cl l/q) = tí, and g  is a homeomorphism where  g  is defined by

g = fr on  Ô-r-y-Kl/),  g = ¿V on r''/" Hi/,,), g - b J on  r1/"1^,), g =

¿>g0 on  C0, and g = g j  on  C,.  Notice that   U - g(C) = hh Q(UQ) U h j(í7,).

Define  77 by  77=/ on  M - U,  rr = h^ h~     on  hh „(Cl (70), 77 '= A~     on

¿,(C1 U,), and  ?T = /rg-!  on g(C).

If x £ h j(Cl iij) with x = Âj(y) then  p(x, tt(x)) = p(«, y) < p2iy) < piA-  If

x £hhQ(Cl U0) then x = hhQ(y) and  tt(x) = y.   Now p(y, èQ(y)) < p2(y) < p i(^0(y))

< p(x)/2, and p(h0(y), x) < p2(hQ(y)) < p¿x) < p(x)/2.  Thus  p(x, nix)) < pix).  If

x £ g(C), then x = g(y)  and  n(x) = fr(y).  By an analysis similar to the preceding

one we find that p(x, n(x)) < p(x)  for x £ g(C).

It remains to show that  n can be approximated arbitrarily closely by a homeo-

morphism. Since point inverses  rr~  (x) are cellular [19, Theorem 6]  this actually

follows from work of Voxman's [25, Theorem l]  (Bd /Yl presents no real problem);

however it is instructive to look at a direct proof.

Let X £ C(M, p~ HO, 00)).  Choose  Aj and A2 e C(M, p~ '(0, 00))  so that, for

x £ M,  Xjix) < inf À I 77~  (x) and so that (M, À., 2A2, 2) has Property S.   Repeat

the construction of g  and  77 with  X2  in place of p to get  À.,-homeomorphisms  hfí

oí M - U .,   h    of M - (Vq,   h    of AI, a homeomorphism g    of Q  and a  À2-map  rr

such that  77 g   = fr.  Define an approximation  H to  77 by  H = I on M - U,   H =

¿'j/i-1  on Â^Clt/j),  H = h'h'oihh0)-1  on Âèn(Cl (/„), and  H = g g~l  on g(C).

Clearly, H is a homeomorphism.   If x £ h .(Cl U A, then x = ¿>  (y) and  H(x) =

h'Ay) = ¿jZt(x).   Thus  piüix), nix)) < X2iy) < X¡iy) < Xix)  by the definition of Xy

If x £ bh0(Cl U j), then x = tóQ(y), and  fkx) = h"h'¿y) = h'h^nix). Now pik'htfrix), nix))

<Aj(x)  since  ¿'¿g   isa  Aj-homeomorphism.   Thus  pih'h'b"/.   h~  ix), nix)) < Xix).

For x e g(C) we have x = g(y) and  /7(x) =gr(y).  Now piüix), nix)) =

pig'iy), n'g'iy)) < X2ig'iy)) < X^n'g'iy)) = A,(*<*)) < A(x).

For our work here we need to allow /"  (Bd /Yl) to contain points in  Int S.  The

corollary which follows enables us to do this:

Corollary 6.2.  Suppose  P    < P and Q    <0 are polyhedra, r is a pwl map

from 0  to  P which takes  Q     onto  P ,   S  is a connected polyhedral surface in  P



478 ROBERT CRAGGS [November

with  Bd S = tí, and ef,: S x [0, il —» C C Q   z's a pizz/ homeomorphism such that r </>

¿s z/)e projection of S x [0, l]  072 S.   Suppose r takes  O - C  homeomorphically

onto  P - S.   Set S. -- cß(S x i) (i = 0, l).  Suppose Ofl O C = S ^ n r~ \Pa).

Suppose M  is a pwl 3-manifold, f: (P, P ) —» (M, Bd M)   is a closed embedding,

and suppose p £ C(M, f(S)).

Let  M    denote the sum of M and (Bd Al) x [O, l]  with the identification y =

(y, 0) on  Bd Al.   Suppose that there is a connected open set  W  in  M    containing

f (S) which is separated by f(S) into two components—W0 and W    with  W_ C Int M

and (Cl r~ V" '(W.)) D C Ç S. (i = 0, l).  Suppose that for each x e Pfl nCl(S - Pj

there is a subpolyhedron  P(x)  in f~  (Cl W .) such that  P(x) contains a neighbor-

hood of x  in S,   P(x) tes 720 local cut points, P (x) = P(x) O P    has no point

components, and  P(x) — P  (x)  is a  3-manifold.

Then there is a closed embedding g: (Q, O  ) —► (Al, Bd M) and there is a spe-

cial map  n for (Al, f, g, r, p) which is the identity on  Bd Al.

Prool.   Extend the metric on  Al  to one on M , and extend (j  toa function in

C(M ).  Replace  M  by  Al    in the proof of Theorem 6.1  and carry out the construc-

tions there.  Since  77 | h (M   - Int M) - h~    • • • , it is sufficient to show that h ,

can be chosen so that it is the identity on  Al   - Int Al.

Following the notation in the proof of Theorem 6.1, define a p2-homeomor-

phism h    of Al   - UQ such that  h    | Al   - Al = /,   h,f(S - P  )  is locally collared in

Al' -/&3(t/j), and p(f(x), h f(x)) < vix)  (x £ S).  We claim that  h f (S) is locally

collared in  Al — h (U.).  The only points where this could fail to be so are points

in f(Pa Cl Cl(5 - Pa)).  Let  x e/(Pa n C1(S - Pj).  Then from  [10, Lemma lO.l],

h ,(P(x)) is locally tame at x  and so hJ(S) is locally collated at x in Al - hÁL1 j).

This shows that we could have used i,  in place of h .  and the proof of the

corollary is complete.

Theorem 6.3.  Suppose  K  is a complex in  E ,   K    <Q K,   f is a closed embed-

ding of (\K\, \K  |)  znzjo (Al, Bd Al) where  M  is a  3-manifold, and s  is a  0-, 1-, or

2-simplex of K.   If s  is a   1-simplex suppose that Ik (s, K) has more than one

component, each component of Ik (s, K) is an arc, and lk(s,  K) O K    =0 unless

s £ K    in which case  Ik (s, K  ) is a  0-sphere in Ik (s, K).  If s  is a vertex sup-

pose that  lk(s,  K) has some nonsimply connected component, each nondegenerate

component of Ik (s, K) is a punctured 2-sphere, and Ik (s, K) O K    = tí unless

s £ K    in which case lk(s,  K  ) is a   1-sphere in the boundary of one of the com-

ponents of Ik (s, K).

Suppose p e C(zM, /(st°(s, K))) and 0  is an open convex set in  E     contain-

ing st(s, K).

Then there are complexes  L    < L  in E    and there is a pwl map r: L —> K

such that (L, L  , r) reduces  (K, K ) at s  and r~  (st(s, K)) C 0, there is a closed
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embedding g  of i\L\, \L   \)  into  (/Yl, Bd /Yl), and there is a special map n for

(Al, f, g, r, p) which is the identity on  Bd AI.

Proof.   If s  is a 2-simplex the conclusion follows easily from Corollary 6.2.

For the remaining two cases let  k be equal to the difference between the total

number of boundary components of the nondegenerate components of Ik (s, K) and

the number of nondegenerate components of  Ik (s, K).  Use Lemma 2.1   to find

Pj £ C(M, p~\0, oo))  so that (M, p/k, p y k + 1) has Property S.  Set (L(0), LJO))

= (K, Ka), gQ = /, and  rQ = I: L(0) —» L(0).  Let  /Yl'   denote the sum of /Vl  and

(Bd M) x [0, l]  with the identification x = (x, 0).

We consider two cases:

Case I. s is a vertex. We define inductively a sequence of complex pairs

(L(z'), L (z)), a sequence of pwl maps r., a sequence of embeddings g .: (|L(z')|,

|L (z')|) —> (/Vl, Bd Al), and a sequence of special maps n. for (Al, g. ,, g;-, r., p A

which are the identity on Bd /Vl so that each (L(i), L (i), r .) is an elementary

reduction of (L(i - l), L ii - l)) at a pair (s., S .) where S . < Ik (s, K), /".•••

r._j(s.) = s, and  (r , . . . r ._ ,) ~ !(st is,  K)) Ç O.

Suppose that for some   1 < / < k the appropriate items have been defined for

all  i < /'.   Then for some vertex s . in (rn ••• r.     A ~  is)  and some component  R.

of lk(s., Lij - 1)),  R . has two boundary components.  Choose   R .  so that if s . e

Lij - 1)  then  Ik (s., L  if - 1)) < R ..  An invariance of domain argument can be

used to show that this is always possible.  Let S . be a   1-sphere in  R. which

misses   L  (/' - 1).   Notice that S .< lk(s, K).  Use  [8, Lemma 2.l]  to find a con-

nected open set  W  in M    containing /(int s . *S ) so that  W - fis . * S .) has two

components—WQ and W .,   WQC Int Al,   Cl W .  contains a neighborhood of

g-_j(Int s ■ * S A in g. _ j(s ■ */?■), and for each component  R  oí Ik (s-, L(f - 1))

one of W0 ng._j(s. * R)  and  W , O gj _ A\s . * R)  is empty.   Let  RjV--. , Rjq,

• • • , R .     be an indexing of the components of Ik (s ., L(f - 1)) such that

g.^s.*/^..) nlV^tí   <=>   i<q.

Let  zz. be a point of (E    — L(/ - 1))C\0 which is joinable to every finite sub-

complex of  Lij - 1).  Let  L(j) denote the complex  [|L(/ - l)| - st°(s ., Lij - 1))]

uU/   s . *R .. u U-N   a . * R .. U s . * u . * S ., and set  L  (j) = L  (/' - 1).  Let  r .
lS.1    / 'z i>q    ] ;z ill a a 1

denote  the simplicial map from  L(/') to  L(/' — 1) which sends  zz. to s. and leaves

every other vertex fixed.   Then  (L(j), L  (j), r.) is an elementary reduction of

(L(j - I), L  (/ - 1)) at  (s ., S .).   Lemma 5.1   shows that  r. is equivalent to a pro-

jection on   \s . * u . * S .| - \S ], so from Corollary 6.2 there is a closed embedding

g .: (|L(/)|, |La(/)|) —» (A4, Bd Al)  and there is a special map  27. for (M, g-, g_,,

'/-Cl''
After k steps, the process terminates since for every vertex v in (r, • ■ • r. )     is)

and for  every nondegenerate  component  R of Ik (v, L(k)), R is a disk. Set



480 ROBERT CRAGGS [November

(L,  La) = (L(k), La(k)), g = gk,   r = rk • ■ • r v and  n = nk ■ ■ ■ n,.  Now  (L, Lfl, r)

reduces  (K, K  ) at s, and from Lemmas 2.1  and  2.2, 77 is a special map for

(Al, /, g, r, p).

Case II.  s   is a  1-simplex.   The items  L, L  , r, g, and  77 can be obtained by

an iterative construction analogous to the one in the preceding case.  We show how

to define an open set W and a triple  (L(l), L  (1), r ) to be used in Corollary 6.2

to get the process started, and we leave all other details to the reader.

From an invariance of domain argument, if s £ K  , then the two components

of Ik (s, K  ) belong to different components of Ik (s, K).  It follows then from [8,

Lemma 2.l]  that there are among the components of Ik (s, K) two—R .   and  R 7;

there are vertices  u £ R , - K    and  v £ R. — K  , and there is a connected open
la 2 a' r

set W  in  Al    containing /(Int (u * s ¡J v * s)) so that  W - f(u * s U v * s)  has two

components— WQ and  W .  with Wa Clnt M - f(\K\).  For the complex  L(l) choose

a point w £ 0 which is joinable to each finite subcomplex of  K and set  L(l) =

K U s * w *(u U v)  and  L  (1) = K  .  Define  r.  to be a retraction which is affine

on each simplex of  L(l) and sends  w to  b(s).

After  (ze - 1) steps the link of s  is a  1-cell and a reduction of (K, K ) at s

is achieved.

7.  Neighborhoods for pinched  3-manifolds.   Call a polyhedron   P  a  pinched

3-manifold it it fails to be a three manifold at no more than a discrete set of points

and at each of these points   P  is locally equivalent to a cone over a finite collec-

tion of disjoint disks.  In this section we rework McMillan's proofs from [21]  to

show how to find canonical neighborhoods for embeddings of polyhedra which are

sums of pinched manifolds and graphs.r or

Lemma 7.1.  Suppose  P  is a polyhedral 3-manifold, P     is either a polyhedral

surface in  Bd P  or the empty set, and f is a closed embedding of (P, P  ) into

(Al, Bd M) such that f (P) is locally tame at f (P  ). Set  P    = (Bd P) - Int Pa.

Suppose p £ C(M, f(P)).

Then there is a pwl homeomorphism g of (P, P )  into (Al, Bd Al) and there is

a discrete collection \C \ of polyhedral 3-cells in P with each  C . O Bd P a

disk D. in Int P,   so that
1 0

(1) g(P) is tame and g p-approximates f,

(2) each g(D .) and each f (C .) ¿s a p-set,

(3) f(P - U (C. - Fr C .)) Ç g(P - Pb), and

(4) for each i,  f(P) n g(D .) C/(C.).

Proof.  Choose p, £ C(M, f(P))  so that  (Al, p/2, p ,, 2) has Property S.  Sub-

stitute  (Al -* M, Pb —> S, Bd Pb —» R, f —> f, pj/ —, p)  in  [9, Theorem 9.ll  to ger

an associated  v £ C(P,, PA-  Extend  vf~    to p    £ C(M) so that p2<pv
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From Lemma 2.4 there is a proper collar  </>: P, x [0, l] —> P  so that

fefÁy x [0, l])  is a p /6-set  (y e PA).  From  [ll, [2l, [22]  we can suppose that

/</> is locally pwl on   Pb x (0, ll.

From [18, Theorem 4] and [l], [2], [22] there is a homeomorphism fQ: (Pb, Bd Pfc)

—> (AI, Bd M) which p2/2-approximates / | P,  and there is a discrete collection of

polyhedral disks  \D .\ in  Int P,   (discrete in  Int P.) so that  (1) /0(x) = f(x)

(x £ Bd Pb),  (2) /0 is locally pwl on  Int Pb,  (3) each /(D .) U /Q(D .)  is a  p2/2-

set, (4) /(P&) n/0(lnt Pb) Ç U (/(Int D) n /„(int D.)), and  (5) /(P) n /0(Pfc) Ç

feb(Ph x [0, 7)).   For each  D. set  C . = <p(D; x [0, 71).  We suppose that  (6) each

/„(D .)  is in general position with respect to the open polyhedron /((Bd C .) — D .).

Since  f (P) is locally tame on f (P   ) the proof of Theorem 4  of [18]   shows that

f ç. can be chosen so that  \D .\ is discrete not only in Int P,   but also in  P,. Thus

by pushing off f(P) near /(Bd PA it is easy to define a pwl homeomorphism /.

of (P., Bd P.) into (M, Bd Al) which has properties   (2)—(6) when /„  is replaced

by /j  and which has the additional property  (7) that /j(Bd P.) C\ f(P) = tí.

For each D .,  /(Fr C.)n/j(D¿) separates /\(D .) n /' (P) from f ¿D f) n

/(P - C .)   in /,(£> ).  Thus by cutting along components of /,(D .) Cl /(Fr C .),

sewing in new disks from /(Fr C.), and then pushing the adjusted portions of

/,(D .) into /(Int C .) for each D ., we get a pwl homeomorphism /-  of  P,   into Al

which agrees with /.   on the complement of f~  ( \J Int C .) so that each f2(D)D

/(P)C/(Int C . U Int D .).  Since each f (C .) is a p /2-set it follows that /2  is a

p./2-approximation to /.

Define /,: Pb —> Al by /,(x) = /çS(x, l).  Since /,  is also a p2/2-approxima-

tion to / our application of [9l  provides a pwl homeomorphism h  of (P, x [0, l],

(Bd Pb) x [0, ll)  into  (Al, Bd Al) such that h'y, 0) = f 2(y),  h(y, 1) = /?(y), and

b(y x [0, l])  is a p f (y)-set for each y e P¿.

Define a homeomorphism gQ of P into Al  by g„ | P - image ef> = / | F -

image </> and  gQ = hcf>~1   on  <p(P¿ x [0, l]).   If x = <p(y, ¿)  then  p(f(x), gQ(x)) <

p(f(x), f(y)) + p(f(y), gQ(x)) < p2(f(x))/6 + p,(/(y)) < p2(f(x))/6 + p(f(x))/2 <

(2/3)p(f(x)).  Thus by using  [ll, [2], [22]  to take a close pwl approximation to g.

which agrees with g„ on  P,   and takes  P  onto g 0(P) we get a g  for which con-

ditions  (1)—(4) in the conclusion of the lemma are satisfied.

Theorem 7.2.  Suppose  P  is a polyhedral 3-manifold, P     is either a polyhed-

ral surface in Bd P  or the empty set, Al  is a pwl 3-manifold, and f is a closed

embedding of (P,  P J into  (Al, Bd Al).  Suppose p £ C(M, f (P)).

Then there is a pwl homeomorphism g of (P, P  ) into (M, Bd Al) and there is

a discrete collection of polyhedral cubes-with-handles   \H \  in  AI  such that

(1) g  is a ^.-approximation to  f,

(2) each H . is a p-set in  Int Al,
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(3) each  H . O g(P) is a disk in g(Bd P), and

(4) g(P) U U H ■ is a closed neighborhood of f (P).

Proof.   The proof is divided into two cases:

Case I.   f (P) is locally tame on f (P  ).  This case follows from Lemma 7.1

exactly as Theorem 1  of [2l]  follows from Lemmas 1  and  2 there.

Case II.  General case.   Only Case I of the theorem is used in the remainder

of this paper; thus we can use Theorem 9.1   in obtaining the general case. We

omit the  p's and just sketch the proof.

Define a proper collar A: P, x [0, l] —» P on  P,   in  P  so that /A is locally

pwl on  P. x (0, l], and apply Theorem 9.1  to get a pwl embedding  h: (P , x [0, Vi],

(Bd P.) x [0, 'A3) —> (Al, Bd Al)  and a discrete collection of polyhedral cubes-with-

handles  \G \ so that hiP, x [0, %])u U G. contains a neighborhood of /(P.)

and h(P, x M)  lies between h(P, x 0)  and fX(P, x 1).   Then apply [9]  as  in the

proof of the preceding lemma to extend h to a pwl embedding of (P, x [0, l],

(Bd Pb) x [0, ll)  into  (/Vl, Bd /Vl)  so that  My, 1) = /A(y, l)  for y £ Py  Define

g' : P —» /Vl  by g   = f on  P — image A and g A(y, t) = h(y, t).  Take a pwl approxi-

mation to g    which agrees with g    on  P,   to get g.  The  H 's   are obtained from

the  G 's  by throwing out those which are contained in g(Int P).

Theorem 7.3.  Suppose  Q    = P    < P < 0  are polyhedra such that   P  is a

pinched 3-manifold, P    is either a surface which has a  3-manifold neighborhood

in  P or is the empty set, Cl (0 - P) n P    =0, and dimension (Q — P) < 1.

Suppose f is a closed embedding of (0, 0   ) into (/Vl, Bd Al) such that j(P)

is locally tame on f (P  ) and p £ C(M, f (0)).

Then there is a canonical neighborhood system for (/Vl, 0, f, p).

Proof.   Let pt e C(M, f(0)) correspond to  M, f(Q), p, and  k = 5  in Corollary

3.5.   Let  (L, K, Ka, </,) be a triangulation of  (0,  P, P J with  K, Kß <]  L   such

that, for each t £ L,  ¡cf>(N(t, L))  is a p,-set.   Let \v \ denote the vertices of  K

whose links are not connected, and let  \u, I denote the vertices of  L. - KQ.  Fur-

ther, let  (a! denote the 1-simplexes of  L - K.   Let  L     denote the second bary-

centric subdivision of  L.

Let  \0(t): t £ Ll be a collection of orientable, open p.-sets such that  (1)

for each  /,   fcfA.N(t, L2)) C 0(t),  (2) 0(s) n 0(t) = 0 if s n r = tí,   (3) 0(t) Ç Ois)

if t < s, and  (4) Oit) O Bd Al = tí if l n Ka = tí.   For each  z/fe let   B(uk) be a pwl

3-cell in  0(uk) such that  (5) AM",,) e Int B(zvfe) and  (6) /(O) n Bd BO^) is

totally disconnected.

Set   P(0) = </.( U TV .),   P(l) = P - P(0), and  P(2) = Cl(P - U cßiNiv.,  K2))).

Set  M(l) = M - (j(P(0) U(Q- P)) u\jB(uk)). Choose p2<px in C(/V1, /(P(l)), M - M(l))

so that (7)  for each  t £ L,  sup|p2(x): x £ 0(t)\ < d(fcp(N(v., L2)), M - 0(t)).



19721 CANONICAL NEIGHBORHOODS FOR TOPOLOGICAL EMBEDDINGS 483

Apply Theorem 7.2  for the substitution  (Al(l) —» Al,  P(l) —» P, / —» /, p2 —, p)

to get a pwl embedding g,   of (P(l), P  ) into  (Al(l), Bd Al) and a discrete collec-

tion of polyhedral cubes-with-handles  \G A in  Al(l) so that the four conditions are

satisfied in the conclusion of the theorem.  We suppose that any  G.   is thrown out

if it does not intersect f(P).  From  (7) if Cfe D /cp\N(v ., L2)) 4 tí then  G k C

0(v). We suppose that g,  has been adjusted so that  (8) each g ,ef>(\lV.(v ., K )\)

misses   UC,   and  (9) each g ,cf>(N(v¿, K2))  fails to intersect  /(P(2)).   Extend g,

to all of 0  by setting g . = / on 0 - P(l).

In each  0(t7 .) let  C(v.) be a compact, polyhedral  3-manifold such that  (10)

C(l7.)ng1(P) = i1«p(/V(l7.> x2)), (ii) (BdC(z7.))ng1(p)=g1çi(|ik(i7r x2)|), (12)

for each  G k,   G k C C(v .) or  Gfe O C(iz¿) = tí accordingly as  G k<~\ g ,(p(N(v¿,  X2)) /

tí or G^ ngld>(N(v.,  K2)) = 0,  (13) A/(l) = g ,(P) U U C(zz.) U U Gfe  contains a

neighborhood of /(P), and  (14) (Bd C(v .)) Cl /(Q - P)  is totally disconnected.

Each D(v .) = g ,(P) n Bd C(z7 .)  is a collection of mutually exclusive disks;

thus from  [20, Lemma l]  there is a finite collection  \A . .\ of mutually exclusive

polyhedral arcs in  C(zz.) — D(z7.)  which span  Bd C(v .) so that the closure of C(v.)

minus a regular neighborhood of U.A.. in  C(v .) - D(v .)  is a cube-with-handles.

We can suppose each  Bd A .. misses /(O).   Each  st(v ., L2) N.s v . * V . u

Ik (v., L  )  where   V . is a complex having one vertex in each component of

lk(z7., L   ).   Ftom [20, Corollary l.l]  there is a pwl homeomorphism h j  of Al  onto

itself which is the identity on  (Al - N(l)) U (Al -  {JO(v ))  so that  (15) each

hA\A ..) n f(Q) = tí and  (16) h , | Gfe 4 I => Gk Ç 0(v .)  for some  i.  Condition  (16)

can be obtained by requiring that h,  be the identity on all  G,'s  which fail to

intersect any fcf>(N(v ., L  )).  Set g2 = z5jgj.

In each  h ,(C(v .)) subtract a regular neighborhood of h ,(U ■ A ..) which misses

both  g2(/>(|lk (v ., K )\)  and f (0) and take the closure of what remains to get a

polyhedral cube-with-handles  E(v.).   By  (8), (11), and (14), E(v.) = B(v .) U F(z;.)

where  (17) B(v .) is a pwl  3-cell, (18) F(v .) is a polyhedral cube-with-handles

missing g2(P(2)),   (19) B(v .) n F(v .) is a disk, and  (20) f(Q - P) n Bd E(z7.) C

(Bd B(vt)) - F(vt).  Set  N(2) = g2(P(2))U U B(v .).  Note that  M3) = N(2) U

UiG, : G, O C(t7 .) = tí for every  tz .j U U F(zv .)  contains a neighborhood of f (P) in Al.

Using the same constructions as in the preceding two paragraphs we find a

collection  iE(cj.)j  of mutually exclusive polyhedral cubes-with-handles in  Int AI

such that  (21) N(3) U U 8(27) U U E(o.) contains a neighborhood of f(0) in  Al,

and for each o.,   (22) E(cr.) Ç O(o),   (23) /V(3) n E(a.) is a pair of disks in

Bd (A(3) U U B(u  )), one in each B(t) for which  t < o.,  (24) E(a ) D F(tv .) = 0
ze 772

for every v., and (25) F(ct .) = B(o.) U F(ct .) where B(o ) is a pwl 3-cell, F(a .) is

a polyhedral cube-with-handles missing zV(3) uUö(zz, ), and B(o.) O F(ct.) is a disk

in  Bd B(ct.).

Let  5,  denote the polyhedral surface  (Bd P(2)) - (ch( U \lk(v., K2)\) U
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Int P  ), and  set S = Cl S ..  From Lemma 2.4 there  is  a   proper pwl collar  A: 5 x

[0, 2] —» P(2) such that (26) for each simplex  t of  K with  rp(i) D S = tí,

gjKcK/))  contains  A((S n <£(')) x [0, 2]).

Define a pwl homeomorphism g  of (0, 0   ) into  (A4, Bd A4) as follows:   On

P(2) - image A set g = g 2-  On image A set gA(y, t) = g2A(y, di.  2)it)).  Extend g

to Q  by using the cone structures on the cells  B(t) to have  g take  (27) each

cßiNivj, L  ))  conewise into  B(v .),  (28) each  </>(/V(zz     L  ))  conewise into  B(u A,

and  (29) each  cß(N(b(a■), L  ))  conewise into B(a)  so that if u,   or v . < o .
1 J K l l

then gcf)(b(uk * bio )))  or gcß(b(v . * b(o.)))  belongs to  Int iBiu^  n  Bio))  or

Int(ß(iz.) n Bio)).  From conditions on g2  and the  B(t)'s  and from condition  (26),

g  is a ¿/-approximation to /.

Set  N = N(2) U U Bio) U U Biuk).  Then  N is a pwl  3-manifold which con-

tains a neighborhood of g(Q), and the sum of N  and  Cl(/V(3) - N(2)) U  U ¡'(a.)

is a closed, polyhedral neighborhood of f(Q). Let (T, <//) be a triangulation of 5

such that, for each t £ T,  X(ifj(N(t, T)) x [0, il) Ç Ois) for some s £ L.  Let  T2

be the second barycentric subdivision of  T.   For i = 0, ■ • ■ , 3  set

<V; = Cl (N - (J |A((.//(MèU), F2) n 5,) x L0, 1)):

/  is a simplex of  T of dimension > 3-zS).

Then N3 = g(0)u U S(y.) U Us(tr.) U Uß(zzfe).  Set /V4 = g(Q) U U Biv .) xj

[jBiuA  and N   = g\Q). Now  N = N Q\   N   \ ■ ■ \ N    and each of these collapses

is a  pj-collapse which is admissible with respect to  Bd /Vl.  From our application

of Corollary 3.5, N is a p-regular neighborhood of g(Q).

For the cubes-with-handles   1/7.! take  [F(v )l U |E(a.)( U |G\: G,  PI C(v .) = tí
Z Z 7 K fe Z

for every  zy .¡.  Then (/V, g,  f/7 .j)  is a canonical neighborhood system for (A4, 0, f, p).

8.   Existence and uniqueness of canonical neighborhoods.

Theorem 8.1.  Suppose 0    < Q are polyhedra, A4   is a pwl 3-manifold, f is a

closed embedding of (0, 0   ) into  (A4, Bd A4), and p £ C(M, f(Q)).

Then there is a canonical neighborhood system (g, N, |//.¡) for (A4, 0, f, p).

Proof.   The central idea in the proof is to make repeated applications of the

splitting theorems in §6 to transform / into an embedding of a polyhedron for

which Theorem 7.3  applies and then to use properties of special maps and reducing

systems to recover a canonical neighborhood system for f (0).  We will construct a

tower of polyhedra and maps indicated in Diagram 8.1.  This tower will be com-

mutative with respect to solid lines.  The  Q's denote polyhedra, the   z's pwl

inclusions or embeddings, the  r's pwl maps, the /'s  topological embeddings, the

g's pwl approximations to the /'s, the  27's special maps, and  H a pwl homeomor-

phism approximating  27.
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1/
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Diagram 8.1

Step 1.   First story of tower.   Let p.  £ C(A4, f (0)) correspond to  p1  in Corol-

lary 3.5  for the substitution  (A4 —»A4, f (0) —> V, p —> p, 10 —* k).   Because /(Q   )

is tame in  Bd A4 there is some pwl structure on Bd A4  making  / | 0    pwl.  Let

z': 0 —► E     and /': Bd A4 —> E     be closed embeddings of 0  and  Bd A4  onto poly-

hedra in E7  suchthat (1)    i~ lj0(Bd A4) = 0 a,  (2) j~liQ \ Q a = f \ Q a, and (3)

z„  is pwl.   By Lemma 3.6 there is a regular neighborhood 0  (0) of iq(Q A in

/0(Bd A4) such that  /q   (Q   (0)) is a  p-regular neighborhood of f (Qa) with an

appropriate pwl structure put on   Bd A4.  Set 0(0) = z'0(O) U Q  (0), fa(0) = QaW,

and let  P(0) denote the set of points of 0(0) where the local dimension of 0(0)

exceeds one.  Define  /Q: 0(0) —♦ A4  by /Q = fiZ X  on  iJQ) and f Q = j~ '  on 0   (0).

Choose  p2 e C(A4, /0(Q(0))) so that  p2<pl  and so that if f'Q: (Q(0), Qa(0))

—► (A4, Bd A4) is a pwl p^approximation to fQ then /0(0   (0)) is p-regular neigh-

borhood of fc¡içfQ A in  Bd A4.  Theorem 7.2  of [10]  together with the two dimen-

sional approximation theorems in  [ll, [2], [22]  can be used to show that such a

p2  exists.   Use Lemma 2.1   to find p,  and  p. £ C(M, f0(Q(0))) so that  (4)

(A4, p2/6, 2py 2) and (5) (A4, p,/3, p4, 4) have Property S.   Let  L(0) be a recti-

linear complex in  E     such that  (6)  |L(0)| = 0(0),    (7) there are full subcomplexes

K(0) and   Kfl(0) whose carriers are respectively  P(0) and   P  (0), and  (8) for each

t £ L(0),  f0(N(t, L(0))) is a p.-set.  Choose open  p .-sets  0(t) for the simplexes

t oí  L(0) such that, for each t £ L(0), fQ(N(t, L(0))) C 0(t)  and s < t =$> 0(s) Ç

0{t).

Step 2. Second story of tower.   Let jA.i denote the 2-simplexes of   L(0)

whose links are empty.   Let  |y .1 be a collection of mutually exclusive points in

E    - 0(0) so that  (9) every finite subset of  |y .}  is joinable to every finite sub-

complex of L(0) and (10) p(y ., è(A.)) < l/z' for each i. Set K(l) = K(0) u [Jy. *&.,

L(l)= K(l) u L(0), Ka(l) = KJQ), P(l)= |K(1)|, Q(l) = \L(1)\, and   Qa(l)

= paU)= Pa(0)-  Let  z'j  denote the inclusion of Q(0) into 0(1), and let  r.  denote
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the retraction of 0(1) onto 0(0) which is affine on each simplex of  L(l)  and

sends each y. to MA.).

Let  it/(A.)i  be a collection of mutually exclusive open sets in  Al  such that

(11) each  t/(Az.) O /O(0(0)) = /0(lnt Af)  and  (12)  U(t\{) Ç 0(t) provided  A¿ O t 4 tí.

By applying Theorem 6.3 for each  A. we find that there is a closed embedding

Iy (Q(l), Qa(l)) —r (Al, Bd Al)  and there is a special map  77j   for (Al, f Q, f y rv p4)

which is the identity on  (Al - U (/(A.)) U Bd Al.

Step 3.   Third story of tower.   Let  iai denote the   1-simplexes of K(l) whose

links are not connected.  Set  L(2, 1)= (L(l), L,(l))    the relative second barycen-

tric subdivision, and let   K(2, 1) and  K (2, 1) denote the appropriate subcomplexes

corresponding to  X(l) and   K (1).  Let  \U(o)\ be a collection of mutually exclu-

sive open sets in Al  such that  (13) each   U(o.) O f ,(Q(l)) = /j(st°(a., L(2, l))),

and  (14) each   U(o.) C 0(t) provided a. O / / tí.

Repeated applications of Theorem 6.3  show that there is a complex pair

(L(2), i-a(2)) and there is a pwl retraction r  : |L(2)| —> (9(1) such that  (L(2),

L   (2), r ) reduces  (L(2, 1), L  (2, 1)) at the   1-simplexes  \o \, and there is an

embedding /.  of (|L(2)|, \L  (2)\)  into  (Al, Bd Al) and there is a special map  77,

for  (Al, 7, f2, 17, p4) which is the identity on  (Bd Al) u (Al - U U(a.)).  Set  0(2) =

|L(2)|,  Qa(2) = Pa(2) = Pa(D, let  P(2) denote the set of points of Q(2) where the

local dimension exceeds one, and let  K(2) and   K (2) denote the subcomplexes of

L(2) whose carriers are  P(2)  and  P  (2).   Let  i- denote the inclusion of 0(1)

into  2(2).

Step 4.  Fourth story of tower.   Let  L   (2) be a second derived subdivision of

L(2) inducing a subdivision  L'(0) of  L(0) for which r,<"2: L  (2) —► L'(0)  is sim-

plicial.  Let  ¡2^,! denote the vertices  v of  K(2) for which  Ik (v, L(2)) fails to be

a 2-cell or a 2-sphere, and let  ia,S  denote the vertices of  L Q(2) - KJ2).   Both

these sets are contained in  L _(0).   From invariance of domain it follows that each

component of each  lk(zv, ,  L  (2))  is either a point or a punctured  2-sphere.   Let

\il(v,)(  be mutually exclusive open sets in Al  such that (15) each f2(Q(2))nU(v,)

= f2(st°(vk), L2(2)), and   (16) each   fXt^) Ç OivJ.

An application of Lemma 6.3  like the previous one shows that there are  (17)

complexes and polyhedra  L(3), Lfl(3), 0(3)= |L(3)|, and Q J.3) = |i-a(3)|,  (18)  a

simplicial map r    from  L(3)  to  L 2(2) such that  (L(3), L   (3), r  ) reduces  (L 2(2),

L2(2)) at the vertices  jtzfe!,   (19) an embedding /,: (0(3), QJ3)) -* (M, Bd M)

such that each /" Hci U(vk)) = r~ l(N(vk, L2(2))), and  (20) a special map  77    for

(M, f2, fy ry pA) which is the identity on  (Bd Al) U (Al - U U(vk)).  Let   P(3)

denote the subpolyhedron of 0(3) consisting of the points where the local dimen-

sion of 0(3) exceeds one, set  Pq(3) = 0Q(3), and let  K(3) and  KJ3) denote the

full subcomplexes of  L(3) whose carriers are   P(3) and   P  (3).

Notice that 0(3)  is the sum of a graph and the pinched  3-manifold P(3), and
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that  K(3) fails to be a combinatorial   3-manifold only at certain vertices  w  in

(K0(3) - r<a0(3)) Or" 1(,i/^0  where at each such w  every component of lk(u/, K(3))

is a disk.  Notice also that  (21) each (r.r2r )~  (|lk(z/,, L'(0))|)  is a surface be-

cause  r.r- L  (2) —» L (0) is simplicial.

Step 5.  A neighborhood for f(Q).  Set  77= 77,77,77,  and  r = r.r,.   For each sim-

plex  t  of L(3),  irf (Nit, L(3)))CO(s) provided nJÙÇs.   From Theorem 7.3

there is a canonical neighborhood system  (g,, /V(3), |G.¡)  for (A4, Q(3), /,, p.).

From the proof of Theorem 7.3  we may suppose that   (22) for each  t £ L(3),

ng  (N(t, L(3))) C O(s) provided rr At) Cs and  (23) there are mutually exclusive

pwl  3-manifolds B(t)  in the sets  (Int A4) n n~l(0(t)) for  t £ \uA U \vA  so that

each  B(t) is  a regular  neighborhood  of g ,r~   (N(b(t), L   (2)))   modulo

g 3(0(3) - N(b(t), L(3))) in A4 and zV(3) = zVQ(3) \ ■ • • \  /V4(3) = g3<2(3)) U Uß^) U

B(uA by a sequence of four p .-collapses admissible with respect to  Bd A4  where

each component of each Cl(/V._.(3) - N .(3)) is contained in some 77""   (0(s)).

Condition  (21) enables us to achieve condition  (23).   From Lemma 5.2  and  [l6]

we see that each  B(t) is a pwl  3-cell.

Now g,/7    I g 7  (Cl (A4 - KjB(vA))  is a pwl embedding..  Use the cone struc-

tures on the  B(v,)'s  to extend this restriction to a pwl embedding g2  of (0(2),

Qa(2))  into  (A4, Bd A4) so that each g2 '(Int B(vk)) = st°(vfe, L 2(2)).  Set gQ =

g A J.,.  Set N (3) = g „(0(2)).   Let  L     (0) be the second barycentric subdivision

of  L (0), the subdivision mentioned at the beginning of step 4.   For each  t e L (0),

g2r-l(N(b(t), L'"(0)))Çn-l(O(s)) fot some  s.  Set  N , + .(3) = g0(Q(0)) U

U \g2r~X(N(b(t), L'"(0))): t  is a simplex of dimension < 2 - i in  L'(0)1.   Then

zV4(3) \ zV5(3) \ • • • \   zVg(3) = g0(Q(0)), each of these collapses is admissible

with respect to  Bd A4, and each component of each  Cl (A/ .     (3) - N .(3)) is con-

tained in some  77"  (0(s)).

Because  27. is the composition of three special p4-maps it is a special p,-

map.  Further , n(N(3) U U G .) contains a neighborhood of f(Q).  Thus from [l], [2],

[22j there is a pwl  2¿/.,-homeomorphism  H of A4  onto itself which approximates  77

so closely that (24) H(N(3) U U G.) contains  a  neighborhood of / (Q), and (25)

each component of each  //(Cl (N ._ J3) — N(3)))  is contained in   0(s) tot some  s.

Set g = HgQi0,   N = H(N(3)), and  \H.\ = \H(G .)!.  We claim that (g, N, \H .¡)   is a

canonical neighborhood system for  (A4, 0, /, p).   First g„  is a  p^approximation

to fç. and  H  is a  2p,-map so  //g„  is a p„-approximation to /„.  Thus  g  is a

p-approximation to /.   Furthermore by Lemma 3.6 and the conditions on p2, if we

set N.= HÍN.Í3))  then  N = N0  \ ..-\   N g\   Ng \ N [Q = g(Q) by a sequence

of  10 p,-collapses which are admissible with respect to  Bd A4.   From Corollary

3.5, N  is a p-regular neighborhood of g(0).  Similar considerations show that each

//.isa p-set.
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Except for the distribution of cubes-with-handles canonical neighborhoods are

unique.  This statement is given meaning by the following theorem on p-regular

neighborhoods.

Theorem 8.2.   Suppose  Q    <Q  are polyhedra, Al  is a pwl 3-manifold, f is a

closed embedding of (Q, Q  ) into  (Al, Bd Al), a72a" p £ C(M, f (0)).

There is a p. £ C(M, f(Q)) such that if g.  and g2 are pwl embeddings of

(Q, Q   ) into  (Al, Bd Al) which p .-approximate f, and if N .  and N2 are p.-regular

neighborhoods of g .(Q) and g  (Q) respectively, then there is a pwl ¡i-homeomor-

phism h of (N ., N , n Bd Al) onto  (N2, N2 D Bd AI) which extends g2g\ l.

Proof.   Use Lemma 2.1   and  [ll, Theorem 3.ll  to find  p2, p     and p. £

C(M, f(Q)) so that (Al, p/3, 2p2, 4), (AI, p2/2, 2p3, 3), and (Al, py p,, 2) have

Property S, and so that if /    and /    are pwl p.-approximations to / which take

(0, Q  ) into  (Al, Bd Al), then there is a pwl extension of f"(f')~     which takes a

polyhedral neighborhood pair  (R , R  D Bd Al) of (/ (Q), f (Q  )) onto a polyhedral

neighborhood pair (R", R" Pi Bd Al) of (f"(Q), f"(Qa))-

Let g ,, g2. A/., and  N2 he given as in the hypothesis.  Let />_  be the prom-

ised pwl extension of g 2g7    which takes a neighborhood pair  (R ,, R . n Bd Al)

onto a neighborhood pair  (R  , R2 D Bd M).  Note that g2gf     is a p,-map; thus by

Lemma 3.6 there are p-regular neighborhoods  N     of g ,(Q) in  Rj  and  N    =

h0(N.) of g 2(0)  in R,  such that hQ\ N.   is a  2p,-map.   Furthermore by Lemma

3.1  there are pwl p2-homeomorphisms  h j  of (N ., N . D Bd M) onto (/Vj, N.' OBd Al)

and h2 of (N'2, N'2 n Bd AI) onto  (N 2, N2 n Bd M) which are the identity on /,(£>)

and f 2(0) respectively.  Thus h J) Qh j  is a p-map and a pwl extension of g~ g.

which takes  (N v N , n Bd Al) onto  (N y N 2 n Bd Al).

9. Canonical neighborhoods for surlaces. In this section we exhibit an alter-

nate characterization of canonical neighborhoods for surfaces which is more in the

spirit of McMillan's work.

Theorem 9.1.   Suppose S  is a polyhedral surface, R C Bd S  is either a poly-

hedral  l-manifold or the empty set, M  is a pwl 3-manifold, and f is a closed

embedding of (S, R) into (M, Bd Al).  Suppose that p £ C(M, f(S)).

If /((Int S) U (Int R)) is two sided in some open subset of Al, then there is a

pwl homeomorphism g  of (S x [0, l], R x [0, l])  into  (Al, Bd Al) and there is a

discrete collection of polyhedral cubes-with-handles \H .} in Al  such that

(1) for each x £ S, and each t £ [0, ll,  p(f(x), g(x, t)) < p(f(x)),

(2) each H . is a p-set in Int Al which intersects g(S x [0, l])  z'72 a disk, and

(3) g(S x [O, l]) U U H ■ contains a neighborhood of f(S).

Proof. From §8 it is sufficient to show that for each p e C(M, f(Q)) there is

some pwl homeomorphism g of (S x [O, il, R x [O, ll) into  (Al, Bd M) which
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satisfies condition  (1) and there is some pwl embedding  /Q: (S, R) —> (A4, Bd A4)

which ¿/-approximates / so that g(S x [0, l])  is a p-regular neighborhood of /Q(S).

Let p.   correspond to A4, p, f(Q), and k = 5  in Corollary 3.5-  Let p2 £

C(M, /(Int S xj Int R), f ((Bd S) - R)) be such that p2<pv  From Theorem 6.1, the

definition of special map, and  [2l, there is a locally pwl homeomorphism g : ((Int S

Ulnt R) x [0, il, (Int R) x [0, l]) —» (A4, Bd A4) so that, for each y e Int S U Int R

and each  t e [0, l],  pifiy), g'iy, t)) <p2fiy)  and g'iy x [0, l])  is a p2-set.

Let  A: ((Bd S) - Int R) x [0, 3] -»5 be a proper pwl collar on (Bd S) - Int R

in  S  so small so that if g: S x [0, ll —► A4  is defined by g | iS - image A) x [0, l]

= g | (S - image A) x [0, l]  and g(A(y, s), /) = g'(A(y, <9(° ^)(s)), /), then each

giy x [0, 1])  is a p,-set, for each  (y, t) £ S x [0, ll,  p(g(y, /), fiy)) <p{ifiy)),

and if /„ denotes the pwl embedding /Ay) = g (y, Vi)  for y ^ image  A and

fcy>Ky, t) = g'(A(y, 0(° 3)(z)), M), then /Q prapproximates  /.  Now g(5 x [O, ll) N-

giS x VA  by a sequence of  3 p.-collapses admissible with respect to  Bd A4  and

giS x VA N» /0(S)  by two p.-collapses admissible with respect to  Bd A4.   These

five collapses are essentially those introduced in the proofs of Theorems 3.6 and

7.3-   From Corollary 3.5, giS x [0, ll)  is a p-regular neighborhood of f Q(S).
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