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REAL LENGTH FUNCTIONS IN GROUPS
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ABSTRACT. This paper is a study of the structure of a group G equipped
with a ‘length’ function from G to the nonnegative real numbers. The prop-
erties that we require this function to satisfy are derived from Lyndon’s work
on groups with integer-valued functions. A real length function is a function
which assigns to each g € G a nonnegative real number |g| such that the fol-
lowing axioms are satisfied:

AO‘ x <|xx| if x#£ 1

A x =10 if and only if x = 1.

Ay fx” | = |x].

A,. oz, y) >0 where c(x, y) = %(|x| + |y| - |xy-1|).

Ay olx, y) > m and ey, z) > m imply o(x, z) > m.

In this paper structure theorems are obtained for the cases when G is abelian
and when G can be generated by two elements. We first prove that if G is
abelian, then G is isomorphic to a subgroup of the additive group of the real
numbers. Then we introduce a reduction process based on a generalized notion
of Nielsen transformation. We apply this reduction process to finite sets of
elements of G. We prove that if G can be generated by two elements, then G
is either free or abelian.

1. Introduction. Lyndon [1] did some work on isolating certain cancellation
arguments used in Nielsen’s proof of the subgroup theorem for free groups. From
this work he developed a set of properties for a ‘length’ function from a group
to the nonnegative integers that are necessary and sufficient for any group with
such a function to be a free group. The question then arises of what can be said
about groups with length functions whose ranges are more general than the inte-
gers. This paper discusses groups G which are equipped with a length function
into the nonnegative real numbers. Structure theorems for G are obtained for the
cases when G is abelian and when G can be generated by two elements.

Let G be an arbitrary group with a function which assigns to each x € G a
nonnegative real number |x|. Define c(x, y) = %(|x| + |y| - |xy]) where 7 means
y~ L Intuitively speaking this function ¢ from G x G to the reals measures the
amount of agreement on the right-hand ends of x and y. We require that the
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following axioms be satisfied:

A, |x| < lle if x#£ 1.

A,. |x| =0 if and only if x = 1.

AZ' |X_|= |x|.

A3. clx, y) >0,

Ay cx, y)>mand clx, 2) > m imply c(y, 2) > m.

Before proceeding we will discuss briefly some examples of groups with real

length functions.

Proposition 1.1. Absolute value is a length function on the additive group

of real numbers R.

Proof. The only property that requires any work to verify is A,. Let x, y,
and z be real numbers such that

(1) dx, y) >m and

2) dx, 2) > m.
If the signs of x and y or the signs of x and z are opposite one another, then
m = 0 and the result follows by A;. We may then assume that x, y, and z all
have the same sign. Since both cases are very similar, we only present the de-
tails for the case in which their signs are all positive. Note that when @ and b
are both positive real numbers c(a, ) = minimum {a, b}. Suppose first that
minimum {y, z} < x. Then (1) implies y > m and (2) implies z> m. If y <z then
cly, z2) = y and if z<y then c(y, z) = z. Secondly suppose x < minimum {y, z}.

Then (1) implies x > m. Therefore cly, z) = minimum{y, 2} > x> m.

Proposition 1.2, Let G= G, *G, *--+ xG_ where each G, is a group with
n 1

a real length function | |. For x in G define ||x| = £* ly;,| where x=y,y,

i=1
¥y, isinnomal form. This is a length function for G.
Proof. For x € G write x in the form ax'@ where «, x' € G and YiYy Y,
m
the normal form of x', is such that either y, and y  are from different factors
or else they are from the same factor and c(ym, y 1) = 0. From writing x in this
form it is easy to see that A, holds. Axioms A, and A, are obvious. If & and
c both lie in G, then |bc| < 8| + |c| by Ay in Gk' From this it follows that
A, is true in G. It remains to verify A,. For this proof (r, £) is used to denote

the element r from Gk.
Let

X = (ra, ia)(ra__l, Lol 1) (rz, iz)(rl, il)’
y = (Sl, jl)(sz' ]'2) (S,B' jﬁ),
z=(tp, k)2, ky) . (2, k).
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Let p, be such that r, =3, and =1, for g <p | but either r,, £5,, or ip,
#7p,- Let p, be such that rg=t,and i =k for g<p, buteither r,, £1,,
or iy, # ky,. Without loss of generality assume that b, <p,. We show that
c(y, z) > minimum {c(x, y), c(x, 2)} which suffices to estabhsh A,

First suppose that i, £ j,,. Then c(x, y) = 2“" |71 Now r,=5, for
q<p, and "o =t_ for q<p,. Since p, <p,, 3 =t—q for g<p,. It follows
that c(y, z) > Epl sl = 2“-1 7] = elx, y).

Secondly suppose i, =j,,. Then c(x, y) = 2?1 Il + clrp 1 5p)- I
py<p,then ry =1, but r,, # 5, . It follows that c(y, z) = 2“ Is,| +
cGpptp) = 2?1- Irl+cGpypr 1py) = r(x, y). We turn now to the case when b,
=p,. If iy, £ kPZ’ then c(x, z) = EPZ |7 [ = p -1 |s | = cly, 2). Finally
suppose i,, = kp, in which case c(x, z) = Epz |r | + c(rpz, tp,). Axioms A,
and A ; imply (see Proposition 2.1) that for 4, b € G c(a, b) < minimum{|a|, |b|}
By thls and the fact that j,, = k,, c(y, 2) > 2“ Is;| +cGpys tpy) =
E“-l 7.l +c(Sp s tpy). Now (5, 1)) > mlmmum{C(rpl, Spy)s clry ), Tp )4 by
A4 in Gp,. Therefore cly, z) > minimum{c(x, y), c(x, ). This completes the
verification that the free product of groups with length functions has a natural
length function.

Let G be a group with a length function. In §2 we present some consequen-
ces of the axioms. In the third section we prove that if G is abelian, then G is
isomorphic to a subgroup of the additive group of real numbers. In the fourth
section we introduce a reduction process for finite sets of elements from G. And
the structure of G generated by two elements is determined in §5; such a G is

either free or abelian.

2. Conscquences of the axioms. We want to derive some consequences of
the axioms for a length function. First we consider an alternative statement of
A4;

clx, y) < clx, z) implies that c(x, y) = c(y, 2).

First assume the original form of A, and that c(x, y) <clx, z). Then cly, z) >
c(x, y) by A, If c(y, 2) = c(x, y), we are done. Suppose on the contrary that
cly, 20> clx, y). By A, c(x, y) > minimum {c(x, 2), c(y, 2)}> c(x, y), a con-
tradiction. Conversely assume the new statement, which for now we shall call
A'4, and that minimum{c(x, y), c(x, 2)} > m. If c(y, 2) > c(x, y), we are done.
And if cly, 2) <clx, y), then A’, implies c(y, 2) = clx, 2) > m. Therefore the
two statements A, and A'4 are equivalent.

We now state some immediate consequences of the axioms that we will be

using throughout.
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Proposition 2.1. c(x, ¥) < minimum {|x|, |y|}.

Proof. By symmetry it suffices to show the result for |x| > |y|. Axiom A,
implies that c(xy, y) > 0. It follows by A, that

clx, ) = Wzl + 5] = Iy} < Wllx] + 151 + Iyl = 1<) = Iyl
Proposition 2.2. c(xy, y) = |y| - c(x, ) [1, Proposition 2.1, p. 210].

Proposition 2.3. c(x, y) + cly, ) > |y| implies that |xyz| <|x| - |y| + |2|
[1, Proposition 2.2, p. 211].

Proposition 2.4, c(x, 3) + c(y, 2) < |y| implies that c(xy, %) = c(y, Z) [1,
Proposition 2.3, p. 211].

Proposition 2.5. I |x| = |y| and c(x, y) + c(%, ¥) > |x|, then x =y [1,
Proposition 2.4, p. 211].

Proposition 2.6. If d = c(x, %), then |x"*'| = |x| + n(|x| — 2d) where n is an

arbitrary nonnegative integer [1, Proposition 2.5, p. 212].

It follows from this proposition that the lengths |x"| are unbounded. If x
€ G such that c(x, ¥) = 0, we say that x is cyclically reduced. For cyclically

reduced x, |x"| = n|x|.

Corollary 2.7. Every x €G, x # 1, has infinite order.

Proof. Since x £1, |x| >0 by A,. If x has finite order, say », then |x”|
=0 by A,. Butthen |x"| <|x|, contradicting Proposition 2.6. Hence the order
of x is infinite.

Finally we need to establish the fact that the function f(x) = |x2| -

|=|
from G to the nonnegative reals is a class function. The proof is long and
requires a number of case distinctions, but it is not difficult. We remark that this
is a key factor in one case of the determination of the structure of a group G
generated by a pair of elements.

In this proof and most of those following, A, and its immediate consequence,
clx, y) = cly, x), are used frequently. Since constant referral is burdensome,

for the remainder of the paper we will use them without specific mention.
Theorem 2.8. For arbitrary g x € G, |x%| - |x| = |gx°g| - |gxgl-

Proof. If g or x is 1, the equality is trivial. Henceforth assume that g #
1 and x £1. Consider c(g, ¥) and (g, x).
Case 1. c(g %) =0 and c(g x)=0.

These equations are equivalent to

(1) 1zx] = lgl + 2] = |xgl.
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If c(gx, g) #£0, then c(g, x) <c(g gx). Axiom A, then implies c(x, gx) =0 so
|gx| = |g| = |x|. But this contradicts (1) since |x| >0 by A,. Therefore c(gx, g)
=0 and

i, lgxel = 21g| + |x|.

If c(g, %2) £ 0, then c(g %) <cE %2). Axiom A, implies c(x, %%) = 0, hence
|x2| = 0. But this contradicts A, since |x| >0 by A,. Therefore c(g, %2) =0 so

2| = lgl + 1%

(ii,) Igx
If c(gx’, 8 £0, then c(g, ) < c(g gx%); so clx, gx?) =0 by A,. Using (ii,)

and (1) it follows that |x2| = 0, a contradiction of A, since |x| >0 by A|. There-
fore c(gx? g) =0, and using (ii})

iy B2l - 2lg| + |2].

Then (i,) and (iii ) imply

|gx%l - [zxgl = |%*] - |x].
Case 2. c(g, %) #£0 and c(g, x) =0.
Then

) lgx| = lel + |x| # [zxl.
Since c(g, x) <c(g, %), A, implies c(x, X) =0 and
(*2) lxz‘ - ‘xl = |x|.

Consider c(gx, g). We will treat the zero and nonzero cases separately.

First assume c(gx, g) =0, so

(2a) |gxgl = &x| + lel-

Now c(g, gx) = 0 <c(g, %) implies by A that c(gx, ¥) =0, so
(iy) |gx?| = |gx| + [xl.

Consider c(gx?, g). First assume c(gx? 3) = 0. It follows from (i,,) and (2a)
that |gx2g| - |gxg| = |x|. Since |x2| - |x| = |x| by (x,), this is our desired re-
sult. Next assume c(g, g’xz) £ 0. It is easy to see that c(gx, gx)=0. If, on
the contrary, c(gx, g%) > 0 = c(g, gx), A, implies c(g, g%) = 0. From this |gxg]
= |g| + |g%|, but from (2a), |gxg| = |gx| + |g|. Since |gx| £ |gx| by (2), we have
a contradiction. From c(gx, g%) = 0, (2), and (2a), |gx2g| - |gxg| = |x|- In view
of (%)), this is our desired result.

Secondly assume c(gx, §) £ 0. Since c(g, x) = 0 <c(g, gx), c(x, gx) =0 by

A .. Hence

4
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(i,)) lgx! = lgl - Ix[-

It is easy to see that c(gx, g) = c(gx, g%). We assume the contrary and derive a
contradiction. If c(gx, g) < c(gx, g%), then A, implies c(gx, g) = c(g, gx).
It follows that |gx| = |gX|, but this contradicts (2). If c(gx, gx) < c(gx, g), then
A, implies c(gx, g%) = c(g%, 2), hence |gx| - |§x2g| = |g| - |g¥g|. Using (i,,)
it follows that |gx’g| — |gxg| = — |x|. But this contradicts A;. Therefore
c(gx, g) = c(gx, gx). Using (2), |§x2g| - |gxg| = |x| which in view of (x,) is our
desired result.

Case 3. (g %) =0 and c(g, x) £0.

This follows immediately from Case 2.

Case 4. c(g, %) £0 and c(g, x) £0.

We will treat separately the three possiblilites that arise in comparing
c(g, ¥) and c(g, x).

(4a) c(x, @) = c(x, @).
Axiom A, implies c(x, X) > c(x, g) so /% |x| > c(x, ). Then clx, %) + c(x, g) <
|x| implying by Proposition 2.4 that clx?, g) = c(x, g). Thus

(rg0) 12| - |x| = |x?g| - |xgl-
Also c(g, %) + c(x, g) < |x| so Proposition 2.4 implies c(gx, ) = c(x, g). Thus

(igy) |gxgl = 2|xg| - |x|-

Next we need to examine |gx’g|; we claim that c(g, x%g) = c(g, x). Since
c(g, x) <Y%lx|, (g x) + c(%, x) < |x|, so Proposition 2.4 implies c(gx, x) =
c(%, x). It follows that c(g%, x) + c(x, g) < |x|; Proposition 2.4 then implies
c(gx?, g) = clx, §). Thus

(ii,,) lgx%gl = [x%g| - |x| + |xgl.

Using (i,,) we obtain |g%%g| - |gxgl = |x%g| - |xg|- In view of (x,,) this is our
desired result.

(4b) c(z, ) < (g, »).
Axiom A, implies c(g, %) = (%, x); hence

(g 12| - |x] = lgx| - lgl-

Since (g, %) < c(g, x), |g&| < |gx| and c(g%, g) < c(gx, g). Applying A to this
we obtain c(g%, g) = (g%, gx). Therefore |gx2g| - |zxg| = |g*| - |g|, which in
view of (x,,) is our desired result.

(4c) (g, x) < c(§, ).
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This follows immediately from (4b).

3. Abelian groups with real length functions.

Introduction. Let G be a nontrivial abelian group with a real length function.
We prove that G is isomorphic to a subgroup of the additive group of real
numbers R.

A new length function on G. Choose a nontrivial element a of G and let

d = c(a, @). Define a function || || from G to R as follows:

if x#1, then ||x|| = |x| - 2d;
if x =1, then |x|| = 0.

We claim that || || is a length function.

Lemma 3.1. If x and y are nontrivial elements of G, then c(x, y) > d where
d = C(d, E).

Proof. It suffices to show that c(a, x) >d for x € G, x £ 1. For cla, x)>
d and c(a, y) > d imply by A, that cl(x, y) >d. We assume that there exists some
x €G, x £1 such that c(a, x) <d and derive a contradiction. Now c(a, x) <
cla, @) = d implies by A, that c(a, x) = c(@, x); hence |a%| = |az]|.

First consider the case in which |a?| < |a%|. Since |a%| = |a%|,
clax, a%) = Y% (2]ax| - |a?|) > % |a%|.

It follows that c(a%, @%) + c(x@, xa) > |ax| = |a%|, so Proposition 2.5 implies
ax = ax. Then a =4, contradicting Corollary 2.7.

Secondly assume that |a%| < |a?|. Since |a%| = |a%|, c(a%, a?) = Y% |a?| =
c(@?, @x). Proposition 2.3 then implies that |x?| < |ax| - |a?| + |ax| < |a?|.
Now c(a%, %2) = % |x?|, so that c(a%, %2) < c(a%, a°). By A,, clax, %2) = c(a?, %2);
from this it follows that |a?| = |a®x?|. Since c(a? a’x?) + c(@?, %%@%) = 2|a?| -
|x%| > |a?|, Proposition 2.5 implies a’ = a’x?. This yields x% =1, a contradic-

tion of Corollary 2.7.

Corollary 3.2. If x € G, x # 1, then |x| > 2d where d = c(a, @).

Proof. Since c(x, x%) = %|x?| and c(x, %) = |x| - %|x?|, Lemma 3.1 implies
|x| >d +%|x%| > 2d. If |x| = 2d, then |x?| = 2d = |x|, contradicting A as x £
1. Therefore |x| > 2d.

Define ¢ (x, y) = %(||x|| + ly]l = |x¥])- Note that if x, y, and x¥ are all

nontrivial then ¢ (x, y) = c(x, y) - d.

Lemma 3.3. ¢(x, y) < clx, x) for x, y €G.
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Proof. The assertion is trivial if x or y is the identity, whence we may
suppose that x #1 and y £ 1. Furthermore no generality is lost in assuming
that |x| < |y| since it implies ¢ (x, x) <c(y, y). First consider the case that
|x| < |y|. It suffices to show that c(x, y) < |x| — d; for from this it follows that

clx, y)=clx, y) —d < |x| - 2d = c(x, x).

We assume on the contrary that c(x, y) > |x| = d which is equivalent to |xy| <

ly| = || + 2d and derive a contradiction. Since |x| < |y|, c(x¥, x) < c(x¥, )
which yields by A, that c(xy, x) = cx, 7). From this and our assumption we
conclude that |xy| = 2|y| = |x¥| > |y| + |¥| - 24. But this is equivalent to c(x, ¥)
< d,a contradiction of Lemma 3.1. We turn now to the case when |x| = |y|. If

c(x, y) > |x| = d, then c(x, y) + ¢(x, %) > |x| = |y| by Corollary 3.2. Proposition
2.5 implies that x =y so c(x, y) = clx, x). If clx, y) < |x| - d, then clx, y) =
clx, y)—d <|x| - 2d = clx, x).

Proposition 3.4. The function from G to R defined by |x|| = |x| - 2d is
a length function.

Proof. A,. If x £1, then ||x|| < |x2||l. This follows immediately from A,
for the original length function.

A,. || =0 if and only if x = 1. If x =1, then ||| = 0 by definition. And
if ||x|| =0, then x =1 or |x| = 2d. By Corollary 3.2, |x| > 2d unless x = 1.
Thus x = 1.

A, |%|| = [lx[l. This follows immediately from A, for the original length
function.

A,. clx, y) >0. If x=1, then Sl y) =% + Iyl = 117D =0 by A,.
The case in which y =1 is handled similarly. We now assume that x £ 1 and
y #1. If x £y, then c(x, y) = clx, y) —=d >0 by Lemma 3.1. If x =y, then
c(x, %) = |x| = 24 > 0 by Corollary 3.2.

A If (% y)>m and c(x, 2) > m, then cly, 2>m If 1€lx y, 2}, then m=0
and the result follows by A;. If y = z, the result follows from Lemma 3.3. We may assume
that 1 £{x, y, z} and y #z. If x' and y’ are both nontrivial elements of G, then

Sty +d if x' £y,
cxh y) =y
clxt y)+2d if x'=y".
Now ¢ (x, y) > m and c(x, 2) > m imply respectively that cx, y)>m +d and
c(x, z) >m + d. Axiom A for the original length function implies cly, 2) >
m + d. Since y 7 z, it follows that cly, 2)>m

~
We have adjusted the original length function on G so that cla, @) =0
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from which it follows by Proposition 2.6 that ||a”|| = n||a|. Henceforth denote
lx|l by |x| and c(x, y) by c(x, y).
Properties of this length function.

Proposition 3.5. For all x in G, c(x, X) = 0 or equivalently |x2| = 2||.

Proof. We assume that there exists some x € G, x £ 1 with c(x, %) £ 0 and
derive a contradiction. First suppose c(a, x) £ 0. Since c(a, @) = 0 < c(a, x),
A, implies c(x, @) = 0. And since c(x, @) =0 < clx, %), A, implies c(z, @) = 0.
But this contradicts the fact that c(a, x) £ 0. We now examine the case that
ca, x) = 0. Since clx, ®) £0, A, yields that c(%, @) =0. Thus |a%| = |a%| =
la| + |x|. Since |a?| = 2|a|, it follows that c(aX, @%)+ c(xa, xa@) = 2|x|. If |«|
> |a|, then Proposition 2.5 implies that aX = @%, contrary to Corollary 2.7. If
la| > |x|, then Proposition 2.4 implies c(a?, x@) = c(xa, xa), whence |a’%| =
3lal - |x|. But cla, x) =0 < c(a, @*) = |a| yields by A, that c(a3, x) = 0, whence
|a>%| = 3|a| + |x|. Since |x| >0 by A, we have a contradiction.

Proposition 3.6. For x, y € G, |x| = |y| implies y =x or y = X.

Proof. We will show that if c(x, y) £ 0, then y = x and if c(x, y) =0, then
y = %. Suppose first that c(x, y) £ 0. Since c(x, X) =0 by Proposition 3.5,
(%, y) =0 by A,. Using our hypothesis that |x| = |y| and Proposition 3.5, it
follows that c(xy, Xy) = % |%y| = ¢(x7, ¥y). Axiom A, then implies clxy, %) >
% |%y|, but Proposition 3.5 implies c(xy, ¥y) = 0. Thus |Xy| =0 so y = x by
A,. Secondly suppose c(x, y) = 0. The hypothesis and Proposition 3.5 then
yield that c(xy, Zy) = % |xy| = c(xy, ®y). By A,, c(xy, ¥y) > |xy| and by
Proposition 3.5, c(xy, xy) = 0. It follows that [xy| =0 so y =X by A,.

Pl'oposition 3.7. Forall x, y €G either
(i) clx, 3) = 0 and clx, y) = minimum {|x|, |y|} or
(ii) c(x, y) =0 and c(x, ¥) = minimum {|x|, |y|}

Proof. Suppose c(x, ) = 0. Then since ly?| = 2|y| by Proposition 3.5,
clxy, xy) = %(|xy] + |x] = |y]). ¥ (x5, xy) = 0, then l{yl = ly| = |x| > 0, whence
clx, y) = || <ly|l. X c(x5, xy) £0, then since c(xy, xy) = 0 by Proposition 3.5,
A, implies 0 = c(xy, x). Since |x?| = 2|x|, it follows that c(x, y) = |y| < |x].

Suppose c(x, 7) > 0. Since cly, ) =0, A, implies c(x, y) = 0. By the
above c(x, y) = minimum {|x|, |y|}.

Establishment of the isomorphism. Define ¢: G — R as follows:

+|x| if cla, %) £ 0,
oblx) =

- |x| if cla, x) = 0.
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Lemma 3.8. ¢: G — R is a homomorphism.

Proof. Let x, y € G. If x or y is 1, clearly ¢(xy) = ¢p(x) + ¢ply) since (1)
= 0. Assume now that x £ 1 and y £ 1. We first consider the case that c(a, xy)
=0, whence ¢lxy) = - |xy|. First suppose ¢(x) and ¢(y) have opposite signs;
for definiteness say ¢(x) = + |x| and ¢(y) = - |y|. Then cla, xy) <cla, x)
implies by A, that c(xy, x) =0 so [xy| = |y| - |x|. Hence dlxy) = = |xy| == |yl
+ |x| = #(x) + ply). Secondly suppose p(x) and ¢(y) both have positive signs.
Now 0 = c(a, xy) < c(a, x) implies by A, that c(xy, x) =0 so [xy| = |y| - |«].
Since c(a, y) >0, a similar argument shows |xy| = |x| = |y|. It follows that |x] =
ly| so x =y by A,. Then c(a, y) and c(a, y) both are nonzero as ¢(x) and
&(y) both have positive signs. But this contradicts Proposition 3.7. Thirdly
suppose ¢(x) and ¢(y) both have negative signs. Since c(a, y) = 0, Proposition
3.7 implies c(a, ) £0. Then 0 = c(a, x) < c(a, ) so c(x, ¥) =0 by A,. Hence
Blxy) = ~ |xy| = = |x] = [y] = $(x) + B(y).

Next we examine the case that 0 < c(a, xy). We will first show that for z
€G, ) =~ @2). If cla, z) £ 0, Proposition 3.7 implies cla, Z) = 0. Thus by
definition of ¢, ¢(Z) = - |Z| = |2z| = - ¢(2). f c(a, z) = 0, then Proposition
3.7 implies c(a, Z) = minimum{|a|, |z|}. Axiom A, implies that c(a, Z) >0 or
z=1. If c(a, Z)> 0, then by the above $(Z) = -~ ¢(2), whence $(2) = - ().
And if z = 1, the assertion is trivial. Since c(a, xy) £ 0, Proposition 3.7 implies
c(a, %) = 0. By the first case that we discussed ¢(x7) = $(37) = o) + &),
and by the above ¢(%y) = — $(xy). Thus ¢(xy) = — $(x) - $(3). Another appli-
cation of the fact that ¢(Z) = — @(2) yields @(xy) = ¢(x) + ¢ly) as desired.

This completes the proof that ¢ is a homomorphism.

Lemma 3.9. ¢: G — R is one-to-one.

Proof. Let x € G such that ¢(x) = 0. The definition of ¢ forces |x| =0
sox=1DbyA,.
These last two lemmas yield the result we set out to prove.

Theorem 3.10. Let G be an abelian group with a real length function. Then

G is isomorphic to a subgroup of the additive group of real numbers R.

4, A reduction process. In this section we introduce a reduction process
that we apply to finite sets of elements from a group with a real length function.
We will first discuss some results that we use from Lyndon’s paper [1]. Lyndon
isolated some cancellation ideas from Nielsen’s proof of the subgroup theorem for
free groups, and he proved a theorem that a product of elements is not the iden-

tity provided there is not too much cancellation in forming the product of any
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three consecutive factors. The arguments he uses for this are valid for groups

with real length functions.

Lemma 4.1. Let x|, x5, -+« x, be elements of a group G with a real
length function. If c(x,_ |, %)+ c(x %) <|x,| forall i suchthat 1<i<n,
then

(1) |xlx2 ceex | = 2" llx | - 22':'11 c(xl., x—u—‘l) and

(if) xx, -+ - x, £1 /or n>3 (1, Lemmas 6.1 and 6.2, pp. 222-223].

Theorem 4.2. Let Xy Xy oee X, be nontrivial elements of a group G with
a real length function. Assume
(4.2a) clx, * )<m1mmum{/|x | %lx, 1} for 1 <i<my
(4.2b) C(x X )- c(x X ) = / |x | does not hold for any two consecutive
factors x5
(4.2¢) the equation of (4.2b) implies |x,_ lxixi+l| = o, =12+ 1x 0l
Then the conclusion of Lemma 4.1 holds and X% -x, £1if n>11[1,

Theorem 6.4, p. 224).

2

Let G be an arbitrary groupand %, x,, .., x, € G. The following trans-
formations of X = (xl, Xps voes xn) are called elementary Nielsen transformations:

(1) permuting the x;

(2) replacing x, by X for a single index i;

(3) replacing x, by one of X%, xx, xx, % x, for fixed i and j, ifij.

If a Nielsen transformation is applied to a sequence X, the new sequence
X' generates the same subgroup of G as X does.

For the remainder of this section let G be a group with a real length func-
tion on it. We shall say that the right half of x is isolated from y if c(x, y) <
% |x| or equivalently |xy| > |y|. Similarly the left half of x is isolated from y
if c(y, ) <% |x| or equivalently |yjx| > |y|. The right half of x is said to be
isolated in a set X if the right half of x is isolated from all y and y where
y € X, y # x, y £ %. A similar definition can be made for the left half of x being
isolated in X. And we shall say that x ends with the right half of y if |y%| =
|x| and begins with the left half of y if |yx| = |x|.

Definition. X = {x, x,, ..., x } is Nielsen reduced if for i # j, Ixjx]sl >
maximum{|xi|, |xj|} where ¢, 8 € {+ 1, - 1}.

Definition. X ={x,, x,, .-+, x_} is fully Nielsen reduced if it is Nielsen
reduced and for each x € X either |xy¢| > |y| forall y € X, y £ x, and ¢ €
f+1,- 1 or |%y€| > |y| forall y € X, y £ x, and € € {+ 1, - 1}; that is for each
x € X either its right half or its left half is isolated in X.

Theorem 4.3. If a set X of elements from a group G with a real length



88 NANCY HARRISON [December

function is Nielsen reduced, then there exists a finite number of Nielsen transfor

mations which we can apply to X to obtain a set X' which is fully Nielsen reduced.

Proof. This proof is an adaption of one given in Magnus, Karrass, and Solitar
[2, Theorem 3.1, pp. 126-128]. Let X ={w,, w,, o w_} be a Nielsen reduced
set where |w,| <|w,| <. < |w”|.NAssume that X =t{w,, - ,w,_,} is fully
Nielsen reduced. First we modify X so that the right half of every element in it
is isolated. If the right half of w, is not isolated in ')\(J, then replace w, by w,.
In this way we obtain a set X' = {w’l, e, w;_l} in which w! € {wl., 17/;} and the
right half of every element of X' is isolated in X"

Next we isolate the right half of each element in X' from w, and w,. If
|wi®,| > |w,|, then the right half of w] is isolated from w, already. If lwy | =
|w,|, then replace w, by w}=ww] . Note that |ww,|<|w,| contradicts the fact that X
is Nielsen reduced. Next con51der w). If there is some w) € X' such that Iw wl| =w |,
then replace w/ by w' =/ wﬁ Smce the right half of w# is isolated in X/, )\ < -
Thus it is best to choose A = maximum{l, 2,..., ¢t~ 1/|w w | =|w,|}. Continu-
ing in this way we arrive at a w,, from which the right half of every element in
X' is isolated. However, 5,1 might end with the right half of some element in
X'. If so, then repeat the above procedure to obtain w,,. Now the right halves
of elements from X' are isolated from w,, and w,,, that is |w’)‘5,2| > |w,,| and
lw wy,| > |wy,| forall wy € X'

Finally we need to assure that at least one side of w,, is isolated in X! If
w,, ’s left or right half is isolated in X, then X' U {w,zl is fully Nielsen reduced.
Assume that neither side of w,, is isolated. Then there must exist w'y, and
wh, in X' such that |w,w},| = |w)| = |w,| and |w,wh,| = |w’)\2| = |wy,|. We
w1ll modify X' so as to isolate the right half of w,, from those wj} that end with
the right half of w,,. If |wy| = |w,,w!\|, then let w' =w,,w); otherwise let
wY =w). Then {w”, why e, W, w,2§ is fully Nielsen reduced.

Repeat the entire procedure for w,,p W -, and w_. Finally we obtain

a2
a set X™ which is fully Nielsen reduced.

Theorem 4.4. If a set X = {x,, x5, -+, x_} of elements from a group G with
a real length function is fully Nielsen reduced, then H = (xl, Xpytets xn) is a
[ree group.

Proof. Consider w = w ,w,w; ... w, where each w; € {x, x} for some x €
X, w, £1, and w; ,éw for 1 <i<k-1. It suffices to show that w1l so
we w1ll check that the hypotheses of Theorem 4.2 hold. Let 1 <i<n. Since X
is Nielsen reduced, c(w , w, )< minimum {%|w |, J4|w, |}, provided w, l’é

w.. And if W= Wy then A implies c(w w ) < l/lw |. Thus (4.2a) is satlsfled.
1
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Ve now show that it is not possible for c(w__,, w d=clw, w, ) Blw,|.

w,_=w, then clw,_,, &) < %lw| by A,. Slmxlarly, W= wi implies

c(w w, )< /|w | Assume w,_ £ w, and Wil £ w,. Since X is fully Nielsen

reduced, the left or right half of w, must be isolated in X. If w’s left half is

isolated, then c(w,_,, w,) <J4|w | and if its right half is isolated, then

clw, w, )</|w | Thus clw,_, w)=clw, w, )—/‘w | holds for no i. It

follows that the third hypothesxs is vahd vacuously By invoking Theorem 4.2

we can conclude that w £ 1. Hence H is a free group with free generators X — {1},
Next we want to define a reduction sequence for a finite subset of elements

from G. Let X = (xl, Xyy wre s xn) be a sequence of elements from G such that

|x,] < lx,] <+++ <|x |- We define the length of X, denoted |X|, to be DIMEND

A reduction of X is an elementary Nielsen transformation applied to X to obtain

a new sequence X" such that the length of X" is shorter than that of X, followed

by an elementary Nielsen transformation which permutes the sequence X" to X'

fy-++ 5%} ) sothat [x) | <lx) | <-+-<|x.|. Then X ]—(x s X)),

X[I] = (x[l] [1] N 'El]) , - -+ where X[”l] is a reduction of X[ 1 is called

a reduction sequence For some sequences of elements from G this reduction

(x!, x*

process stops, that is we reach a term X[ ] whose length cannot be reduced any
further by applying elementary Nielsen transformations. For other sequences the
process continues indefinitely. For example let R be the additive group of real
numbers with absolute value as a length function. The reduction process for

{3, n} is infinite.

As a corollary to the previous theorem we get

Corollary 4.5. If the reduction sequence of X = (xl, Xyyren s xn), a set of
elements from a group G with a real length function, is [inite, then H = (x, x,,

<o, %)) isa [ree group.

We want to define limit numbers for a reduction sequence. Let X = (xl, X5
-, x_) be a sequence of elements from G such that x| <|x,[ <--- <x, |
and let X[O] X, X[l] X[Z] . be a reduction sequence for X. For each i,
<i<m, con51der [x[ ]l |x[2]] [3]| . . By our construction of a reduction
sequence |x[ | > |x[s+1]| for all s. Thus for each i, |x; . ]} Ix[2]| .. isa
weakly decreasing sequence of real numbers bounded be low by zero and hence
has a limit. If the reduction sequence stops at the Nth step, define the ith
limit number to be IxiN]l. And if the reduction sequence is infinite, define the
ith limit number to be limit__ |xE,S]|.
A reduction sequence for a set of elements from G is by no means unique. However,

we claim that the limit numbers of a finite reduction sequence for a sequence X of
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elements from G depend only on X itself and not on the reduction process. This

proof is adapted from Magnus, Karrass, and Solitar [2, Corollary 3.1, p. 128].

Proposition 4.6. Suppose S and T are two reduction sequences for X = (xl,
Xyyooos xn), a subset of elements from a group G with a real length function. If

S and T stop after a finite number of steps, their limit numbers are equal.

Proof. Let H denote the subgroup of G generated by X. And let (y{, y5, -+, ¥!)
and (2, 25, --- , 2} ) be the last points in the reduction sequences S and T respectively.
By Theorem 4.3 we can obtain sets Y ={y,, y,, ---,y,} and Z=1z}, z,, .-+, 2} which
are fully Nielsen reduced and generate H. Let H, =(x € H||x| <k), Y, =(y € Y|ly|<k),
and Z, = (z € Z||z| < k). We claim that H =Y, = Z,. Clearly Y, C
H,. We assume that H, ¢ Y, and derive a contradiction. Since H, ¢ Y.,
there exists some x in H, such that |x| <k and x ¢ Y,. Since x¢€
(Yp Yy +++ 2 ¥,)=H, we can write x =ww, ... w_,where w, € {y]., )7]| 1<
j<n},w #1, and Wi #w, for 1 <i<m. Inview of the proof of Theorem 4.4

we know that w,, w w = satisfy the hypotheses of Theorem 4.2. Therefore

2,...,
|x|=2:."=l|wi|—22;" c(w w, ) For 1 <j<m,

|x| = |w|+2[|w|-—20(w w+1)]+ z [lwl—-ZC(w l,w)]

= i=j+]

Since c(w, w, ) < minimum {|w |, J|w, 1“ the above expression yields |x| >
lw].|. Now at least one h, 1 < h<m,is such that |w,| > &; for if not, x €Y.
But then |x| > |w,| > &, contradicting our choice of x. Thus Y, =H,. Similarly
Z, =H,. By Corollary 4.5, Y —{1} and Z — {1} freely generate the free group H,. Since the
rank of H, is unique, Y and Z have the same number of nontrivial elements with
length < k and hence of length k.

We want to discuss briefly the limit numbers of infinite reduction sequences.
It is easy to see that without further qualifications two infinite reduction sequences
for a finite set X of elements from G need not have the same limit numbers.
Suppose G =A, *A, *A, where A, is the additive group of real numbers with
absolute value as a length function, and give G the length function of Proposition
1.2. Take X =1{(2, 1), (m, 1), (e, 2), (3, 2)} where (r, k) is the real number 7
from A . We can formulate an infinite reduction sequence for X which reduces
(2, 1) and (7,1) but leaves (e, 2) and (3. 2) alone; its limit numbers would be
0,0, e, 3. We can also formulate an infinite reduction sequence which reduces
both {(2, 1), (7, 1)} and {(e, 2), (3, 2)} and has limit numbers 0,0, 0, 0. Thus
in contrast to a finite reduction sequence, the limit numbers of an infinite se-

quence do not depend on X alone. In this paper we are mainly concerned with
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reduction sequences of pairs of elements, so this situation does not present any
difficulty. We do feel that a more restrictive type of reduction sequence can be
defined in such a way that its limit numbers would depend only on X. But the

problems involved are major, so we did not pursue this question any further.
We close this section with a result about reduction sequences for a pair of

elements.

Proposition 4.7. Let S be a reduction sequence for a pair of elements from
a group G with a real length function. lf all pairs beyond some fixed pair have

equal first coordinates, then the reduction sequence is finite.

Proof. Let a and B where a< f8 be the limit numbers of S. Assume that
all pairs beyond (a, y) have their first coordinate equal to a, that is the se-
quence takes the form (a, y), (a, y,), (a4, y,), -+ with |y, [ <|y,[ but |y | >
|a| for all i. Then a=|a| and there exists an integer N such that, for n > N,
ly,| <B+a-2d where d = cla, @). Let z=y, and z, = Yn,i for i>1. Then

the sequence from (4, y,) is as follows:
(al Z), (al 21)9 (al 22)’ crt .

We will show that it stops in a finite number of steps. Without loss of generality
assume z, = az and |az| < minimum {|az|, |a4, |az|}. Then z? is aaz, aza, or
aza. If z, = aaz, then c(a, a) < cla, a2, so A, implies c(a, a) = c(a, a2).
From this it follows that |az| = |z| - |a| + 2d < B since |z| < B+ a-2d. But

this is a contradiction. Therefore z. is either aza or aza. Since the arguments

2

are similar for both of these, we will only present the details for z, = aza. In

this case z, is aaza, za, or azaa. Since |z5| <laz| < |za|, z4 # zza. And if
z, = azaa, cla, a) < claza, a), so A, implies cla, @) = claza, a). But then
|aza| = ~ |a| + |az| + 2d < B, a contradiction. Finally suppose z, = aaza. We
need first to show that |za| < |z|. It is easy to see that c(az, @) = c(z, a).

For if c(z, @) <claz, @), then A, implies c(z, @) = c(az, 2) and |za| + |az| =
2|a|. This is impossible; z, = az was chosen so that |az| < |za|, and |22| >
|a| or the sequence stops. And if c(az, ) < c(z, @), then A, implies c(az, a)
= claz, 2) so |aza| + |z| = 2|a|. This is a contradiction; |z,| = |aza| > |a| or
the sequence stops and |z,| < |z,| <|z|. Since |aza| < |az|, claz, a) > %lal.
Hence c(z, @) > %|a| or equivalently |za| < |z|. Since |aaza| < |aza|, c(a, @)
<cla,aza); Ajimplies c(a, @) = c(a, aza) so |aza| = |za| - |a| + 2d. Since
|za| < |z| and |z| < B + |a| - 24, it follows that |aza| < B. But this is a con-
tradiction. Therefore the pair (a, zz) must be Nielsen reduced so the reduction

process stops.

S. Two-generator groups with real length functions. In this section we
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determine the structure of a group which is generated by two elements and has

a real length function. Throughout this section let G be a group equipped with
a real length function | |. In view of Corollary 4.5 if the reduction process for
{x, y} where x, y € G is finite, then (x, y) is a free group. In this section we
prove that if the reduction process for {x, y} continues indefinitely then (x, y)

is abelian.

Proposition 5.1. If a reduction sequence for x, y € G is infinite with limit
numbers a and 3, then a= .

Proof. Let x, y € G with |x| <|y|. Let (x, y), (x,, y,), --- be a reduction
sequence for (x, y) with limit numbers a and 8 where a < . Since
limit,  _|x | = a<f,there exists a positive integer N such that, for n > N, [x |
<B. We claim that x = x, , forall k>0. The newelement p in the (N + 1xh
pair has length less than that of y,. Since |xy|<p, |p| > B. Hence yy , =p
and xy . =Xy- Similarly x, =xy , for k> 1. By Proposition 4.7 the reduction

sequence is finite.

Proposition 5.2. Let (xi, yi) be an infinite reduction sequence for x, y € G

where limit, __|x,| = limit, _ly,[ = 0. Then (x, y) is abelian.

Proof. For an arbitrary pair of elements g, b € G let I'(g, b) = llg, 5], [g, A1,
[g. 71, [g. »1} where [g, »] = ghgh, the commutator of g and h. When we apply
a Nielsen transformation to (g, ») to obtain (g’, '), there is a one-to-one cor-
respondence between the sets I'(g, ») and T'(g’, ') such that corresponding
elements are conjugates. This is straightforward to verify and known, so we omit
the details. For each g € G define [(g) = |g%| - |g|- And for each pair in our
reduction sequence (x , y,) define K = minimum {f(@)] ac€ [(x , y ). Since
{ is a class function by Theorem 2.8, the above implies that K, = K, for all 1.

Since limit _ _ |x [ =0 = limit ly, |, given any € >0 there exists an in-

n — 00

teger N such that, for all n> N, |y | <Yie. Now
K <[E3xy) <% 5%y, <21 +2y[<e

Hence K, =0 so x and y commute.

We turn now to the case when every reduction sequence for (%, y) is infi-
nite with limit numbers a= 8> 0. Let (x, y,) be a reduction sequence for
(x, y). There are several parts to this case. First we show that from some
point on in our sequence no element occuring is cyclically reduced. Secondly
we verify some simple lemmas concerning the amounts of cyclic reduction
and the lengths of elements in our sequence. Thirdly we show that
limit, _ ey, y) = limit clx, x)=%a. Finally we prove that x and y

commute.
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If a and b are the elements of some pair in a reduction sequence for x
and y but it is not determined whether a or b has the shorter length, we will
use the notation (a/b) for the pair.

Lemma 5.3. Let (x, y,) be an infinite reduction sequence for x, y € G where
limit, |x|=limit, |y,|=a>0. Then given any N there exists n> N such

that some element of (xn, yn) is not cyclically reduced.

Proof. Let 0 <¢<(1/3)a. Choose M such that |y, | <a+e Let xy =u

and y, =v. Since {u, v} is not Nielsen reduced,
minimum {|7v|, |@0]» |uv], [u0|} < |v].

For definiteness assume that zv is the new element in the (M + 1)th pair of our

sequence. Again {z, uv} is not Nielsen reduced so the following holds:

minimum {|74°|, |@vu|, |ZvE|} < maximum{|u|, |7v|}.

Case 1. If |vu?| < maximum{|z|, |uv|}, then u is not cyclically reduced.

Suppose on the contrary that z is cyclically reduced. Then c(u, u) <
c(u, uv) so A, implies 0 = c(x, uv) and luv| = |v| - |u|. But |v| - |u| <e<a
so this is a contradiction.

Case 2. If |uvu| < maximum{|«|, |uv|}, then v is not cyclically reduced.

Since |uv| < |v|, c(w, v)> 0. It suffices to show that c(v, #)> 0, for A,
then implies c(v, 7) > 0. Assume on the contrary that c(v, #)= 0, so |vu| =
|v| + |u|. By Proposition 2.1, |uvu| > |vu| ~ |u| = |v|. But this contradicts our
hypothesis since |v| > maximum {|u|, |uv|}.

Case 3. If |uvu| < maximum{|u|, |uv|}, then uv is not cyclically reduced.

In view of A it suffices to show that c(x, ) >0 and c(uv, u) >0. If
c(u, uv) = 0, then |wv| = |v| - |u| <e<a, a contradiction. And c(uv, «) =0
implies |uvu| = |uv| + |u|, a contradiction of the hypothesis.

Therefore, given any N there exists n > N such that some element of

(x,, y,) is not cyclically reduced.

Lemma 5.4. Let (x, y,) be an infinite reduction sequence for x, y €G
where limit,_ _|x | = limic,__|y;,| = @>0. Furthermore assume that fer all i,
(xi“, yi+1) = (x,/z) where z has the shortest length of all the possible choices.
Then given any N there exists n> N such that neither element of (xn, yn) is

cyclically reduced.

Proof. Let 0 <¢<(1/3)a. Choose Q such that |y,| <a+e Let xj =
u and y, =v. Let uv be the new element in the (Q + 1)th pair. By our

hypothesis this pair is (z/uv) where |uv| < minimum {uv|, |uv|, luv|}. We
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consider three cases as in the previous lemma.

Case 1. vuu is a coordinate of the second pair following (u, v).

By Lemma 5.3 we know that # is not cyclically reduced. We show that
neither is v. Suppose c(u, v) >0. Since c(z, u) £0, c(u, v) >0 by A,. And
since |uv| < |v|, c(z, v) > 0. Axiom A, then implies c(v, ¥) > 0. Therefore if
c(u, v) > 0, we are done.

We show that c(u, v) = 0 leads to a contradiction. Assume c(z, v) =0, from
which it follows by A, that c(x, v) =0 also. Let d = c(u, ). Note that a—¢<
2d<at+e If d<%athen clu, u) < clvu, u). Axiom A, implies d = c(u, vu), so
|vu| = |v| - |u| + 2d <€ +2d. Since |vu|>a,a-e<2d<a. Andif d>%a,
then a<2d <|u| <a+e.

By Proposition 2.6, the lengths |4?| are unbounded so we can find a positive
integer p such that |4?| > 2|v|; and by Proposition 2.1, c(v, 2 ) < |v| for all q.
It follows that |su?| > |v]. Let n be the integer such that [va™*'| < |va®| < ...
<|vu| < |v| and |vu"*?| > |vu"*!|. Since |vu| < |v|, we know that n > 0. We
want to determine |vu™| for 1 <m <n. If c(wu™, u) < clu, u) = d, then |ou™+|
> |vu™| + |u| — 2d. But this contradicts the fact that |ou™ +!| < |vu™| since m <
n. Therefore c(u, u) < c(vu™, u), so A, implies |ou™| = |oum™ =Y~ |u| + 2d =
|v| - m|u| + 2md. Note that if vu™ and u™*! occur in the sequence, then
[ou™+1| £ |a?*Y| - |v]; for &+ — o] = (2 + 1) |u| - 2nd - |v| = = |vu”| + |u| <
e<a. Also if 7u” and 7u"*2 occur in the sequence, then [vu*?| £ |u"*?| -
lv; for Iu"+2| —|v| = (@ +2)|u| = 2z + D)d - |v]| = |u| - [v&"| + |u] -2d<2e<a.

Any pair {s, t} in Hu, va™}, {va™, 7™ Y {5u™, vuv}} where m is a positive
integer will be called normal if maximum{|s|, [¢]} <|v|. Since |va®| > |v|, there
are only a finite number of distinct normal pairs. Suppose then that every pair
from (4, v) through (xy, y,) is normal but the (N 4+ )th pair is not normal. If
u ¢ {xM, yM} where M < N, then there exists an integer 7 between 1 and M +1
such that the r + 1 terms following (z, v) are (x, o), (w, vu?), -+ (u, v’ -1y,
(v, u), (vu’/ou’*1). And since maximum{|va’|, |vu”1|} < |ul, the length of any
element occuring in the sequence beyond (pu’/vu’*!) is less than the length
of u. Let M <N. Thenthe Mth and (M + 1)th terms are both normal. Now

(xyo yy) = (@/7u™)  implies

(xM+1. yM+1) e{(w/Tu™*Y), (w/vu™ V), @™/ o™ V), @™/ Tu™ )}

(xM. yM) = (@d™/vd™" ) implies

(xM+1’ yM+1) e {@Guv/Tu™), Guv/va™ D}

(ems yy) = @u™/Tuv)  implies

(xM+1’ yM“) e{@u™ Vouw), @™ /o), @™ Y ou™), @Gu™*+ /o™,
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From this it is easy to see if vu® occurs in the Sth pair where S <N, then vu™
for all m < s occurs in some pair prior to the Sth pair.

’-Supgose lgu’" € txy, yp} but wum ! ¢ {xy» yy)- First assume that (xy, y\)
= (u™, vu™~"). Then the new element z inthe (N + 1)th pair is either

2u™ou™ =1 or vu™ ™ ou™. Suppose z = vu™vu™ L. I c(vu™, v) > clu, v) =0,
then A, implies |?u"'| = |vu™~ 1| - |u| <¢, a contradiction. Therefore 0 =
c(wu™, v) < clvu™, v 1) A, implies |vu™ “! = |«™ Y - |v|, contrary to what

we established earlier provxded m—-1<n+2. Suppose z =vu™" 12u™. 1f
c(@u™ 1, v) > clu, v) = 0, then A, implies |7/_u R P Pt
-1

- |u| <, a contra-
| = w7 - ol

contrary to what we established earlier provided m <7 + 2. Now assume that m

diction. Thus 0 = c(u™~ 1, v) < c(wu™" !, wu™); A, implies |vu
>n +2. Then vu™*? occurs in some term of the normal part of the sequence. Let
R be the term in which vu™*3 first appears. Then the Rth term is necessarily
(u/5u™*3), Gu"*2/vu™*?), or (u™*3, vuv). Now vu™*! must occur in the Sth
term where S < R. Since 2u™*! does not occur in the Rth term, the fact that we
always replace the element of the larger length implies that |ou*3| < [ )).

We claim that this impossible. Let T = c(vu"*!, %) + c(u, ). If T <|ul, then

Proposition 2.4 implies c(vu"*?, %) = c(u, u). Thus
) = [5um?] + Ju] - 24> [ #2| 2 [un.

If T> |ul, then c@u™*t, @) > |u| - d so [ou™*?| < [?u""ll —|u|l +2d < |;u"+1|,
contrary to our choice of 7.

Secondly assume that (xy, yy) = (vu™/vuv). Then the new element z in
the (N + 1)th pair is either zuvu™v or vuvu™v. Suppose z = vuvu™v sO
c(vizv, 2™v) > 0. Since c(v, vu™) = 0 as shown above, A, implies |vuv| = [vu -
lv|. Since |vu| < |va], c(v, u) < c(v, w). If equality holds, then |vuv| = |vu| -
|v| <0, a contradiction; if the inequality is strict, then A, implies |vu) = |u| +
|v| - 2d, in which case |vav| = |u| - 2d <¢,also a contradiction. Suppose z =
uva™v. Then 0 = c(v, vu™) < c(vuy, Z™0), so A, implies |vuv| = |vu| - o] <
0, a contradiction.

Thirdly assume (x,, yN) = («/vu™). The new element z of the (N + 1)th
pair is either wvu™ or @pu™. If the former 0= clu, v) < clu, vu™), and if the
latter 0 = c(@ v) < c(u, va™). By Ay 0 =clv, vu 2u™) in both cases so |vu™| =
|u™| = |v|. If m <n+ 2, then this contradicts what we established earlier.
Assume now that m >n + 2. Let R be the term in which zu"*! first occurs.
Since R<N and u € {xN, ny the Rth term is necessarily (u, vu n+ly and
the (R + th is (u/va"*?). But |ou 2| > |vu"*!| by our choice of n. Thus
we have our desired contradiction. Hence cl(u, v) >0 and v is not cyclically

reduced.
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Case 2. wuwvu is a coordinate of the second pair after (u, v).

By Lemma 5.3, v is not cyclically reduced. We claim that neither is u. We
assume the contrary and derive a contradiction. Since c(z, v) >0 as |uv| < |v|,
A, implies 0 = c(u, v). And since c(v, v) >0, A, implies 0 = c(z, v).

Let d = c(v, v). We claim that d >)5a. Assume on the contrary that d <
Yaa. Since |uv| < |v|, c(u, v) > Y% |u| >Va >d=clv, v). Axiom A, implies d =
c(u, v). Since |uvu| < maximumi|u|, |uv|}, c(uv, ) > Y% a> c(u, v). Axiom A,
implies c(uv, v) = d. But it follows that |wv| = |u| - |v| + 2d < 2d < a, a con-
tradiction. Therefore /s a < d.

Let 7 be such that [v7*!u| < |v"u| <.-. <|vu| < |v] and |0"*%4| >
|-u_”+lu|. We want to determine |v™u| for 1 <m <n. If c(v, V™) < c(v, v), then
|o™* | > [0] + |v™u| - 2d > |2 ™u|, a contradiction. Therefore c(v, v) <

c(v, v™u), from which it follows by A, that d = c(v, v™u). Therefore |v™u| =

|;’"-1u| ~|v| + 2d = |u| = m|v| + 2md. Also note that if v7+l, 404 7% occur
in the reduction sequence, then |v7*'u| £ |v7*1| - lu|; for [27*1u| > a and
|07t = |u| = |v] - |v7"u| <e< a. Similarly if 77?4 and 7" occur in the se-
quence, then |;"+2u| £ |—v—"+2| — |ul; for l?"*zul > a but |;"+2| —|u| = |v| -

2d + |v| - |[v"u| < 2e < a.

The second pair after (u, v) is either (u/uvu) or (va/uvu). Suppose it is
the former. Then the new element z of the third pair after (u, v) is vu, « *vu,
or u 2vu. Since |vu| > |uv|, z is not equal to vu. Let w = wvu if z = % *vu, and
let w=wvu if z=u%vu, then 0 = c(y, u) <c(u, w). Axiom A, and |uv| < |vu]
imply that |w| < |vu| - |u|. Since c(v, u) <c(w, v), |vu| <|v| + |u| - 2d. It
follows that |w| <¢, a contradiction. Therefore the second pair after (u, v) is
(vu/uvu). Now the lengths |v?u| are unbounded. Let 7 be the integer such that

the sequence from (z, v) on is as follows:
(a, v), Bu, ), Gva, Du), Gvu, 5°u), @ou, Tu), - 5 (@ou, 77~ L), Gou/vu)

and the next pair, say the Rth pair, is not (zvu/v"*'u). The new element z in
the Rth pair is wvuv u, v uv"u,or v"*'u. First note that c(uvu, v) =0 =
cluvu, v). Since c(u, v) =0, c(uvy, v) >0 implies by A, that |uvu| = |uv| -

|u| <0, a contradiction. And c(uvw, v) >0 implies by A, that |uvu| = [uv] - |ul;
but we showed above that |vu| — |u| <€ so this is also a contradiction. If z =
Zvuv'u, then 0 = c(@vu, v) < c(@vu, 7u); and if z = @oud’u then

cluvu, v) < c(;n;u,ﬂ). In both cases A, implies that |v7u| = |07 1u| -1v| <0,
a contradiction. Therefore z = v"*'4, and hence the Rth term is (v7u/v"*14).
The new term in the (R + 1)th pair is either v "o *'u or v"*'uv7u. First note
that c(v”u, v) = 0 = c(v”"*'u, v). Since c(u, v) =0, c(@7u, v) >0 implies by A,

that |v7u| = |o7| - |u| and @™y, ) >0 implies by A, that |;'+lu| =
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|o™+1| - |u|. Since |7u| < |57~ 'u| < ... < |2%2| < |Du| by our definition of 7, 7 <
n + 1. Thus by what we established earlier |37u| £ |77| - |u| and |77+%| # |77*}| -
|u|. Hence c(@’u, v) =0 = c(#"*14, v). Now if z = 7" *!u, then 0 = (774, v) <
(@, 77 1%) implying by A, that |7"+1u| = |7"4| - |v| < 0, a contradiction. And

if z=7"*1uv"u, then 0= c(@*u, v) < c@+lu, Tu), implying by A, that |97u| =
|77~ 4| - |v]| <0, a contradiction. Therefore c(u, Z) £ 0.

Case 3. uvu is a coordinate of the second pair following (x, v).

By Lemma 5.3, zv is not cyclically reduced; let d = c(av, 7). We claim that
u is not cyclically reduced either. Since the arguments are similar to those in
Case 2, we will present an outline of the development and any difficult parts but
omit most details. Assume on the contrary that c(, @)= 0. Then c(%, 7) >0,
clu, 7) =0, c(z, v) =0, and c(z, v)=0. And also a-e<2d< a+e.

Let 7 be such that |(@)**12] < |@)"z| < |(@v)"*~'a| < - - - < |@v@| < |v| and
|@v)"+2%| > |(@0)*+'u|. For 0< m< n, |G| = |u| - m|av| + 2md. 1f (@o)"+'u
and (zv)"% occur in the reduction sequence, then |(@0)**'a| £ |(@v)"+}| - |ul; if

(@v)"+?% and (2v)"% occur in the reduction sequence then |(@)"+%u| £ |(zv)"+?|
- |al.

The second pair after (u, v) is either (@wa/u) or (Gu/avi). I it is the former, then
the new element z in the following pair is 7%vi or u*u. Suppose z = %%vi, in which
case 0= c(u, @) < A% wva). Axiom A 4 implies that |zv%| = |v4| - |u|, which is equivalent
to c(@, vu) = |u|. Then (@, 7)< c(z, va) implying by A, that |va| = 2|u| - |av|.
It follows that |uvu| = |u| — |uv| < 0, a contradiction. It is easily seen that z #£
u?Tu. Thus the second pair following (u, v) must be (vu/7v7).

Let 7 be the integer such that the sequence from (z, v) on has the form
(w, ), @v, w), @v, W), @, @)°7), ---, @, @)~ 'D), @/ @y )

and the next term, say the Rth term, is not (Zv/(zv) +'%). The new element z
in the Rth term is Zvu(vu)’, Duu(wu)’, or (@) *+'%; it can easily be shown to be
(@) *'% or a contradiction results. Thus the Rth term is ((z)'z/(uv)+'%). The
new elemept in the (R + 1)th term is (@) @(@v)*'% or (@) *'%(zv)%. But both
of these lead to contradictions. Therefore u is not cyclically reduced.

This completes the proof that given any N there exists n > N such that

some element of (x", yn) is not cyclically reduced.

Lemma 5.5. Let (xl., yi) be an infinite reduction sequence for x, y € G where
lyl.| = a> 0. If the elements of (x* y*), the Nth pair of
the reduction sequence, are not cyclically reduced and have length less than 2 o,

limiti_wlxil = limit,

then for n > N neither x, mory is cyclically reduced.

Proof. We assume the existence of n > N such that some element of
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(xn, yn) is cyclically reduced and derive a contradiction. Choose 7 to be min-
imal and let z be the element of the nth pair that is cyclically reduced. Write
z = x'y' where (x’, y') is the (n ~ Dth pair in the reduction sequence. It is
easy to see that neither c(y’, x*) nor c(y’, %) is zero. Since |x'y’| < |y'|,
c(x’, ) >%]|x'|. Using this and the fact that y’ is not cyclically reduced,
cly’, x) > 0 by A,. And from c(x’, X) > 0 and c(y’, ') > 0 it follows by A,
that c(y’, X') > 0. Also clx'y’, ') £ 0. For 0= clx'y’, ¥') <cly’, ¥') implies by
A, that 0 = c(x'y’, y') which is equivalent to |x*y*| = |x'| = |y*| < 0. Since z
isi)f_lically reduced, 0 = c(x'y’, x'y') < c(x'y’, ¥'). Axiom A, then implies
clx'y’, %) =0 so |x'y'| = |y'| - |*'|. Since |y’| <2a and |x'| > a, [x'y| < a,
a contradiction. Therefore no element z in the reduction sequence after
(x*% y® is cyclically reduced.

The next step is to establish some trivial lemmas that we need in the sequel.

Lemmas 5.6-5.8. Let (x, y.) be an infinite reduction sequence for x, y €
G. Assume that the limit numbers for this sequence are both equal to some non-
zero real number a and that no group element which occurs in this sequence is
cyclically reduced. Let (a, b) be a pair in the reduction sequence and assume
that the following pair is (a/ab) where |ab| < minimum {|ab|, |ab|, |ad}. Let
¢ =cla, @) and d = d(b, b).

Lemma 5.6. The following hold:
(5.6a) If ¢ =d, then ¢ = c(a, b) = cla, b) < c(a, b) < c(a, b).
(5.6b) If ¢ <d, then one of the following occurs:
() cla, @) = c(@ 8) = c(@ b) <clb, b) = cla, b) <cla, b);
(i) cla, @) = c(@, B) = c(a, b) < c(a, ) = cla, b) < c(b, );
(iii) cla, @) = c(@, D) = c(a, b) < c(a, B) = cla, b) = c(b, b).
(5.6¢c) If d < c, then c(b, b) = c(a, b) = c(a, b) < cla, a) = c(a, b) < c(a, b).

Lemma 5.7. If ¢ <d<%a or d <c <%a, then a’b is a component of the
second pair after (a, b), |ab| = |b| - |a| + 2¢, and c(ab, ab)=d.

Lemma 5.8. If d <c and 2d < a< 2c, then a’b occurs in the second pair
after (a, b), clab, ab) = d, and either |ab| < |a| or |ab| = |b| - |a| + 2c.

Proof of 5.6. Since ab occurs in the pair after (a, b), c(a, @) <}4|a| <
c(a, B) so A, implies c(a, @) = c(a, b). Also by our choice of ab, c(a, b) >
maximum jc(a, ), c(a, B), c(a, b)}. These results hold for all three cases.

Assume ¢ = d. Then c(b, b) <cla, ) so A, implies c(b, ?) = c(a, b).
And from c(a, @) = c(a, b) we conclude by A, that c(a, b) > c(a, a).

Assume ¢ <d. Then c(a, b) < c(b, ) so A, implies c(a, ) = c(a, b).
Compare c(b, B) and cla, B). If c(b, B) < cla, b), then c(b, B) = cla, b) by A .
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If c(a, ) < c(b, B), then cla, b) = c(a, b) by A,. Finally suppose c(a, b) =
c(b, b). Axiom A, implies c(a, b) > c(a, b). But as we noted in the beginning
of the proof c(a, b) > c(a, b). Therefore c(a, b) = c(a, b).

Assume d <c. Then d = c(b, b) <cla, b) = ¢, so A, implies c(b, ) =
c(b, @). And since c(a, b) > c(a, a) > c(b, b), c(b, b) = c(a, b) by A,

Proof of 5.7. The arguments for both the case when ¢ <d <}4a and the case
when d<c< Ya are similar. We will only present the details for ¢ <d < Ya.

Since cla, b) > Y5|a| > Y5a and c(b, b) = d < sa, the results in (5.6b(i)) are
applicable here. The possibilities for the new element in the second pair after
(a, b) are aba, aba, and a’b. Suppose first that aba occurs, that is |aba] <
maximum {|a|, |ab|}. Then Y%a < c(a, %a). Now cla, b) =d by (5.6b(i)) and
d <%a by hypothesis, so it follows that c(a, b) < c(a, ba). Axiom A, implies
cla, b) = c(b, ba ) so |ab| = |a| — |b| + 2d. But then |ab| < a, a contradiction.
Therefore |aba] > maximumi|a|, |ab|}. Secondly suppose abaoccurs. Then %a
< cla, ba). Since c = c(a, b) by (5.6b(i)) and ¢ < Y4a, A, implies c(a, b) =
c(b, Ba) so |ab| = |a| - |b] + 2c. But then |ab| < a, a contradiction. Therefore
a’b must occur. Then %a< c(a, ab) so c(a, @) < c(a, ab). Axiom A, implies
c(a, a) = c(a, ab) which yields |ab| = |b| - |a| + 2c. Note that |ab| > a but 2¢
<a so |a| <|b|.

It remains to prove that c(ab, ab) = d. We first establish that c(ab, a) = d.
Compare c(ab, a) with c(b, @) which by (5.6b(i)) is d. If c(a, b) < c(a, ab),
then A, implies c(a, b) = c(b, ab) so |ab| = |a| - |b| + 2d. But then |ab] < a
which is impossible. If c(a, ab) < c(4, b), then A, implies c(a, ab) = c(ab, b)
so |aba| = 2|a| - |b|. But since |a| <|b| this contradicts the fact, established
earlier in the proof, that |abd| > maximum {|a|, |ab|}. Since |a’b| <
maximum {|a|, |ab|}, c(a, ab) > minimum {%|a|, %4|ab|} > %a> d. Axiom Ay then
yields clab, ad) = d.

Proof of 5.8. Since d < c, the results of (5.6¢c) hold. One of aZa_, aba, and
a?b must occur in the term following (a/ab). Suppose aba occurs. Then
cla, Ba) > minimum t}|a|, J3|ab|} > J4a > d. Since c(a, b) = d by (5.6c), A,
implies d = c(b, ba) so |ab| = |a| - |b| + 2d. But then |ab| < a, a contradiction.
Secondly assume azba occurs. Then d < c(a, ba). Since c(z, b) = d by (5.6¢),
A, yields d = c(b, ba) which as seen above implies a contradiction. Therefore
a?b must occur.

Now consider c(ab, ab). Since |a| < |b| and |ab| > a > 2d, c(ab, b) > d.
And c(a, b) =d by (5.6c). Therefore A, implies c(ab, a) = d. Since a’b occurs
in the sequence c(a, ab) > minimum {%|a|, %|ab|} > Y%a > d. An application of
A, yields c(ab, ad) = d.

Finally consider |ab|. If ¢ >4|ab|, then |ab| < |a|. And if c <Y|ab|, then
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c=cla, @) <cla, ab) so A, implies c = c(a, ab). Thus |ab| = |b| - |a| + 2c.

Proposition 5.9. Let (xi, yi) be an infinite reduction sequence for x, y € G.
Assume that the limit numbers for this sequence are both equal to some nonzero
number o and that no element which occurs in this sequence is cyclically reduced.
Furthermore assume that for all i, (xi“, yl.+l) = (xl./z) where z bhas the shortest

length of all the possible choices. Then limit, cly,y) =la=

llmlti_‘w c(xi, ?cz.).

Proof. Fix 0 <e¢ <Y%a. Let (a’, ') be a pair in our reduction sequence such
that |b'| = a<e. Let (a, b) be an arbitrary pair beyond (&', b'). Without loss
of generality assume ab is in the next pait. By our assumption this pair is (a/ab)
where |ab| < minimum{|@b|, |4 |, |ab|}. For convenience we will refer to the nth
pair following (@, ) as the (n + 1)th pair; thus (a/ab) is the second pair. Let
c =cla, @) and d = c(b, B). It suffices to prove that a—2¢<2c <a+¢ and a -
2¢ <2d < a+e. For the time being assume that d < Y%a.

Case 1. c<d.

By Lemma 5.7, 2c = |ab| + |a| - |b|. Since |ab| > a, |a| > a, and |b]| < a
+¢6 2c>a-¢ Hence a>2d>2c>a-ce.

Case 2. d<c<%a.

By Lemma 5.7, c(ab, @) = d. If |ab| < |a|, then the second pair is (ab, a)
with c(ab, ab) < c(a, a) <Y%a. Thus we are in Case 1 and hence done. If |a| <
|ab|, then consider the third pair (a/b3). By Lemma 5.7, b; = aab and c(bS, 33)
=d. If |aab| < |a|, we are in Case 1. Otherwise consider the fourth pair (a/b4).
Since Proposition 4.7 implies ‘@’ becomes a ‘b.’, we can conclude by Case 1
that 2c and 2d are within 2¢ of a.

Case 3. ¢ =d.

(3.1) a%b occurs in the third pair.

Then cla, @) < c(a, ab). Axiom A implies c(a, @) = c(a, ab), so that 2c =
|a| + |ab| - |b|. Since |a| > a, |ab| > a, and |b| < @+ ¢, it follows that 2¢ > a
- €

(3.2) aba occurs in the third pair.

Then c(a, @) < c(a, ba). Since (5.6a) implies c(a, b) = ¢, c(a, b) = c(b, ba) by
A, so 2c = |b| + |ab| - |a|. This is a contradiction; 2¢ < a but || + |ab| - |4
> lab| > a.

(3.3) aba occurs in the third pair.

Then c(ab, @) > cla, @), so clab, a) = c. First assume |a| < |ab|. Then the
third pair is (a/aba), so a coordinate of the fourth pair is aba® or a’ba. If it is
aba?, then c(a, @) < c(aba, @). Axiom A, implies ¢ = claba, a), so that 2c =

laba| + |a| - |ab] > a - e. Suppose a’ba occurs in the fourth pair. Then c(a, @)
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<cla, aba), so A, implies ¢ = (@, aba). Hence 2c = |a| + |aba| - |ba|. We
need to consider |ba|. Let M = c(a, b) + c(b, @). Since (b, b) < c(@, b) < c(a, b)
by (5.6a), M > |b| implies c(a, b) >%|b|. But then |ab| < |al, contrary to our
assumption. Therefore M < |b| so c(ab, @) = c(b, @) by Proposition 2.4. Since
|aba| < |ab|, cab, @) >Y|a|. Thus c(b, @) > %|al, so |ba| < |b|. Then 2¢ > |a| +
|aba| - |b] > a~e.

Secondly assume |ab| < |a|. Then the second pair is (ab, @) and the third
pair is (aba/ab). Since |(ab)”a| > |(ab)"| - |a| by Proposition 2.1 and the lengths
|(ab)*| are unbounded by Proposition 2.6, the lengths |(ab)"a| are unbounded.

Let m be the positive integer such that the sequence from (a, b) is as follows:
(ab, a), (ab, (ab)'a), (ab, (ab)?a), (ab, (ab)’a), - .. , (ab, (ab)""'a), (ab/(ab)™a)

and the next term, say the Rth term, is not (ab/(ab)™"*'a). The new element z

in the Rth pair is (ab)™aba, (ab)"aab, or (ab)"*'a. Suppose z = (ab)™aba in
which case c((ab)"a, ab) > c(a, @) = c(ab, a). Let ¢ be the first integer such
that c((ab)'a, ab) > c(a, @) and note that 0 <t <m. Since c((ab)'a, ab) > cla, @)
> c((ab) ™ 'a, ab), A, implies c((ab)'a, (ab)'™'a) < c. Hence |(ab)a| + |(ab)'™ la|
~ |ab| < 2c. Since |(ab)ia| > a, |(ab}~'a| > @, and |ab| < a+ e 2¢ >a-¢as
desired. Suppose z = (ab)™aab in which case c((ab)™a, ab) >Y%a> (a, @). If
cla, @) < c(ba, a), then the argument in Case 3 (3.1) yields 2c > o~ ¢. Assume then
that c(ba, a) < c(a, @). Let t be the first positive integer such that c((ab)'a, ab)
> c(a, @) and note that 0 < ¢ <m. Since c((ab)'~ Lo, ab) < c((ab)ta, ab), A, im-
plies c((ab)a, (ab)!~1a) <cla, @) = c. As above this yields our desired result,
2¢ > a-e. Finally suppose z = (ab)”*'a. Then the Rth pair is ((ab)™a/(ab)™*+'a).
The new coordinate of the (R + 1)th pair is (2b)"a(ab)™*'a or (ab)™*!a(ab)™a.
Since the arguments are similar for both of these, we will only present the details
of the former. Assume_that (ab)"a(ab)™*'a occurs in the (R + 1)th term. Con-
sider c((a, b)"*'a, (ab)™*%). Suppose first that it is less than or equal to

c(a, @). Since (ab)™alab)™*'a occirs in the sequence, c((ab)™a, (ab)"*1a) >
cla, @). By A,, c((ab)"*'a, (ab)"*'a) = c((ab)™*'a, (ab)™a) < 2c. Thus 2c >
|(ab)™*'a| + |(ab)™a| - |ab| > o — ¢. Secondly suppose c((ab)’”*it_z&b)m‘”la) >
c(a, @). Then let ¢ be the smallest integer such that c((ab)la, (ab)'a) > c(a, 7).
Note that 1 <t<m+ 1. Let T = c((ab)'a, (ab)'~a). If T > c, then since
c((ab)~'a, (@b~ Ta) <c < T, A, implies that c((ab)'~'a, (ab)~ Ta) =
c((ab)'~'a, (ab)'a). Hence 2c > |(ab)'~'a| + |(ab)la| - |ab| > a - ¢ as desired.

If T <c, then since ¢ < c((ab)ta, (M), A, implies that T = c((ab)a, (abTra).
Hence 2c > |(ab)'a| + |(ab)'~'a| - |ab|. If |ba| < a+ 2¢, then 2¢ > a— 2¢, and we
have our result. We claim that this is always the case. Compare c(a, b) and
(@ ab). 1f (@ b) < c(@, ab), then A, implies c(a, b) = c(b, ab). Since c(b, ab)
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>Y|ab|, it follows that |ab| < |a| + |b] - |ab| < a+ 2. If (&, ab) < c(@, b), then
|ad| < |b] + |aba| - |ab] < a + 2e.

Case 4. d<Ja<ec.

By Proposition 4.7 our sequence has the form (a, b), (a, b,), (4, b,), -,
(a, bn), (a', a). Let a=5". By Lemma 5.7 if 2c = @ and by Lemma 5.8 if 2¢c > a,
we see that c(b, b.) = d = c(a’, a'). Assume the pair following (a’, ") is
(a'/a'b"). Compare c(a’, @) = d and c(a’, a’d" ). If c(a', @) < c(a’, a'5"), then
A, implies c(a’, a') = c(a’, a'b"). Therefore 2d = |a'| + |a'b'| ~ |b| > a - ¢ and
we are done. If c(a’, @'b') < c(a’, @), then c(a’, a'd’) = c(a’, @'F') so |a'a’b'| =
|6’|. Since c(a’, a'8) <d, 2d > |a’'| + |a'b'| - |b'| > a - . Suppose cla’, a”) =
cla’, @'b"). Then |a’a’'b’'| > maximum {|a’|, |a'b'|}, so a'a’b is not a term in the
pair following (a'/a'b'). Hence the new element in this pair is either a'b'a’ or
a'b'a’. If the latter, c(a'b’, a') > d. Axiom A, implies c(a®', @b") =d. Then
(a’/a'b') is a pair such that d = c(a’, @) = (a'd’, 2'5") < %a and we are done by
Case 3. Assume a'b'a’ occurs in the pair following (a'/a’b'). Consider
cla', B") + c(b', @"). Since c(a’, B") > %o and c(b’, B7) > Yha, A, implies
cla’, b') >%a. This together with c(a’, @') = d <%a yields c(a’, b') =d. Now
if ca’, B") < |b'| - d, then Proposition 2.4 implies c(a'd’, @’) = c(b’, @") =d <
Ya, contrary to the fact that |a'b'a’| < maximum{|a’d’|, |a'|}. And if c(a’, D7) >
|6'| — d, then 2d > |b'| - |a'| + |a'b’'| > |a'b'| > a, a contradiction.

Thus if d <%a, then both ¢ and d are within a couple of €’s of %5a. Now
assume d>%a. Then a<2d <|b|<a+e If c >la,then a<2c<|a|<a+e
and we are done. Assume c(a, @) = c <%a. Since Proposition 4.7 implies every
‘a’ becomes a ‘b’, a - 2¢ < 2c by the above arguments. This completes the
proof that limit,__c(y, 7)) = limit,__c(x, ) =J4a.

In the proof that (x, y) is abelian we need a proposition concerning the
length of a product of elements.

Proposition 5.10. If a, € G such that |a,| > 2d and c(a, @) > d for 1<
i<mn, then

laja, ---a | <2d + nmaximumi|a,| - 2d}.
l<is<n
Proof. We will prove this by induction on n. The result is obvious for n =
1. Assume it is true for n — 1 elements where n > 1. If c(ala2 ceed g 71:)
>d, then |aja, ... a|<|aja,...a _,|+|a|-2d By the induction hypo-
thesis applied to |aya, .-+ a__ |,

|a,a, -+ a,| <2d+(n—-1) maximum Ha,|-2d}+a | -2d
l<isn-1

< 2d + n maximumi|a | — 2d}.
- 1<isn !
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If caa, .- a _ @ <d, then A, implies c(ala2 ceea g, ‘C) -

clajay ---a__y, a _,) since by hypothesis c(a _,, @) >d. Thus |aa, .-

a,_qa|=|aa,-.-a _,|+la|-|a _,|. By the induction hypothesis applied

to |aya, «--a, _,l,

laya, -+« a | <2d+(n-2) maximumi|a,| - 24} + (e | - 2d) +(2d - |a__ )

l<i<n=2
< 2d + n maximum{|a, | - 24}.
- l<isn !
Proposition 5.11. If every reduction sequence for x, y € G is infinite with

limit numbers that are equal but not zero, then (x, y) is abelian.

Proof. Let (x_, y ) be an infinite reduction sequence for x, y € G with
limit numbers a= 8> 0. Assume for all i, (xi+l, >’,~+1) = (xl./z) where z has the
shortest length of all the possible choices. In view of Lemmas 5.4 and 5.5 no
generality is lost in assuming that no element which occurs in this sequence is

cyclically reduced. For each n, let
Fn = {[xn: yn]a [xn: 7'2]9 [En: )’n]a [Enl 7,,]}

where [g, b] = ghgh. Fix ¢ > 0. First we prove that either x and y commute or
else for an infinite number of » there exists K €I’ suchthat |K |>a-e.
Define ¢, =c(x , % ) and d_=cly_, ¥ ). Assume for now that ¢ =d_ for an
infinite number of n. Let (a, b) be a pair with c(a, @) = c(b, %) and |b| < a+e.
Assume (a/ab) is the next pair. If c(%a, b@) < c(ba, B), then |baba| > |ba| +
|2ab| - |b|. Since |b@| > a, |bab| > a, and a< |b| < a+ ¢, |baba| > a-e. Now
assume c(ba, b) < c(ba, ba). Then A 4 implies c(ba, B) = ‘c(z, ba). Since c(a@, B)
= c(a, b) by (5.6a), |@b| = |ab|. It follows that |bab| = |a|. Now if c(bab, a) <
Y%\|a|, then |baba| > |Bab| > a; and if c(bab, a) <%|a|, then |Baba| > a. Suppose
both are greater than %|a|; then Proposition 2.5 implies bab=a so a and b
commute. Since (x, y) = (4, b), x and y also commute.

Now assume that there are only finitely many pairs (x , y ) with c_=d .
Let (a, b) be a pair beyond these such that |b| < a+¢. Assume that the next
pair is (a/ab). If c(ab, ba) < c(ab, a), then |abab| > |ab| + |abad| - |a| > a-¢
as |ab| > a, |abd| > a, and |a| < a+e If c(ab, Ba) < c(ab, a), then |abab| >
a-¢. Now assume neither of these occur, so c(ab, a) < c(ab, ba) and c(abd, a)
< c(ab, ba). From the former c(ab, a) = c(a, ba) by A,, so |aba| = |ab| - |ba| +
|6]. And from the latter c(ab, a) = c(a, ba) by A, so |aba| = |ab| - |ab| + |b|.
Combining these we get that |ab| = |ab| - |@b| + |ba|. If c(a, @) > c(b, B), then
(5.6¢) implies |ab| = |a| + |b] + 2c — 4d. But since d < ¢ <}4|a|, it follows that
|ab| > |b|, a contradiction. Therefore c(a, @) < c(b, ) in this situation. Since
|@b| = |ab| by (5.6b), |ab| = |ab|. It follows that (5.6b(ii)) or (5.6b(iii)) must occur.
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In both of these c(a, b) < d, so |ab| > |a|. It is easy to see that given M there
is always a pair (2, b) beyond (x,, y,) for which either c(ab, ba) < c(ab, a) or
c(ab, ba) < c(ab, a) where (a/ab) is the pair following (a, b). For if not, there
exists M such that for all pairs (x , yn) with n > M, |yn+1| > |x_|. The sequence
from (x,, yy) on has the form (4, y,), (a, yM+l), (a, yM+2)’ .-+, where a = x.
But this contradicts Proposition 4.7. Therefore either x and y commute or else
there are an infinite number of pairs (xn, yn) in our reduction sequence such that
|K,|>a-e forsome K €T .

Suppose for an infinite number of 7 there is some K €I such that |Kn|
> a-e. As we previously noted, when a Nielsen transformation is applied to
(g, b) to obtain (g’, h") there is a one-to-one correspondence between I'(g, 5)
and I'(g’, ') such that corresponding elements are conjugate. Therefore we can
select a subsequence of these K. such that all elements in it are conjugate.
Consider such a sequence L, L,,. ... Applying Proposition 5.10 to lLfl, we get
|L.12| < 2t +8(16] - 2c:.) where ¢/, = minimum{c(ai, a), c(b, Zz)} Since |L |
> a-e,

|L12] - ]Li| < 26; + 8(|b,~l - 26‘;) — o+ €

By Proposition 5.9 as i — e, 2c! — a. And since the limit numbers for our se-
quence are a=f3, |b,| — a as i — . Thus we can make |L12| - |L,| as small
as we want by choosing i large and ¢ small. But |le| - |L,| is some fixed
number L by Theorem 2.8 since all the L, are conjugate. Therefore L = 0.
Axiom A, implies L =1 so x and y commute. This completes the proof of the
case a=[8>0. Note that if (x, y) is abelian, then for any reduction sequence
(x, y,) Proposition 2.5 forces clx, %) = c(y]., 5/'].) = clx, %).

In summary there are three things that can happen with a reduction sequence
(xn, yn) associated with an arbitrary pair of elements x, y € G. It stops in a
finite number of steps and we get a free group of rank 0, 1, or 2; it continues
indefinitely with limic,__|x | =limit [y | =0, in which case x and y are
cyclically reduced and commute; or it continues indefinitely with limit _ _|x | =
limitn_‘w|yn| = a> 0, in which case c(xn, En) = c(yn, 7;) =Y%a for all n, and x
and y commute. Thus an arbitrary pair of elements from G generates either a

free or an abelian subgroup.

Theorem 5.12. Let G be a group with a real length function. Then (x, y)
where x, y € G is either free or abelian. And if (x, y) is free, then {x, y} can

be fully Nielsen reduced in a finite number of steps.

There are some results of this theorem that are worth mentioning. First note
that Proposition 3.7, without adjusting the length function for cyclic reduction,

can be stated as follows:
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Proposition 3.7. Let G be a group with a real length function. If a, b, c are

nontrivial elements of a commutative subgroup H of G, then

maximum {c(a, b), c(a, b)} = minimum {|a| - 4, |b| - d}

and _
minimum {c(a, &), c(a, B)} =d

where d = c(c, ).

Proposition 5.13. Let G be a group with a real length function. If x, y', 2
are nontrivial elements of G such that x and y' commute and x and z' commute,

then y' and z' commute.

Proof. We assume that y’ and z' do not commute and derive a contradiction.
By Theorem 5.12 we can fully Nielsen reduce {y’, z'} to {y, z}. Since x commutes
with both y' and 2z’ and (y’, 2’) = (y, z), it follows that x must commute with
both y and z. Let M, be the maximal abelian subgroup containing x and y, and
M, the maximal abelian subgroup containing x and z. Since x e M, NM,, x" €
M, NM, where n is any integer. In view of Proposition 2.6 we can choose =
such that |x”| > |y| and |x™| > |z|. Let d= c(x, X). Proposition 3.7 implies
maximum {c(x”, y), c(x”, 7)} equals |y| - d; for definiteness say c(x”, y) = |y| - d.
Similarly maximum {c(x”, z), c(x", 2)} = |z| - d; for definiteness say c(x”, z) =
|z| - d. Now {y, z} is Nielsen reduced, so cly, z) < minimum {¥|y|, %|z|}. It
follows that c(y, 2) < c(y, x™) since |y| - d>}4|y| by Lemma 3.2 applied to M,.
Axiom A then implies c(y, z) = c(z, x™). Now c(z, x™) > }4|z| by Lemma 3.2 applied
to M,. But c(y, z) <}4|z|. Thus we have our contradiction.

This proposition is equivalent to the fact that the centralizer of a nontrivial

element is a maximal abelian subgroup.

Corollary 5.14. If M| and M, are distinct maximal abelian subgroups of a
group G with a real length function, then M|, N M, = {1}.

Proof. Suppose M, A M, #£ {1}. Then there exists x € M, n M, such that
x#1. Let y €M, — (M, NM,). There exists some z € M, such thaty and z
do not commute. For if y commuted with every element of M,, then the subgroup
of G generated by M, and y would be an abelian group containing M,. But this
contradicts the maximality of M,. Now x and y commute, x and z commute, but
y and z do not commute. By Proposition 5.13 we know that this is impossible.
Therefore M, N M, = f1}.

Actually this corollary is equivalent to Proposition 5.13. Assume that two
maximal abelian subgroups of G are equal or have trivial intersection. And sup-

pose x, y, and z are nontrivial elements of G such that xy = yx and xz = zx.
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Let M, be the maximal abelian subgroup containing x and y and M, that
containing x and z. Since 1 £x €M, N M, M, =M,. Therefore y and z com-
mute.

There are some more immediate consequences of Proposition 5.13.

Corollary 5.15. If G is a group with a real length function, then G is the
disjoint union of its maximal abelian subgroups. (Disjoint is used here to mean

that no pair of subgroups has nontrivial elements in common.)

Corollary 5.16. If G is a group with a real length function, then G is abelian

or has trivial center.

Proof. Suppose G is not abelian. Let x, y € G such that xy £ yx. Define
M, for z € G to be the maximal abelian subgroup containing C and {z} where
C is the center. Then M_# M, but M NM DC. Therefore Corollary 5.14 im-
plies C = {1}.
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