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RINGS WHICH ARE ALMOST POLYNOMIAL RINGS
BY

PAUL EAKIN AND JAMES SILVER

ABSTRACT. If 4 is a commutative ring with identity and B is a unitary A-
algebra, B is locally polynomial over A provided that for every prime p of 4,
By =B®4 A, is a polynomial ring over Ap. For example, the ring Z[{X/pig‘?:l],
where {pii?zlis the set of all primes of Z, is locally polynomial over Z, but is
not a polynomial ring over Z. If B is locally polynomial over 4, the following
results are obtained. B is faithfully flat over A. If A is an integral domain, so
is B. If a is any ideal of 4, then B/aB is locally polynomial over A/a. If p is
any prime of A, then pB is a prime of B. If B is a Krull ring, so is 4 and the
class group of B is isomorphic to the class group of A. If 4 is a Krull ring and
B is contained in an affine domain over A, then B is a Krull ring. If 4 is a
noetherian normal domain and B is contained in an affine ring over A4, then B
is a normal affine ring over A. If M is a module over a ring 4, the content of an
element x of M over A is defined to be the smallest ideal 4, of A such that x
is in AM. A module is said to be a content module over 4 if 4, exists for
every x in M. M is a content module over A if and only if arbitrary intersections
of ideals of 4 extend to M. Projective modules are content modules. If B is
locally polynomial over a Dedekind domain A, then B is a content module over 4
if and only if B is Krull.

Introduction. Let Z denote the integers, X an indeterminate over Z and
{pi}?‘;l the set of prime numbers. Set R = Z[{X/pl.}c:’:I]. Although the ring R is
neither noetherian nor Krull, as a Z-algebra it is locally indistinguishable from a
polynomial ring in one variable over Z. That is, if (p) denotes a prime ideal of
Z then RP =R ®, Z(p) = Z(p)[X/p]. In our terminology R is locally a polynomial
ring over Z.

Given a ring A and an A-algebra B, we say that B is locally a polynomial
ring over A if for every prime pC A, Bﬂ =B ®, Ap is a polynomial ring over Ap.
The above ring gives an example of a locally polynomial ring which is not a poly-
nomial ring.

In this paper we examine the relationship between a ring R and an algebra
which is locally polynomial over R. We are particularly interested in deciding
which properties of polynomial rings extend to this situation. This article is divided
into three sections. The first section contains general results on locally polyno-

mial rings. We prove that if B is locally polynomial over A, then B is faithfully
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flat over A. This yields the corollary that a locally polynomial ring over an inte-
gral domain is again a domain. We then observe that if R is locally polynomial
over a ring A and U is an ideal of A, then R/¥ is locally polynomial over A/%.
As an immediate corollary to these facts we show that primes of the ground ring
extend to primes of the locally polynomial ring.

It is easily seen that if the ground ring is a domain then the number of inde-
terminates does not depend upon the prime at which we localize. This holds true
for some more general classes of rings but not in general. In fact, for any chosen
cardinal number a, we give a method for constructing a ring A and a locally poly-
nomial ring R over A such that for every cardinal o between 0 and a, there is
a prime p, of A such that the generating set of R, over A, has cardinality o.

$1I is devoted to extending the concept of content from polynomial rings to
locally polynomial rings. In fact, much of this can be done in the more general
setting of modules over a ring. Where possible, we have maintained this setting.
For a module M over a ring R, the content of an element x € M is defined to be
the smallest integral ideal A of R such that x € A M. We show that a necessary
and sufficient condition for every element of M to have content is that arbitrary
intersections of integral ideals of R extend to M. We observe that every projec-
tive module is a content module and give examples to show that the converse is
not true. If M is a flat content module over R and § is a regular multiplicative
system of R, then M¢ =M ®, R is a content module over R¢. Furthermore, for
every x € M, the content of x ® 1 over R is the extension to R¢ of the content
of x over R. This yields the corollary that, if M is a flat content module over
R, x € M, and s is a regular element of R, then A =sA .

Restricting our considerations to locally polynomial rings, we are able to gen-
eralize some of the theorems for content in polynomial rings. For example, if R is
locally polynomial over a domain D and has content over D, then, if for every
pair [, g in RD-{O}A/g = A/Ag, D is Prifer. We prove that, if R is locally poly-
nomial over a Dedekind domain A, then R is Krull if and only if R has content
over A. To conclude this section, we show that, if R is locally polynomial over
a Krull domain A and has content over A, then R is Krull.

e

To date it seems that the only reference to ‘‘content modules’’ is in an article
by Ohm and Rush [OR]. There they propose definitions for content modules and
algebras and refer to a forthcoming article [OR, ¢ma)] on the subject. Their defini-
tion of content module is not the same as ours although the basic ideas are cer-
tainly identical. Moreover, when considering their definition, one would be naturally
led to the one we have taken. At this writing [OR, ¢ma] is not available: it is to
be expected that there will be some duplication of results.
The third section contains results which are obtained by imposing finiteness

conditions on the ground ring. If R is a Krull domain which is locally polynomial
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over a Krull domain D then the divisor class group of R is isomorphic to that of
D. The example at the beginning of this introduction shows that, in general, it is
not true that a locally polynomial ring over a Krull ring need be Krull. We show
that if R is almost a polynomial ring over a Krull ring A and is contained in an
affine domain over A, then R is affine over A. We examine the noetherian case
and give some necessary and sufficient conditions for a locally polynomial ring to
be noetherian if the ground ring is noetherian. If A is a noetherian normal ring
and R is locally polynomial over A and contained in an affine ring over A, then

R is a normal affine ring over A. This statement also holds if ‘‘pseudogeometric’’
is substituted for “‘normal’’. We are grateful to Bill Heinzer for the benefit of

several stimulating conversations on this subject.

(1.0) Throught this paper, we shall assume that all rings are commutative

rings with identity. All modules and algebras will be assumed to be unitary.

(1.1) Definition. If a ring B is an algebra over a ring A, we say that B is
locally polynomial over A provided that, for every prime p of A, Bp =B ®, Ap
is a polynomial ring over Ap.

(1.2) If B is locally polynomial over A, then B is faithfully flat over A.

Proof. For every maximal ideal m of A, B is faithfully flat over A_ . Thus
B is faithfully flat over A by [B, p. 116].

If 0: A — B makes B an A-algebra which is locally polynomial over A, then
for any element @ € A, 6~ (o(a)B) = (a) by [B, p. 50]. Thus if @ # 0, then
o(a) # 0 and o is an injection. By identifying A with the subring o(A) of
B, we can assume that A is contained in B. For the remainder of this paper, we
will make this assumption.

When A is contained in B, given a prime p of A, Bp can also be defined to be
B (A-p)

(1.3) Suppose that R contains a ring A and that p is a prime ideal of A.
Let M=A — p. Then Ry=R®, Ap.

Suppose that B is a polynomial ring over A. Then B is certainly locally
polynomial over A. There are however rings A and B such that B is locally
polynomial over A but not a polynomial ring over A.

(1.4) Example. Let A be a ring and ¥ a nonprincipal, invertible ideal of A.
If X is an indeterminate over A, let B = A[¥X]. Then since ¥ will be locally
principal, B will be locally polynomial over A.

The next result is a corollary to (1.2). The proof is a direct application of the
corollary in [B, p. 50].
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(1.5) Corollary. If B is locally polynomial over A and B is also noetherian,

then A is noetherian.

The converse to this corollary is not necessarily true.

o0
i=1
of Z. Set R =ZlX/pi7.,] where X is indeterminate over Z. For any prime b,

(1.6) Example. Let Z denote the ring of integers and {pii the set of primes

of Z, RPi = Z[X/pz.]. Thus R is locally polynomial over Z. R is not however

o0

.=1)R is not finitely generated.

noetherian since the ideal ({X/p 1]

(1.7) If R is locally polynomial over an integral domain D, then R is a

domain.

Proof. Since R is flat over D, we see by [N, Ir, (18.1)], that every element
of D is regular in R. Let p be any prime of D. Then the multiplicative system
M = D — p must be regular in R. Hence when we localize R at M, R is embedded
in Ry. R, is a polynomial ring over the domain D,. Hence it is a domain and

so is R.

(1.8) Suppose that R is locally polynomial over a ring A and that Y is an
ideal of A. Then R/UR is locally polynomial over A/,

Proof. This is a straightforward application of the permutability of residue

class ring and quotient ring formation.

(1.9) If B is locally polynomial over A and p is a prime of A, then pB is
a prime of B.

Proof. By (1.8) B/pB is locally polynomial over the domain A/p and by (1.7)
B/pB is a domain. Therefore pB is prime.

For a ring A, we let spec A represent the set of all prime ideals of A.

(1.10) If R is locally polynomial over a domain D then R = anspecD Rp.

Proof. Clearly RC anSpecD Rp. Let g be any prime of R. Then g "D =p
is a prime of D. If S'=D ~p and S =R - ¢, then S'CS. Hence Rp=RS' CRg

= R,. Thus npewb R,C R, and N, .p R, C M, eoecr Ry = R-

(1.11) If R is locally polynomial over a domain A, then, for any height one
prime p of R, either p NA =Y is a height one prime of A or p N A =(0) and p

= PN R for some bheight one prime P of RA-{O}'

Proof. If b £ (0), let g be a prime such that (0) C ¢C 5. Since R is faith-
fully flat over A, (0)C gRCHRC p. Thus gR = (0), bR = p, and he(h) = 1. If
H = (0), then A ~{0} is a multiplicative system of A which misses p. Therefore,
{0} and PN R = p.

We have already observed that locally polynomial rings are stable under cer-

PRA‘{()} = P is a height one prime of R,
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tain homomorphisms. We shall now see that they are stable under certain types of

integral extensions.

(1.12) Let R be a domain which is locally polynomial over a domain D. Let
L be the quotient field of D and K the quotient field of R. If L' is an algebraic
extension of L, then R* the integral closure of R in K[L'], is locally polynomial

over D*, the integral closure of D in L'.

Proof. Let p* be a prime of D* and set p* N D = p. Since p is a prime of D,
R,=D [X ] for a set X, which is algebraically mdependent over D and contamed
in R Now X, is also algebraxcally mdependent over D* and D* p* [x ]C R
Since R is mtegral over R, = DP[XP]’ p* is integral over D *[X ]. Smce D:*
is mtegrally closed we have D**[X 1=

We now consider the question of whether the number of indeterminates is con-
stant or whether it depends upon the prime at which we localize. The answer is

obvious in case the ground ring is an integral domain.

(1.13) If R is locally polynomial over a domain D then the number of indeter-

minates is constant and is equal to the transcendence degree of R over D.

Example (1.18) will show that this result is not true in the general ring case.
We can however give a partial extension by use of the following proposition.

(1.14) Suppose that B is locally polynomial over a ring A and let p C q be
two primes in A. Suppose B,=A [{Xa}ae@] and B = Aq[{Xﬂ}'B CS] then the car-
dinality of @ is identical to tbat of B.

Proof. We first remark that if A = RI{X_ 1}, ] is a polynomial ring over R

Y 7 €r
and p is a prime of R then there is the natural homomorphism
A=RUX ), ) = R/PUX, L ]

and the cardinality of I" is equal to the transcendence degree of A over R/p.
With this in mind, in view of (1.8), we can pass to the situation B/pB as a locally
polynomial ring over A/p. Then the assertion follows from (1.13).

(1.15) Suppose that B is locally polynomial over a ring A and suppose that A
has the property that given any pair m, m' of maximal ideals in A there is a collec-

, . . _ - - m! 1 e
tion of maximal ideals mo=m, my,---,m ., m =m' anda collection Pyres

p, of prime ideals of A such that for cvery i=1,---,n, p,Cm;,_, Nnm. Then

-1
the number of indeterminates is constant.

(1.16) Example. Suppose that A = A ®A, where A £ 0 and A, #0. Let
R=A [X Yl ®A [Z] where X, Y and 7 are mdetermmates over A and A2

respecnvely The maximal ideals of A are of the form m & A, and Al & m,
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where m, and m, are maximal ideals of A, and A, respectively. Then R(m g4 ,)

~ Ay (X, YA @4,)[X, Y] and R4 \@m,) = A2m,[Z] ~ A4 j@m,)[Z]. Hence
R is locally polynomial over A in a nonconstant number of indeterminates.

The obvious question is whether this is the only way the number of indeter-
minates can vary. To a limited extent this is true. The next result shows that a
ring with only a finite number of height 0 primes must either satisfy (1.15) or be a

nontrivial direct sum.

(1.17) Suppose that A is a ring with only a finite number of height 0 primes,
Pyscoa b, such that for some k, 1 <k<n, p,+ p;= A for every pair i, j, 1 <i

<k<j<n Then A is a nontrivial direct sum.

This follows from a standard argument showing that one can lift idempotents
modulo the nil radical.

The general situation is, however, more complicated. The example which fol-
lows gives a method for constructing a ring which is not a direct sum and over
which we can construct a locally polynomial ring which has the property that by
localizing at various primes of the ground ring every cardinality of indeterminates
will appear up to any desired cardinality.

(1.18) Example. Let a be any cardinal number and let W be the set of all
ordinal numbers less than a. Order X' = W x [0, 1) lexicographically and let X =
X" ufal. Order X by setting x < a for every x in X'. Give X the order topology.
Let A be the ring of continuous real valued functions on X. Since X is connected,
thé ring A is not a direct sum [GJ, 1B]. Furthermore, the fact that X is compact
implies that the maximal ideals of A are precisely the fixed ideals m_= {f: /(%)
= 0} where x varies over all points in X [GJ, (4.8)]. For each o €W, let {xn'a}:":!
be a sequence of points in {x: (g, 0) <x < (0 + 1, 0} such that for every open set U con-
taining (0 + 1, 0) there is some m such that X, o € U forall n>m. Let /n.cr be
a continuous function on X which is never zero on {x: x < xn'd} and identically
o) Let W =Wufa} andlet {Z_: 0> 0, 0 € W'} be an alge-
braically independ'ent set over A. Take Z =0 and let R' = A{Z_: 0 € W'}]. Let
U be the ideal in R’ generated by the set {/n'a(ZU - Zo,): n=12,---,0' >0}
and R =R’ /%, Since AN A =0, A can be considered a subring of R. R is lo-

cally polynomial over A and for every o € W', the cardinality of the set of indeter-
y poly y y

zero on {x: x > x,

minates for Rm(a,O) over Am(a_o) is o.
(i) The space X is compact and connected. (See [GJ, p. 262, Example 16-H).)
(ii) R is locally polynomial over A. For any x € X, Ry, = R;,,x/aR;,,x by
the permutability of residue class and quotient ring formation. Suppose X = (o, 7)
for some o € W and some r €[0, 1]. Forall 0"< o, f, o =0 on some open in-

terval containing x. Hence f . is in the kernel of the canonical map from R'
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to R,, forall 0" < o. At least one /n - 1S never zero on some open interval con-
x »

. Y ! ’ .
taining x, thus f _ becomes a unitin R, . Forall 0" >o, /n ot is never zero
on some open mterval containing X so every / ot becomes a unit in R’, , for
o' >o0. Thus UR,, m, is generated by {Zy1-Z u:0" >0 >0l 'I‘nerefore for all o'

> o, 20 = Za, in R, and the set fZa,,. 0< 0" < g} is algebraically independent
in R,, over A, , since R;,,x = A,,,x[§202 o eWll, Ry, = A,,,x[{zant " <dll. I
x = a, then every /n,U' is in the kernel of the canonical map from R’ to R'md
Therefore ?IR;,,a =0 and R, = R:na is also a polynomial ring over A, . Since
R, is a polynomial ring over A = for every maximal ideal m of A, R is locally
polynomial over A.

It is obvious from this example that it is possible for a ring R to be locally a
polynomial ring over A, for Rp to be a polynomial ring over Ap in only finitely
many variables, and yet as one ranges over the primes of A, the number of indeter-
minates may grow arbitrarily large. This cannot happen for rings with only finitely
many minimal prime ideals (for instance, noetherian rings). For if R is locally
polynomial over such a ring in a finite number of indeterminates, let [ FEERERY 2
be the height zero primes of A. For each i, let m, be the number of indetermin-
ates for R, over A,.. Then maxim} certainly exists. Since every prime of A
contains a height zero prime, by (1. 14) the number of indeterminates for R over
Ap is at most maxfm .

Under some circumstances we are able to classify the locally polynomial rings.
If R is an integral domain containing another domain D, the transcendence degree
of R over D is defined to be the transcendence degree of the quotient field of R

over the quotient field of D.

(1.19) Let R be a domain of transcendence degree one over a domain D and
suppose that R C D[Xl’ ceey, Xn] where the sct !Xl, ceey, Xni is algebraically in-
dependent over D. If R is locally polynomial over D, then there is a [ractional
ideal W of D and a t € R such that R = D[ ).

Proof. If K is the quotient field of D and if D*= D — {0}, then Rps = Kl:]
for some ¢ which we may assume is in R. We can also assume that as an element
of D[X -y X ], t has constant term 0. Let p be any prime of D; then R
D [z ] for some element t, which can also be taken from R with constant term 0.
Then K[/] = (Rp)D* = K[lp]; thus there are elements «. and bp in K such that

t,=a,l+b,. Since both t, and t have constant termPO in D[X,---, X ] b, =0
and t =a,t. Let U= Zp&pe p4,D- Then a is a D-submodule of K and D[?Il] =
Dlia t}]C R. For any prime q of D, (Dlia t}]) =R_. Thus D[Ut]l = R. Let d be
any nonzero coefficient of ! as an element of D[X S, Xn]. Then, since ayt €

RC D[Xl,- I Xn], dap € D for every p. Thus d%[g D and Y is a fractional ideal
of D.
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The ideal U above is locally principal, and R is a polynomial ring over D if
and only if ¥ is a principal ideal; R is an affine domain over D if the ideal ¥ is
finitely generated. The next example shows that the converse to (1.19) is false
even if D is assumed to be noetherian and R is an affine ring over D.

(1.20) Examplc. Let k£ be a field and let X and Y be indeterminates over k.
Set D = k[X, Y](X,Y)’ Let T be an indeterminate over D and set R = D[XT, YT].
Taking /= XYT and Y= (1/X)D + (1/Y)D, we have R = D[Uf]C D[T], but since
D is local, R is certainly not locally polynomial over D.

We do however have the following result.

(1.21) Suppose that D is a noetherian domain and R is of transcendence
degree one over D such that R C D[Xl’ ey Xn] where Xl’ ceey X" are algebrai-
cally independent over D. R is locally polynomial over D if and only if there is
an [ € R and an invertible ideal L of D such that R = D[YUf].

Proof. For the necessity, we first observe that there is an [ in R and a frac-
tional ideal ¥ of D such that R = D[¥/]. Since R is locally polynomial over D
in one variable, the ideal ¥ is locally principal and hence locally invertible.
Since D is noetherian ¥ is invertible. Conversely, if the ideal ¥ is invertible it
is locally principal and R is locally polynomial over D.

In the event that the ground ring is a quasi-semi-local domain, in the one vari-

able case, the only locally polynomial rings are in fact polynomial rings.

(1.22) Suppose that D is a quasi-semi-local domain. If R is locally poly-

nomial over D in one variable, then R is a polynomial ring over D.

Proof. We proceed by induction on the number of maximal ideals, n. It is cer-
tainly true for » = 1. Suppose that it is true for n = k and let D be a domain with
k + 1 maximal ideals, p .-+, p, 4. Let M=D-p U -- “Up,- Then Ry is lo-
cally polynomial over D, and by the induction hypothesis there is a ¢, in R,
such that R, = DM[tI]’ Ve can in fact assume that ¢, isin R. Ry, , = Dl’kﬂ[tz]
and we can assume that t, is in R. Choose a,
Let @, bein pyNn---Np, butnotin p,, . Set t=at, +a,t, and R'=D[e]. If
K is the quotient field of D then K[tl] = K[tZ]. Thus there are elements b and ¢

in K such that 7, = b+ ct,. Since t, €RC DM[tl], b,c€D,. Letr =

in p,,, and notin p,U---Up,.

-1 _ .
(a1 +azc) and T, = azbrl. Now ) and r, are in DM and
altl+a212—a2b at, +a2b+a2ctl~a2b
rlt + r2 = = = [1’
a, +a,c a, +a,c

Therefore ¢, GDM[I] = RA'A' Thus R;A contains R,. Since the reverse inclusion
is obvious, R/'W = Ry. Similarly R;,k” = Ry, 4, and therefore R = R'.
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(2.0) If R is a polynomial ring over a ring A the content of an element of R
over A is defined to be the ideal of A which is generated by the coefficients of
that element. In this chapter we examine the extension of this concept to locally

polynomial rings. We begin by examining the possibility of extending it to modules.

(2.1) Definition. If M is a module over a ring R, then for any x € M we de-
[ine the content of x to be the smallest integral ideal Ax(M, R) such that x €
Ax(M, R)M. We call M a content module over R if Ax(M, R) exists for every ele-

ment x of M.

Whenever no confusion will result, we omit the M, the R, or both from the no-

tation.

(2.2) The module M is a content module over R if and only if for every col-
lection {?Ia}ae(i of integral ideals of R, naea (U M) = (nae& U M.

Proof. Suppose that M is a content module over R and let f?la}aea be a col-
lection of ideals in R. Let x € nae@ (?IaM). Then x € A M for all a implies
that A_C U, forall a. Therefore, A C nae(i (¥,) and x € (nae(i U M. Thus
nae(i (%aM) c (naeﬁ QIQ)M. Since the reverse inclusion is obvious, we have
equality. Conversely, suppose that x € M and let {?Ia}aea be the collection of
all ideals in R such that x € ¥ for each a e ®@. Then x €(naea ?Ia)M and this
is certainly the smallest ideal with this property. Thus A = naed Uy

(2.3) Remark. If x € M has content A over R, then there exist elements
ay,--+,a, in A_ and my,---sm in M such that x = 2:.’=1 a,m. Then x €
(a], cee, a")M implies that A _C (al,- cey an). Therefore (al,- <oy an) =A,. Thus
content ideals are always finitely generated and the condition (NY)M = (YU M)
for arbitrary families of ideals is equivalent to this condition for arbitrary families

of finitely generated ideals.

(2.4) If M= ®iel M, is a module over a ring R, then M is a content module if

and only if each M, is a content module.

Proof. Suppose M is a content module. For each i, there is some M:. such
that M = M @M'l.. For any ideal ¥ of R and for x € M, x €UM._ if and only if
(x, 0) € UM. Thus A = A(x’o). Conversely, suppose that each M, is a content
module. If ¥ is any ideal of R, ﬂ(@,Mi) = $iel UM .. Therefore, if {?Iaiaea is
any collection of ideals of R, we have

N (%QGBM,) N (@ (uami))

1l
I

ae® i€l ae@® i€l

o™

Thus M is a content module by (2.2).

iel \ae@

(L5AE™)

(43) <n (%“Mi)>
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A free module over a ring R is a direct sum of copies of R. Since R is obviously
a content module over itself, every free module is a content module. Every projec-
tive module is a direct summand of a free module. Thus we have the following as

a corollary to (2.4).
(2.5) Ewvery projective module over a ring R is a content module over R.
If R is a noetherian ring, we have a similar result for direct products.

(2.6) Suppose that R is a noetherian ring. If M = Hiel M. is a product of R

modules, then M is a content module if and only if each M; is a content module.

Proof. If M is a content module, then each M, is a direct summand of a con-
tent module and is therefore a content module by (2.4). Suppose that each M; is a
content module. Since R is noetherian, any ideal @ of R is finitely generated and
?Iniel M, = Hiel ?IMI.. Thus, if {?‘[a}ae(i is any collection of ideals of R, we have

N <araH M,.) N <n (aami)> - 11 < N (?IaM,-))

ae@® i=I ae@ \ i€l i€l \ ae@®

PG = (%) B

Thus M is a content module by (2.2).

1]

(2.7) Suppose that M is a content module over a ring R. If U is an ideal of
R, then M/UM is a content module over R/ = R" and for any x €M, AR
Az(R").

Proof. If x €Ax(R)M then x € Ax(R)M = (Ax(R))(M). Suppose that [ is an
ideal of R' such that ¥ € IM. There is an ideal § of R which contains % such
that $= 1 x + UMC § + U) (M + YUM) = IM + UM implies that x € (§ + YM. There-
fore, A (R)CY+9% =9 and Xx_(R—) CI. Thus A—x—(—E) =Az(R") and M/¥UM is a con-

tent module.

(2.8) Suppose that {: R — R' makes R' an R-algebra. If R' is a content
module over R and if M is a content module over R', then M is a content module

over R.

Proof. If {¥ },.q is any collection of ideals in R, then {f(W )R} 4 isa
collection of ideals of R’. Thus
N /UIM= N A )IR'M = (n /‘(ua)R'>M - <ﬂ /(ua))m.
ae@ ae@ ae@ ae@®
By (2.2), M is a content module over R.
If the R-algebra is a quotient ring of R, then flat content modules become con-

1
tent modules over R'.



1972] RINGS WHICH ARE ALMOST POLYNOMIAL RINGS 435

(2.9) Suppose that M is a flat content module over a ring R and S is a multi-
plicative system in R. Then Mg is a content module over R and for every ele-

ment of the form m® 1/s in Mg, Amgl/s(RS) = Am(R)RS'

Proof. Let b be the ideal consisting of annihilators of elements of S. By
(2.7) and by the fact that M/bM = M ® R/b is flat over R/b we can assume that
S is a regular multiplicative system. Note that all elements of Mg are of the form
m ® 1/s. Suppose that, for some ideal ¥ of Rg, m ® 1/s € M. Then there are
elements a,,---,a, in R and elements m ® 1/sys---,m ®1/s in Mg such
that m ® 1/s ='2:’=1 ai(mi ® l/sl.). Multiplying both sides’by a suitable element
of § we have s'm®1 = 2:.’=1 ai(s;mi ®1)= (E:.’zl ais:.mi) ® 1. Therefore (s'm -
2:.'31 aia:.mi) ® 1=0. Thus we have s's"m - 2:'31 as"sim. =0 for some s"in S.
Let O be the set of all regular elements of R and consider the exact sequence 0
— R —Rg. Since M is flat, 0 = M ® R — M ® Ry is exact and M can be iden-
fied with the submodule M® R of M ® Rg. As such, aM =M ®U is well defined
and we have s's"m € UM. Thus m € M ® ¥/s's". Therefore m € (M @ U/s's") N
M®R)=M® WU/s's" NR) = M®U = UM. Then A (R)C U and A_(R)R
C 9. Since it is clear that m® 1/s € Am(R)MS, we see that Am(R)RS =A (RS)'

This gives us the following corollary.

m@l/s

(2.10) If M is a flat content module over a ring R and s is a regular element

of R, then for every element x of M, A_ =sA .

Proof. Since sx € sA M, we see that A, CsA . Let S be the multiplicative
system of R generated by s. The sequence 0 — R -— R is exact since s is
regular. Since M is flat, the sequence 0 — M ® R — M ® R is also exact. Thus
M can be considered as a submodule of M. Since sx €eA_M, x e(A_ /sIMN M
= (Asx/s N R)M. Thus A _C (Asx/s N R). Therefore, sA_C S(Asx/s NR)= A,
NsRCA__and sA_=A__.

- S$X x SX

Another application of (2.9) gives the following result.

(2.11) Suppose that M is a flat content module over a ring R and that x € M.
The module M' = M/(x) is flat over R if and only if A_ is generated by an idem-
potent.

Proof. Suppose that M’ is flat over R. Let p be any prime of R and con-
sider the exact sequence

?
0——+(x)p——»Mp—»Mp 0.

Let x be the image of x in Mp. Since both M and M’ are content and flat, Mp

1 . . . .
and M’ are both free over R_. Thus (x) is either zero or is a direct summand of

M,. If (x), = (0), then x =0 and Az(R ) =(0). Otherwise, since ¥ € A_(R M,
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we must have x € A;(Rp)(x)p. Therefore, A;(Rp)(x)p = (x)p and ¥ € Az (Rp))z(x)p.
Since AZ(R ) is minimal with respect to this property, (AZ(R p))2 =4z(R ). By

(2.9), for every prime p of R, A R = (Ax)sz.
ideal of R. Since it is also finitely generated, it is generated by an idempotent,

Therefore, A is an idempotent

Conversely, suppose that A_ is generated by an idempotent. Then for every prime
p of R, AxRp is either (0) or RP' If it is (0), then (x)p= (0) and M'p = Mp. Thus
M'p is flat. If AxRp = A§(RP) = Rp, let ixi}iel be a free basis for Mp. Then x =
2 ax;and (@,---,a )=R . Since R_ is quasi-local, some a, must be a unit.

Suppose that it is a,. Then x = (aT1)% = 2"__ a~'a x.. Therefore,x, x,,---,x
1 i=2 i R SR > "n

.
isla basis for Mp and M; is free. Thus, for anylp, M; is Rp-flat and consequently
M" is R-flat.

In (2.5) we noted that every projective module is a content module. The fol-
lowing example shows that the converse is not in general true.

(2.12) Example. Let R be a noetherian ring which has a proper, infinitely
descending chain of ideals. Then by [Ch, Theorem (3.4)], there is an indexing set
I which depends upon R and such that the module M = l]id R, where each R, is
isomorphic to R, is not projective. By (2.6) M is a content module over R.

We note that the module in example (2.12) is torsion free, but not finitely gen-
erated. There are simple examples of finitely generated content modules which are
not projective.

(2.13) Example. Let V be a valuation ring, 2 a nonzero ideal of V and M =
V/%. Then M is a finitely generated content module over V which is not projec-
tive.

That V/U is a content module is easy to verify and it could not be projective

since it is not torsion free.

(2.14) Suppose that R is a domain and M is a finitely generated content
module over R. The following are equivalent:
(1) M is flat,
(ii) M is projective,

(i1ii) M is torsion free.

Proof. Since M is a finitely generated module over a domain, (i) implies (ii)
by [V, Theorem 1.4]. If M is projective, then it is a direct summand of a free
module. Thus it must be torsion free and we have that (ii) implies (iii). Since M
is a content module, for any two ideals Wand b of R, UMN BM = (A NHM by
(2.2). Thus M is flat by [Je, Theorem 1] and (iii) implies (i).

(2.15) Suppose that M is a content module over a ring R and that x € M. If
W is any maximal ideal of R such that (0:x) g M, then A C M.

Proof. If (0:x)¢ M, then there is an a €(0:x) anda b €M such that a + b
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=1. x=x(a+b)=ax+bx =bx is in MM. Thus A_CJN.
For a ring R let Spec R represent the set of maximal ideals of R.

(2.16) Let D be a domain such that, for all d € D, (N

a content module over D, then M is torsion free.

WespecD; dgR = 0. If Mis

Proof. Suppose that for some x € M, there is an a € D such that ax = 0. By
(2.15), Ax is contained in every maximal ideal which does not contain a. Thus,
A’c =0 and x = 0.

As an immediate corollary to (2.12) we have

(2.17) If D is a Hilbert domain, then every content module over D is torsion

free and every finitely generated content module is projective.
Proof. Any Hilbert domain satisfies (2.12).

(2.18) If M is a module over a ring R and A is a submodule of M, then M/A
is a content module if and only if for every collection {ua}aea of ideals of R

N (?IaM+A)=<n ?Ia>M+A.

ae@ ae@®

Proof. Let /: M — M/A be the canonical homomorphism. For any ideal ¥
of R, WM/A) = f(UAM + A). If {?‘[a}ae@ is any collection of ideals of R, then
ﬂaea (U, (M/4)) = nasd f(W M+ A). Since the kernel, A, is contained in each
UM+ A, wehave M, 4 @ (M/A) = [(N_q UM+ A). In addition,
(Mg LM/A) = /(N q UM+ A). Since both M, (UM +4) and (N, o U M
+4 contain 4, N, .4 (U M/A) = (N q U NM/A) if and only if M, q{(U M+ A)
= (N, g UM+ A.

Over a Hilbert domain, we can characterize these homomorphisms in terms of

a more accessible condition.

(2.19) Let D be a Hilbert domain. If M is a finitely generated content
module over D with submodule A, then M/A is a content module if and only if A
is g direct summand of M.

Proof. If M/A is a content module, then, since it is finitely generated, it is
projective by (2.17). Therefore the sequence 0 — A — M — M/A — 0 splits and
A is therefore a direct summand of M. Conversely, if A is a direct summand of
M, then M is D-isomorphic to A ® M/A. Hence M/A is D-isomorphic to a direct
summand of M and is therefore a content module over D by (2.4).

Ve can see that it is not in general true that a homomorphic image of a con-
tent module is a content module. For example, the Hilbert domain Z when con-
sidered as a module over itself is a content module by (2.5). Its submodule 2Z is

not a direct summand, and therefore by (2.19) Z/2Z is not a content module.
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If R is locally polynomial over a ring A, we define the content of any ele-
ment in Rg where S is the set of all regular elements of A.

(2.20) Definition. Suppose that R is locally polynomial over A and let S be
the set of all regular elements of A. For { in Rg, we define the content of [ to
be the smallest fractional ideal A/ of A such that f eA/.

If an element [ of R has content in the sense of (2.20), then f €A/R N AR.
Since R is faithfully flat over A by (1.2), this ideal is (A[ N A)R. Since A/ is
minimal by definition, we must have 4 C A. Thus for elements in R, this agrees

with our previous definition.

(2.21) Suppose that R is locally polynomial over a ring A and let S be the
set of all regular elements of A, then A/ exists for every element [ € R¢ if and

only if R is a content module over A.

Proof. Suppose that R is a content module over A and let f € Rg. Let =
{'/s for some ['€R and some regular element s of A' then A/: exists and since
f' €A/,R, we have [ € l/sA/,R. If % is any fractional ideal of A such that [ €
AR, then [ €sUR. Therefore [ €UR N AR = (ANAR. Thus A, C sU and l/sA/,
CY. Hence A/ = l/sA/,. Since the converse is clear, this completes the proof.

In the event that R is actually a polynomial ring over A, then this definition
agrees with the usual definition of content. We consider the possibility of general-
izing the usual theorems on the content of polynomial rings to locally polynomial

rings.

(2.22) If R is locally polynomial over a ring A and is furthermore a content
module over A, then for any [ € Rg, where S is the set of regular elements of A,
[ € R if and only if A/gA.

(2.23) Let S be the set of all regular elements of a ring A. If R is locally
polynomial over A and is a content module over A, then for elements [, g € Rg
/+g§A/+Ag, A/ggA/Ag and Ay = aAf. If B is aregu-
lar element of Ag then A,B/ =BA

and a €A  we have A
r

Proof. Clearly /+g €A R+A_R= (A/ + Ag)R, hence A, CA +A_.
Similarly A,g C A/Ag since fg € (A/R)(AgR). Since af € OLA/R, Aa/g ad,. If B
is a regular element of BA/ « A,B/’ so BA/ = A,B/'

Suppose that R is locally polynomial over .a ring A and that § is the set of
regular elements of A. If p is any prime of A, let ¢: A — Ap be the usual map.
Every element of ¢(S) is regular in Ap. Thus by the permutability of residue class
and quotient ring formation, there is a map ¢’ making the following diagram com-

mutative.
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'
As ¢ (Ap)(S )

A ¢ > A
14

Furthermore, the vertical maps are injective. Suppose that TIJ is a total quotient

ring of Ap. Tensoring with R, we have the following commutative diagram.

R®T, = Tp[Xp]

1®¢'
Ry=R ® 4; R®U,)s
4
~ 18¢ _ _
R=R®A R,=R®4,=4x,]
A 4 A

14
Here Xp is an algebraically independent set over Ap. Since R is flat over A,
all the vertical maps are injections. Suppose that R is a content module over A.
Then for any [ € Rg the content of [ over A is well defined. We denote this by
A, as usual. Now [ is of the form /' ® (1/s) for some [' in R and some s in §,
and (1® ¢')f) =/ ® (1/¢(s)) can be considered an element of Tp[Xp]. As such

it has content over Ap which we denote by A/@l'
. . '
(2.24) With the notation above, ¢ (A/)Ap = A/®1

Proof. By (2.9) ¢(A/')Ap =A Thus by (2.23)

f'e1”
$'(ADA, = $"(1/sA DA, = 1/$(SIA, DA, = 1/$(A g |

= Ao =411 (1760s) = Aot

(2.25) Suppose that D is a domain and R is locally polynomial over D. If
R is a content module over D and if for any f, g € RD-{O}’ A/Ag = A,g, then D

is Priifer.

Proof. For any maximal ideal m of D, let A (D ) be the content of any ele-
ment b of R, _(,, over D . Then A/ (D )= A/ D by (2.24) and similarly
AAD, —A(D )A (D). “Thus A, )_A(D A g(D,,)- Since Rp 4o is the
polynomxal ring Rm locahzed at the multlphcatlve system of nonzero elements of
Dm, Dm is Prifer by [G, (24.6)]. Thus Dm is a valuation ring and D is Prifer.
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One of the well-known results on Krull domains is that a polynomial ring in any
number of indeterminates over a Krull domain is again a Krull domain. We are in-
terested in determining to what extent this result can be generalized to locally poly-

nomial rings.

(2.26) If R is locally polynomial over a Krull ring D, then R = anSpecD;ht(p)=l Rp-

Proof. For any prime p of D, let {Xp§ be the set of indeterminates which gen-
erates R, over Dp. If ¢ C p are primes in D, then Rq = Dq[{Xq}] is a localiza-
tionof R, =D [{pr] at a multiplicative system which is contained in Dp. Thus

R, =D X W Forany p, D, =M, _, . o D . Therefore

R, =D,lix 1= N D [ix 1]
qCb;hi(g)=1
= N plxN- N R,
acq;hi(q)=1 qcp;ht(g)=1

By (1.10), we have
R= N R, = N R,

p €spec D g€spec D;ht(g)=1

(2.27) If A is a Krull domain and R is locally polynomial over A, then the

following are equivalent:
(i) R is Krull,

(i) if U}, eq is @ family of divisorial ideals in A, then (Nyeq YR =
(nae@ 2[aL)R;

(iil) each nonzero element of R is contained in only [initely many ideals of the
form pR, for p a height one prime of A.

Proof. (i) implies (ii). R is faithfully flat over A by (1.2). Therefore, % R
is a divisorial ideal of R for each ¥ . Thus if there is an infinite number of dis-
tinct ¥ ’s, then naed (A,R) = 0. Otherwise nae(i (¥,R) = (ﬂaea U JR.

(i) implies (iii). Given any infinite collection {p}, q of height one primes
of A, ﬂaea (paR) = (ﬂaea pa)R = 0. Thus any nonzero element of R can be con-
tained in at most a finite number of the pR’s.

(iii) implies (i). By (2.26), R = ﬂpesw;ht(p)gl R,. Since R is locally
polynomial over A, for each p, there is a set of indeterminates over A which we
denote by Xp such that RD = Ap[xp]' Furthermore, we can assume that Xp is
contained in R. If A™ is the set of nonzero elements of A, then there is another
set of indeterminates X, in R such that R, = K[X ] for each prime p. AP(XP)
NK[x,] = Ap[xp]. Therefore, R = npesM;h[(p)zl A,(X,)N K[X,]. Since
Ap(Xp) = R(pR) and since every nonzero element of R is contained in at most

finitely many of the ideals pR, every nonzero element of R is a nonunit in at
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most finitely many of the Ap(Xp). Thus R is Krull [S, Proposition 4.1].

As immediate corollaries to (2.27) we have

(2.28) If R is locally polynomial over a Dedekind domain A, then R is Krull

if and only if R has content over A.

(2.29) If R is locally polynomial over a Krull ring A and R is a content
module over A, then R is Krull.

(2.30) Remark. In closing the section on content we note that the following
question arises naturally:

For which ring R are finitely generated, flat content modules projective?

(3.0) In this section we investigate the stability of certain finiteness condi-
tions under the formation of locally polynomial rings. We begin with a considera-
tion of Krull rings. We refer the reader to [S] for an elegant introduction to Krull
rings. Following [S], if A is a Krull ring we let D(A) denote the group of divi-
sors of A, F(A) the group of principal divisors, and C(A) = D(A)/F(A) the divi-
sor class group of A. By a straight forward adaptation of the argument given there

for polynomial rings we see the following:

(3.1) If R is locally polynomial over a domain A and if R is Krull then
c(A) = C(R).

Proof. Since A = R N (quotient field A), A is also Krull. For a divisorial
ideal & of A, define jU)=UR. Since R is flat over A, jU) is a divisorial ideal
in R and by [S, Theorem 6.1 and Theorem 6.2] this defines a homomorphism which
we again denote by j from D(A) to D(R). This induces a homomorphism

j: C(A)— C(R).
Since R is faithfully flat over A, if j(%) = j(b), then
A=UYRNA=DRNA=D

[B, p. 50], thus j is monic. Moreover 7 is also monic, for suppose that &' is a
divisorial ideal of A such that j@') is principal. Then there is an @ in A such
that o' = W C A. Now ;@) = j(a') = aj@") is principal. Thus j(¥) is principal.
Suppose IR = xR. If K denotes the quotient field of A and z € Y- {0}, then
zR CxR implies zR g« CxXR,« where A*=A — {0}. Since R4+ is a polynomial ring over
K there is a well-defined degree. deg(x) < deg(z) =0 and x €¢ R N K= A. Since
R is faithfully flat over A, YR = xR implies that Y= xA. Thus ; is monic. Set
R s = K[{x0 }] where {xol is some set of indeterminates over K. By [S, Theorem

6.3] we have a homomorphism

j,: D(R) —D(KE{X 1]
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which induces a homomorphism
j,: C(R) — C(KIIX o}
with
ker(j,) = (H + F(R))/F(R)

where H is the subgroup of D(R) generated by divisors of height one primes p of
R such that p N A #(0). Since C(K[{XOH) =0,

C(R) = (H + F(R))/F(R) and D(R)=H + F(R).

If p is a height one prime of R such that p NA = Y £ (0), then by (1.11) Yisa
height one prime of A and j((y) = p. Thus j(D(A)) = H and ] is surjective. There-
fore, ; is an isomorphism from C(A) to C(R).

(3.2) Let A be a Krull ring and R' = A[fl, ceey fn] an affine domain over A.
Suppose R is locally a polynomial ring over A and A C R CR'. Then there are
elements Ao A, in the quotient field of R such that A CR C A['\l’ ceey )\e].

Proof. We first reduce to the case where R’ is algebraic over R. Let L de-
note the quotient field of R and L* the nonzero elements of L. Then R'[L*] is
an affine ring over L and its dimension is the transcendence degree of R' over
R [N, Ir, p, 46]. Let P be a prime ideal of R’ such that PR'[L*] is a maximal
ideal of R'[L*]. Then R'/P will be algebraic over L [N, 1r, p. 46]. Thus if we
pass to the situation A C R C R/ P we may assume that the fl. are algebraic over
R. Let R = K[T] where K is the quotient field of A and T is a finite set of
elements in R which are algebraically independent over K. Since R' is affine
over ALT] by [N, 1r, (14.4)] there is an [ € A[T] such that R'[1/f] is integral
over A[T, 1/f]. We have A[T, 1/f1C RI1/f]1C R'[1/f] and R'(1/f] is integral
over A[T, 1/f]. Therefore R[1/f] is integral over AlT, 1/f] and since the latter
is integrally closed A[T, 1/f] = R[1/f]. Thus R C A[T, 1//] and we are done.

(3.3) Suppose that A is a Krull ring and R is locally a polynomial ring over
A. If there is an affine domain R' over A such that ACRC R' then R is Krull.

Moreover, R is an affine ring over A.

Proof. By the previous result we may assume that R’ has the same quotient
field as R. Fix a prime p and let X denote a set of elements in R such that
Xp is algebraically independent over A and Ap[Xp] = Rp. As in the previous
argument there is an f, eAp[Xp] such that R[l/fp] = A[Xp, 1//p]. Thus, with the
possible exception of the finite set of essential valuations of /p, every essential
valuation of R is an essential valuation of Ap[Xp]. If we set $=A - p, we have

(A[xp])s = AP[XP] = RS = Rp. Thus the essential valuations of R which are not
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essential for A[Xp] are lost when we localize R at the multiplicative system S.
Therefore there is an s € S such that every essential valuation of [ is positive
on s and hence A[Xp, 1/s] = R[1/s]. Thus for every prime pC A there is an S,
¢ p such that R[l/sp] is an affine ring over A. Since the ideal generated by the
set of S, is contained in no prime ideal of A, it must be that there is a finite set

of the s, Which generate the unit ideal. Changing notation somewhat, let {s ey
S, } denote this set with p; the prime corresponding to s and X, a correspondmg

set of indeterminates such that A, [X ] =R, . We claim R A[Xl s X 1 We
clearly have A[Xl,- RN Xn] CR. Since each is an A-module, to check for equality
we need only check to see that they are locally equal as A-modules. Let P be
any prime of A. Then for some i, s, ¢ P. Thus R = (Rl1/s ]) = (A[X I/Si])p
C (A[X e, X ]) c R Thus A[X .- X"] = R and we are f1mshed To see
that R is Krull, let p be any prime of A. Then we have seen that there is an s
¢ P such that R[1/s]= A[X,, 1/s]. Since AlX,] is Krull, R[1/s] is Krull. The
element s is in only finitely many height one primes of D, say qyr g For
any height one prime g, either g is one of g, -, g, or R[1/s]CR . Thus
R[1/sln N8, Ry, C nhtq ) R, =R by (2.26). So R=RI1/s]n N&,, Ry,
Therefore, R is the intersection of a finite number of Krull rings and it is there-
fore Krull.(1)

(3.4) If R is locally a polynomial ring over a domain A and is contained in
an affine domain over A, then R is a UFD if and only if A is a UFD.

Proof. This follows immediately from (3.1) and (3.4).

(3.5) Suppose A is a noetherian integrally closed domain and R is locally a
polynomial ring over A. If R is contained in an affine ring over A then R is an

affine ring over A. In particular, R is noetherian.

Proof. Since such an A is Krull we need only observe that we can reduce to
the case where R is contained in an affine domain. This follows immediately

from the following.

(3.6) Suppose that R is a domain which is contained in a noetherian ring A.
Then there is some height zero prime P of A such that P N R = (0).

Proof. Since A is noetherian, there are only a finite number of height zero
primes in A, say Pis---s P . For each i, let ‘H =P.NR. Since nP con-
tains only nilpotents, n‘y =(0). Thus there is some i such that L 0.

It seems reasonable to expect that if R is locally a polynomial ring over a

noetherian domain A, and R is contained in an affine ring over A, then R should
o (Gﬁis result can be strengthened to the extent that one need only assume that R is
locally affine over A.
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be noetherian. However, at this time we are unable to decide if this is the case.
We can, however make a number of observations:
Recall that a prime P is said to be a weak-Bourbaki prime of an ideal A if

there exists an x such that P is minimal among the primes which contain (A4 : x).

(3.7) If R is locally polynomial over a noetherian ring A in a finite number
of indeterminates, then the following are equivalent.
(i) R is noetherian.
(ii) Every finitely generated ideal of R has only a [inite number of weak-
Bourbaki prime divisors.
(iii) There exist elements Sy»ces S, €A such that R[l/si] is noetherian for

each i and the ideal (sl,‘ -, sn) bas depth zero.

Proof. If R is noetherian, then the weak-Bourbaki prime divisors are precisely
the usual associated primes. Thus every ideal has only finitely many weak-Bourbaki
primes and (i) implies (ii). Since R is locally polynomial over a noetherian ring
in a finite number of indeterminates it is locally noetherian. Thus (ii) implies (i)
by [HO, (1.4)]. Clearly (iii) follows from (i) by taking the generators of any maxi-
mal ideal of A. Suppose then that (iii) is satisfied. Since A is noetherian, (sl,

. sn) has a finite number of associated primes. Since this ideal has depth zero,
2+ m,. Then these are the only primes of
A which contain (51’ ceey sn). Let I be an ideal of R. In each of the localiza-

they must all be maximal, call them m

tions at Mysccam, and Syote

nite number of elements from I. Let I’ be the ideal of R generated by these ele-

-» s, the extension of I can be generated by a fi-

ments. Then I’ is a finitely generated ideal which is contained in I. If p is any
prime of R, then either p is equal to one of the m/ s or there is an s, which is

not contained in p. In either case, I ® Ap =I'® Ap by the choice of generators

for I'. Thus I=1"

(3.8) Suppose that R is both locally polynomial over a noetherian domain D
and contained in an affine ring over D. Let Riy= K[XO] where X is a set of in-
determinates over D and K is the quotient field of D. Then there is an s € D
such that R[1/s] = D[1/s, XO]'

Proof. By (3.6) we can assume that R is contained in an affine domain over
D. Suppose that D[{,,---, £ ] is a domain which contains R. Then D[¢,,---, & ]
is an affine domain over D[XO] and by [N, Ir, (14.4)] there is an | € D[XO] such
that D[fl,- . fn, 1/f] is a finite module over D[XO, 1/f]. Since DIX,, 1/f1 is
noetherian, R[1/f] is also a finite module over D[XO, 1/f). Thus there is some
b ED[XO, 1/f] such that 4R C D[Xo, 1//1. Now b=g//' for some integer ¢ and
some g € D[X ], thus & eD[X,]. Let s be the product of the coefficients of
f'b and the coefficients of f. Then
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f*eR11/s) C DIX, 1/s, 1//1 N KIX).

Let b € KIX )] be contained in D[Xo, 1/s, 1/f). b =5b"/f™ for some integer m and
some b’ ED[XO, 1/s]. Thus [™h = b Taking content over D[1/s], A/ = D[1/s]
and Ab' C D[1/s]. Since A/ = D[1/s],

A[mb = A/Ab = D[l/s]Ab = Ab'
Thus Ab = Ab’ C D[1/s) and b € D[1/s, Xo]. Therefore,
f*6R[1/s1C D[1/s, X))

and since the content of ['b is also the unit ideal we have R[1/s]C D[1/s, X,

The reverse inclusion is clear.

(3.9) If D is a one-dimensional noetherian domain and R is both locally poly-
nomial over D and contained in an affine ring over D, then R is an affine ring

over D.

Proof. Using the notation of (3.8), we have R[1/s] = D[1/s, XO] for some s €
D. Let pys oD, be the primes of D which contain s. For each i, let Xi rep-
resent the finite set of indeterminates over D which are contained in R such that
Rp,=DpIX,]. Let R' = DIX,, X,»---, X |. If p is any prime of D not contain-
ing s, then Rp = R;. If p contains s, then Rp = R'p by the choice of generators.
Since R and R’ are locally equal, we have R = R'.

An integral domain D' is said to be an almost finite integral extension of a
domain D if D' is integral over D and the quotient field of D' is finite over the
quotient field of D. A domain D is said to have the finiteness condition for inte-
gral extensions if every almost finite integral extension of D is a finite extension.
If D is a noetherian domain which satisfies the finiteness condition for integral
extensions then so does a polynomial ring over D in a finite number of indetermin-

ates. This result can be partially generalized to locally polynomial rings.

(3.10) Suppose that D is noetherian domain with finiteness condition for inte-
gral extensions. If R is locally polynomial and affine over D, then R also satis-

fies the finiteness condition for integral extensions.

Proof. Suppose that R = D[ ,---,r ]. Let F be the quotient field of R and
let L be a finite algebraic extension of F. Since R is noetherian, we need only
show that R*, the integral closure of R in L, is a finite extension of R. We can
choose elements x,---, x € R* such that L = Flx s+-5x ) Let R' =
R[xl,---,xm] = D[rl,---, Tt ¥
(P N D), we have

’ *
DSERS:DS[’I’.'.’tk]gRs:DS[ll’...’tk’ xl"-"xm]gRS’

l,---,xm]. If P isaprime of R' and $ =D =
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where ¢ *» 1, is an algebraically independent set over D¢. Since D has the

S
finitene;s condition, D¢ and hence DS[tl,- . tk] have the finiteness condition
[N, 1r, (35.1) and (35.2.]. Thus R; is a finite extension of DS[tl, e, tk] and is
therefore a finite module over R;. Then R’; is a finite module over R",. This
must be true for any prime P of R’ so R*™ must be a finite module over R [N, Ir,
(35.3)], Thus R has the finiteness condition for integral extensions.

A ring A is said to be pseudogeometric if A is noetherian and for every prime

p of A, A/p has the finiteness condition for integral extensions.

(3.11) Suppose that R is locally polynomial over a pseudogeometric domain A

and contained in an affine ring over A. Then R is an affine ring over A.

Proof. Suppose RCA[¢,,---,¢ 1= A'_. By (3.6) we can assume that A’ is a
domain. By (1.12) the derived normal ring R of R is locally polynomial over the
derived normal ring A of A. By [N, Ir, (36.6)], the derived normal ring A" of A
is a finite module over A’ and is therefore affine over A. Now [N, 1r, (36.5)]
shows that A is pseudogeometric and hence Krull, consequently by (3.1) R is Krull

and s,,---

and it is affine over A by (3.3). Thus there are elements SRR 1 5

s, in R such that

R = Z[rl/sl, cee, rm/sm].

Let t,,---,t, be the coefficients of the equations of integral dependence of the
r/s's over R. Let
R':A[rl,-~-,rm,s -,sm,t -,tk].

e e
Then R’ C R and R’ = R. Since R' s affine over A, it is pseudogeometric by
[N, 1r, (36.5)]. R is therefore a finite module over R' and since R’ is noetherian,
the submodule R is also finite over R’. Thus R is affine over A.

We close this article with a closer look at the type of example with which we
opened: rings which are locally polynomial rings in one variable over a principal

ideal domain.

(3.12) If R is locally a polynomial ring in one variable over the principal ideal
domain A, then R is an affine ring over A if and only if R is a polynomial ring

over A.

Proof. Let K denote the quotient field of A and R, = K[X]. Suppose R =

A[Xl, cee, Xn]. There is no loss in assuming that the X are local generators for
the primes p,,---, p, (i.e. APi[Xi] = Rp)).

Moreover, we may assume Rq = Aq[X] for all primes q ¢ {pl, cee, pni. Con-
sider the semilocal ring A(pl’...,pn)[Xl, cee, Xn]. This is locally a polynomial

ring. Hence by (1.22) A(Pl,m,Pn)[xh cee, Xn]‘z A(pl'“_'p")[e] for some . Thus
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R = AlX, 6]. We write 6 = (a + bX)/s where a, b, s € A and no divisor of s divides
both a and b.

We first observe that (s, ) = 1. For suppose 7 is some prime element which
divides both b and s. Then @ + bX € 7R and if 7| b then 7|a in R. Thus #
divides a in A, in contradiction to the assumption that no prime divisor of s di-
vides both @ and b. We now search for an element T such that R C A[T]. Since
(b, s) = 1, by the Chinese remainder theorem we can find an element C, in A such
that C, = (@ + bC,)/s isin A. Set S=C, and b=C,, a=-C,/s, B=1/s.
Then A[X, (a +6X)/s] C Ala + BX] since X = C,+ Cz(a +BX), (a + bX)/s = Cy+
C,(a + BX). Thus A CRCA[T] and in view of (1.19) there is a fractionary ideal
% of A and a transcendental ¢ over A such that R = A[¥?). Since A isa PID, &
is principal, say % =AA. Thus R = A[At] and R is a polynomial ring over A.

(3.13) Suppose R is locally a polynomial ring over the Krull ring A. Let K
denote the quotient field of A and X a set of elements in R which are algebraically
independent over K and such that Ry = K[X). Then R is an affine ring over A
if and only if there is an [ € A[X] such that A[X, 1/f]1=RI[1/f). Thus R is an
affine ring over A if and only if almost every essential valuation for A[X] is es-

sential for R and almost every essential valuation of R is essential for A[X].

The proof of this is essentially the same as the proof of (3.5).
If we put (3.12) and (3.13) together we can conclude the following:

(3.14) If R is locally polynomial in one variable over the principal ideal do-
main A then these are equivalent:

(i) R is a polynomial ring over A.

(ii) R is an affine ring over A.

(iii) R is contained in an affine ring over A.

(iv) If K denotes the quotient field of A and X is an element of R such that
R0y = K[X], then with at most a finite number of exceptions, every essential valu-
ation for R is essential for A[X] and every essential valuation for A[X] is essen-
tial for R.

The hypothesis of PID cannot be relaxed to Dedekind. For let X be an indeter-
minate over a Dedekind domain D. If ¥ is a nonprincipal ideal of D then R =
DIRILX] is an affine ring over D which is locally a polynomial ring. However R is
not a polynomial ring over D (see [AEH, Example (3.2)]).

With regard to (3.12) a natural question is: If R is locally a polynomial ring
in one variable over the PID A and R is noetherian, is R affine over A? The
answer is negative for we are able to construct a counterexample with the integers
as the ground ring.

(3.15) Example. A ring R which is locally a polynomial ring in one variable
over the integers Z and such that
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(1) R is noetherian.

(2) R is a UFD.

(3) R is not an affine ring over Z.

Construction. First, if V is a valuation ring with quotient field K and X is
an indeterminate over V then by V(X) we denote the trivial, or canonical extension
of V to K(X). This is the valuation which assigns to [ € K[X] the minimum of the
V-valuations of its nonzero coefficients [ZS, II, p. 85]. With this notation one
always has V[X] = V(X) NK[X]. Now let X be an indeterminate over Z and let
{(pi, mi)};’.‘;l be a collection of ordered pairs of positive integers such that p, is
prime and no nonzero element of Z[X] is in more than finitely many of the maximal
ideals M, = (x - m, pi) € Z[X]. To construct such a family one could let {/l}:(;
be a denumeration of the nonzero elements of Z[X] and g = “§=1 f;- Choose the
pair (p]., m].) as follows:

(i) g; £0 (P)),

(i1) deg g < P]

(1i1) m, is not a root of g, modulo P]

Then the collection {(m,, Pi)}i=l has the desired property.

Let A=U7. (P}, nowlet 6, = (X - m)/P and set R = Z[16 17, ,1. Then
Z[XI1CR and if p is any prime in Z then

" =;zp[x] if pdA
b Zpl0) if p=P A’
Thus R is locally a polynomial ring over Z. Now we claim that R is noetherian.
Since R is an overring of Z[X] it suffices to prove that R is Krull in view of a

theorem of Heinzer [H].
By (1.10) we can write

=< N zpi[0j1> n < O zp[x]>
<Pr;Az ©)n Q[epl>A (n [z,(X) n Q[X]]>

P .eA peA
n Zp (e)n [ N zp(X\] N Q[X]]
P}eA pea

=R, N R, nQIX].

Since the finite intersection of Krull rings is Krull it suffices to see that
each of these three rings is Krull. Obviously Q[X] is Krull.

The ring R, is Krull since it is an intersection of essential valuations of the
Krull ring Z[X] To see that R, is Krull it suffices to see that no nonzero ele-
ment of R, has positive value in more than finitely many of the valuations Zp (0 ).
The center of the valuation ring Zp, (0 ) on Z[X] is the ideal (x —m, P) and no
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nonzero element of Z[X] is in more than finitely many of these maximal ideals. Thus
R, and hence R is Krull. This ring cannot be an affine ring over Z by (3.14)
since more than a finite number of its essential valuations (the ZP~(0,‘)) are not
essential for Z[X]. The ring R is a UFD by (3.1) !
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