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RINGS WHICH ARE ALMOST POLYNOMIAL RINGS

BY

PAUL EAKIN AND JAMES SILVER

ABSTRACT.  If A   is a commutative ring with identity and  ß   is a unitary A-

algebra,  ß   is locally polynomial over A   provided that for every prime  p  of A,

Bp = ß ®/l Ap   is a polynomial ring over Ap.   For example, the ring ZL|X/p¡ i!=j !,

where ¡p,(j*jis the set of all primes of Z,   is locally polynomial over Z,  but is

not a polynomial ring over Z.   If ß   is locally polynomial over A,  the following

results are obtained,   ß   is faithfully flat over A .   Il A   is an integral domain, so

is  B.    If a is any ideal of A,   then ß/oß   is locally polynomial over A /a.   If p   is

any prime of A,   then pB   is a prime of B.    If B   is a Krull ring, so is  A   and the

class group of  ß   is isomorphic to the class group of A .   If A   is a Krull ring and

ß   is contained in an affine domain over A,   then ß   is a Krull ring.   If A   is a

noetherian normal domain and  ß   is contained in an affine ring over A,   then B

is a normal affine ring over A.   If M  is a module over a ring A,   the content of an

element x   of M  over A   is defined to be the smallest ideal  Ax   of A   such that x

is in AXM.   A   module is said to be a content module over A   if Ax  exists for

every ï   in IK.   M  is a content module over A   if and only if arbitrary intersections

of ideals of A   extend to M.   Projective modules are content modules.   If ß   is

locally polynomial over a Dedekind domain A,   then  ß   is a content module over A

if and only if  ß   is Krull.

Introduction. Let Z denote the integers, X an indeterminate over Z and

\p -I00-,   the set of prime numbers.   Set  R = Z[\X/p .\°°_.].   Although the ring  R   is

neither noetherian nor Krull, as a Z-algebra it is locally indistinguishable from a

polynomial ring in one variable over Z.   That is, if (p) denotes a prime ideal of

Z then R    = R ®   Z      = Z    .[X/p].   In our terminology  R  is locally a polynomial

ring over Z.

Given a ring A  and an A-algebra B,  we say that B is locally a polynomial

ring over A   if for every prime  p C A,   B    = B ®^ A     is a polynomial ring over A  .

The above ring gives an example of a locally polynomial ring which is not a poly-

nomial ring.

In this paper we examine the relationship between a ring  R  and an algebra

which is locally polynomial over  R.   We are particularly interested in deciding

which properties of polynomial rings extend to this situation.  This article is divided

into three sections.   The first section contains general results on locally polyno-

mial rings.   We prove that if B  is locally polynomial over A,  then B  is faithfully
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flat over A.   This yields the corollary that a locally polynomial ring over an inte-

gral domain is again a domain.   We then observe that if  R  is locally polynomial

over a ring A  and ?I is an ideal of A,  then R/U is locally polynomial over A/U.

As an immediate corollary to these facts we show that primes of the ground ring

extend to primes of the locally polynomial ring.

It is easily seen that if the ground ring is a domain then the number of inde-

terminates does not depend upon the prime at which we localize.   This holds true

for some more general classes of rings but not in general.   In fact, for any chosen

cardinal number  a,  we give a method for constructing a ring A   and a locally poly-

nomial ring  R  over A   such that for every cardinal a between  0  and  a,   there is

a prime  pa of A  such that the generating set of RPa.  over APa  has cardinality a.

§11 is devoted to extending the concept of content from polynomial rings to

locally polynomial rings.   In fact, much of this can be done in the more general

setting of modules over a ring.   Where possible, we have maintained this setting.

For a module M over a ring R,  the content of an element x e M is defined to be

the smallest integral ideal A    of R  such that x £ A  M.   We show that a necessary

and sufficient condition for every element of M  to have content is that arbitrary

intersections of integral ideals of  R  extend to  M.   We observe that every projec-

tive module is a content module and give examples to show that the converse is

not true.   If M is a flat content module over R and S is a regular multiplicative

system of R,  then  M^ = M ®R Rs  is a content module over Rs.   Furthermore', for

every x £ M,  the content of x ® 1  over R,,  is the extension to R,. of the content

of x  over  R.   This yields the corollary that, if  M  is a flat content module over

R,  x £ M,  and s  is a regular element of R,   then A      = sA   .
' ' ° SX x

Restricting our considerations to locally polynomial rings, we are able to gen-

eralize some of the theorems for content in polynomial rings.   For example, if  R  is

locally polynomial over a domain  D and has content over  D,  then, if for every

pair /, g  in   Pp_j0|^/   = A .A   ,   D is Prüfer.   We prove that, if  R  is locally poly-

nomial over a Dedekind domain  A,  then  R  is Krull if and only if  R has content

over A.    To conclude this section, we show that, if R  is locally polynomial over

a Krull domain A  and has content over A,  then  R  is Krull.

To date it seems that the only reference to "content modules" is in an article

by Ohm and Rush [OR].   There they propose definitions for content modules and

algebras and refer to a forthcoming article [OR, ema] on the subject.   Their defini-

tion of content module is not the same as ours although the basic ideas are cer-

tainly identical.   Moreover, when considering their definition, one would be naturally

led to the one we have taken.    At this writing [OR, ema]  is not available:   it is to

be expected that there will be some duplication of results.

The third section contains results which are obtained by imposing finiteness

conditions on the ground ring.   If  R  is a Krull domain which is locally polynomial
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over a Krull domain  D then the divisor class group of  R  is isomorphic to that of

D.   The example at the beginning of this introduction shows that, in general, it is

not true that a locally polynomial ring over a Krull ring need be Krull.   We show

that if  R  is almost a polynomial ring over a Krull ring A  and is contained in an

affine domain over A,  then  R  is affine over A.   We examine the noetherian case

and give some necessary and sufficient conditions for a locally polynomial ring to

be noetherian if the ground ring is noetherian.   If A   is a noetherian normal ring

and  R  is locally polynomial over A  and contained in an affine ring over A,   then

R  is a normal affine ring over A.    This statement also holds if  "pseudogeometric"

is substituted for "normal".   We are grateful to Bill Heinzer for the benefit of

several stimulating conversations on this subject.

(1.0) Throught this paper, we shall assume that all rings are commutative

rings with identity.   All modules and algebras will be assumed to be unitary.

(1.1) Definition.  // a ring B  is an algebra over a ring A,  we say that B  is

locally polynomial over A  provided that, for every prime  p  of A,   B    = B ®.  A

is a polynomial ring over A   .

(1.2) // ß   is locally polynomial over A,   then B   is faithfully flat over A.

Proof.   For every maximal ideal m of A, B     is faithfully flat over A   .   Thus
' m > m

B is faithfully flat over A  by [B, p. 1161.

If a: A —> B makes B an A-algebra which is locally polynomial over A,  then

for any element a e A, a~ x(o\a)B) = (a) by [B, p. 50].   Thus if a ¿ 0,   then

o(a) ¡¿ 0   and   o  is an injection.   By identifying   A  with the subring  cr(A)   of

B, we can assume that A  is contained in B.   For the remainder of this paper, we

will make this assumption.

When  A   is contained in  S,  given a prime  p of A, B     can also be defined to be

B(A-py

(1.3) Suppose that  R  contains a ring A  and that p  is a prime ideal of A.

Let M = A - p.    Then R,. 5* R ®. A  .r M A      p

Suppose that S is a polynomial ring over A. Then B is certainly locally

polynomial over A. There are however rings A and B such that ß is locally

polynomial over A  but not a polynomial ring over A.

(1.4) Example.  Let A  be a ring and U a nonprincipal, invertible ideal of A.

If X  is an indeterminate over A, let  B = A[?IX].   Then since  U will be locally

principal,   B  will be locally polynomial over A.

The next result is a corollary to (1.2).   The proof is a direct application of the

corollary in [B, p. 50].
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(1.5) Corollary. // B is locally polynomial over A and B is also noetherian,

then A   is noetherian.

The converse to this corollary is not necessarily true.

(1.6) Example. Let Z denote the ring of integers and \p .|°1.   the set of primes

of Z.   Set  R = Z[\X/p.]. = ]  where  X  is indeterminate over Z.    For any prime  p.

of Z,  Rp. = Z[X/p.].   Thus  R  is locally polynomial over Z.   R  is not however

noetherian since the ideal  i\X/p }°°_ )R  is not finitely generated.

(1.7) // R   is locally polynomial over an integral domain D,   then R   is a

domain.

Proof. Since R  is flat over D, we see by [N, lr, (18.1)], that every element

of D is regular in  R.   Let p be any prime of D.   Then the multiplicative system

M = D - p must be regular in  R.   Hence when we localize R  at M,  R is embedded

in Rp,.   K«  is a polynomial ring over the domain D  .   Hence it is a domain and

so is  R.

(1.8) Suppose that  R   is locally polynomial over a ring A  and that  21 z's an

ideal of A.    Then  R/2ÍR   is locally polynomial over A/SI.

Proof.  This is a straightforward application of the permutability of residue

class ring and quotient ring formation.

(1.9) If B   is locally polynomial over A  and p  is a prime of A,   then pB is

a prime of B.

Proof.  By (1.8)  B/pB  is locally polynomial over the domain  A/p and by (1.7)

B/pB  is a domain.   Therefore  pB  is prime.

For a ring  A,  we let spec A   represent the set of all prime ideals of A.

(1.10) // R   is locally polynomial over a domain D  then  R = C\he       D R  .

Proof. Clearly R C C\ e d ^ t' ^et ^ ^e anY Prime °f ^- Then q n D = p

is a prime of D. US = D - p and 5 = R - q, then S C S. Hence R = Rç, C R„

= R  .   Thus  fl n P   C R    and O  „       n P   C f)   ,       D P    = P.
q pSspecu      p —     q '   'ptspecD      p — '   'qespecR      q

(1.11) // P   zs locally polynomial over a domain A,   then, for any height one

prime  p of R,   either p n A = Ê)  z's a height one prime of A   or p n A = (O) and p

= P n P  /or sorzze height one prime  P  of R.    <   ¡.

Proof.  If § ^ (0), let ^  be a prime such that (0) C q C i).   Since  P   is faith-

fully flat over A, (0) Ç qR C § R C p.   Thus  qR = (0),  É) R = p,  and ht(6>) = 1.   If

£> = (0),   then  A -Sol  is a multiplicative system of A  which misses  p.   Therefore,

pR .    j0, = P  is a height one prime of  P .    ,„,  and   P Pi R = p.

We have already observed that locally polynomial rings are stable under cer-
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tain homomorphisms.   We shall now see that they are stable under certain types of

integral extensions.

(1.12) Let  R  be a domain which is locally polynomial over a domain D.   Let

L  be the quotient field of D and K the quotient field of R.   If L'  is an algebraic

extension of L,  then R*   the integral closure of R  in  K[L ],  is locally polynomial

over D*,  the integral closure of D  in L .

Proof. Let p* be a prime of D   and set p* n D = p.   Since p is a prime of D,

R   = D [X ] for a set X    which is algebraically independent over D and contained
P        P    P P

in R.   Now X    is also algebraically independent over D   and D , [X JC R  ,.

Since R    is integral over R   = D [X \, R „   is integral over D *[X J.   Since D  *

is integrally closed we have  £>**[X  ] = R  *.

We now consider the question of whether the number of indeterminates is con-

stant or whether it depends upon the prime at which we localize.   The answer is

obvious in case the ground ring is an integral domain.

(1.13) // R  is locally polynomial over a domain D then the number of indeter-

minates is constant and is equal to the transcendence degree of R  over D.

Example (1.18) will show that this result is not true in the general ring case.

We can however give a partial extension by use of the following proposition.

(1.14) Suppose that B is locally polynomial over a ring A and let p C q be

two primes in A. Suppose B = A [ÍXalaefl] and B = A \\Xn\„ fi] then the car-

dinality of (i  is identical to that of Jo.

Proof.  We first remark that if A = R[lX    j       _]  is a polynomial ring over  R

and p is a prime of  R  then there is the natural homomorphism

A = R[|Xr!rerl-R/PLiXy|yfr]

and the cardinality of T is equal to the transcendence degree of A   over  R/p.

With this in mind, in view of (1.8), we can pass to the situation B/pB as a locally

polynomial ring over A/p.   Then the assertion follows from (1.13).

(1.15) Suppose that B  is locally polynomial over a ring A and suppose that A

has the property that given any pair m,   m'  of maximal ideals in A   there is a collec-

tion of maximal ideals  m. = m,   m  , • ■ ■ , m     ,,   m   = m'   and a collection p., ■ ■ • ,
0 1 n—ïn r 1

P„  °l prime ideals of A  such that for every  i = 1, • ■ • , n,  p .Cm.       n m..    Then

the number of indeterminates is constant.

(1.16) Example. Suppose that A = A j © A    where A    I 0 and A    ^ 0.   Let

R = ATX, Y] ©A2[Z] where X,   Y and  Z are indeterminates over A     and A

respectively.   The maximal ideals of A  are of the form m   © A    and A    © m



430 PAUL EAKIN AND JAMES SILVER [December

where  m    and  m    are maximal ideals of A^  and A2  respectively.   Then  R(mjffiA2)

^Almi[X, Y]<*Aimi<BA2)[X, Y] and  R(A l&n¡2) f* A2m2[Z] at A,A j0m2)[Z].   Hence

R   is locally polynomial over A   in a nonconstant number of indeterminates.

The obvious question is whether this is the only way the number of indeter-

minates can vary.   To a limited extent this is true.   The next result shows that a

ring with only a finite number of height 0 primes must either satisfy (1.15) or be a

nontrivial direct sum.

(1.17) Suppose that A   is a ring with only a finite number of height 0  primes,

p  , ■ • • , p    such that for some  k,   \ < k < n,   p. + p. = A  for every pair i, j,   1 < i

< k < ; < n.    Then A   is a nontrivial direct sum.

This follows from a standard argument showing that one can lift idempotents

modulo the nil radical.

The general situation is, however, more complicated.   The example which fol-

lows gives a method for constructing a ring which is not a direct sum and over

which we can construct a locally polynomial ring which has the property that by

localizing at various primes of the ground ring every cardinality of indeterminates

will appear up to any desired cardinality.

(1.18) Example.  Let  a be any cardinal number and let  W be the set of all

ordinal numbers less than   a.   Order X' = W x [0, l)  lexicographically and let  X =

X   U \a].   Order  X  by setting  x < a for every x  in  X .   Give  X  the order topology.

Let A  be the ring of continuous real valued functions on X.   Since X is connected,

the ring A   is not a direct sum  [GJ, IB].   Furthermore, the fact that X  is compact

implies that the maximal ideals of A   are precisely the fixed ideals   m   = \f : fix)

= OS where x  varies over all points in  X [GJ, (4.8)].   For each a eW,  let ix     ]°°_,
r n.o-n-l

be a sequence of points in ix: {a, 0) < x < {a + 1, 0)1 such that for every open set  U con-

taining  ia + 1, 0)  there is some   m such that x    _  £ U for all  n > m.   Let  / be
°                 '                                                                               n, cr                                   —                      ' n,o~

a continuous function on  X which is never zero on  ix: x < x       !  and identically

zero on jx: x > x       i.   Let W' = W U \a] and let iZ   : a > 0, o £ W1] be an alge-
—     n, cr cr o

braically independent set over A.   Take Z. = 0 and let R   = AtiZ^.: o £ W1]}.   Let

SI be the ideal in  R' generated by the set !/   ^(Z^ - Z^.,): n = 1, 2, • • • , a' > a]

and R = R' /SI. Since Sin A = 0,   A   can be considered a subring of R.   R  is lo-

cally polynomial over A  and for every a £ W ,  the cardinality of the set of indeter-

minates for Km(CT0) over ^m((T0) is a.

(i)  The space X  is compact and connected.   (See [GJ, p. 262, Example Ion].)

(ii) R is locally polynomial over A.   For any x £ X,   Rm   = Rm /&R'm    by

the permutability of residue class and quotient ring formation.   Suppose  X = {a, r)

for some  o £ W  and some   r   £ [O, l].   For all a" < o, f    _ „ = 0 on some open in-
n,o~ r

terval containing  x.   Hence  /    ^   is in the kernel of the canonical map from  R
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to  R'm     for all a" < a.   At least one /        is never zero on some open interval con-

taining x,  thus fn CT becomes a unit in  R'm>c.   For all a' > o, ¡na, is never zero

on some open interval containing x  so every /   a,   becomes a unit in  R mx  for

o' > a.   Thus UR'm    is generated by \Za, - Za„: a" >a' >a\. Therefore, for all o'

> a, Z   = Z   ,   in  Rm    and the set |Z   ., : 0 < o" < cr! is algebraically independent

in Rmx over Am%,  since R^ = Am[\Za. a £ W\], Rmx = Am\\Za„: a" < a\].   If

x = a, then every /        is in the kernel of the canonical map from   R    to Rmd

Therefore URma = 0 and Rma Ot R'm<x is also a polynomial ring over Ama.   Since

R     is a polynomial ring over A      for every maximal ideal   m of A, R  is locally

polynomial over A.

It is obvious from this example that it is possible for a ring  R  to be locally a

polynomial ring over A,  for R    to be a polynomial ring over A     in only finitely

many variables, and yet as one ranges over the primes of A,   the number of indeter-

minates may grow arbitrarily large.   This cannot happen for rings with only finitely

many minimal prime ideals (for instance, noetherian rings).   For if R  is locally

polynomial over such a ring in a finite number of indeterminates, let p., ■ • • , p

be the height zero primes of  A.   For each   i,   let  m.    be the number of indetermin-

ates for Rp. over A p..   Then max i to.Î certainly exists.   Since every prime of A

contains a height zero prime, by (1.14), the number of indeterminates for  R     over

A „  is at most  max\m.\.
P t

Under some circumstances we are able to classify the locally polynomial rings.

If R  is an integral domain containing another domain  D,   the transcendence degree

of  R  over D  is defined to be the transcendence degree of the quotient field of  R

over the quotient field of D.

(1.19)  Let  R  be a domain of transcendence degree one over a domain  D and

suppose that  R C D[X   , ■ ■ ■ , X  ]  where the set \X., ■ • • , X   I   is algebraically in-

dependent over D.    If R   is locally polynomial over D,   then there is a fractional

ideal U of D and a  t e R such that  R = D[Ut].

Proof.  If  K is the quotient field of  D and if D* = D - |0!,  then  Rßi = K[t]

for some  /  which we may assume is in  R.   We can also assume that as an element

of D[X  , • ■ ■ , X  ],  I has constant term 0.   Let p be any prime of D;  then  R    =

^p   b    ^or some element  ¿6 which can also be taken from  R  with constant term 0.

Then  K[l] = (R  )   „ = K[t J;  thus there are elements a„ and  ¿>    in  K such thatpup p p

t   = at + b      Since both  t    and / have constant term 0 in  D[X  , ■ ■ ■ , X ], b   =0

and   /   = at.   Let U = 1 aD.   Then   a ¡s a D-submodule of K and D\Ut] =
P P pfispec u    p

D[\at\]C R.   For any prime q of D,  (D\\ajW)   = R  .   Thus  Df^l = R.   Let d beP       — r ' P        q q

any nonzero coefficient of  /  as an element of  D[X,, ■ ■ ■ , X  ].   Then, since ate
I n ' p

R Ç D[Xj,- • • , X\, dap e D for every  p.   Thus  dUÇ D and   ÎI is a fractional ideal

of D.
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The ideal  SI above is locally principal, and R  is a polynomial ring over D  if

and only if SI is a principal ideal;   R   is an affine domain over D  if the ideal  SI is

finitely generated.   The next example shows that the converse to (1.19) is false

even if D is assumed to be noetherian and R  is an affine ring over D.

(1.20) Example.  Let k be a field and let X and  Y be indeterminates over k.

Set D = k[X, Y] x Let T be an indeterminate over D and set R = D[XT, YT].

Taking / = XYT and SI= (l/X)D + {l/Y)D,  we have  R = D[SI/] Ç D[T], but since

D is local,  R  is certainly not locally polynomial over D.

We do however have the following result.

(1.21) Suppose that  D  is a noetherian domain and R   is of transcendence

degree one over D  such that R C D[X,.- ■ ■ , X  ]  where X,,•■■, X    are aleebrai-
^ —in 1 n "

cally independent over D.   R   is locally polynomial over D  if and only if there is

an f £ R  and an invertible ideal SI of D such that  R = D[SI/L

Proof.   For the necessity, we first observe that there is an / in  R  and a frac-

tional ideal  SI of D  such that  R = D[SI/L   Since  R  is locally polynomial over  D

in one variable, the ideal  SI is locally principal and hence locally invertible.

Since  D  is noetherian  SI is invertible.   Conversely, if the ideal  SI is invertible it

is locally principal and  R   is locally polynomial over D.

In the event that the ground ring is a quasi-semi-local domain, in the one vari-

able case, the only locally polynomial rings are in fact polynomial rings.

(1.22) Suppose that D   is a quasi-semi-local domain.   If R   is locally poly-

nomial over D   in one variable, then  R is a polynomial ring over D.

Prool.  We proceed by induction on the number of maximal ideals,   n.   It is cer-

tainly true for  n = 1.   Suppose that it is true for rz = k and let D  be a domain with

k + 1   maximal ideals,   p., • • • , p,+].   Let  M = D-p|U---Up,.   Then   RM   is lo-

cally polynomial over  D„   and by the induction hypothesis there is a  /.   in   R„

such that  R     = D■.[/".].   We can in fact assume that  /    is in   R.   Rp¡. + , = Dpu + A1-^

and we can assume that  t     is in   R.   Choose a     in  p.+.   and not in   p.U- ■ -dp,.

Let a    be in  p.O- ■ -dp,   but not in  p.+1-   Set / = at   + at    and R' = D[t].   If

K is the quotient field of D then  K[t.] = K[t ].   Thus there are elements  b and c

in  K such that t   = b + ct..   Since /    £ R Ç DMU ], b, c £ D^.   Let r   =

(a, +■ a^c)~     and r, = - a~br,.   Now r,   and r,  are in D.,  and
12 2 2     1 12 M

at   + at   - ab     at    + ab + a2ct^ - a2b

r t + r   =-—-=-= r
«j + a c a j + «2r

Therefore  t    £ D„[/] = R„.    Thus  R'    contains  R...   Since the reverse inclusion

is obvious,    RM  = R„.   Similarly  Rpk + , = ^pt + i   anc* therefore   R = R .
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(2.0) If R  is a polynomial ring over a ring A  the content of an element of R

over A   is defined to be the ideal of A   which is generated by the coefficients of

that element.   In this chapter we examine the extension of this concept to locally

polynomial rings.   We begin by examining the possibility of extending it to modules.

(2.1) Definition.   // M   is a module over a ring R,   then for any x £ M we de-

fine the content of x  to be the smallest integral ideal A  (M, R) such that x £

A  (M, R)M.   We call M a content module over R  if A  (M, R) exists for every ele-

ment x  of M.

Whenever no confusion will result, we omit the M,  the R, or both from the no-

tation.

(2.2) The module M  is a content module over R   if and only if for every col-

lection {?Ialaea   of integral ideals of R, (\e(j (2laM) = (flaea U¿}M.

Proof. Suppose that M is a content module over R and let ä?Ia!acg be a col-

lection of ideals in  R.   Let x e Daeg (2Ia<W).   Then x e UJA for all  a implies

that Ax C Ua for all  a.   Therefore, A% C f|aeg (2Ia) and x £ (C\aeâ %a)M.   Thus

p|    ß (?I M) C (flaeg Si )A1.   Since the reverse inclusion is obvious, we have

equality.   Conversely, suppose that x e M  and let \^a\aea  be the collection of

all ideals in R  such that x e Ua for each  a e u.   Then x £ (i\aea ?Ia)M and this

is certainly the smallest ideal with this property.   Thus A    = Oaeg 2Ia-

(2.3) Remark.  If x e M has content A     over R,  then there exist elements

a ,,-■-, a     in  A     and  m, , ■ ■ ■ , m    in  M  such that x = £"_, a .m..   Then  x £
1 n x 1 n i — l      î    r

(a,,-■■, a  )M implies that A    C (a,, ■ ■ ■ , a  ).   Therefore  (a,,■■■, a ) = A   .   Thus
I n r x—      1 rc 1 n x

content ideals are always finitely generated and the condition  ( IfSI )M = ||(^-M)

for arbitrary families of ideals is equivalent to this condition for arbitrary families

of finitely generated ideals.

(2.4) If M = ©   ■ M .  is a module over a ring  R,   then M is a content module if

and only if each M .  is a content module.

Proof.  Suppose  M  is a content module.   For each   i,  there is some  M1. such

that M = M. ©M'..   For any ideal U of R and for x e M.,  x e%M. if and only ifi i ' i i '

(x, 0) e UM.   Thus  Ax = A .   Conversely, suppose that each  M .  is a content

module.   If ?I is any ideal of R, ?I(©,A1.) = ©.£/ SIM..   Therefore, if \Ujae9 is

any collection of ideals of R, we have

n (n^M^n /ew = e/n«a^
aed V      iel      I      aetj.   \iel J      iel\<xeQ, )

= ©(Yn KYi] - /n«v©AL\
iel \\ae<î       )    I       \aeQ      )\iel      )

Thus  M  is a content module by (2.2).
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A free module over a ring P is a direct sum of copies of P.   Since R is obviously

a content module over itself, every free module is a content module.   Every projec-

tive module is a direct summand of a free module.   Thus we have the following as

a corollary to (2.4).

(2.5) Every projective module over a ring  R  is a content module over P.

If R is a noetherian ring, we have a similar result for direct products.

(2.6) Suppose that R   is a noetherian ring.   If M = ïl    . M .  is a product of R

modules, then M  z's a content module if and only if each M.  z's a content module.

Proof.  If M  is a content module, then each  M . is a direct summand of a con-
' z

tent module and is therefore a content module by (2.4).   Suppose that each  M .  is a

content module.   Since  R  is noetherian, any ideal   tt of R  is finitely generated and

SIn.e/ M. = n.e/ SIM..   Thus, if iSlJ^g   is any collection of ideals of P, we have

n Ku V) = n (n k*?) = n (n k*?\
aed   \      i=t       J      aea\i€l J      iel  \ aeQ )

= n^nsia\M\ =/nsi\ n«,.
iel Waffl      /     /       \aea       )  iel

Thus M is a content module by (2.2).

(2.7) Suppose that M  is a content module over a ring  R.   If SI zs an ideal of

R,   then M/SlM   is a content module over R/SI = P     and for any x £ M, A  R

V«'>-_
Proof.  If x £Ax{R)M then x £ Ax(P)M = {AxiR)){M).  Suppose that / is an

ideal of  P'  such that x £ IM .   There is an ideal 3  of  R  which contains  SI such

that J = /.   x + SIM Ç ii + SI) (M + SIM) = ÍM + SIM  implies that xe(l+ Sl)M.   There-

fore, Ax(R)cJ + SI =$ and Ä~{R) C I.   Thus À~Jr) = A-{R')   and M/SIM is a con-

tent module.

(2.8) Suppose that f:R —» R     makes  R     an R-algebra.   If R    is a content

module over R and if M  is a content module over R ,   then  M   is a content module

over R.

Proof.  If iSIfJ^g  is any collection of ideals in P,  then i/(SIa)R i^g   is a

collection of ideals of R .   Thus

n ma)u= n /(sgp'M= /n Asia)p')M= /n /(sgw
oeil aeâ Wâ / \aeâ J

By (2.2), M   is a content module over  P.

If the R-algebra is a quotient ring of  R,   then flat content modules become con-

tent modules over R .
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(2.9) Suppose that M  is a flat content module over a ring  R and S  is a multi-

plicative system in  R.    Then  Ms  is a content module over  R?  and for every ele-

ment of the form  to® \/s  in   Mc,  A    _, , (Rc) = A   (R)Rc.

Proof.  Let i> be the ideal consisting of annihilators of elements of S.   By

(2.7) and by the fact that M/bM = M ® R/b is flat over R/i> we can assume that

S is a regular multiplicative system.   Note that all elements of M~ aie of the form

m ® l/s.   Suppose that, for some ideal $1 of  Rs,   m ® 1/s £ M^.   Then there are

elements  a, , ■ ■ ■ , a     in  R  and elements   m   ® l/s   , ■ • ■ , to   ® l/s     in  M„  such
1 72 I I 71 71 -J

that  to ® l/s = £?_. «.(to. ® l/s .).   Multiplying both sidesby a suitable element

of S we have s'm ® 1 = I"     a ks'.m. ® l) = (£"_, a.s'.to.) ® 1.   Therefore  (s'r.
1-1        !       II 1-1        1     1      !

'TO

S"_, a .a'wz.) ® 1 = 0.   Thus we have  s's"m - 1"_, a s"s'm. = 0  for some  s" in S.
I-l        111 I-l        1 !      I

Let S  be the set of all regular elements of  R  and consider the exact sequence  0

—>  R —> Rg.   Since M is flat,  0—«M®R—>M®Rg  is exact and M can be iden-

fied with the submodule  M ® R  of M ® R§ .   As such,   aM = M ®?I is well defined

and we have  s's"m eUM.   Thus   m eM ®?I/s's".   Therefore   to e (M ®?I/s's") fï

(M ® R)= M ® (?I/s's" OR) =  M®?IC = äcM.    Then   A   (R) C ?ic  and  A    (R)RÇ
m — mo

C 21.   Since it is clear that to ® l/s e A   (R)MÇ,  we see that A   (R)Rr = A      , . (Rc).
— m ¿ m 5 m®l/s    S

This gives us the following corollary.

(2.10) // M  is a flat content module over a ring  R  and s   is a regular element

of R,   then for every element x  of M,  A      = sA   .

Proof. Since sx e sA  M,  we see that A      C sA   .   Let S be the multiplicativeX SX   — X r

system of R generated by s.   The sequence  0 —» R —» R„  is exact since s is

regular.   Since M is flat, the sequence 0—>M®R—> M <S> Rs  is also exact.   Thus

M can be considered as a submodule of Mc.   Since sx £ A     M,  x e (A    /s)M n M
S sx sx

= (A     /s n R)M.   Thus A   C (A     An R).   Therefore,  sA   C s(A     /s n R) = A
SX X   — SX ' X   — SX SX

n sR C A       and sA    = A     .—        SX X SX

Another application of (2.9) gives the following result.

(2.11) Suppose that M is a flat content module over a ring R and that x e M.

The module M = M/(x) is flat over R if and only if A is generated by an idem-

potent.

Proof. Suppose that M    is flat over R.   Let p be any prime of R and con-

sider the exact sequence

0 — (x)   -. M   — M'   -» 0.
P P P

Let x be the image of x in M  .   Since both M and M    are content and flat,  M

and M     are both free over R  .   Thus (x)    is either zero or is a direct summand of
P P P

MA.   If (x)   = (0), then x = 0 and A~(R) = (O).   Otherwise, since x e A-(R  )A1 ,
p p x      p ' x      p     p'
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we must have x £ A_(P  )(x) .   Therefore, A-(P  )(x)   = (x)    and xe(A-(R  ))2(x)  .
x       p p x       p p p X        p p

Since A-{R  ) is minimal with respect to this property, (A-(R  ))2 = A-{R  ).   By

(2.9), for every prime p of  R, A xR    = {Ax)2R      Therefore, Ax is an idempotent

ideal of P.   Since it is also finitely generated, it is generated by an idempotent.

Conversely, suppose that A     is generated by an idempotent.   Then for every prime

p of R, AxRp is either (0) or Rp.   If it is (0),  then (?c)p= (0) and Mp = M      Thus

M'   is flat.   If AR. = A-(P) = R,  let iX.L  , be a free basis for M„.   Then x =
V X      p X p p 1    I ci p

i = l aixi anc' 'ai'' ' ' ' ar) = Rp-   Since  P     is quasi-local, some a. must be a unit.

Suppose that it is a  .   Then x = {a~ l)x - 2"     a~ xa x ..   Therefore,x,, x,, ■••, x
r 11 z-2     1       i   i '    1'    2' '    n

is a basis for Mp and M'   is free.   Thus, for any p,  M'   is  R  -flat and consequently

M' is R-flat.

In (2.5) we noted that every projective module is a content module. The fol-

lowing example shows that the converse is not in general true.

(2.12) Example.  Let R  be a noetherian ring which has a proper, infinitely

descending chain of ideals.   Then by [Ch, Theorem (3.4)], there is an indexing set

/ which depends upon  R and such that the module M= II. . R¿, where each R. is

isomorphic to R, is not projective.   By (2.6)  M  is a content module over  P.

We note that the module in example (2.12) is torsion free, but not finitely gen-

erated. There are simple examples of finitely generated content modules which are

not projective.

(2.13) Example. Let V be a valuation ring, SI a nonzero ideal of V and M =

V/SI. Then M is a finitely generated content module over V which is not projec-

tive.

That  V/SI is a content module is easy to verify and it could not be projective

since it is not torsion free.

(2.14) Suppose that R   is a domain and M   is a finitely generated content

module over R.    The following are equivalent:

(i)  M   z's flat,

(ii) M   is projective,

(iii) M   is torsion free.

Proof. Since M is a finitely generated module over a domain, (i) implies (ii)

by [V, Theorem 1.4].   If M is projective, then it is a direct summand of a free

module.   Thus it must be torsion free and we have that (ii) implies (iii).   Since M

is a content module, for any two ideals  SI and  i>  of R, SIM n 6m = (SI <~i h)M by

(2.2).   Thus M  is flat by [Je, Theorem l] and (iii) implies (i).

(2.15) Suppose that M is a content module over a ring R and that x E M. If

%  is any maximal ideal of R such that (0 : x) g M,  then A   C JR.

Proof.  If (0 : x) g %,  then there is an  a £ (0 : x)  and a  b £ J1Î  such that a + b
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= 1. x = x(a + b) = ax + bx = bx is in MM.   Thus A   C M.
x —

For a ring R  let Spec R represent the set of maximal ideals of R.

(2.16) Let D  be a domain such that, for all d eD, C\*.e      D-d<t% = ^"   ^ ^ *5

a content module over D,   then M  is torsion free.

Proof. Suppose that for some x e M,  there is an a e D such that ax = 0.   By

(2.15),  A     is contained in every maximal ideal which does not contain  a.   Thus,

A    = 0 and x = 0.
x

As an immediate corollary to (2.12) we have

(2.17) // D   is a Hilbert domain, then every content module over D  is torsion

free and every finitely generated content module is projective.

Proof. Any Hilbert domain satisfies (2.12).

(2.18) // M  is a module over a ring R and A  is a submodule of M,  then M/A

is a content module if and only if for every collection SSI.L.g °f ideals of R

n (KCLM + A)=f n si \m + a.
aeCt Vaeä       /

Proof. Let f: M —> M/A  be the canonical homomorphism.   For any ideal SI

of R, ÎK/V1/A) = /(SIM + A).   If ÍSIa!aea is any collection of ideals of R,  then

riaea (SIa(M/A)) = 0^3 f(%aM + A).   Since the kernel, A,  is contained in each

SIaM + A,  we have  C\aeCt (SIa(M/A)) = /(fl^g (SIaM + A)).   In addition,

(l~Ui aa)(M/A) = /((f\ia %*)M + A)-  Since both f\ea (SI/l + A) and (flaea?Xa)M

+ A   contain A,   f\ea (SIa(M/A)) = (f)aea SIa)(M/A) if and only if flaea(SIaM + A)

= (HaeaSIa)M + A.
Over a Hilbert domain, we can characterize these homomorphisms in terms of

a more accessible condition.

(2.19) Let D  be a Hilbert domain.   If M  is a finitely   generated content

module over D with submodule A,   then M/A   is a content module if and only if A

is a direct summand of   M.

Proof. If M/A  is a content module, then, since it is finitely generated, it is

projective by (2.17).   Therefore the sequence 0 —> A —> M —> M/A —> 0 splits and

A  is therefore a direct summand of M.   Conversely, if A  is a direct summand of

M,  then M  is  D-isomorphic to   A © M/A.   Hence  M/A  is D-isomorphic to a direct

summand of M and is therefore a content module over D by (2.4).

We can see that it is not in general true that a homomorphic image of a con-

tent module is a content module.   For example, the Hilbert domain Z when con-

sidered as a module over itself is a content module by (2.5).   Its submodule 2Z is

not a direct summand, and therefore by (2.19) Z/2Z is not a content module.
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If R  is locally polynomial over a ring A,  we define the content of any ele-

ment in  Rs  where  S  is the set of all regular elements of A.

(2.20) Definition. Suppose that R is locally polynomial over A and let S be

the set of all regular elements of A. For j in Rs, we define the content of f to

be the smallest fractional ideal A, of A  such that f £ A,.

If an element f oí R  has content in the sense of (2.20), then / £ A ,R O AR.

Since P  is faithfully flat over A  by (1.2), this ideal is (A. HA)R.   Since A    is

minimal by definition, we must have A.C A.   Thus for elements in  R,  this agrees

with our previous definition.

(2.21) Suppose that R is locally polynomial over a ring A and let S be the

set of all regular elements of A, then A, exists for every element f £ R,. if and

only if R   z's a content module over A.

Proof.  Suppose that  R  is a content module over A  and let / eßj.   Let / =

/ /s  for some  /   £ R  and some regular element  s  of   A    then  A i  exists and since

/' £A.,R, we have / e l/sA,,R.   If  SI is any fractional ideal of A   such that / £

SIR,  then /' esSlR.   Therefore / eSlR O AR = (SlnA)R.   Thus A , C sSI and  l/sA/(

CSI.   Hence A. = 1/sA ,.   Since the converse is clear, this completes the proof.

In the event that R is actually a polynomial ring over A, then this definition

agrees with the usual definition of content. We consider the possibility of general-

izing the usual theorems on the content of polynomial rings to locally polynomial

(2.22) // R   is locally polynomial over a ring A  and is furthermore a content

module over A,   then for any f £ R~,  where S   is the'set of regular elements of A,

j £ R   if and only if A   C A.

(2.23) Let S  be the set of all regular elements of a ring A.    If R   is locally

polynomial over A  and is a content module over A,   then ¡or elements f, g £ R?

and a £ A    we have A,,    CA. + A  ,  A.   CAA    and A   . = aA..   If ß  is a regu-* 1*8-    I        g       lg~    I   g af fir b

lar element of A^  then A „, = ßA .

Proof.  Clearly f + g eA.R + A   R = (A . + A  )R,  hence A,     C A . + A  .
/ 8 J 8 1+8 —      / 8

Similarly A.   CAA     since fg £ (A .R)(A  P).   Since  af EaA.R,  A.C aA ..   If ß
'      /g -    f   g I        g f af -       I

is a regular element of ßA . C A „ .,  so ßA . = A „

Suppose that  R  is locally polynomial over .a ring A   and that  S  is the set of

regular elements of A.   If  p is any prime of A,  let  0: A  —»A     be the usual map.

Every element of (f>(S) is regular in A   .   Thus by the permutability of residue class

and quotient ring formation, there is a map </>   making the following diagram com-

mutative.
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UpV>

■+A.

Furthermore, the vertical maps are injective.   Suppose that T    is a total quotient

ring of A       Tensoring with R,  we have the following commutative diagram.

RS=R® As -^_R®(^){S)

R =*R®A Rp = R®Ap = Ap[xp]

Here X    is an algebraically independent set over A   .   Since  R  is flat over A,

all the vertical maps are injections.   Suppose that  R   is a content module over A.

Then for any  / £ R„  the content of / over A   is well defined.   We denote this by

A, as usual.   Now / is of the form /  ® (l/s) for some f   in R  and some s in 5,

and (l ® <f> )(/) = /  ® (l/(£>(s))  can be considered an element of  T [X  ].   As such

it has content over A_ which we denote by A ,_,.
P '      /<8i

(2.24) With the notation above,  <b'(A,)A    = A
!      P / $y 1

Proof.  By (2.9) <f>(Afl)Ap = Afl<&y   Thus by (2.23)

cf>'(Af)Ap = cfo'(l/sAf,)Ap = l/<f>(s\f>{Af,)Ap = l/<f>{s)Af,9 ,

\/<p(s)U'® 1) - A/'c3(l/cp(s)) 7®r

(2.25) Suppose that D is a domain and R is locally polynomial over D. If

R is a content module over D and if for any f, g £ Rß , ., A A = A. , then D

is Prüfer.

Proof.   For any maximal ideal  to of D,  let A,(D   ) be the content of any ele-

n   ...  over D   .   Then A . (D   ) = A. D     by (2.24) and similarly
D-jOj m Ig     rn Ig   m

ment h of R

A,A  D    =A.(DK)A  (D   ).   Thus A. (D   ) = A.(D   )A  (D   ).   Since  Rn   ,.,  is the
r  g   m f     m     g     m Ig     m I     m     g     m U-i°|

polynomial ring  R     localized at the multiplicative system of nonzero elements of

D   ,  D     is Prüfer by [G, (24.6)].   Thus D     is a valuation ring and D  is Prüfer.
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One of the well-known results on Krull domains is that a polynomial ring in any

number of indeterminates over a Krull domain is again a Krull domain.   We are in-

terested in determining to what extent this result can be generalized to locally poly-

nomial rings.

(2.26) // R z's locally polynomial over a Krull ring D, then R = (] _,  , .   , R .
° >Sspec D;ht(p)xl     p

Proof.  For any prime  p of D,  let iX   ] be the set of indeterminates which gen-

erates  ft    over D  .   If q C p ace primes in D,  then  P    = D  [{X   ]] is a localiza-P P ' r q q        q

tion of  ft. = £>  ÖX   i]  at a multiplicative system which is contained in  D  .   ThusP        P      P r ' P

Rq = Dq[\Xp\l   Forany P,Dp=nqQp;ht{q) = lDi!.   Therefore

Rp = Dp[{Xp\]= H Dq[\Xp\]
qcp;ht(q) = l

-    n    Dq[\xqw=    n    Rq.
9Ç«;ht(«) = l q<Zp;h\(q) = l

By (1.10), we have

n  rp=     n     r,
pespecD q€specD;ht(q)-l

(2.27) // A   z's a Krull domain and R   is locally polynomial over A,  then the

following are equivalent:

(i)  R   is Krull;

(ii)  if i SI !    « is a family of divisor ial ideals in A,   then (f\aea ^a^ =

(naea2ia)R;
(iii)  each nonzero element of R   is contained in only finitely many ideals of the

form pR,  for p a height one prime of A.

Proof, (i) implies (ii).  P  is faithfully flat over A  by (1.2).   Therefore,  SIaR

is a divisorial ideal of  R  for each  SI  .   Thus if there is an infinite number of dis-

tinctSIa's,  then   flae(î (SIaR) = 0.   Otherwise   f\ea (SIaP) = (f\ea SIa)R.

(ii) implies (iii).  Given any infinite collection ipa!aeg of height one primes

of A,   ílaeg ÍP (ß-'' ~ i il cQ Pa)^ = ®'   Thus any nonzero element of R  can be con-

tained in at most a finite number of the pR's.

(iii) implies (i).   By (2.26),  R = í"\6speC(4;ht(í,) = 1 Rp.   Since R is locally

polynomial over A,  for each p,  there is a set of indeterminates over A  which we

denote by X^  such that R_ = Á  ÍX  1.   Furthermore, we can assume that X^ is'      P P        P    P P

contained in  P.   If A    is the set of nonzero elements of A,  then there is another

set of indeterminates X    in  R  such that R .* = K[X„] for each prime p.  A  (X )

nK[X0] = Ap[Xp].   Therefore,  ft = 0^^^ Ap(Xp) O K[XQ];   Since

A   (XJ = R,^„.  and since every nonzero element of R  is contained in at most
P     P (PR) '

finitely many of the ideals  pR,  every nonzero element of R   is a nonunit in at
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most finitely many of the A   (X  ).   Thus  R   is Krull [S, Proposition 4.1].

As immediate corollaries to (2.27) we have

(2.28) // R   is locally polynomial over a Dedekind domain A,   then R is Krull

if and only if R  has content over A.

(2.29) If R   is locally polynomial over a Krull ring A and R   is a content

module over A,   then  R is Krull.

(2.30) Remark.  In closing the section on content we note that the following

question arises naturally:

For which ring  R  are finitely generated, flat content modules projective?

(3.0) In this section we investigate the stability of certain finiteness condi-

tions under the formation of locally polynomial rings.   We begin with a considera-

tion of Krull rings.   We refer the reader to  [S]  for an elegant introduction to Krull

rings.   Following [S], if A  is a Krull ring we let D(A) denote the group of divi-

sors of A,   F(A) the group of principal divisors, and  C(A) = D(A)/F(A) the divi-

sor class group of A.    By a straight forward adaptation of the argument given there

for polynomial rings we see the following:

(3.1) if R   is locally polynomial over a domain A  and if R   is Krull then

C(A) = C(R).

Proof. Since A = R n (quotient field A), A  is also Krull.   For a divisorial

ideal SI  of A,  define  /(SI) = SIR.   Since  R   is flat over A,  /(SI) is   a divisorial ideal

in  R  and by  [S, Theorem 6.1 and Theorem 6.2] this defines a homomorphism which

we again denote by / from D(A) to D(R).   This induces a homomofphism

/: C(A)^C(R).

Since  R  is faithfully flat over A, if /'(SI) = j(b), then

SI= SIR O A = bR n A = b

[B, p. 50],  thus  j is monic.   Moreover  j   is also monic, for suppose that SI   is a

divisorial ideal of A   such that  /(SI )  is principal.   Then there is an  a in A   such

that aSf = SI C A.    Now ;($l) = j(aU') = a/(ST)  is principal.   Thus  /(SI)  is principal.

Suppose  SIR = xR.   If  K denotes the quotient field of A  and z £ SI- ¡OÍ,  then

zR CxR implies zR^* ÇxR^* where A * = A - Í0Í.  Since R^*  is a polynomial ring over

K there is a well-defined degree,  deg (x) < deg (z) = 0 and x t R O K = A.   Since

R is faithfully flat over A,  SIR = xR  implies that SI= xA.   Thus  /   is monic.   Set

R .„ = K[\x  i] where \x  \ is some set of indeterminates over  K.   By [S, Theorem

6.3] we have a homomorphism

/,: D(R)-^D(K[\X0\])
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which induces a homomorphism

/,: C(R) -. C(ft[{X0|])

with

ker(/7) = (/7 + F(P))/F(R)

where  H  is the subgroup of D(R) generated by divisors of height one primes  p  of

R such that p nA / (0).   Since C(K[ÍXn}]) = 0,

C(R) = (H + F(R))/F(R)    and    D(R) = W + F(ft).

If p  is a height one prime of  R   such that  p n A = Î4 / (0),  then by (1.11) Î1 is a

height one prime of A  and /(a) = p.   Thus  j(D(A)) = H and /'   is surjective.   There

fore,   /   is an isomorphism from  C(A) to  C(P).

(3.2) Let A   be a Krull ring and P' = A[£j, • ■ • , f ]  arz a//zne domain over A.

Suppose R   is locally a polynomial ring over A  and A C R C P'.    Then there are

elements À,, • ■ • , X     in the quotient field of R  such that A C R C A\X  , • • • , A  1.
I e ' —       — le

Prool. We first reduce to the case where R' is algebraic over P.   Let L de-

note the quotient field of R and L*  the nonzero elements of  L.   Then  R [L ] is

an affine ring over  L and its dimension is the transcendence degree of R    over

R  [N, lr, p, 46].   Let P be a prime ideal of ft' such that  Pft'[L ] is a maximal

ideal of P'[L*].   Then  R'/P will be algebraic over  L  [N, lr, p. 46].   Thus if we

pass to the situation A C R C R'/P we may assume that the Ç. are algebraic over

R.   Let P,n. = K[T] where  K is the quotient field of A  and  T is a finite set of

elements in   R  which are algebraically independent over   K.   Since  R    is affine

over A[T] by [N, lr, (14.4)] there is an / £ A[T]  such that R'[l//] is integral

over A[T, 1//L   We have A[T, l//] C ft[l//] C R'[l//] and ft'[l//] is integral

over  A[T, 1//L   Therefore  R[l//1  is integral over A[T, l/f] and since the latter

is integrally closed A[T, l/f] = R[l//L   Thus  R Ç A[T, l/f] and we are done.

(3.3) Suppose that A is a Krull ring and R is locally a polynomial ring over

A. If there is an affine domain P' over A such that A C R C P then R is Krull.

Moreover,   R  is an affine ring over A.

Proof.  By the previous result we may assume that R    has the same quotient

field as  P.   Fix a prime   p and let  X    denote a set of elements in  R such that

X    is algebraically independent over A  and A   [X ] = R  .   As in the previous

argument there is an /    e A  [X ] such that R[l/fp] = A[Xp, l/fp]-   Thus, with the

possible exception of the finite set of essential valuations of /  ,  every essential

valuation of R  is an essential valuation of ATX  1.   If we set S = A - p, we have
P    P

(A[x ])    = A  [X ] = R    = R   .   Thus the essential valuations of  R  which are not
P      o P p J> P
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essential for A[X ] are lost when we localize R at the multiplicative system S.

Therefore there is an s eS such that every essential valuation of / is positive

on s  and hence A[X     l/s] = R[l/s].   Thus for every prime  p C A  there is an s

4 p such that R[l/s  ] is an affine ring over A.   Since the ideal generated by the

set of s     is contained in no prime ideal of A,  it must be that there is a finite setP r

of the  s    which generate the unit ideal.   Changing notation somewhat, let Is   ,••• ,

s   i denote this set with  p. the prime corresponding to  s.  and  X. a corresponding

set of indeterminates such that Aft [X.] = Rö ..   We claim R = A[X,, • • • , X ].   We
Vi    i y¡ 1 «

clearly have A[X   , • • • , X  ] C R.   Since each is an A-module, to check for equality

we need only check to see that they are locally equal as A-modules.   Let  P be

any prime of A.   Then for some  i, s. 4 P.   Thus  Rp = (R[l/S.])p = (A[X., lA-])p

C (A[X. , • ■ • , X ])4CR.   Thus  A[X,, • ■ • , X ] = R  and we are finished.   To see
— I n    p —     p i n

that  R   is Krull, let  P  be any prime of A.    Then we have seen that there is an  s

4P suchthat  R[l/s] = A[X„, l/s].   Since A[X J is Krull,  R[l/s] is Krull.   The
P P

element s  is in only finitely many height one primes of  D,   say   q  , ■ ■ ■ , q  .   For

any height one prime  q,  either  q is one of  q,, ■ ■ ■ , q    or  R[l/s] C R   .   Thus

R[lA]n nf=1 R'¡:^C\^=1Rq = R by (2.26). So R = R[l/s]nnU R«i-

Therefore,  R  is the intersection of a finite number of Krull rings and it is there-

fore Krull.(l)

(3.4) // R   is locally a polynomial ring over a domain A  and is contained in

an affine domain over A, then R  is a UFD if and only if A   is a UFD.

Proof.  This follows immediately from (3.1) and (3.4).

(3.5) Suppose A is a noetherian integrally closed domain and R is locally a

polynomial ring over A. If R is contained in an affine ring over A then R is an

affine ring over A.   In particular,   R  is noetherian.

Proof.  Since such an A   is Krull we need only observe that we can reduce to

the case where   R  is contained in an affine domain.   This follows immediately

from the following.

(3.6) Suppose that  R   is a domain which is contained in a noetherian ring A.

Then there is some height zero prime  P  of A  such that  P O R = (0).

Proof.  Since  A   is noetherian, there are only a finite number of height zero

primes in A, say  P ,,-■■, P  .   For each  i,  let if. = P. n R.   Since   IIP    con-
r '        1 n ti i

tains only nilpotents,    (]U. = (0).    Thus there is some  i such that  P. = 0.
r i t

It seems reasonable to expect that if R  is locally a polynomial ring over a

noetherian domain A,  and  R  is contained in an affine ring over A,  then  R  should

(') This result can be strengthened to the extent that one need only assume that R is

locally affine over A.
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be noetherian.   However, at this time we are unable to decide if this is the case.

We can, however make a number of observations:

Recall that a prime   P is said to be a weak-Bourbaki prime of an ideal A  if

there exists an x such that  P is minimal among the primes which contain (A : x).

(3.7) // R  is locally polynomial over a noetherian ring A   in a finite number

of indeterminates, then the following are equivalent.

(i) R   zs noetherian.

(ii)  Every finitely generated ideal of R  has only a finite number of weak-

Bourbaki prime divisors.

(iii)  There exist elements s   , • • • , s    EA  such that R[l/s .]   is noetherian for

each  i and the ideal (s   , ■ • • , s  )  has depth zero.

Proof.  If  R   is noetherian, then the weak-Bourbaki prime divisors are precisely

the usual associated primes.   Thus every ideal has only finitely many weak-Bourbaki

primes and (i) implies (ii).   Since P  is locally polynomial over a noetherian ring

in a finite number of indeterminates it is locally noetherian.   Thus (ii) implies (i)

by [HO, (1.4)].   Clearly (iii) follows from (i) by taking the generators of any maxi-

mal ideal of A.   Suppose then that (iii) is satisfied.   Since A  is noetherian, (s  ,

• • • , s ) has a finite number of associated primes.   Since this ideal has depth zero,

they must all be maximal, call them  m  , • • • , m .   Then these are the only primes of

A  which contain (s,, • • • , s  ).   Let / be an ideal of P.   In each of the localiza-
1 n

tions at m  , • • • , m   and s   ,■ ■ ■ , s    the extension of / can be generated by a fi-

nite number of elements from /.   Let /   be the ideal of R  generated by these ele-

ments.   Then   /    is a finitely generated ideal which is contained in  /.   If p is any

prime of R,  then either p is equal to one of the  m.'s or there is an s. which is

not contained in  p.   In either case,  I ® A    = I   ® A     by the choice of generators

for /'.   Thus  / = /'.

(3.8) Suppose that R  is both locally polynomial over a noetherian domain D

and contained in an affine ring over D.  Let R,ñ) = K[X ] where Xn   is a set of in-

determinates over D  and K  is the quotient field of D.    Then there is an s £ D

such that R[l/s] = D[l/s, XQL

Proof.  By (3-6) we can assume that R  is contained in an affine domain over

D.   Suppose that D[¿;  , • • • , ¿; ] is a domain which contains  P.   Then D[f , - ■ ■ , £ ]

is an affine domain over D[X ] and by [N, lr, (14.4)] there is an f £ D[X ]  such

that D[£j, • • • , fn, l/f] is a finite module over D[XQ, l/f].   Since D[XQ,  l/f] is

noetherian,  R[l//] is also a finite module over D[X  , l/f].   Thus there is some

b e£>[X0, l/f] such that bR C D[XQ, l/f].   Now  b = g/fl for some integer t and

some g £ D[XQ], thus f'b £ D[X ].   Let s be the product of the coefficients of

f'b and the coefficients of /.   Then
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f'bR[l/s] C D[X0, l/s, 1//] n K[X01.

Let h e K[XQ] be contained in  £>[X0, l/s, l//]. h = b'/f™ fot some integer to and

some ¿' eD[X0, l/s].   Thus /m¿ = h'.   Taking content over D[l/s], Af = D[l/s]

and A,,CD[l/s].   Since A. = D[l/s],
b   — I

A,mL = A.A. = D[l/s]A, = A,.
/    b }    b b b

Thus Ah = Ah,  CD[l/s] and h e D[l/s, XQ].   Therefore,

ftbR[l/s]C D[l/s, X0]

and since the content of flb is also the unit ideal we have  R[l/s] C D[l/s, X  ].

The reverse inclusion is clear.

(3-9)  If D  is a one-dimensional noetherian domain and R   is both locally poly-

nomial over D and contained in an affine ring over D,  then R  is an affine ring

over D.

Proof. Using the notation of (3.8), we have R[l/s] = D[l/s, X ] for some s e

D. Let p.,■ ■ • , p be the primes of D which contain s. For each i, let X. rep-

resent the finite set of indeterminates over D which are contained in  R  such that

R„. = D„ [X.].   Let R' = D[Xn, X ,,•■■, X ].   If ft is any prime of D not contain-
y i v i     i Ul n

ing s, then R    = R  .   If p contains s,  then R   = R    by the choice of generators.

Since  R  and  R    are locally equal, we have  R = R .

An integral domain D    is said to be an almost finite integral extension of a

domain D if D    is integral over D and the quotient field of D    is finite over the

quotient field of D.   A domain D is said to have the finiteness condition for inte-

gral extensions if every almost finite integral extension of D  is a finite extension.

If D is a noetherian domain which satisfies the finiteness condition for integral

extensions then so does a polynomial ring over D in a finite number of indetermin-

ates.   This result can be partially generalized to locally polynomial rings.

(3-10) Suppose that D is noetherian domain with finiteness condition for inte-

gral extensions. If R is locally polynomial and affine over D, then R also satis-

fies the finiteness condition for integral extensions.

Proof. Suppose that R = D[r., ■ ■ ■ , r ].   Let F be the quotient field of R and

let L  be a finite algebraic extension of F.   Since R  is noetherian, we need only

show that R  , the integral closure of R  in  L,  is a finite extension of R.   We can

choose elements x,, • • • , x     e R    such that L = F(x ,,■■■, x    ).  Let R' =
l m Im

R[x  , • ■ ■ , x   ] = D[r ,■■ ■ , r , x,, ■ ■ ■ , x   ].   If P is a prime of R' and 5 = D =
l TO 1 ft        1 TO *

(P O D), we have

DS Ç RS = D5^V ■ ■ ' 'k] ^R's = D5^V ■ * • V *f • • - *J £ Rj,
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where  t  , • • • , z,   is an algebraically independent set over Dç.   Since  D has the

finiteness condition,  Ds and hence D^tr.,- ■-,',] have the finiteness condition

[N, lr, (35.1) and (35.2.].   Thus  R„  is a finite extension of Ds[t  , ••■,/,] and is

therefore a finite module over R„.   Then R * is a finite module over R„.   This

must be true for any prime  P  of  R ,   so  ft     must be a finite module over  R   [N, lr,

(35.3)L   Thus   R  has the finiteness condition for integral extensions.

A ring A   is said to be pseudogeometric if A   is noetherian and for every prime

p of A, A/p has the finiteness condition for integral extensions.

(3.11) Suppose that  R   is locally polynomial over a pseudogeometric domain A

and contained in an affine ring over A.   Then R   is an affine ring over A.

Proof.  Suppose R C A[£., ■ • ■ , £ ] = A .   By (3.6) we can assume that A'  is a

domain.   By (1.12) the derived normal ring R of R  is locally polynomial over the

derived normal ring A  of A.   By [N, lr, (36.6)], the derived normal ring A'   of A'

is a finite module over A    and is therefore affine over A.   Now [N, lr, (36.5)]

shows that A   is pseudogeometric and hence Krull, consequently by (3.1) ft is Krull

and it is affine over A   by (3.3).   Thus there are elements  r  , • • • , r     and  s   , • • • ,

s     in  ft   such that
m

R = A[r,/s,,- ■■ ,r   /s   ].
1      1 mm

Let t  , ■ ■ ■ , t,   be the coefficients of the equations of integral dependence of the

r./s 's over R.   Let
z      z

R' = A[rl,.-.,rm,s1,...,Sm, tv--.,tk].

Then  R   CR  and  R    = R.   Since  R   is affine over A,   it is pseudogeometric by

[N, lr, (36.5)]-  R   is therefore a finite module over R    and since  R    is noetherian,

the submodule  R   is also finite over  R .   Thus  R  is affine over A.

We close this article with a closer look at the type of example with which we

opened:  rings which are locally polynomial rings in one variable over a principal

ideal domain.

(3.12) // R   is locally a polynomial ring in one variable over the principal ideal

domain A,   then R  is an affine ring over A   if and only if R  is a polynomial ring

over A.

Proof.  Let K denote the quotient field of A  and R... = K[X].   Suppose  R =

A[X   , ■ ■ ■ , X  ].   There is no loss in assuming that the  X    are local generators for

the primes pj,- • • , pn (i.e.  Ap¡[X.] = Rp).

Moreover, we may assume  R    = A   [X]  for all primes  q 4 \p  , • • ■ , p   !.   Con-

sider the semilocal ring A^p    ... p   )[X., ■ • ■ > X^L    This is locally a polynomial

ring.   Hence by (1.22) A.p p  ,|X,, • • • , X ] = Aftt .[6]   for some d.   Thus
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R = A\X, 6].   We write 6 = (a + bX)/s where a, b, s £ A  and no divisor of s divides

both a  and  b.

We first observe that (s, b) = 1.   For suppose   n is some prime element which

divides both  b and s.   Then a + bX £ nR and if tt \ b then n \ a in R.   Thus n

divides a in A,  in contradiction to the assumption that no prime divisor of s di-

vides both a and  b.   We now search for an element T such that R C A[T].   Since

(b, s) = 1,  by the Chinese remainder theorem we can find an element C    in A such

that C   = (a + bC.)/s is in A.   Set S = C    and  b = C ,   a = - C./s,  ß = l/s.

Then A[X, (a + bX)/s] Ç A[a + ßX] since X = C, + C2(a + ßX), (a + bX)/s = C? +

C (a + /3X).   Thus A C R C A[T] and in view of (1.19) there is a fractionary ideal

SI of A  and a transcendental t over A  such that R = A[SI'].   Since A  is a PID, SI

is principal, say  SI = AA.   Thus R = A[\t] and R is a polynomial ring over A.

(3.13) Suppose  R  is locally a polynomial ring over the Krull ring A.   Let  K

denote the quotient field of A  and X a set of elements in R which are algebraically

independent over K and such that Rm = K[x].   Then R  is an affine ring over A

if and only if there is an f £ A[X] such that A[X, l//] = R[l//].   Thus  R  is an

affine ring over A   if and only if almost every essential valuation for A[X]  is es-

sential for R and almost every essential valuation of R  is essential for A[X].

The proof of this is essentially the same as the proof of (3.5).

If we put (3.12) and (3.13) together we can conclude the following:

(3.14) // R   is locally polynomial in one variable over the principal ideal do-

main A  then these are equivalent:

(i)  R   is a polynomial ring over A.

(ii) R  is an affine ring over A.

(iii)  R is contained in an affine ring over A.

(iv) // K denotes the quotient field of A and X is an element of R such that

R. = K[X], then with at most a finite number of exceptions, every essential valu-

ation for R is essential for A[X] and every essential valuation for A[X] is essen-

tial for R.

The hypothesis of PID cannot be relaxed to Dedekind.   For let X be an indeter-

minate over a Dedekind domain D.   If ?I is a nonprincipal ¡deal of D then R =

D[SIX] is an affine ring over D which is locally a polynomial ring.   However R  is

not a polynomial ring over D (see [AEH, Example (3.2)]).

With regard to (3-12) a natural question is: If R  is locally a polynomial ring

in one variable over the PID A and R is noetherian, is R affine over A?   The

answer is negative for we are able to construct a counterexample with the integers

as the ground ring.

(3.15) Example. A ring R which is locally a polynomial ring in one variable

over the integers Z and such that
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(1) R is noetherian.

(2) R  is a UFD.

(3) R  is not an affine ring over  Z.

Construction.  First, if  V is a valuation ring with quotient field  K and  X  is

an indeterminate over V then by  V(X) we denote the trivial, or canonical extension

of V to  K(X).   This is the valuation which assigns to / e K[X] the minimum of the

V-valuations of its nonzero coefficients [ZS,   II, p. 85].   With this notation one

always has  V[X] = V(X) C\K[X].   Now let X be an indeterminate over Z and let

[(p., to.)!"0      be a collection of ordered pairs of positive integers such that p. is

prime and no nonzero element of Z[X] is in more than finitely many of the maximal

ideals M. = (x - to ., p.) £ Z[X].   To construct such a family one could let |/,.!00_,i i   c i J i i   i -1

be a denumeration of the nonzero elements of Z[X] and p . = IP.-, /..   Choose the

pair (p., to.) as follows:

(!) g. ¿ o (p.),
(ii) deg g. < P.,

(iii)  to.  is not a root of g. modulo  P..; bi i

Then the collection  Kto., P )\°°=.   has the desired property.

Let A = U°°=1 IP,-., now let 6. = (X - m.)/P. and set R = Z[{6». 1°°=1].   Then

Z[X] C R  and if  p is any prime in  Z  then

(Z  [X]       if p 4 1±
R   =;   p

*    )zp.[fl.]    if p= P. eA-

Thus   R  is locally a polynomial ring over Z.   Now we claim that  R  is noetherian.

Since  R  is an overring of Z[X]  it suffices to prove that  R   is Krull in view of a

theorem of Heinzer [H].

By (1.10) we can write

R ( n zp.[0.iwn ZpM\
\P,-6Û ' / \P*& )

( fi  zp.(0.)n Q[0y]\ n /fl [z/x) n Q[x]])

r ó zp.(ö.)n[n y*^ e^il
[_P.eA      7 Lp^A J J

R^ R2 nß[X].

Since the finite intersection of Krull rings is Krull it suffices to see that

each of these three rings is Krull.   Obviously Q[X] is Krull.

The ring  R    is Krull since it is an intersection of essential valuations of the

Krull ring  Z[X].   To see that  R     is Krull it suffices to see that no nonzero ele-

ment of  R.   has positive value in more than finitely many of the valuations Zp(d).

The center of the valuation ring Zp (6 ) on  Z[X]  is the ideal  (x - m    P.) and no
rj       J ] J
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nonzero element of Z[X]  is in more than finitely many of these maximal ideals.   Thus

ft.   and hence  R   is Krull.   This ring cannot be an affine ring over Z  by (3-14)

since more than a finite number of its essential valuations (the  Zp (0.)) are not

essential for Z[X].   The ring  R  is a UFD by (3.1)
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