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ABSTRACT. We show that several well-known results about continuous
linear operators on Banach spaces can be generalized to the wider class of
convex processes, as defined by Rockafellar. In particular, the open mapping
theorem and the standard bound for the norm of the inverse of a perturbed lin-
ear operator can be extended to convex processes. In the last part of the
paper, these theorems are exploited to prove results about the stability of sol-
ution sets of certain operator inequalities and equations in Banach spaces.
These results yield quantitative bounds for the displacement of the solution
sets under perturbations in the operators and/or in the right-hand sides. They
generalize the standard results on stability of unique solutions of linear oper-
ator equations.

1. Introduction. The idea of a convex process was introduced by Rockafellar
([9), [10]) in connection with general studies in convexity. If X and Y are real
linear spaces, a convex process from X into Y is a mapping of points in X into
subsets of Y, whose graph is a convex cone in X x Y containing the origin. If
the graph is also closed, then we refer to a closed convex process. Here we are

using the definition of graph as given in [10]: for a mapping T,
graph T: = {(x, y)| y € Tx}.

An equivalent way of stating the above definition is to say that a mapping T is
a convex process if it satisfies the following three requirements:

(@) T(x+2) D Tx+ Tz for all x, z € X.

(b) T(Ax) = ATx for every A > 0 and every x € X.

(c; 0€To.

It is clear that any linear transformation (considered as a point-to-set mapping)
is a convex process, but not vice versa. Just as with linear transformations, we
can define the concepts of domain, range and inverse: for a convex process T,
dom T is the set of points x for which Tx # &, range T is U{Tx| x € dom T},
and T~! is a mapping from range T onto dom T with T~ 1y : = {x| y € Tx}.
Note that dom T and range T are both convex cones containing 0, since they
are the projections of graph T into X and Y respectively. Finally, if X and Y
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are normed, we can define the norm of T by
ITI 2= suptinflliyll | y € T#}| Jl#] <1, x € dom T},

The above definitions are taken from [9] and [10], except that the definition
of | T|| is changed slightly from that given in [9]; the change affects only the
class of convex processes with domain {0}.

Note that there are some changes from the theory of linear operators: for one
thing, every convex process has an inverse, and it is easy to see that the inverse
is itself a convex process. On the other hand, any linear operator between finite-
dimensional normed linear spaces has a finite norm, but this is no longer true for
convex processes; an example of a closed convex process from R? into R with
infinite norm is given in §2.

We shall call a convex process normed if its norm is finite. In view of the
example just cited, the question naturally arises: When is a convex process
normed? Also, if a convex process is normed, when can we be sure that its in-
verse is also normed? Finally, if T and T-1 are normed, and if we perturb T
slightly by adding to it another convex process of small norm, can anything be
said about the norm of the inverse of the perturbed process; specifically, can that
norm be bounded? These are questions that often arise in applications, and in
the case of linear operators on Banach spaces they can be answered in a very
satisfactory manner.

In this paper we show how these and other questions can be answered for
convex processes; in fact, several of the well-known results from the theory of
linear operators can be extended to convex processes in very nearly the same
form.

We conclude this section by explaining some notational conventions that we
shall use in what follows. All linear spaces from this point on will be assumed
to be over the real field. If two convex processes, say S and T, are defined
from a linear space X into another linear space Y, then their sum, S+ T, is the
mapping defined by (S + T)(x) : = Sx + Tx. If A is a real number, then the map-
ping AT is defined by (AT)(x) : = A(Tx). Both of these mappings are convex
processes, and if § and T are normed, we have ||S+ T|| <||S| + ||T|| and ||AT||
= |Al|T|. One can also define the composition of two convex processes in the
obvious way, and show that |UT|| <||U|| || T||. The proofs of these results are
omitted; they follow from the important fact that if T is any convex process and,
if x €dom T, then for any ¢ > 0 there is (by the definition of ||T||) some y € Tx

with [|y]] <||T|| ||x|| + e. Here and in what follows we are using the convention
(+oo)- 0=0= O-(+"’°)-
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2. Characterization of normed convex processes. In this section we first
give an example, mentioned in the introduction, of a closed convex process with
infinite norm; we then show that the class of convex processes having finite norms
can be characterized in terms of two other equivalent topological properties.

The example is as follows: let T be the convex process from R, (the non-

negative real numbers) into R? given by
{(y, 2| y2 <zx and 0< 2z} for x>0,

& for x < 0.

X =

For each x > 0, the image Tx is the area in the yz-plane on or above the parab-
ola y% = zx; TO is the nonnegative z-axis. It is readily verified that this is a

closed convex process with norm 0. However, the inverse process is given by
{x]x > yz/z} for z> 0 and any y,
T Uy, 2) = R, for z=0, y=0,

& otherwise,

and since for the pair (1, 1/n) we have T~(1, 1/n) = {x| x > n}, it is clear that
the norm of 7! must be + co.

Before stating the characterization theorem, we mention some topological
preliminaries. If X and Y are topological vector spaces with X, C X, and if
T is a mapping from X into Y, we say that T is lower semicontinuous at
xy € X as a mapping from X, to Y, if for each open set Q C Y with 0 N Tx,
# &, there is an open neighborhood U of xy in X, such that, for every x € U,
QNTx# B (see, e.g., [2]). We say that T is open at 0 if the image under T
of any open neighborhood of 0 in X contains an open neighborhood of 0 in
range T. When we speak of a neighborhood in a set we are, as usual, referring

to the relative topology on that set.

Theorem 1. Let X and Y be normed linear spaces, and let T be a convex
process from X into Y. Then the following three properties are equivalent:

(@) T bas a finite norm.

(b) T is lower semicontinuous at 0 as a mapping from dom T into Y.

(c) T~ is open at 0.

Proof. (a) = (c). Denote the open ball of radius ¢ > 0 about x € X by
B(x, ¢), and let C(y, ¢) be a similar ball about y €Y. Let Dx,¢) : = B(x, ¢) N
dom T and R(y, €) : = C(y, ¢) N range T. Let V(0) be any open neighborhood of
0 in Y; then T™UV(0)] = T~ V(0) N range T]. Pick some 5> 0 such that
(0, ) C V(0); then R(0, n) C V(0) N rangeT. Let ¢ > 0 be so small that [ Tl
<n/2. Pick any x € D(0, ¢); then there is some y € Tx with ||y|| <||Tl|e + n/2< 4,
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so y € R(0, 7). Since x was arbitrary, it follows that D(0, ¢) C T-1[R(0, Pl C
T-1[v(0)], so T~! is open at 0.

(c) = (b). Suppose T~ ! is open at 0; let Q C Y be open with Q N T0 £ &.
We have to find an € > 0 such that, for each x € D(0, ¢), we have Q N Tx £ &.
Let g € Q NTO and suppose Clg, 8) CQ with &> 0. By the assumption, there
is an ¢> 0 such that T=![R(0, )] D D(0, €). But then for any x € D(0, ¢€) there
isay € Tx NR(0, 8); then Tx =T(0+x) DTO+ Tx 3g+y, and g+ y €
C(g,8) CQ. Hence g+y €Q NTx # &, and so T is lower semicontinuous at 0
as a mapping from dom T into Y.

(b) = (a). Suppose T does not have a finite norm. Then we can find some
sequence {x_} Cdom T with % Il <1 and |ly|| > 7 forall y € Tx, and for n =
1, 2, ---. None of the x, can be zero (since 0 € T0), so we can define a new
sequence {z }Cdom T by setting z : = x/(n|x_|)for each n. It is clear that
"Zn” =1/n and |y >1 forall y € Tz, andall n. Since 0 € TO, we have
C(0, 1) NTO £ &; however, C(0, 1) NTz =@ for each n. Since {zn} converges
to zero, it follows that T is not lower semicontinuous at 0 as a mapping from
dom T into Y. This completes the proof.

3. Sufficient conditions for a finite norm. In $2 we found necessary and
sufficient conditions for a convex process to have a finite norm. However, these
conditions were stated in terms of topological properties of T which will fre-
quently be just as hard to verify as will be the existence of a norm. In this
section we develop some sufficient conditions of a simpler kind, which involve
various properties of dom T.

Theorem 2 (generalized open mapping pri_nciple). Let X and Y be Banach
spaces, and let T be a closed convex process from X onto Y. Then the image

under T of any open set in X is an open set in Y.

Proof. Let the neighborhoods B, C, and D be defined as in the proof of
Theorem 1. We shall first show that T is open at 0; the conclusion of the
theorem then follows easily.

We have, since T is onto Y,

Y = T(dom T) = T[ D D(o, n)] = G TLD(0, n)],
n=1 n=1

so by the Baire category theorem [5] there is some N such that ?[-D(O, N)]
contains an open ball in Y, say C(p, 7). By assumption there is some x €
dom T with —p € Tx. Forany y € C(0, n) and any ¢ > 0, we can find some
x' €D(0, N) and z € Tx' such that ||(p + y) - z| < ¢ then z -peTx'+ Tx C
T(x'+x) CTID(O, N + ||x|)] and ||y - (z = p)|| = [[(p + y) - z| <e. Thus
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c(0, n)  TID(O, N + ||x|))], and if we define & : = n/(N + ||x|]) it follows from the
homogeneity of T that C(O, 8) c T[D(0, 1)], and in fact that c(0, 27%8) C

T[D(0, 2=%)] for k=0, 1, ---. Choose an arbitrary y € C(0, 5/2); then by the
last observation we can find some x, € D(0, %) and ¥, € Tx, such that

||y ¥, <8/4. Suppose that for some k> 1 we have Xppeeeyx, and y, e,
Y with x € D(0, 277) and y; € Tx, for each j, and with ly - 2’“1 ¥l <2'(k+1)8
Then we can findan x, | € D(O 2-(k+1)y and Ypo1 € Txy,, with

+
<7"Zl)’j) = Yr+1 Z
1= j=1

Hence, by induction we can construct sequences {x’} and fy } having the stated

< - (k42)g,

properties for each j. Let w, : = Ek p%;and z ¢ = 2 L Y, for k=1,2,

It is easily seen that {wk! is a Cauchy sequence and therefore must converge to
some X (since X is complete). Also, by construction, {zk} converges to y. We
have, for each &,

k k k
= T(%x}.) Dngx]. 3 };yj=zk,

so the pair (wk, z,) belongs to the _graph of T. Since T was assumed to be a
closed mapping, it follows that (x, y) also belongs to graph T, or in other words
that y € Tx. Thus x € dom T, and since for each j, ||x | <277, we must have

2

%] < 2,27 = 1. Hence ¥ € D(0, 1), and since y was an arbitrary element of
c(o, 3/2) we have shown that T[D(0, 1)] > C(0, 5/2); therefore T is open at 0.
Now let Q be any open set in X. Let y be any point of T(Q), and let

x € Q be such that y € Tx. Choose ¢> 0 so that Blx, ¢) C Q. Then

T(Q) O TLB(x, ] = Tlx + B(0, )] D Tx + TL[B(0, €)]
= Tx + TLD(0, ] D y + C(0, 8¢/2) = Cly, 8¢/2),

so T(Q) must be open. This completes the proof.

Corollary (generalized closed graph theorem). Lex X and Y be Banach
spaces, and let T be a closed convex process from X into Y. If dom T = X,
then T has a finite norm.

Proof. The convex process T~ ! takes Y onto X, and is closed since its
graph is a reorientation of that of 7. Applying Theorem 2 to T~ !, we conclude
that T~! is open at 0; it follows from Theorem 1 that T must then have a finite
norm.

It is not true that if dom T = X and T has a finite norm, then graph T is
closed. For example, the convex process from R into R2 given by Tx : =
(b, 2) y >0, 2> 0} U{(0, 0)} for each x has domain R and norm equal to zero,
but its graph is not closed.
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The following theorem is often useful in dealing with systems of linear equa-

tions and inequalities in finite-dimensional spaces.

Theorem 3. Let X and Y be normed linear spaces, and let T be a convex
process from X into Y. If dom T is the sum of a finite number of half-lines,

then T has a finite norm.

Proof. Let dom T be the sum of » half-lines. If » =0, then dom T = {0}
and it is easily seen that |T| = 0. Suppose then that 7 > 0, that there exist
vectors x,, -++, x_ with ||x1|| =1 for each j, and that any x €dom T is represent
able in the form x = 2;‘=1 )\jx]. with each )\j nonnegative. Then dom T lies in
the subspace V generated by x,, ---, x , and this subspace has dimension no
higher than n. The restriction of the norm || || of X to V is a norm on V. De-
fine a function f(x) on dom T by f(x) : = inf{|ly||| y € Tx}. It is clear that f(x)
has a finite value at each point of dom T; in fact, as we shall see in the following
argument, it is even convex there. Let x, and x, be any two points of dom T;
let €> 0 be arbitrary, and pick y, € Tx, and ¥, € Tx, with |y [| </lx)) +e
and y, <f(x,) + e. Forany X €[0, 1] we have Ay, + (1 Ny, € ATx, +(1 NTx,
CTx, + (1= Mx,], so fle, + (1 - Nx, 1< Ay, + (1= Ny, | < My, || +
(1- A)||y2|| < /\[/(x )+ e+ (1= Nfx) + e] = Mx ) + (1 - Mf(x,) + €. Since €
was arbitrary, it follows that f(x) is convex on dom T.

Let ||_||p be any polyhedral norm on V (that is, any norm whose closed
unit ball B, is a polyhedron). Since dom T , being the sum of a finite number
of half-lines, is a polyhedral convex cone [3], the intersection Bp Ndom T will
be a polyhedron (nonempty, since 0 € B, N dom T). Thetefore f(x), being con -
vex, must attain its maximum at one of the extreme points of B Ndom T, so

the quantity
suplinfllyll | y € Tx} | fIx]l, < 1, x € dom T}
=supif(x) | x € Ep N dom T}

is finite. However, since V is of finite dimension the norms I 1 and | H are
equivalent on V [2], and thus

I7) := suplinftlyll | y € Tx}| Ix| < 1, x € dom T}

is also finite. This completes the proof.

The next theorem is a partial converse to Theorem 3. In the theorem, we
shall speak of an extreme half-line in a cone; this term is to be understood to
mean a half-line (from 0) in the cone which is not the sum of any two distinct

half-lines in the cone.
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Theorem 4. Let X be a normed linear space and let K be a convex cone con-
taining the origin in X. If K contains an infinite number of extreme half-lines,

then there is a convex process baving domain K whose norm is + oo.

Proof. Let {Ln} be a sequence of extreme half-lines in K. Define a function
g(x) on K as follows: if for some 7, x € L , then g(x) : = n|x|; otherwise
glx) : = 0. Let ?, and p, be any two distinct points in K. If by, 0, and 0 are

e

not collinear, then the ‘‘open’’ line segment (pl, pz) cannot contain any point
lying on an extreme half-line, so g(x) is zero on the entire segment and hence
convex on the closed segment [pl, pzl. If p,, p, and 0 are collinear, then by
enumeration of cases g(x) is easily seen to be convex on (p,, p,]. Thus g(x)
is a convex function on the cone K.

Now for x € K define Tx : = {\ € R| A > g(x)}, or in the notation of [9],
Tx : = g(X)‘: Since g is positively homogeneous and convex, with g(0) = 0, the
epigraph [10] of g is a convex cone containing the origin; but this is also the
graph of T, so T is a convex process with dom T = K. Consider the points
x, definedby x €L and |x_|| =1. Foreach n we have inf{]y||y € Tx }=
n, so it follows that ||T|| = + o, as was to have been shown.

4. Perturbation of a convex process. In this section we shall obtain bounds
for the norm of the inverse of a perturbed convex process in terms of the norm of
the inverse of the unperturbed process and the norm of the perturbing process, the latter
being assumed to be small. These bounds will be applied in the following section to
develop a stability theory for certain operator inequalities and equations. The results
we shall obtain here generalize the well-known norm bounds for perturbations of a non-
singular linear operator mapping a Banach space into itself.

If T is a convex process and K is a convex cone containing the origin,
then we shall denote by TK the restriction of T to K; that is, the convex pro-
cess defined by

Tx, x € K,

a, x & K.

Kx:—

Theorem 5. Let X be a Banach space and Y be a normed linear space.
Let T and A be convex processes from X into Y; denote dom T by K and
range T by R. Assume that T, T~ and A are normed, and that IT=1) 1A
<1. Suppose further that K Cdom A, A(K)CR, K is closed, and (T - A)(x)
is closed for each x € K.

Then the convex process T — A bas the following properties:

(a) range T Crange (T - A).

(b) (T - A)El is a normed convex process, and |(T - A)El [ <
7=/ - =1y Ap.
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Proof. Let 7:=|T~!|| and &:=||A|. Let ;Grange T and €>0 be
chosen arbitrarily, and let 0 be any positive real number with 76§ < § < 1. We
shall construct a Cauchy sequence {xk} converging to a vector x € K with the
property that y € (T — A)x, showing that range T C range (T — A), and with |x||
<l - 0)’1";" + 1 -0, It will follow, upon letting ¢ | 0 and 6175, that
(T - A)El | <7/(1 - 78). The number 0 is introduced in order to deal with the
exceptional case in which 7§ = 0.

To construct the sequence {x k} we proceed inductively, beginning with the
choice x, = 0. Next, using the fact that y € range T and the definition of 7, we
choose x, € K such that y € Tx, and |x || < 7lly|l + ¢/2. Then the following
three statements hold:

(") x, -x,€K.

@) e, - xoll < 7605 + 1 - 2160,

(3') (Tx, -y) N Ax, # @ (it contains 0).

Now let &£ > 1, and suppose that x, , and x, are given with x, , and x, in
K and the following conditions satisfied:

1) x, —x,  €K. _

2 "xk - xk_lll < Tek-llly" +e1 - z-k)ek—-l'

3) (Tx, =) N Ax,_, # 2.

Let 7, and 7, be positive real numbers with the property that m, + 1, =
6k ¢/2%*1. Since Xp =X, _
a member of this set with |z|| < Bka =%, 1l +n,. Next select w € K such

| €K, the set A(xk —xk_l) is nonempty; let z be

that z € Tw and |w|| <7flz|| + 7,. Let x,,, : =x, +w. Clearly x, | -x, €K,

k+1
and we have, using the second induction hypothesis and the definition of 7,

and 7,,
I pr = %l S 7llzll + my < Bllxy = % oIl + g+ 1y
<Ol|x, - x,_ || + Oke/2%H

< rok 5l + el = 2-k)gk 2~ (k+l)gk _ - gk I3l + (1 = 2-(k+1))gk

Finally, let p be any member of the set (Tx,e - ;) | Axk-l’ which was assumed
to be nonempty. Then p + z € Axk_1 + A(xk - xk-l) C Axk, and, since w =
Xp— X D2 E (Txk -y)+ T(xk*’1 - xk) CTx,,, -, so that the set

(Txk+1 -y N Axk is nonempty. Thus, by induction, the properties (1), (2), and
(3) must hold for k=0, 1, 2, .... We therefore have, for m > 1,

m=-1

m=-1
— - j+1 k+j
"xk+m - xk“ < ZO "xk+j+1 - xk+i" < ZO [T")’“ +e(l-2 (k+i+ ))]0 H
]:

1)
m—1
<Gl +d S 64 = 03] + 01 - 6™)/(1 - O),
j=0
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k
and the latter quantity converges to zero as k — , regardless of m. Thus {x*}
is a Cauchy sequence. For each k, x, = x + Ek l(x -x ) a finite sum of
terms in K; hence {x JC K. Since X is a Banach space and K was assumed to
be closed, the sequence {x } converges to some x € K.
Now choose an arbitrary 8> 0, and let k& be so large that we have

max [(| 7] + JADIF - =, [ 1A 2, - %, _ ;1] < 8/4.

Since x - x, is the limit of the sequence {xk+j - xk} as j — oo, and since for
each j, Xy~ %k = 7_1 (xk.+ 41 xkﬂ.) € K, the point x — x, lies in K. There-

fore

(T-A)R) -y 2(T-MFE-x)+(T-Ax) -5
(T - ANz - xk) + {[Tx,e -yl- A"k-l" A(xk - xk-l)

O(T - ANz - xk) - A(xk - Xy _ 1),

the last inclusion following since 0 € (Tx,e -y - Ax, , by property (3) of the
induction. As noted in $1, we have ||T = A| <||T| + ||A|l, so we can select
z, €(T-A)x-x ) With lz, I <UITH+ [AD)x - x|l +8/4<8/2, and z, €
- A(:'c,c )w1th Iz, Il <Al llx, = x,_ || + 8/4 < 8/2. Therefore z, + z2 €
(T - A)(x) y with |lz; +2,] <8, but since & was arbitrary and (T - A)x was
assumed to be closed, we must have y € (T — A)x. Since y was an arbitrary
element of range T, we have range T Crange (T - A).

Taking & = 0 and letting m — o in (1), we obtain ||x|| ||x - x|l <
(T||y|| +€)/(1 - 6). Since € was arbitrary, we have mf{||x||[ y €(T - Ax}<
[/(1 - 0)]||y|| and since y was any element of range T, we see that (T - A)"IH
<7/(1-0). Letting 0115, we obtain (T - A)‘l I <7/(1 - 78), as was to have
been shown.

It is not dxfflcult to see that the conclusion of this theorem fails if the pro-
cess (T - A)~! is not restricted to range T. For example, if X = Y = R? with

the /_ norm, and if we set

S IR A

for every x € R?, then ||T| = |T'| =1, |A] =%, bue |(T - A1 = 10. How-
ever, ||(T - A)‘l | =2, as stated in the theorem.

For the case in which T and A are continuous linear operators from a
Banach space into itself with T and T - A invertible, we can obtain also a
lower bound for |(T - A)~!|, namely
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) I = 2 AT~/ + i A

However, this inequality is generally false for convex processes. For example,
let X =Y =R, and let T be the identity mapping on R. Let A be defined by
Ax : =R for each x € R. Then |T|| = T~ 1| =1, but ||(T - A)~!|| = 0, so the
inequality (2) does not hold. In order to be able to prove that (2) is valid, we
require additional conditions. We have followed Rockafellar [10] in denoting by
0'S the recession cone of a convex set §; that is, the cone made up of all points
x with the property that x + § CS. Intuitively, this is the ‘‘set of directions in
which § is unbounded.”’

To establish (2), we first note that if [[(T = A)™!)|| =+ o there is nothing
to prove, and that if ||(T = A)"!|||A|| > 1 the inequality follows from

3) 1T = D=1 2 =@ = AT - &)= 1),

which is equivalent to (2). We need therefore be concerned only with the case in
which [[(T — A)=1j |A| < 1. If we now assume that for each x € dom T N dom A,
we have

(4) A-Axco* Tx,

it follows that, for each such x, (T = A)x — (-~ A)x C Tx; but since 0 € (A - A)x,
the reverse inclusion is trivial. Therefore, we have (T — A) - (- A) = T, and
now by making the assumptions necessary to apply Theorem Sto T — A and

- A, and by assuming that T - A is onto, we can establish (3), from which 2)
follows.

We remark that (4) is always satisfied when A is a single-valued function.

5. Action of a convex process on sets. In this section we examine the fol-
lowing question: if two sets P and Q are ‘‘close’’ to each other (in a sense to
be made precise), and if these sets are mapped by a convex process T into sets
TP and TQ, then how ‘‘close’’ to each other are TP and TQ?

We first consider a measure of the distance between two sets. If Z is a

normed linear space, we define for any z € Z and any nonempty subset A C Z,
d(z, A) := inf{||z - a| | a € A}.
For any nonempty set B C Z, define
d(B, A):= sup{d(b, A) | b € B}.
If we now let
p(A, B) := max {d(A, B), d(B, A)},

then p is a generalized pseudometric on the family of nonempty subsets of Z;
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that is, a pseudometric [6] which may assume the value + . If A and B are re-

quired to be closed, then p is the Hausdorff metric [2].

Theorem 6. Let X and Y be normed linear spaces. Let P and Q be non-
empty subsets of X, and let T be a normed convex process from X into Y, with
TP and TQ nonempty.

(@) If Q- P Cdom T, then d(TP, TQ) < | T|d(P, Q).

(b) If (Q-P)U(P-Q)Cdom T, then p(TP, TQ) < ||T|p(P, Q).

Proof. We shall prove (a); (b) then follows by symmetry. Choose ¢ > 0, and
let y be any point in TP. Let p € P be such that y € Tp, and find some ¢ € Q
with ||T|| |lp - 4|l < ||T||d(P, Q) + ¢/2. Since Q — P Cdom T, there is some y' €
T(g - p) with ||y || <||IT|||lg - #|| + ¢/2. Then

Tg-ydT(g-p)+Tp-y 5y +y-y=y
and

Iyl <ITllg - oll + /2 < | T|| (P, Q) + .
Therefore,
dly, TQ) := infll|z - y| | z € TO}

=infiflw| | w e TO - y} < | T| d(P, Q) + e,
and, since y was any element of TP, we have d(TP, TQ) < ||T|d(P, Q) + e.
But ¢ was arbitrary, so the result follows. This completes the proof.
If the conditions on the difference of Q and P are not satisfied, then the
conclusions of Theorem 6 can fail to hold. This can be seen by considering the

following example: define a convex process T from R? (with the [, norm)

into R by
fz]z> 00 for y > 0,
T(x, y):= { {z]z > |x|} for y =0,
.} for y<O0.

It is easy to verify that || T|| = 1. However, for any ¢ > 0 we have

dlT(1, 6, T(1, 0)] = 1, although dl(1, ¢), (1, 0)] = €, so that the conclusions of
Theorem 6 do not hold. In this case, the difficulty arises from the fact that
(0, - € is not in dom T for €> 0.

6. Stability of solution sets of certain systems. Suppose that we are given
two Banach spaces X and Y, and that Y contains a nonempty closed convex
cone K. Let f be a function from a nonempty closed convex cone dom / C X
into Y. Suppose [ is closed, convex with respect to K, and positively homo-
geneous of degree 1; that is, the epigraph of /, epif: = {(x, f(x) + K)| x € dom f},
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is a closed convex cone containing the origin in X x Y. Suppose further that the
bound of f, ||f|| : = sup|lfx)||| x|l <1, x € dom f}, is finite. Let & be another
function from dom [ into Y satisfying the same assumptions as f. Let b and
Ob be points in Y. We shall consider the following two questions:

(a) Suppose x is a solution of
(5) f(x) € b- K
Is there any % € dom / such that X solves
(6) f(x) + 8f(x) € b + &b - K,

and, if so, how small can ||;— %] be made; i.e., how close to x is there a solu-
tion of (6)?

(b) Suppose X solves (6). If (5) is known to be solvable, how close is %
to the set of solutions of (5)?

The expressions in (5) and (6) are general enough to include a number of
problems of importance in applications. One example would be a mixed system
of linear inequalities and equations.

Question (a) arises in such areas as the analysis of convergence for iterative
processes (see, e.g., [8]). Question (b) formulates the fundamental problem of
determining error bounds for the approximate solution of certain systems (including
linear systems). We shall see that both questions can be answered in a conve -

nient way by applying Theorem 6 and some of our previous results.

Theorem 7. Let X and Y be Banach spaces, and let K, f, 8, b and &b
be as previously defined. For x € dom f, define

Tx:=f(x) + K and (8T)x:=8f(x) + K.

Suppose T carries dom [ onto Y. Then T, T~ and 8T are normed convex
processes, and we have
(@) If x solves (6), then

inf{||% - x| | x solves ()} < || T-Y||(88] + |71 IZ])-

(b) If % solves (5) and ||8f|| |T~!|| <1, then (6) is solvable, T + 8T is a
normed convex process whose domain is all of Y, |(T + 8T)~ || <

7=/~ 3T~ D, and
inf % - ]| | 5 solves (6} < | T~ ICI86] + I8/]) IZD/AL - [I87) |71

Proof. Since the graphs of T and 8T are the epigraphs of { and 8f respec-
tively, it follows immediately from the hypotheses that T, T~! and 8T are
closed convex processes, and that (T + 8T)x is closed for each x. We have
dom T = dom 8T =dom f. Since ||T|| < ||f|| and ||6T| < ||&/|l, and since both of
these quantities were assumed to be finite, T and 8T are normed. We required

T to be onto Y, so by the corollary to Theorem 2, T~ ! is normed.
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For part (a), we rewrite (6) with x = £ to obtain b + &b — §f(%) € f(X) + K = :
T(Z) or £ € T~'[b + 8b - 8/(R)]. Since the set of points solving (5) is T~ 1(b),
we may apply Theorem 6 to obtain

inf{]| - x|| | x solves (5} =d &, T=1b)) <d(T~ s + &b - 5/(D], T~ [p))
<IT=1v86 - 87BN < T HICSBY + 187 121D.

which proves (a).
To prove part (b), we shall apply Theorem 5 to the convex process T + 8T =
T-(-8T). Wehave |T7!|||-8T| <|IT~ 1| ||8/] <1 by hypothesis, and
- 8T(dom f) C Y = range T. The other hypotheses of Theorem $ are satisfied by
our previous remarks. We therefore conclude that (T + 8T)~! is a normed convex
process whose domain is all of Y, so that (6) is solvable for any 6b. Also,
1T + 8T < IT= 1/ = | 7= |8f])); no restriction of (T +8T)~! is necessary,
since T was onto Y. _ _ B
Rewriting (5) with x = x, we obtain 8/(x) + b € f(x) + 8/(x) + K = (T + 8T)x
or x € (T +8T)"1[b + 5/(;\]. Reasoning as we did in part (a), we find that

inf{||x - x|| | x solves (6)} = d(x, (T + 5T)~ (b + 5b])
ST+ 811137 - 88| < IS8l + 1871 =1/ = 7= 18/ 1Ds

as was to have been shown.

In applying part (b) of Theorem 7 to the case of a finite system of linear
inequalities and equations, one would in general want to include in the function
{ only those constraints active at x, and to deal separately with the inactive

constraints by finding some ball about x in which they remain inactive.

If the space X is reflexive, then the infima in the conclusions of Theorem 7
are actually attained, since the norm is weakly lower semicontinuous. If all
spaces involved are finite-dimensional, and if [ is taken to be linear, then a
result similar to part (a) can be proved with no assumptions at all about the range
of T. This type of result was apparently first proved by Hoffman [4]; see [7] for
a treatment using the methods of the present paper, with applications to linear
programming. An application of Theorem 7 to Newton’s method is given in [8].
Ben-Israel has proved analogous perturbation results for generalized inverses in
finite-dimensional spaces in [1].

The results of Theorem 7 are expressed in terms of the quantity =1,
defined in this case to be

™ suplinfiflx| | /(x) € y - K} | [ly] <1}

Even in the finite-dimensional case, this quantity can be rather difficult to com-

pute. It would be very desirable to have efficient computational methods for

evaluating (7), both in the finite-dimensional and infinite-dimensional cases.
Acknowledgement. I should like to thank Lynn McLinden, who read the manu-
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