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ABSTRACT. We give here some of the basic properties of the classes {‘br},
Wl -1<rc 1, of dilation operators acting in rearrangement-invariant spaces
X "on the circle Itis shown that to each space X there correspond two numbers
£, m, called indices, which satisfy 0 <M < € < 1; these numbers represent the
rate of growth or decay of || \lrr" as r— +1.

By using the operators ¥ to obtain estimates for certain averaging oper-
ators A, we are able to show that the indices (£, 1) coincide with the Boyd
indices (o, B. As a consequence, we obtain a Marcinkiewicz-type interpolation
theorem for rearrangement-invariant spaces on the circle.

1. Introduction. Using the device of mapping functions / onto their nonin-
creasing rearrangements /*, Luxemburg [12] has shown that the study of rear-
rangement-invariant spaces over arbitrary measure spaces reduces to that of rear-
rangement-invariant spaces defined on an interval or half-line. Thus most of the
interpolation theorems for these spaces are framed in terms of the nonincreasing
rearrangements [~ (cf. (4], (6], [7], [9], [10], [14)). Typically, such a theorem
would state that a rearrangement-invariant space satisfies some interpolation
property if certain restrictions are met on the norms I|E Il of the dilation operators
E_ (defined by ES/*(Z) = {*(st)). For example, Boyd [6] gave necessary and suf-
ficient conditions on the indices a, B (the ‘‘rates of growth’’ of HESH as s —
0 and s — ) in order that a Marcinkiewicz-type theorem be valid.

The main purpose of this paper is to characterize interpolation properties of
rearrangement-invariant spaces X on the circle in terms of growth conditions on
certain operators which act directly on the functions in ¥ and not on their non-
increasing rearrangements; the operators involved are the dilation operators @ ,
‘I’r introduced by the author in [1]. This enables us to apply the operators @
and ¥ in other directions (for instance, to obtain estimates for integral averag-
ing operators as in [1], [2], [3]) while at the same time knowing something of the
interpolation properties of the space X. Sharper versions of theorems in [1]
result but these will be announced elsewhere.

In $2, we summarize some of the more important results on rearrangement-
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invariant spaces and $8§3, 4 are concerned with the basic properties of the oper-
ators @ , ¥ . Most of these results (in somewhat weaker form) appeared in [1]
but the construction of the indices (§ 3) and their characterization in terms of the
operators ‘[’r (Theorem 4.5) are new. It is shown in §5 that the question of
boundedness for the averaging operators Ay can be answered in terms of the
indices &, n (Theorem 5.6). It is then fairly easy to see that the indices coincide
with the Boyd indices a, 8 (Theorem 6.2). As a result, we obtain an interpolation
theorem (Theorem 6.3) for weak type operators acting on rearrangement-invariant

spaces on T.

2. Rearrangement-invariant spaces. Let T be the unit circle T = fei?:

0 < 6 <27} with Lebesgue measure dt; we shall frequently write dm = (1/2n)dt
so that m(T) = 1. W and P denote respectively the classes of m-measurable
and nonnegative m-measurable functions on T. The symbol Xg Wwill be reserved
for the characteristic function of a subset E of T.

The following notions of function norm, etc., are due to Luxemburg (11],
[12]); see also [4], [6]. A function norm p: ¥ — [0, =] isa mapping which sat-
isfies the following conditions for all f, g, fn in ? and all constants A > 0:

Q1 pf)=0=/=0 a.e.,

(2.2) pA) = Aulf),

(2.3) plf +g) < p() + ulg),

2.4) f<ga.e. = ulf) < plg),

2.5) p(1)=1,

(2.6) (1/27) f(z)" f)dt = S [dm < const ulf),

2.7) fn1]ae. = plfn) 1 p(f).

When functions differing only on a set of measure zero are identified, the set
X =LH consisting of all functions / € N for which p(|/]) < =, is a Banach space
under the norm |, = p(|f]), / € X. Such a space X is called a Banach function
space; it is immediate from the definition (2.1), -+ -, (2.7) that L®C X CL!

(and each inclusion is continuous).

We define the distribution function D/: [0, =) — [0, 1] of a measurable

function { by
D/(y)=m{0: 1] >y}, 0<y<w

(where we have written f(6) instead of /(eie) to economize on notation). The
nonincreasing rearrangement /* of f € L! is the function /*: [0, 11 — [0, «]
defined by

[*@) =infly: D, (y) <t}, 0<r<l:

Two functions { and g with D/ = Dg are called equimeasurable and we write

/™ g. A Banach function space is rearrangement-invariant if, along with f, it
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contains every function on T equimeasurable with f; by an equivalent renorming
we may (and shall) assume that the norm in a rearrangement-invariant space X
satisfies (cf. [12])

(2.8) I~e=\lly =lelly, 1 geX

In particular, translation in X is an isometry.

A function f on T will be called bell-shaped if it is nonnegative, nonincreasing
on [0, 7] and f(- 6) = {(6), 0< 0 < m. The bell-shaped rearrangement of | is,
by definition, the bell-shaped function [ equal to /"(0/17) on [0, 7]. It is clear
that /* is equimeasurable with both f and /*; hence ||/”|| |l[||

The associate space X' of X is again a rearrangement-mvanant space; its
norm is defined by

(2.9) lellge = supls, @: /11y <13, g€ X',

where (f, g)=[fgdm.
Lorentz (unpublished) and Luxemburg ([11], [12]) showed independently that
X" = (X")" =X so that it follows from (2.9) that

(2.10) 17y = sup i/, & llgl, <11, fe %

In terms of bell-shaped rearrangements, we have (cf. [12, Theorem 11.9])

(2.11) lgllgr = supl(/*, g"): IIf lg<1l,  ge X,
(2.12) Il = suplir® &"): llgll, <1y, 7€ X

One consequence of the expressions (2.9), - -+, (2.12) i s the Hélder inequality
(2.13) A1 g <™ e < W liglglgor 1€ %, g€ X,

which we shall use frequently.
We conclude this section by stating Calderdn’s interpolation theorem [7].

Recall that an operator § is of strong type (p, q) if S maps L? continuously
into L9,

Theorem 2.1 (Calderdn). Let X be a rearrangement-invariant space on the

circle. If S is a linear operator of strong types (1, 1) and (o, =) (with norms not

exceeding 1) then S maps X continuously into itself (with norm not exceeding 1).

Corollary 2.2. (a) X is a module over L' via convolution and If *g”
Il lgllys /eX, geLt.

(b) X is a module over L™ via pointwise multiplication and ||/g||1

Il glellur /€ %, g € L.
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3. The operators ® . Foreach 7, ~1 <r<1, let ¢ be the linear fractional
transformation

3.1 S'b,(eia) =9 -/ -rei?), ef eT.

Each mapping ¢_ is a continuous, one-to-one mapping of T onto itself
leaving — 1 and 1 fixed. Under the operation of composition, the mappings ¢
form a group, the identity being the identity mapping ¢, and the inverse of ¢_
being ¢_ . Consequently, each operator @ defined by

r

(32 @, €)= (0p) ) =1(p, (%)), e,

is an automorphism of the measurable functions M. When ei® # +1, we see from
(3.1) that

T -

lim ¢ (%) =1, lim ¢ (¢9)=-1,
17 -1 7
so if f is continuous and i 4 +1, we have

lim (@/)(%) = /), lim (@,/)(*”) =/ 1).

f<—l

This last property exhibits the ‘‘dilation” behavior of @ .
The usual dilation operators ES, 0 < s <o, for the line are defined by

(3.3) (E @) =[(st), =o<t<oo

Since, under the usual mapping e i1 - eie)/(l + eie) of the circle onto the

(extended) real line, € corresponds to E_, s = (1 + 7)/(1 - ), it is perhaps not
surprising that <I)r can be used in many situations for the circle where E_ would
be used for the line.

In the next proposition we list without proof some simple properties of the

operators (I". For each 7, -1 <r <1, P_ will denote the Poisson kernel

P(6) = 1 -72)/( -2rcos 6 +r2), e e T.

Proposition 3.1. (a) The operators ®, form a group and

(3.4) (Dr(I)S:(I)t, t=(r+s)/Q+rs), -1<r s<lI.
(b) Foreach r, —1<r<1, the change of variable ¢r(ei0\ = e’ gives
1 27 1 rom
, 1 dg-_1 .
(3.5) = fo (@,/)(6)40 — fo [(WP_(dr, feM

(c) Foreach r, —-1<r<1,

(3.6) o, (1 +cos 0)=(A-7)/1+7)1+cos O)P (6), ¢if e T.
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Tt

Our next result shows, roughly speaking, that the ‘‘amount of stretching”’

effected by q)r, -1<7<0, is greatest near the point e -1,

Proposition 3.2. For every integrable function [ on T and - 1<r<0,
(3.7) @,/ <@ (")
(where [# is the bell-shaped rearrangement of f as in $2).

Proof. First, let us establish (3.7) when [ is the characteristic function ¥
of some measurable subset E of T. Denote by E the set of points where X#
> 0. Clearly m(E) = m(E®). Now using a change of variable as in (3.5) we have

mif: (@, x)(9) > 0} fT @, x)(0)dm(6) = fo(¢r(ei9))dm(0)

S x0P_@dnt) = [ P_ (war

IN

f P_(8)dt = mi6: @ (x")(6) > 0.
It follows that (@ x)* <@ (x").

If now [ is a nonnegative simple function on T then [12, Lemma 8.1] { can
be written in the form f = 2:=1 C.X, Where Ck >0, x, is the characteristic
function of a measurable set E, and E, D E, D...D E, . As aresult we have
/ =3 C,x;. Bur @ is lmear and so @f 2 C,®,x,; since @ x; > @ x, >

20 x it follows again from [12, Lemma 8. 1] that ((Dr/)” 3 Ck(d)'xk)”.
Combining all these facts and using the first part of the proof we deduce that

6.8 @'~ ¥ c,0,x) < T6,0,0)" -0, (T c,x!) 0,0,

This establishes (3.7) for { simple and nonnegative.

When [ is an arbitrary nonnegative integrable function on T, there is a se-
quence of nonnegative simple functions /' on T such that /n ! fa.e. Itis not
hard to see (via the montone convergence theorem, for instance) that f” T /" and
hence that ® |(/“) To (/“) In exactly the same way, {(I)r/ } is a sequence of
simple functions converging a.e. to @ ./ and so (@ [ ) T((D f)”a e. Hence by
(3.8),

(‘D’/)H— lim (‘D/)#< lim ‘I) (/”) 0] (/ ).

n—oc 7700

Finally the restriction that / be nonnegative is removed by observing that f# =
I1¥.
Now let us consider the action of CI)T on various rearrangement-invariant

spaces. When @ is a bounded operator from a Banach space X into itself we
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shall denote by ai(r) the operator norm of (Ilr; when X = L?, 1< p < o, we shall
write op(r) for o, p(r).

Proposition 3.3. (a) @ is an automorphism of L' and
3.9 o, =0+ |D/A=|r]), -1<r<I.

(b) (I)’ is an (isometric) automorphism of L and
(3.10) o (=1, =-1<r<l.

(c) @r is an automorphism of every rearrangement-invariant space X and
(3.11) o, <+ |r)/A=|r]), -1<r<L.

Proof. (a) Using (3.5) we have

o, @) = supl10 ) 1, /1, <11 - sup { [ @, (D 111, <1}
~sup{ [ /1P _dms 111, <1} = 1P_, o= @ /- .

(b) The second part is obvious in view of the definition (3.2) of (Dr.
(c) The third part follows from parts (a) and (b) and Theorem 2.1.

Theorem 3.4. For each rearrangement-invariant space X, the limit

log 0,()

(3.12) f = {:(X) = rliﬂ’; log ((1 + T)/(l - T))

exists and satisfies

(3.13) 0sest.
Proof. If @t' = anh 7~ ° <t <o then (3.4) can be rewritten in the form
CDS'“ = (IJS'@", ~ o0 <s,t <. Writing oyt) for the operator norm of d)t', we

deduce that the function g(t) = log 0y(t) is subadditive and hence [8, p. 244]
that the limit € = limt__mg(t)/Zt exists. The change of variable r = tanh ¢t now
produces (3.12).

That & does not exceed 1 is immediate from (3.11) and (3.12). Furthermore,
it is easy to see that ® (1) = 1 implies 04(r) > 1. It follows that £ > 0 and the
proof is complete.

The number &(X) defined by (3.12) is called the upper index of X. When no
confusion can arise we shall write f' instead of tf(f'), where X' is the

associate space of X. The lower index of X is, by definition, the number
(3.14) n=1-¢".

It is clear that

(3.15) 0<n, €<
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in fact, we shall prove in $4 that n < &, hence justifying our terminology.

4. The operators ¥ . We remarked in $3 that there is a natural correspondence
between the operators (I), on the circle and the operators E¢ on the line. How-
ever, many of the functions occuring in harmonic analysis vanish (in some sense)
at infinity, whereas, on the circle, functions will not in general vanish at the

point e - 1. Consequently, the operators ¥ defined by
(4.1) ¥ /=0 [0U+cos)-fl,(1) —1<r<1,

are more important in the applications than the Cbr (cf. [1], [2], [3D); the factor
%(1 + cos) is buile in simply to provide f with a “‘zero’’ at the point eV - 1.
When ¥ is a bounded operator on a Banach space X into itself we denote by
py(r) the operator norm of W ; here again we write p,(r) for pr(r).

Our main objective (Theorem 4.5) in this section is to show that the indices
£, 1 can be defined in terms of pl(r) without reference to the associate space.

Proposition 4.1. (a) ¥ is a bounded operator on L' and
4.2) pl(r)z(l—r)/(l+r), -1<r<1,.

(b) ‘l‘r is a bounded operator on L™ and
(4.3) P =1, -—1<r<l1.

(c) ‘I’r is a bounded operator on any rearrangement-invariant space ¥ and
(4.4) pe() <max (@, M-7)/(1+7)), -1<r<l.

Proof. Part (a) follows from (b), the next proposition and the fact that L1 =
(L=)'.
To prove (b), observe that

o) = sup ¥ /1t 1/ < 18 = sup 0,40 + cos) - /1] /] < 1.
But (IJT is an isometry on L™ (Proposition 3.4 (b)) so

Pool?) = sup 4L+ cos) - [ : I/, <1 =1.
Part (c) follows from (a), (b) and Theorem 2.1.

Our next result shows that the operators ‘I’r on X and on X' are intimately
related.

Proposition 4.2. Let X be a rearrangement-invariant space on T and X'
its associate space. Then

(4.5) Py ()= W=/ W-Mp 1), —1<r<t,

(1) (1 +cos) - f denotes the function t— (1 + cos 0f(e).
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Proof. From (2.10), for any f € X,
(4.6) ¥, /1l =supi¥ 1, g): llgll ¢+ <1

But using successively (4.1), (3.6) and (3.5), we deduce that

(lp'/' g) = ((‘D,f)l/zq)r(l +cos), g)
= (@ =1/@+ NP, [, %L+ cos) - g) =((L=r)/W+ ) ¥_g)

and hence, from (2.13), that
(4.7) (W 1715 lgh < @=n/@+p DI el 4o
Thus, (4.6) and (4.7) together show that

IV, 7l <@=0/AQ+Dp DN NIy 1€ X,

which, in turn, proves that

(4.8) pI(r) <@ -r)/0+ r))pI (=7), —1<r<l.

Replacing X by X' and r by —r in (4.8) we find that py (=1 <0 +7)/1-7)
. pl(r), and this estimate, together with (4.8), yields the desired result (4.5). The
proof of Proposition 4.2 (and hence of 4.1 (a)) is now complete.

Our next two results illustrate the effect of the factor %(1 + cos) occurring
in the definition (4.1) of ¥ : When 0<r <1, ¥ is always a contraction but,
when —1<r <0, ¥ has the same “‘rate of growth’’ as & .

Proposition 4.3. When 0 <r <1, we have
(4.9) Py <1<pe=1)
and, moreover,

(4.10) pz(r)pl(— r)>1.

Proof. The first inequality in (4.9) follows directly from (4.4). To establish
the second half, fix » with 0 <7 <1 and let ¢ > 0 be arbitrary. There exists
8 = 8(e) > 0 such that %(1 + cos) - x5>(1-¢) x5 where x5 is the characteristic
function of the set Eg={e0: |0] <B}. Since ®__ *‘stretches” the set E; when
r> 0, it follows that

Vo x52U-a0_ x5 20-exy
and hence that ||‘1’_,Xzs"I > (1 - Ollxllg- But this implies that p(-7) > 1— .

We now use the fact that ¢> 0 is arbitrary and (4.9) is established.
A similar argument is used to prove (4.10). Observe that

‘I‘r[‘l’_r/] =% +cos) - f® (451 + cos)).



1972] A PAIR OF INDICES FOR FUNCTION SPACES ON THE CIRCLE 297

But %(1 + cos) - @ (4(1 + cos)) is continuous and equal to 1 when 6 = 0. Hence,
in the same way as before, we can find, for each ¢ > 0, a characteristic function
X such that [¥[¥_ ]| > Q- e)l[x||1. This implies that the operator norm
|¥,¥__|| is not less than 1 and hence that py(r)p (~7) > ¥ ¥_ || > 1, as required.

Proposition 4.4. For each r, 0 <7 <1,
(4.11) pt(- )< o= 1) <4py(=1).

Proof. The first half of (4.11) is obvious in view of the definition (4.1) of
‘P_r. To establish the second inequality we need to consider the characteristic
functions xj of the set {e?®: 10| < n/2} and X g of the set F = T\E.

For any function f € X it is clear that |f|xg < (I + cos) - I/lxg- Hence
@12 0_ Gxely <2, Uxelly <20, Al 1ye 1 <r<t.

On the other hand, if S = S(%) is the operation of translation through ", it
is easy to see that ®_ = S® S. But then

®_ (Ixp) =0 (fxp) =5 S/ )xe]s
so by (4.12)
(4.13) D_ Uxplly = 160/l = 12, Lx My <20, Ol 5

because S is an isometry on X.
Now if [ is any functionin X and 0 <7 <1 we can use (4.12), (4.13) and
(4.9) to deduce that

1e_, 7l = 19_, Uxg + ixpl, <19_, Uxp)l, + Ie_, ¢xpll,
S2p ™+ p GO <dp NNy

and hence that oy(-7) < 4PI(— r), 0<r<1. This completes the proof.
It would be of interestto know whether, in fact, px(- r) is equal to
oy-1), 0<r<1.

Theorem 4.5. Let X be a rearrangement-invariant space on T with indices

&, n defined as in §3. Then

(414 § ) log p (~7)
7—-1 log (1 + r)/(l -7)

and

(4.15) 7= lim o8 Py )

-1 log (1 = 7)/(1 + 7))’
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Moreover, the indices satisfy

(4.16) 0<n<é<l
and
(4.17) E'=1-9, n'=1-¢&.

Proof. The equation (4.14) follows from (3.12) and (4. 11), and (4.15) is im-
mediate from (3.14), (4.5) and (4.14). In view of (3.15), to establish (4.16) we
need only show that 5 < &; this follows directly from (4.10). Finally, the
equalities (4.17) are consequences of the definition (3.14).

5. The averaging operators A,. Foreach y, 0<y<1, set

(tan t/Z)—'yf; (tan s/2)Y Y (s)ds, 0<t<un/2,

(5.1) (Ay/)(t)={
0, wm/2<t<2m

AL, extended by periodicty, is a function on T and we shall be interested in

estimating the norm of the operator Ay: [ — A,y/.

Theorem 5.1. Let X be a rearrangement-invariant space on T with upper
index &. If £<y<1, then Ay is a bounded linear operator from X into itself.

Proof. When 0 <t < 7/2, we have from (5.1)
(A,1)(0) = an 1/2)7 [ (can 6/2)” '/ (6)d6.

Keeping ¢ fixed, we make the change of variable e! = (ﬁr(eig), 0<r<1; itis
not difficult to check that

(5.2) d9 = (4/(L+ r)*kan (¢/2) - ¥__(1)dr

and that

(5.3) ® (can /2) = (1 + 7)/(1 = r))tan /2.

Thus

5.4 A _ 14 (1_'_’ [

54 A, N0= ] T 1+r> W_NWdr, 0<t<a/2,
and so

1,/ < (4 fL a7 nar) i,

Hence, to prove the theorem, we need only show that
1 -
(5.5) fo 1-=r7 lpI (= r)dr < .

Now £ <y by hypothesis and so, for some sufficiently small €> 0, we also
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have £+ ¢<y. But in view of (4.14), there exists R = R(¢), 0 < R <1, such that

whenever R<r<1,
log py (-7 < (€ + log (1 + 1)/ = 1)),
ie. pyl-r) <((1 +7)/(1 - MNEHE<2EHE - )=+ < o L)€ e, Consequently,
1 - 1 - -
Jo@=07"p gl ndr<2 [La-nrEsomig ¢,
because ¢ + € <y. Since the integrand is bounded over [0, R], this establishes
(5.5) and hence completes the proof.
Our immediate aim (Theorem 5.6) is to establish the converse of Theorem
5.1 and this will be achieved in our next series of Propositions. The proofs are,
apart from a greater degree of technical difficulty, essentially those of Boyd
([4], [5], [6]). But first we need a lemma.
Lemma 5.2. Foreach r, 0<r<1,

(5.6) pl(— r)= sup sup (qj—'(/#)’ .
"/"15—1 ”8"11 <1

Proof. The function (1 + cos) is bell-shaped so, if 0 <t < =, it follows
from [12, p. 110] that

f:)[(l+cos) cf1ds < f;(l+cos)”/”ds = f:)(1+cos) ffds, [eX.

But, if g € X', then (Dr(g”)P’ is decreasing on [0, 7] so by a well-known theorem
of Hardy (12, p 94] we have

Jolscos) - (1 ®,6"P ds < [T+ cos) - [*®,(g")P,ds.

By symmetry, the same is true for the lower semicircle so these results combine

to give
([ + cos) - []#, (I)r(gﬁ)Pr) < 1 + cos) - /", d)r(g“)Pr).
Now this last estimate, together with Proposition 3.2, shows that
w_n* g" = (@_ U450 +cos) - fD¥, g%
< <(I)_r[l/2(1 +cos) - f]#, g")
= P40 +cos) - 1%, @ (g")P ) (cf. (3.5))
< (U cos) - 17, @, (")P,) = (¥_ (1*), g").
Hence from (2.12),
Pyl=r)= sup ¥_ /| = sup sup  ((Y__ /), g")

=1 I =t Tellgoet

< sup sup (‘I’_'(/#), gﬂ),
”/"I <1 He”I <1
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To obtain the reverse inequality, we note by (2.13) that the right -hand side
of (5.6) does not exceed py{- ) because ||f* "I = ”/HI and ||g#||11 = ugllll .

Proposition 5.3. The nth iterate of A., is given by

. n—1
(tan t/2)—7f; (tans/2) " 1(—’1.1_—1)' <2 log <:: ://22 >> [(s)ds,

(5.7) (A7 1)) = 0<t<a/2,
0, w/2<t<2nm.

Proof. The proof is by induction on 7 and is straightforward so we omit it.

See [5, Lemma 2] for a similar argument.

Proposition 5.4. Let X be a rearrangement-invariant space on T and suppose
that Ay is a bounded operator on X for some y, 0<y< 1. Then, for all suf-
ficiently small €>0, A, __ is a bounded operator on X.

Proof. (Cf. [5, pp. 22-24].) Choose any real number A > 0 such that 1/A
exceeds the spectral radius of Ay. Then [13, Chapter 1] (I - )\A,y) is invertible

and
00

(1-a4,)7t= 37 amAz.

n=0
Thus, if / € X, we have from (5.7), for 0 <t < m/2,

A, =2 )70 = 3 AMATH )

n=0

= Y M(an t/2)-7f' (can 5/2)7-1_1(2 log s%n 1/2 )nf(s)ds
(5.8) n=0 0 n! sin s/2

= (tan t/2)-yj[0(tan s/2)7'1<£f_//3>n/(s)ds

sin s/2
= (tan t/2)?*77 (cos t/Z)ZAf; (tan 5/2)Y 722 Y(cos s/2)= 22 [ (s)ds.

We further restrict the choice of A by here requiring that 2A <y. Let us now
estimate the operator norm ||Ay_n"$(1) of A, _,, on X. Since |4, _,\(N]<
A,},_z)‘(VI) we need only consider nonnegative functions f € X. Using (5.7) and
the fact that cos t/2 >Y on [0, #/2] we deduce from (5.8) that

(A'y_zx/)(l) = (tan t/z)')"ZXf:) (tan S/Z.)y-zk‘l/(s)ds

§2Ay(1—)\A7)'1/(t), 0<t<m/2.
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But A, and (- )\Ay)"l are bounded operators on X so
1yl <204 llg ol = Mg 4 1,
and it follows that
"A'y_n"%(!) < 2”Ay ”3(;)"(1 - M—y )-1"3(;) < oo,
This completes the proof.
Proposition 5.5. Let X be a rearrangement-invariant space on T. Then if

0<r<1, 0<y<1,

yf1-r\77
(5.9) p =1 < 7(1 +r> 14y lgxy:

Proof. From (5.4) we have, for 0<t < n/2,
a0 fo— () poa

0 (1 + r)z 1 +7
which, under the change of variable s = (1 - 7)/(1 + r), becomes

(5.10) A, N0 = [j257 1! NDds,  0<i<a/2,

where ‘I’is =¥ _,s=(0-7/(1+7). Nowif f€X, g€ X',(‘I’_’_s(/”),g“) is

decreasing in s so

(WL, ") foa7=ldig (207710 (1), g di
1, y1 1 om0
< Jo27 7 = [T 1M )6t 0)dgan

_ 1 2T oy 1 y-1 A 4
== J5 & 0no [271w! 1 @)a
by Fubini’s theorem. Hence from (5.10) and (2.13)

oy o2y _ 1 rom
(WL UM, M2 = — [T, (") (0)"(6)d0

Taking suprema, first over all g € X' with lgllyr <1 and then over all f e X
with ”/”I <1, we deduce from Lemma 5.2 that py(-r)2/y((1 = 1)/(1 + 7)) <
||A,y||$(!). Thus (5.9) is established and the proof is complete.

Theorem 5.6. Let X be a rearrangement-invariant space on T with upper
index £ <1 and suppose that 0 < y <1. Then Ay is a bounded operator on X
if and only if y > &.

Proof. Suppose that A, is bounded on X for some y, 0<y<1. By Prop-
osition 5.4, there is a number ¢ > 0 such that A, _¢ also is bounded on X. But
then by Proposition 5.5,
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- =Y
y—efl-r\€Y 1-r \€
pl(_ r) < 2 (1 > "A’)"CHfB(I) < const l+7r

+7

so we deduce from (4.14) that

‘ log p!(— 7)
¢ = lim log (@ + /(L — 1)

as required. The converse result was established in Theorem 5.1 so the proof of

)S)’—f<)’7

Theorem 5.6 is complete.

6. An interpolation theorem. Let 7 be the mapping of [0, 27] onto T defined
by A60) = e, 0 <0< 2n. When X is a rearrangement-invariant space on T, the
space X consisting of all functions F =for, { € X, is a rearrangement-invariant
space on [0, 27] under the norm

(6.1) HFHIO=||/||;, F=for, € X.
As in [6], define the averaging operator P,, 0<y<1, by

(6.2) (P, F)(®) = t-yf;sy'lF(s)ds, 0<t<2nm.

Theorem 6.1. Let X be a rearrangement-invariant space on T and suppose

that 0<y<1. Then A,y is a bounded operator on X if and only if P,y is a
bounded operator on XO'

Proof. Comparing the definitions (5.1), (6.2) of A,y and P,y we see that the
basic difference is that tan ¢/2 and ¢ are interchanged. However, since
t=! tan /2 and t(tan ¢/2)~! are both bounded functions on [0, #/2], it is clear
that P, bounded on X implies A, bounded on X.

For the converse, we have to take into account the fact that Ay is defined
to be zero on [7/2, 2n] whereas P,}, is not.

Now, if 7/2 <t <27 and F > 0,

(P, F)(t) = 7Y f;’“s'/-lp(s)ds cT LSRG ds
(6.3)
w
< const (Ay/)(z—) + ”Z EﬂF(s)ds, F=/or.

The integral f(z)r F(s)ds converges because Xy C L0, 27] (cf. $2), so (6.3)

shows that P_F is bounded on [7/2, 27). Bue L*[0, 27] C Xy (cf. $2) so this
implies that

(6.4) (P,Flx, € X;, FeXg,

where X, is the characteristic function of [7/2, 27].
On the other hand, if X is the characteristic function of lo, /2], we pro-
ceed as in the first half of the proof to find that
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1P F)xolly, < const I | I/l = const Il < o=
in particular,

(6.5) (P, Flxy € X,, FeX,.

Taking (6.4) and (6.5) together we deduce that P_: X, — X.

It remains only to show that P,y is bounded. If not then we can find functions
F € Xgpm=1,2,--, with "Fn“!o < 27" such that ”P‘yFnuI'o > n. But 360
is complete so F = 2;‘;1 F € XO; moreover, F < F implies PyFn < P,yF and
so "P)’F”Io >|P,F ll>n, n=1,2,.... Hence P_F ¢ X which is a contra-
diction because F € X and P: X, — X,. Therefore, P., is bounded on X,
and the proof of Theorem 6.1 is complete.

We refer the reader to [6] for the definition of the Boyd indices a, 8. An
immediate consequence of the definition is that a(X) = a(X ) and B(X) = B(X ).

Theorem 6.2. Let X be a rearrangement-invariant space on T with indices
&, 1. Let a, B denote the Boyd indices of X. Then £ =a and 5= .

Proof. Fix £ with 0< ¢ <1 and suppose y satisfies 0 < y<1l. By
Theorem 5.6, y > £ if and only if A, is bounded on X. But by Theorem 6.1,
this is equivalent to the boundedness of P,y on XO which in turn occurs if and
only if y>a [6, p. 1253). This shows that if £< 1, then &= a.

Now a similar argument shows that if a < 1, then a = £. It follows that
0<a<1 ifandonly if 0<€<1 (and in this case a = £). But this surely
implies that & =1 if and only if £ =1. Hence, whatever the values of £ and a
we have always £ = a.

Applying this result to the associate space X' we find £’ =a' and hence,
by (4.17) and [6, Lemma 5], =1-¢' =1-a' = B.

Theorem 6.2 and [6, Theorem 1] can now be combined to produce the following

interpolation theorem (a special case was established in [1] using different
methods).

Theorem 6.3. Let X be a rearrangement-invariant space on T with indices
&, 1. Then every linear operator of weak types (p, p) and (g, q) is a bounded
operator on X if and only if p~l>¢and g7 < 7.
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