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LOWER SEMICONTINUITY OF PARAMETRIC INTEGRALS
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ABSTRACT. It has been known for a long time that the usual two-dimensional
parametric integrals in three-space are lower semicontinuous with respect to uni-
form convergence. In an earlier paper we saw that an easy argument extends this
result to all parametric integrals generated by simply-convex integrands, with no
restrictions on the dimension of the surfaces or the containing space. By using
these techniques again, and generalizing to surfaces a result concerning conver-
gent sequences of closed curves we show that a parametric integral generated by
a parametric integrand which is convex in the Jacobians is lower semicontinuous
with respect to uniform convergence provided all of the functions lie in a bound-
ed subset of the Sobolev space Hs where s + 1 exceeds the dimension of the
parametric integral.

We apply the technique used to study parametric integrals generated by
simply-convex integrands to show that parametric integrals generated by inte-
grands which are convex in the Jacobians are lower semicontinuous on bounded
subsets of suitable Sobolev spaces.

We are interested in the lower semicontinuity result of [Me-11,[C-1],[M-2].
The problems which they consider are either of codimension one, in which case
the integrands are automatically simply-convex or there is an explicit additional
restriction which is, except for name, simplicity. In [S-3] we obtained this re-
sult and were able to drop additional technical hypotheses which had been im-
posed. Using that result, the representation theorem from [S-1] and the charac-
terization of simplicity from |5-2] we get, I think, the easiest existence theorem
to the classical two-dimensional parametric variational problem. (This method
also sometimes gives smoothness properties of the solution.) In this paper we
drop the condition on simplicity, but must now adjoin the additional hypothesis
that all of the functions involved lie in a bounded subset of a suitable Sobolev
space in order to retrieve the lower semicontinuity theorem. We intend to apply
this result to get an existence theorem for the two-dimensional problem without
the hypothesis of simplicity.

We start off by extending to more than two-dimensions a result concerning
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the limit of the integral of the topological indices corresponding to a sequence
of closed curves in the plane which converge uniformly and are uniformly

bounded in length.

Let e ey be an orthonormal basis for R” and let R” be oriented by
e, N... Ne,. Let S be the unit sphere in RY. If @, €S there exist w,,
-+, w, €S such that {col.| i=1,...,v} is a basis for R” and o, N Ny, =
e, N-++ ANe,. Let RZ,I be the vector space spanned by w,, ---, ®, which is

oriented by w, A--- A @,. If w €5 let 7 be the orthogonal projection of R”
onto R, If p € RY let p = {p + Aw| A >0}

If ais a v-form over R” then a= Ae A... N e, for some real number A.
Let sgn a=sgn A.

Let ? be the collection of all bounded oriented polyhedral regions | in R
such that d] is the union of a finite number of (v —~ 1)-dimensional oriented
boxes each of which is orthogonal to a coordinate axis. If | €, X € C(J, RY)
and p € R”, let O(p, X, ]) be the topological index of p with respect to X and
J. If x=X|0d] let M(nwp, m % 0]) be the essential multiplicity of 7, p with
respect to 7, x and d] [Fl.

Theorem 1. Let X € C(J, RY), x = X|3d] and o €S. Then there exists a
subset &(x, ») of R having measure zero such that
2|0(p, X, D| < M p, 7, x,d])
if b & &(x, w).
Proof. Let {ao, R 1} be the vertices of an oriented (v - 1)-

simplex & in R” and y be linear (affine) on § into R”. Suppose, in addition,
that y is light (in this case y is a homeomorphism of & onto y(d)). Let

y*(8) = (yla)) = yla)) AeesAyla, ) = Hap).

It is easy to verify that y*(8) does not depend upon the particular representa-
tion of & which we chose. If p € R” let us write {p_, y(8)} if p, does not
intersect the boundary of y(8) relative to its containing (v — 1)-plane. If

{p,» y(8} then [A-H, p. 412]

Bos 1O = ) if p, and y(8) are disjoint,
sgn(p, Ay (8) otherwise.

If p ¢ y(8) then either ¢(p, y(8)) =0 or ¢(p_,, ¥(8)) =0 so that
|07, p, 7y, )| = |$(p,,» YO + |B(p_,,» ¥

Now suppose that x = X |d] is light and quasilinear. Let A be the col-
lection of oriented (v — 1)-simplexes of linearity of x. Then [A-H, p. 458—459]
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olp, X, J) = SZ #(p,,, x(5))
€A

provided p ¢ X(9]) and {p, x(8)} for all 6 € A. Hence
210(p, X, DI < 2 |0, p, 7 x, 8)| < Mlm,p, 7, x, 3))
Sed

provided {p , x(8)} and {p_ , x(8)} for all & € A.
Let us return to the general case. By [F] there exist light quasilinear Y,
— m x in C(d], R) such that

() J;?V M(q, Yo 0])dg — ‘[RV Mg, 7, x, d]) dg.

w
Let A be the collection of simplexes of linearity of y . We define x_on d]
as follows: x_|& is linear for each 8§ €A and x (&) =y () + (x(a) - w)o if
u is a vertex of 8. Then x, is light and quasilinear. Also x — x in
C(3], R) and there exist X_ € C(J, R*) such that X |9] =x_and X — X in
C(J, RY). If 7,p does not belong to the union of countably many subsets of

RZ,, each having measure zero, then
2|10(p, X, ]| < 2 lim inf |O(p, x_, J)|
< lim inf Mz, p, 7, x , 9]) = lim inf M(mp, y_, 9]).
By (%), lim inf M(q, y_, 9]) = M(g, m,x, 9]) for almost all g € R}, Hence if

7,p does not belong to a set &(x, ®) in RY which has measure zero, then
210(p, X, )| < M7, p, 7%, 3]).
If X|9] =Y|d] =x then O(p, X, ]) =O(p, Y, ]) and we can denote the

common value by o(p, x, dJ). In this notation the conclusion of the last theorem
is 2|o(p, x, 9])| < M(m p, m %, 9]).

Let P denote Peano area.

Theorem 2. Let | € P, x € C(3], R*) and w € S. Then

j;zv Mg, ,,%s d])dg < P(x).

Proof. By the definition of Peano area and [F],

P(x) > Pz x) = L Mg, 7 x, d]) dq.

14
w

If a=1,...,v let RZ:Rthere ©=e,
The next theorem is related to the result of [L-W].

Theorem 3. If f e L”~ I(RZ) then
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v v
IT Leal|< IT W4, -
a=1 a=1

Proof. The inequality obviously holds if v = 2. Let us assume that it holds
if v=n Let g =|f,om,|, b,=g%, du, = du’ ... du®, dun =du' ... dut?
and duy=du' ... du® 'du®*' ... du" for 1 <a<n. Then

n+1

f};ll ga=fgn+1 [fafill & dun+l] dul oo au®

n o n/(n-1) ) (n=1)/n
Ul {f[ IT eaer']™" e o}

a=1

Uy { T pear '}t )

n . 1/(n=1)) (n=1)/n ntl
STRURY: (AT I S | g AR

(n=1)/n

Theorem 4. Let | e?. Suppose that x and x_ are in C(d], R) with
x — x and {P(x )} uniformly bounded. If |range x| =0 then

lim J’;v olp, X d])dp = IRV olp, x, d]) dp

and

tim |, lop, x,,, )| dp = lim va|o(p, x, 8])| dp.
R

Proof. We repeat, with slight modifications, the argument in [C-3, pp. 95—
96] for v = 2.

There exists a cube Q in R” which contains range x and range x_ for
all n. If v € RY, let S:(v) = M(v, mx_, 9])/2. By Theorem 1,

lo(py x,, a))| < Mz p, m %, an/2

provided 7 p. does not belong to a set Z,C R?, with measure Z_ =0. For

each positive integer m let I:m ={ve RZ[S:L(v) >m}. Thus

m|I> | < J;a SH(v)dv < fRV M(v, mx _, 9]) dv
nm a

so that |I:m| < Mm~1 for some M > 0.
Let

I.=1pe RY| |olp, x_, 0])| > m}



1973] LOWER SEMICONTINUITY OF PARAMETRIC INTEGRALS 503

and
Jom = 10 € R |olpy x_, 9])| = m}.

If pel  then m< Sa(pa). Thus 7 p € I* . If i* and i _ are the charac-
nm o n nm nm nm
teristic functions of l::m and Inm, respectively, then

v
. .a
i < I I 1 o
nm — nm a
a=]

. -hyv/(v-1
By Theorem 3, |I__| <II’_ [[i® ||,_, sothat |I__| <(Mm™1)* =D, In add-
ition, I =\, J,, sothat |l |-Z%  |] |. Thus,if T -
i 1olp, x_, d])\dp, then
nm

Tnm = Z Unr|xm Z Unr| + Z (r~7n)|]"'|

rzm rzm r>m

r

=mll Vv XL X el f v XX =l e ]

r>m s=m+ 1 s>m rzs s>m

so that

-1 -1 ~1 -
Tnm<m(Mm )V/(V )y Z (M7 )V/(v D,

r>m
Now let ¢ > 0. There exists m such that T om< ¢/2. Let n=¢/(2m) and b
be a measurable subset of Q with |b| < 7. Then b = b' U b" where b’ =
Q ~ Inm) Nbh and b = I b Thus fb lo(p, X d])| dp < ¢ for all n, and
the theorem follows.
Let N> v and E - RN.

We need the following well-known result.

Theorem 5. Let Q be the unit cube in R¥™! and let s > v - 1. There
exists K >0 depending only upon s and v such that if x € C(pQ, E) N
H (Int pQ, E) then

diam x(pQ) < Kp' =D/ || |

The proof consists of approximating x by smooth functions y and estimat-
ing the average distance from y(p) to y(q) for some fixed point p € pQ, where
g is an arbitrary point in pQ.

If ACE and ¢ >0 let HA) be the Hausdorff t-dimensional measure of A.

Corollary. If x € C(Q, E) n HSI(Int Q, E), then H'(x(Q)) =0 forall t >v-1.

Proof. We can suppose that ¢ = s. Let ¢ >0. Take n so large that
Kn'"~ l'S)/s"x'“s <¢/2. Let Q be subdivided into congruent cubes Q_,
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i=1,...,n""1

. Let p, €0, and let B be the open unit ball in E. Then
x(p,) + Kn'V=1-)/s %l o B is a ball which contains x(Q,) and has diameter
1

less than ¢. Furthermore,

Z [Kn(v-l-s)/s"x'"s'gi]s - Ksny_l—sux'"z
1

and this last term can be made arbitrarily small by taking » big enough.
If G is a-bounded open set in R” and if r € R let

GUP) =1{ueG| u®=1 A= 1,000, v.

If x is a function defined on G let x(a, 7) = x | G*(r).
The proof of the following lemma appears in [M-2, p. 118].

Lemma 1. Let G be a bounded open set in RY and let (a% b be the pro-
jection of G on the ath-axis. Suppose x_ € H.G, E) for m=1,2,..., and
that {"xmusl} is uniformly bounded. Then there exist

(i) D>d>0,
(ii) infinite subsets N of the natural numbers with N CN__,,
(lii) {t:"i‘ l = 19 ce ,272 + 1} C [aa; ba]: t:,i-—l < t:,i /Or lié 1; t:'1= aa;
a
and t"'2n+l =i B a a 1
(v) d<Gy -ty . (6%~ a®) <D for i#1, such that {|x, (a, ¢ )]

m eNni is uniformly bounded-if 1 £ i £ 2" + 1.

From [G-Z] and the fact that Peano area is not bigger than Lebesgue area,

it follows that
{P(x, (a, 12 D meN}

is uniformly bounded if 1 £ i £ 2" 4+ 1.

Now let ¢ be continuous and nonnegative on E x T where T = N E. If
a € E let {_ be defined on T by ¥ ,(0) = Yla, 0) for all 0 € T and suppose
that ¢, is convex and that ¢ (Ao) = My (0) forall A>0 and 0 € T. Let

A =1{a € E| Y(a, 0) > 0 for all o# 0}
and let
0(¢, a) = max{lo, {]| Yla, o) <1}
forall a€ A and { € T' & A'E'. Finally, let
1/6(¢, a) if {#£0 and a €A,
(¢, a) =
otherwise.

Then 7, is lower semicontinuous, where rg(a) = ¢ a). Infact, r§|A is con-

tinuous, [S-3]. Furthermore, ¢(a, 0) = sup, ¢ a)lo, ¢l
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If neE'” let n* € L(E, R”) be defined by
U] n

v

Z (&, 7]

where, as usual, e, € RY, ei: = 31 Let G be an open subset of R” and let C =
C(G, E), with the topology of uniform convergence on compact subsets of G. If
x €C and 5 € E'Y then n*x is a flat map from G to R”. We saw, [S-3], that
if J is a polyhedron contained in G and if £ € E'Y with E N NE =

7y A« Amq,, then

[ kg &% Ddg= [, K2, ' Dar
v R

R

where the integrands are the positive or negative essential multiplicity functions.

Thus if { is a simple element of T' we can define
K2 0 D= [, kg, €%, D dg
R
where (= fl Ao NE Similarly, we can define

MG x D= [, 0, €% Dap.

If |£*%(8])] =0 then
A % D=KY % D=-KT( % .

If P(x) is finite then the Lebesgue derivatives of A({ x, -), K+(C, %, -) and
X=( % ) are ]e({:*x), the essential generalized Jacobian of &*x, ]:(f*x)
and ]e’(f*x), and

U({x)l )+] (&%)

almost everywhere [R-R, pp. 258-261].
Now suppose ¢ is an arbitrary element of T'. Let § be the collection of
all increasing v-termed subsequence of the mtegers 1,2, N N. Then (=
2,06 e for suitable {}‘ €R where e®=e 1A ... Aty it A={A),
Ay vens A . We define

A(Ca X, ]) = g:g Cx A(ek’ Xy ])’
Lete O={J €eP|JCGL IfxeC, ¢eT and J €0 let

H(x, ], {) = min{r (¢, x(p))] p € J},
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so that [S-3], H is lower semicontinuous on C for fixed | and (.
If x € C(G, E) and if P(x) < o let
P (%) = sup z sup H(x, IB é)A({, X, j)
7 Jeo
where 0 is a finite subset of C' whose distinct elements are nonoverlapping.

Ve recall that P(x) = Py,(x) where ¢ (a, 0) = ||o|| forall a € E and
o€eT.

Lemma 2. Let {ta | satisfy ()=(iv) of Lemma 1 and let @ ve the set of
all those | € wbose /aces lie on Ga(ta' ) 1£i4£2" +1. Suppose that
HY(x(9])) = 0 for some x € C(G, E) and all J €l Let 7 be a finite set of non-
overlapping polybedra of Q. If P(x) < o, then
P¢(x) = Sl;p z sup H(x, ], )AL, x, ]).
Jer L
Proof. Let ] € C. There exist J €W suchthac J CJ  ,CJ andif K

is a compact subset of Int ], then K CJ for sufficiently large n. Hence if
& €E'Y then

|0(p, &*x, ]n)| <Mp, £*, ) and lim O(p, ™, J) = Olp, *, ) a.e.

Thus A(( «x, ]") — A(¢ x, ]) forall { €T’ and the lemma follows.

Theorem 6. Let s >v -1 and let x_ € C(G, E) NHXG, E) with P(x) <
o and {"xn":} uniformly bounded. If x — x in C(G, E) and if P(x) <o then
P¢(x) < lim inf P‘p(xn)-

Proof. Let us use the notation of Lemmas 1 and 2. A subsequence Xn,
converges weakly to y in H:(G, E). Thus x, converges weaklyto y in
L (G, E). Since x, converges weakly to x in L (G' E) for any G' with
G C G, thus x =y sothat x € HI(G E) and ||x||l < lim inf ||x,, || Similarly,

a 1
x(a, tn,i) € Hs(Ga(tn,z

and |x(a, ta )H1 is tinite for each (a, m, i) provided 1 # i # 2" + 1.
Let ¢ > 0. There exists a finite subset 7 of (U with |7| elements, whose
distinct elements are nonoverlapping, and {] € T' for each ] € r such that
P, (x) —e< Y Hlx, ], gl)/\(cj, x,
Jer

There is no loss in generality in supposing that lim P (x ) exists. There
exists a subsequence {x, } such that {Hxn |8]|| } is umformly bounded for
each | €r. Since s> v -1, the Lebesgue area of x, |d] is given by the
usual formula [G-Z]. Hence {P(x,,k) | 9]} is uniformly bounded for each
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Jer If EcE' then ¢*x, and £¥x are all continuous on 9], f*xnk con-
verges uniformly to &*x on 9], liP(f o 2)|9]} is uniformly bounded and, by the corol-

lary to Theorem 5, |£*(9])| < |x(8])| =0. Thus by Theorem 4 and the definition of A,
klim A(é’ x”k, ]) = A(C’ Xy ])

where { =&, A... A§,. Hence there exists M such that
Z H(C]a I8 x)A(L:], X, ]) < Z H(C]’ I X )A(CJ’ X 2 ]) + €
Jer Jer k k

for all k> M. Thus P¢(x) —€e< P¢(xnk) +¢ forall &> M,
If x is differentiable, let Axt = xy A+.. Ax,. Thus

Ulx, Ax') = sup 7(x, OINS, ¢l
LeT

€

If A= {)\1, cee s ALY €d let x*= (xxl, ey M) K (= nge)‘ then [/\x" =
ngj(xx). If x is eBV we define

Ux, Nx') = sup, r(x, £) Z Cx ]e(x)‘)
LeT Aed

and let I¢(x) = [¥lx, Ax").

Theorem 7. If x is eBV then Plp(x) > I¢(x) and the equality holds if x is
eAC.

We use the proof of [S-3]. If ¢(]) = P (x|]) then ¢ is superadditive so that
DP‘#(x) exists almost everywhere. Let { € T'. Then

PP 27(x () T &y 1N
Aed
almost everywhere. Hence P¢(x) > l‘p(x). Now suppose that x is eAC. If { ¢
T' then
Yo A 215 O T ¢ LN
Aed
so that

1D > Hix, & P 2 Al x, ) = Hx, & DA, % ])
el

so that [ ,(x) > P (x).
Theorem 8. If x € HXG, E) N C(G, E) then x is eAC.

Proof. If £ € E'Y let J(£*x) be the ordinary Jacobian of ¢£*x. By [G-Z],
L(£*x) = I‘/,O({"*x) < oo, where L denotes Lebesgue area. Since P < L, it follows
that x is eBV. By [R-R, p. 3511, J(£*x) = ]e(f*x) a.e. if £*x has a weak
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total differential almost everywhere. By [G-Z], £*x has a weak total differential
almost everywhere. According to [R-R, p. 261], l¢0(§*x) < P(£*x) with equality
holding if and only if £*x is eAC. The theorem follows since I¢O(§*x) < P(£*x)
< L(f*x) = I¢o(f*x).
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