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BY

JUDITH S. SUNLEY(})

ABSTRACT. Let K be a totally real algebraic number field. This paper pro-
vides an effective constant C(K, h) such that every totally imaginary quadratic
extension L of K with hL = h satisfies ldLl < C(K, h) with at most one pos-
sible exception.

This bound is obtained through the determination of a lower bound for
L(1, x) where x is the ideal character of K associated to L. Results of Rade-
macher concerning estimation of L-functions near s = 1 are used to determine
this lower bound. The techniques of Tatuzawa are used in the proof of the main

theorem.

L Introduction. Let K be an algebraic number field. The class number, b,
of K is one of the most important invariants of K. For example, the ring of inte-
gers, OK’ of K is a unique factorization domain if and only if by = 1. Moreover,
the degree of the maximal unramified abelian extension of K is precisely .
Because of the importance of the class number, the problem of determining the
class number is of central interest in algebraic number theory.

In general the determination of the class number of an arbitrary algebraic
number field is not an easy task. There exist formulae for determining the class
numbers of real and imaginary quadratic fields, but the problem of determining the
class number of an arbitrary number field is still beyond the scope of contempo-
rary number theory.

Gauss, in his Disquisitiones arithmeticae [4], did extensive computations of
the class numbers of real and imaginary quadratic fields. His tables suggest the
following conjectures:

I. There are exactly 9 imaginary quadratic fields of class number 1, namely
those with discriminants dp = — 3, — 4, - 7, — 8, — 11, — 19, — 43, - 67, — 163.

IL. If b is a given positive integer, there exist only finitely many imaginary
quadratic fields of class number 5.

III. There exist infinitely many real quadratic fields of class number 1.
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After many years of investigation, conjectures I and II have been proven, but
conjecture III is still open. Conjecture II follows easily from the theorem of Siegel

[17] which asserts

log by~ log ldKll/z (as |dy| — o)

where ~ denotes the asymptotic equivalence. It might be hoped that conjecture I
would follow directly from II, but the only known proofs of Siegel’s theorem are
noneffective. The best one can do in improving Siegel’s results is the result of
Tatuzawa [22] who generalized earlier results of Heilbronn and Linfoot [10] to
show that

|d | <2100 b} log (13h,)

for any imaginary quadratic field with at most one exception. The result of Heil-
bronn and Linfoot is the special case by =1 which implies, upon inspection of
tables, that there are at most 10 imaginary quadratic fields of class number 1.

Conjecture I has recently been proven by Stark [18]. Stark’s proof completely
bypasses the result of Heilbronn and Linfoot and proves directly that there are
precisely nine imaginary quadratic fields of class number one. The methods used
by Stark to settle conjecture I do not apply ditectly to the determination of all
imaginary quadratic fields of arbitrary class number h. However, in 1970, Baker
[1], Goldstein [6], and Stark [19] reduced the determination of all imaginary quad-
ratic fields of class number two to a finite computation. Precise numerical com-
putations have since been carried out and the class number 2 problem is now com-
pletely settled with independent solutions by Stark and Baker. This paper proceeds
in a slightly different direction in the generalization of known results about class
numbers. Let K be a totally real algebraic number field. Then there are only fi-
nitely many totally imaginary quadratic extensions L of K having a given class
number. This is an immediate result of the Brauer-Siegel theorem and the fact
that the free parts of the unit groups of K and L have the same rank (see Gold-
stein [5]). We will consider the following

Problem. Determine effectively all totally imaginary quadratic extensions of
K having a given class number.

This problem is extremely difficult as can be evidenced by the fact that even
in the case K = Q it has been solved only for class numbers one and two. There-
fore this work should only be considered as a first step in the solution of the pro-

blem. The main result is a generalization of Tatuzawa’s theorem.

Main Theorem. Let K be a fixed totally real algebraic number field and let
L be a totally imaginary quadratic extension of K having conductor TL and class
number b. Then there exists an effectively computable constant c = c(K, b) such
that N, <c, with the possible exception of one field L.
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This result has a number of applications. To begin with, it can be used to
give an effective classification of all fields L having class number one in the
case where K is normal over Q. This has recently been carried out by Goldstein
[7]. In the same paper Goldstein shows that if K is a real quadratic field whose
fundamental unithas norm — 1, an effective classification of all fields L having
class number two can be obtained.

Throughout this paper, unless explicitly stated otherwise, K is assumed to
be a totally real algebraic number field of degree » > 2 with discriminant d. x
is the real ideal character of K associated to some totally imaginary quadratic ex-
tension L of K; it is primitive modulo the ideal f; k will denote |Nf.d|. {;(s)
is the Dedekind zeta function associated to K; {(s) is the Riemann zeta function.
L(s, x) is the series associated to K and ) given by L(s, x) = 2y x@A)/NUS.

The method of proof in this paper revolves on determining a lower bound for
L(1, x) and using this to obtain an upper bound for the class number of L. In
order to determine the lower bound for L(1, ) it is first necessary to determine
an upper bound for L(s, x) in some region about s = 1. This is done by using
estimates obtained by Rademacher developed by applying the Phragmén-Lindeldf
results to the gamma function [14].

In my initial work on this problem, the upper bound for L(s, x) was obtained
through an effectivization of Landau’s results on ideal character sums [12]. The

result is the following:

Theorem 1.1. Let T(x) =24 1, I(x,x) = ZNagx x). Then for K any
arbitrary algebraic number field of degree n > 2 and discriminant d,

(1) |H(x) - bkx| < e28’2"+5(n + 1)5(n+1)/2|d‘l/(rz+l) log” |d| . x(n—l)/(n+l);

) |T(x, X)l < e282me6 (. 1)5n/2+7/2kl/(n+1) log™ k - x(n—l)/(m»l);

where bk is the residue of CK(S) at s =1, x is an ideal character over K primi-
tive modulo | and k= |Nf.d|.

The proof of this theorem is to be found in [20]. As it is long, and can be
circumvented through the use of Rademacher’s results, the proof is not given here.
In any case, the constants yielded by this method were not as small as those now
obtainable. The results of this paper have been reported in the Bulletin of the

American Mathematical Society [21].
II. Preliminary steps.

Lemma 2.1. Let K be an arbitrary algebraic number field of degree n > 2
and discriminant d with bk the residue of éK(s) at s =1, Then hk <
22M(1,3y"* log™ ! d|. If K is a totally real field, then hx < 2%¢*(1.3)**1log"~"|d,|.
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Proof. In the standard terminology, let

bk = 2'l "217'sz/(0\/|7[

where 7, is the number of real conjugates of K, r, is half the number of complex
conjugates of K, b is the class number of K, R is the regulator of K, and o is
the number of roots of unity of K. From Landau [11, p- 74] we see for s real and

greater than one
(1) 2" 1hR/ew < AST(s/2) 'T(s) 2s™*1 /(s — 1)~

where A =|d|%/2"27"/2 In equation (1) set s = 1 + 1/log|d|. Since n>2, s> 1.
Clearly A < |d|%. Then

71 2] &)
Dt (vt W (r(1e )
@ 2 2 log |d| log |d|

n+l
.<1+ L ) log"~!|d|.
log |d|
This implies

222 s 1/2( (1 1 1 1 "2
bk < —75 |d| " Ce M=+ ) (F(l + ))
272 7 1l 2 210g|d|) log |d|

1 1 >n+l n ]|d|
. + log™™
(2) ( log |d|

n+l
<(217)”el/22"<1+ L ) log™~1|d|
log 3

< 22ngnel/2(1 3)n+l log""l |d|.

In case K is totally real, r, =7, 7,=0 and equation (2) yields bk <
2meA(1.3)" llog"_ ld]. o

Lemma 2.2. In the strip —n<o<1+m; 0<n<%, the Dedekind zeta func-
tion {(s) belonging to the arbitrary algebraic number field K of degree n and

discriminant d satisfies the inequality

<| I(ll +S|> )(un-o)/zé(l ..

Lemma 2.3. Let K be a totally real fzela' of degree n> 2 and discriminant
d. Let x be an ideal character over K primitive modulo the ideal . Then

9%

Proof. See [14, p. 200). O
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[L(s, x)| < <@ + 9

$(1+n-0)/2

in the strip —n<o<1+1n, 0<n<Y where k=|Nf.d|.

Proof. Follows from [14, p. 204] and the fact that ¥ is an ideal character and

therefore of finite order. O

Theorem 2.4. Let H(s) be regular for |s — s | <r, and H(s ) £ 0. Suppose
|H(s)/H(so)| <eMin |s - sol <7 and suppose H(s) has no zeros in the right

balf of this circle. Then
-1
ZM (1 + <2Llog.r_) )
p To 7'0

where p runs over the zeros of H(s) in |s — s | <ry <r counting multiplicities.

? (S)+

Proof. See Tatuzawa [22, p. 169]. O

IIL. A lower bound for L(1, x). Let F = Q(y= d) be an imaginary quadratic
field of discriminant — d. Then the L-series L(s, x) associated to F is given by

o0

L(s,x)= 2 xm)n™° [Ris)>1)

n=1

where x(n) = (:n‘i) is the Kronecker symbol. A classical theorem of Dirichlet
asserts that L(1, y) = an/\/g. Therefore, if one could establish a lower bound
for L(1, x) it would be possible to determine all those F for which b < h.
Such lower bounds were found by Landau and Hecke on the assumption of a
weakened form of the Riemann hypothesis dealing with the real zeros of L(s, ).
Later Siegel [17] proved that, for € > 0, there exists c(e) such that L(1, ) >
clé)/|d|¢. In fact, Siegel’s proof is valid for any real Dirichlet character x # X -
However, the constant c(e) cannot be effectively computed using Siegel’s methods.
The essential achievement of Tatuzawa [22] is to compute cle) for all real Dirichlet
characters with one possible exception. In this section we will generalize
Tatuzawa’s result.

Applying the decomposition of the Dedekind zeta function of K and L into
a product of L-series to a well-known lemma [13, pp. 133—137] used in proving the
Brauer-Siegel theorem, we find that for € > 0, there exists c(K, €) such that
L(1, x) > (K, &)/kf. As in the special case K = Q, the constant c(K, ¢ is. ineffec-
tive. In this chapter we will effectively compute c(K, €) for all real y # X, With
one possible exception.

This section is divided into three parts. In the first, two funcuons are in-
troduced which are of primary importance to the proof. Their Taylor and Dirichlet

series expansions are then considered. In the second part, some information on
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the real zeros of these functions is obtained. The third part makes use of the infor-
mation on the zeros to obtain the lower bound for L(1, x).

3.1. The functions F(s) and G(s). Define

(1) F(s) = CK(S)L(S, X);

(2) G(s) = L ()L(s, x L(s, x)LEs, X x,);
where X, x, and X, are real ideal characters of the field K determined by some
totally imaginary quadratic extensions L, L, and L, of K which are primitive
modulo T, fl, and f, respectively. It should be noted that both F(s) and G(s)
have poles of order one at s = 1 and are regular elsewhere.

We are particularly interested in the Dirichlet and Taylor series expansions
for F(s) and G(s). Write F(s)=2]" a,/™° for 0> 1 and F(s)= 2> a:';(Z—s)'”
for |2 — s| < 1. Then it is easily seen that a* = 27 (4, log™ D/1?m!. Likewise
writing G(s) = 277, b,/7° for > 1 and G(s) =27, b* (2 —s)" for |2 -s|<1,
we find b* =27 | (b, log™ D/12%m!.

Lemma 3.1.1. In the above expansions, a,> 0 and b, >0 for all I. Further-
more, if 1= (N)*" for N € Z*, then a,>1and b;> 1.

Proof. The proof of this lemma is obtained by examining the Euler product
representations of the Dedekind zeta function and the L-series which are valid for

-1 -1
1 ¥(®)\
Fls)= II( - @F) (1 _N—@:')

-1 @\"1/ x,© “1< X%, @)\ 7!
1 X1 X _X1Xp
Gls) - n( _N@s> (1_ N@S) < N@S) -2 > :

(L)

0> 1. In particular

and

Let us examine the product for G(s) for some given prime @ under the possible

conditions on x, and x,. Let

gls, 8) = {1 - N@5)1 - x,(BING~*)1 - x,(ENG~*)(U - xlxz(@)N@'S)i".

(1) x,(®) = x,(@) = 1. Then

| —

Z m+1)(m+2)(m+ 3NG~™s,

m=0

gls, @) =(1-NG~%)"4=

o

o}

(2) One of X (&) or x,(@) is — 1 and the other is either + 1. Then

gls, @) = (1 - NG~25)"2 = 3 (m+ UNG~2mS,

m=0
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(3) One of xl(@) or x,(€) is 0 and the other is 1, — 1, or 0. Then

g(S, @) = (1 - N@—s)-Z = Z (m + I)N@_ms,
m=0

g(s, @)=(1-~N@.2$)"l - z N@—st,

m=0

or

gls,8) =1 -NB=5)"1 = 3 NG™s,

m=0

respectively. Thus in all cases,

gls, @)= Y h(B, mNG—™*

m=0

where (€, m) > 0. Thus it is easily seen by examining H@ g(s, @) that b,>0
for all /. Similarly it is easily shown that @; > 0 for all /.

To prove the second part of the lemma it suffices to note that since K has
degree n over Q any I of the form (N)” is the norm of some ideal from K. Since
in all the cases given above, any term of the form (N&)~2° has coefficient at
least one, the Ith term in the Dirichlet series expansion has a; > 1 (or alterna-
tively b, > 1) whenever /= N2" for some N € Z*. The above analysis in the case
K = Q is due to Estermann [3]. O

This information about @, and b, allows us to make some estimates on par-
tial sums in the Taylor series expansions for real s such that ¥4 <s<1.

r—1 =1 = a log™ !

m
> ax2 - =y X ST 2-5s)
m=0 m=0 [=1

(D

l4n

. r—z Z 271 log l) Q- ) - E, s)'
m=0 [=1

Inequality (1) holds because of Lemma 3.1.1. Likewise, 2"’;(1) b"’;(Z - )™ > E(r, s)

for any positive integral r.

Lemma 3.1.2. For 4 <s<1, s real,

1 {@2ns) -1 <2ne(2 - s)log q >’
ns — 1)g2ns—1 - N

for any positive integral q and r.

E(r, s) > {(2ns) -

r
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Proof.
r—1 o m
Ee,s)- Y 3 Gl DTy gy
1*"m!
m=0 [=1
>1+ qz exp{Zn(24;5) log 1} B 1 2ne(2-s)loggq(’
1=2 [ \2rm r

(see [22, p. 171])

N i [-2ns _ i |- 2ns 1 [2ne(2 - s)log g\
- =1 1=2 2rm r

> ¢@2ns) - 1 {@2ns) -1 <2ne(2 - s) log q>'

@2ns — 1)g?7s—1 2rm r
for any positive integers g and 7. O
3.2. The zeros F(s) and G(s).

Proposition 3.2.1. Let 0< e<1/(n + 1), and let k> e?. Suppose L(1, x) <
.948¢/4(n + 1)2bkE. Then F(s) has a real zero in 1 — ¢/4ln + 1)2<s < 1.

Proof. Consider the circle C, determined by |s — 2| = (z + 2)/(n + 1). On
this circle > (n — 1)/(n + 1). Take n=1Y% in Lemmas 1.2 and 1.3. Then on the

circle C,,
s+1
s=1/y
n,1/2 n+1 \n/4
leL(l, X) S2 e 1.3) 371(1_) log"—l|d|°kl/4
| s-1 s -1 m

1) < é(%)z"gﬂu Lo

1/2+41/2(n+1)
(2”)21! t

by Lemmas 2.1, 2.2, and 2.3. Although the lemmas do not apply to all points on
the circle, the points of largest absolute value for the functions lie within the

range of application of the lemmas. Thus

|F{s) — bxL(1, x)/(s = 1)
< 8.32”+1e"/3+1(n . 1)(2/77)n/410gn—1ld‘.k'l/2+l/(n+l)‘
The function F(s) — hkL(1, x)/(s — 1) is regular since b« is the residue of

(s) at s = 1. Thus the inequality must also hold inside the circle C,.

By Taylor’s theorem,
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F(s) - bK_L(.l_)i). z (a* hL(L, X))2 — s)™

for |s — 2| < 1. But since the left-hand side of the equation is regular, the Taylor
series expansion on the right is valid for |s — 2| < 2. Thus by Cauchy’s inequality,

n/ 4
¥ ~ L(L, x)bx| <8.37+en/ 3+ (n . 1)(3) "*‘Idlk1/2+1/("+”<" +1 )
m

n+2
n+1\”
- a, logn—lldl . k1/2+l/("+1)
n+2

where a _ 2n/4+ 33n+1 n/3+l(n + 1)17-"/4

Rewntmg the above information, for s realand 1 — 1/(n+ 1) <s <1,

r—1 r—1
F(s) > E%l)”_" b Y @@ - sy - kL x) X @ - 5)"
- m=0 m=0

+ 3 daX - beL(, N2 - )"

m=r
-1
U1, x)bs 2-sy-1
>——a a*(2 - s)" + bkL(l, x) —————
s-1 +mz=o m( sV 4 b1, 30 s -1

_ n=1gr . 3 1/241/(nsD) 2-s m
(a, log™=1|d] - ) z; <_—(n+2)/(n+l)>

hkL(1, x)2 - s)"

> E(r, s) -
- s
-1
- (a, log™”~1|d| . Rl/241/ (4l _ S)r(” -1 >7<1 _ Q2-s)n+ l)>
n+2 n+2

for any positive integer r.

In particular, for s = 1 — ¢/4(n + 1)?,

4 -1
- (a1 log™|d| - k 1/241/(41)y (5 _ s)r(ﬂ) (l B Q2-s)=n+ 1))

n+ 2 n+2

for all positive integral r. Take r = [2%(n + 1)2 log k], and take ¢ =[e?] in the

expression for E(r, s). Then
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_—f¢ _)>E@1
E (7, 1 4(71 N 1)2) > (71 )

> {2n) -

1 _4@n) -1 (2ne(2 -1) log q)’
@n - l)qz"_1 \/2_,';

1 L4 -1 ( 2ne . 2 )4(n+l)2 log k&

S1o—
3¢° 2(n + 12m log k \2%(n + 1?2 log &

r

>1 -

1 {4)-1 ( e 4(n41)? log k
37> 2(n + 12 log £ \(n +1) log k )

s1_ L .09 (;)361051;

3.7 2(n+IN\2nm

1 . 36
s1-L 09 (3) > .998.
1029 2(n 4+ 1)yZm \3

Moreover,
2 = 5) < (2 - 5)4mD’ logh
2
=expid(n + 1)2 logk - log(2 —s)} = kAn+1)" log (2"5);

and

(2 + 1)/(n +2)) = expir log ((n +1)/(n + 2)}}
<exp{ld(n +1)? log & — 1)log ((n +1)/(n + 2))}

< (n+2)/(n + 1)k 404D 1og(n41)/(m42),
Therefore,

€
F(l- —_—
( 4(n +1) )
brL(L, Yk ) log (2—s)

1-s

>.998 —

-a, log™~1|d| - kl/2+l/(n+1)(n - f >k4("+1)21 log (2-5)+log (n+1)/(ms20} (2 + 21)2
n — n +

hkL(1, x)k‘)
¢/4(n +1)2

g 2P n-11g| . L 1/241/(141) +4n41)2] €/ 411D + Log ((r41)/ ()}
lmeD? 0

Substituting in the value of @,, we find

> .998 — (
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22’ og™~1|d| - k1/241/ s 4(ns1 )7 [e/40n41)" 4108 (n41 )/ n420)}

a1y
1 1
<exp{loga + (n-1)log log |d| + ( +—>logk
+

(e+4(n+1)2log< +;>)log k+log( +2)3}

(n + 1)2

Sexp{log a; +log(n+2)+2log 1+ !
(»+1)

n-1 1 1 1
lo d+<—+ +c+4(ﬂ+1)2————)l k
gldl+ 7+ 1 2+ 1)2) B

- 4(n +1) log k}
<expi4.3 +4.57+{5/2 +1/(n +1) + (n =1)/2 + € - 4(n + 1)} log k}
<expl4.5(n +1) - (7n/2 - 4/3)log k}
<exp{~2.57+1.8} since k> e?;
<expi{-3.2}.

Therefore,

2 €
F(l— € ) 998_4(n+1) LQ, X)ka_e—S.Z
4(n +1) €
4(n + 1)2L3, y)khk
p .
If L(1, x) < .948¢/4(n + 1)?bkk?, then F(s)>0. But lim_, ~ F(s) =~ . Thus
F(s) must have a real zero in 1 — e/4(n + 1)2<s<1 forall 0<e< 1/(n+1). O

>.948 -

Proposition 8.2.2. For 0<e<1/(n+1), X;» Xy Xy X, nonprincipal, and k,
>e? , k > e?

2
G(s) > .948 - hkL(1, x,)L{, x,)L{, xlxz)k«"*l) A-sy/(1 - 5)

for real s in the interval 1 — ¢/4(n + 1)2 <s < 1.

Proof. As before, let C, be the circle |s — 2| =(n+ 2)/(n+1). Let P =
L(1, x L(1, x,)L(1, x;X,). Then using Lemmas 2.1, 2.2, and 2.3, on C,,

|G(s)| < 34(%)4

nll +s

(klk2)3/2—a|d|(3/2—°')/2 ll + slﬂ(3-20)(2ﬂ)ﬂ(20'—3);

and
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P

. 2"e%(l 3)H! log"—l |d|é(3’/2)3"77’ 3n/4(klk2)‘/z
s—-1 )

. s 1]

Thus

4n
lG(S)_ hkP IS ; 4(2) |1 + Sln—Zn/(n+1)+12n+l
s-1 |s -1 2

(klk2)1/2+1/("+1)|d|1/4+1/2("+1)log" -1 |d|§

<(n+ 1)34n|5/2|n—2n/("+1)+12"+1(k1k2)1/2+1/('1+1) |d|1/4+l/2("+”log"|a'|.

Employing the technique of Lemma 3.2.1 with 7 = [4(n + 1)?log (k 1k,)] we obtain

the desired result. O

Proposition 3.2.3. G(s) has at most two zeros in the interval 1 —
1/24(n,+ l)zlog(klkz) <s<1 for kl, k2 > e+ 1) gpg X1 X and XX, not

the principal character.

Proof. Let so=1+ 1/23(n + 1)2log (% 1k2)' Let the circle C, be given by

|s = syl = s, — n/(n + 1). Define the function

0
H(s) = (s = 1) (S)L(s, x)L(s, x,)L(s, x;X,) = (s = 1)G(s).

Then H(s) is a regular function. On the circle C,, using the Lemmas 2.1, 2.2,
and 2.3,
(1) |H() <38B/2)4 7L + sk k)3 27T |d1 B/ 2= 2 |1 4 s|nB=29)qyn(29=3),

At the point s,

1 1

2 = .
D He) T TG INILG g X LG g X G g X%,

Recall the analysis of Lemma 3.1.1 which determined that the coefficients of the
Dirichlet series for G(s) were positive or zero. This implies that G(so) > 1 since

the coefficient of the first term is 1 and s, is real. Thus
1L k(s IL(s o> XIL(s g5 X2)L(s g5 XX > 1
=21/ |L(s ¢, x;)L(s g» X)L s XX ) < Cgls)

Putting this information together with (2), we find
(3) 1 . ISkso) <1
|H(So)l - |50 -1| My((so)' B Iso -1

<23(n +1)% log (k,&,).



1973] TOTALLY IMAGINARY QUADRATIC EXTENSIONS 221
Combining inequalities (1) and (3) we have
|H(s)/H(sO)| < 34(3/2)“ |1 N S|n(3-20)+l(klk2)3/2-U|d‘(3/2-a)/2
@m)*27=338(n + 1)? log (k&)
for s on C,. Thus on this circle, by the methods of the preceding lemmas,
|H(s)/H(s o)| < exp{(15/4) (7 + 1) log (k,k,)}

since log(k 1]62) > 4(n +1). Clearly H(s) has no zeros in the right half of the in-
terior of C,. Therefore, applying Lemma 1.4, we find

(i) 22(5)

L2 U5/4) @ +1)log (kyk,) <1 . %250 —n/(n+1) log(so - n/(n+1)>$—1>
So"”/(”"'l)

To To

where p runs over the zeros of H(s) in |s — sol <1y <r counting multiplicities.
Thus

3 ?gK( ) R (50, xl) ﬁ (Soy XZ) y (Soq Xlxz)i

. )p:&(s()_p)

4 . B0/4)n + Dlog (kyk,)
1/(n +1) + 1/23(71 + 1)2 log (klkz)

(1 X <2 S, —l/(n+l)log(so—l/(n +1)>>-1>
, "o To

Now s is real and greater than one. Thus the quantity in brackets in inequal-

So

ity (4) is in fact positive. Therefore,

L, 5 ﬁ(l )
So-—'l P So—P

< (30/4) (n + 1) log (k&) <1 . (250 - n/(n+1) log (so -n/(n + 1)>>— l)
so—n/(n+l) To o
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implies
z R(—
P So— P
H(p)=0; |50 - PIS rg<Sg = n/(n+1)
< 1 (30/4) (n + 1) log (k,k,)

-1+ so—n/(n+1)

-1
. 1+ 250"”/("‘1'1) log <30—n/(ﬂ+1)>> >
o To

-1
Cnfnsl) | [so-n/n+l
534—0(n+1)210g(k1k2)<2+<2 Somn/eel <S° :WH )>> )

To 0
Let
1 1 1
ro = + .
<23(11 +1) 24n + 1)2> log (klkz)

Then

1 30 3

>R <-——(n+1)210g(kk)<2+

sy P \o-p) 4 PN 25 + D log (kyk,)

< 16(n +1)? log (klkz).
Suppose there were 3 zeros of G(s) with 1/2%n + 1)21log (k k,) <o <1. Then

-1
R 1 >3 1 1 1
I-H |50¥P|sro (so—p> %(2 3 +1)? : 24(n +1)? log (klkz)

-1
>3 ; 3 >16(n +1)2 log (klkz)'
24(n +1)% log (k, k,)

This is a contradiction to (5). Therefore there are at most two zeros of G(s) with

o in the desired interval. O
3.3. The lower bound for L(1, ).

Theorem 3.3.1. Let ¢ <min{l/(n + 1), 4(n + 1)%a}, where 1 — a is the largest
real zero of {,(s). Assume that log k > max{2(n + 1), 1/¢}. Then

L1, x) > .85¢/4(n + 1)57/ 21 /8 +€p,

except, possibly, for one exceptional character .
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Proof. Suppose there exist ), and x, such that L(1, X;) < .85¢/4ln + 1)5" %1/ 8+€p.
Then by Proposition 3.2.1, L{s, x,) and L(s, x,) have real zeros in the interval
1 —¢/4(n+1)2<s<1 since by hypothesis g“K(s) has no zeros in the interval.
Thus G(s) has at least two real zeros counting multiplicities in 1 — e/4(n + 1)2<
s<l Let s =1- 1/2%= + 1)? log kik)) and s, =1 - ¢/4n+ 1)%. Then with
P = L(1, x L1, x,)L(1, X ;X,);

2
4(n41)*(1=s,)
(k1kz) 1

bP(k k) 4D (1)
12 = hkL(1, x,)LA, x,)L{1, x,X,)
1- s, lI-s,

&, k2)4(n+l)2(1—sl)

< bRLAL, X)L, x,)5"7 ™ Bk, k)18 —
|

where the final inequality is obtained using Lemma 2.3 with 7 =%4.

Then substituting the value of s, and noting kl. >e l/‘,

2
Pk k)4 A=s0/(1 _ s )
<hi24n +1)257m 7/ 8el A log (R, k,)(k k)/BLA, XL, x,)
< ((.85)? log (klkz)ez)/(klkz)‘bx by the hypothesis on L(1, x,) and L{, x,)
< (.85)% . 4/(e’hk log (k,k,)) (see [22,p.177])

< .85.

Thus G(s 1) > 0. In a similar manner G(s 2) > 0.
Now

2
G(s) > 948 — hxpPR A+ A=)/ (1 _ ).

and G(s,) and G(s,) are positive. Since the function xA1=5)/(1 _ 5) is convex
for B> 0 and 0< s <1, G(s) is concave in the interval s, <s <s, and there-
fore must be positive throughout this interval. This implies that there are at least
two real zeros of G(s), counting multiplicities, to the right of s,. If there were
1= G(8) =~ oo
Thus we have a contradiction to the fact that there are only two zeros. There must

only two such zeros, this would imply lim__, _ G(s) > 0. But lim

be at least three zeros of G(s) tothe right of s,. But this contradicts Proposi-
tion 3.2.3. Thus with at most one possible exception, for & sufficiently large,

L(1, x) > .85¢/4(n + 1)5" 2&1/8+€hx. (Note this holds for any totally real alge-
braic number field K with x a real ideal character.)

IV. Generalization of the Heilbronn-Linfoot-Tatuzawa Theorem. In the preced-

ing section, a lower bound for L(1, ) is obtained with at most one exceptional
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X- This bound depends only on %k and parameters of the base field K. It now re-
mains to relate this lower bound to the class number of the field L. This is ac-

complished by comparing the residues of {;(s) and £ (s) at s=1. Since L isa
quadratic extension of K, we know

(1) Cx(S)L(s, x) = £, (s).
Thus the residue at s = 1 must be the same for both sides of (1); that is,

lim (s = DEE(S)Ls, x) = lim (s = 1), (s)
(2) S~ l+ s—1 +

= bKKKL(l, x) = bk,

where
3) bk =2"h R /w\ldg| and by, =2"a"h R, /w V]d, ).

Theorem 4.1. Let 1 — a be the largest real zero of {,(s). Let a
102-167+1.03(, l)log""l |d|.

(@) If a>1/(8(= + 1)2log a3), then k < (Za3 log aSbL)uM, with at most one
possible exceptional field L.

®) If a<1/(8( + 1)?log a,), then

3=

k < max {el/4(n+l)2‘1; (asbi‘)l/(l—-4(n+1)2(n+2)°-) (4(n + 1)2a)—l/(l-4(n+l)2(n+2)a)}

with at most one possible exceptional field L.

Proof. Let us first make some general observations applying to both cases.
Let U, (respectively U, ) denote the group of units of K (respectively L) and
let W, (respectively W, ) denote the group of roots of unity of K (respectively
L). Then there is a natural injection Up/W, — U /W . Set (U /W U /W, ]=
gO(L/K). Since L is totally imaginary and K is totally real, UL/WL and UK/WK
are free abelian groups of rank 7 — 1, and therefore gO(L/ K) is finite. An ele-

mentary argument shows that

(4) 277 1Ry = go(L/KR,.

Moreover, elementary facts about the discriminants of algebraic number fields

tell us that

(5) |, | = INT - d2].

Combining equations (2)—(5), we see
@m)" ﬂ p-1/2

© L, y) = —2
0 = = ke, g
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b
@) = L(1, x) < @m)"— Ly-172

bK
This last estimate holds for all abelian characters ) which correspond to a totally
imaginary quadratic extension of K. From §3, we also have available a lower
bound for L(1, x) in this case. Namely, for ¢ <min{l/(n + 1), 4(n + 1)2a} and
log k> max {2(n + 1), 1/€},

L, x) > R5¢/4(n + 1)57/ 2k1/84¢p,

with at most one exception. Thus

b
.85¢ S (277)" _I:_ k-l/z

4(n +1)5n/2k1/8+€bK bK
®) = 1/2-1/8=€C Qa)(b, /b Mn + 15" 2b K,/ .85¢

4Q)™(n + 15" b, /b
= p3/8-€ ¢ = LK amel/2( 3yt log™~1|d| 5“3‘-1}"
. €

L

using Lemma 2.1. The estimate in (8) is valid for € < min{1/(n + 1), 4(n + 1%a}
and log k> max{2(n + 1), 1/} with at most one exception. It is now desirable to
choose for € a value which minimizes the upper bound for k. To do this we dif-
ferentiate the two cases.

(a) If a>1/(8(n + 1)?log a,), then we may choose ¢ = 1/(2 log a,). In this
case €< 1/(n+ 1) and €< 4(n + 1)2a. Moreover, 1/¢> 2(n + 1). Substituting this
value for ¢ in (8) we have, for &> ai, k< (2a3 log a3bL)n/4 with at most one
exception.

(b) I a<1/(8x+ 1)?log a ;) we use e=4(n + 1)2a to obtain the best pos-
sible result. Then for &> el/“"+ n? e

2
k< (a3bL)l/(l-4(n+l) (n42)a) 4(n + 1)2a)-l/(l—4(n+l)2(n+2)a.)

with at most one exception. O

This theorem can be restated in the following manner.

Theorem 4.2. Let 1 — a be the largest real zero of {{s).

(@) If a>1/(8(n + l)2log a ) then all totally imaginary quadratic extensions
L of K with class number b; < b are such that k < (2a log a,h )11/4
most one exceptional L.

(b) If a<1/(8(n + 1)%log a,), then all totally imaginary quadratic extensions
L of K with class number by <bh are such that

with at

1/4(n41)’a 1/(1-4(n41}2(n42)0) 2 \=1/(1-4(n41)2(n42))
k < max {e s (a3b0) 4= +1)°a) }

with at most one possible exceptional L.
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Theorem 4.3. Let K be a real quadratic field. Then

k < max {e1/365, (“3}’L)2/(1°144ﬁ)(363)'3/(1'144'6)}

whenever 368 < 1/(n + 1), where

B =61 |71 + 6a=1d, |1 2 log |d, | - 1277 H|d, |71/ 2(log log |d | +7/2)}

Proof. It can be shown (see Groswald [8, p. 296]) that §K(s) has no real zeros
in1-B<s<1L

The following table gives the value of C(K, 1) = (24, log a )11/4 where K =
Q(\/@) is a real quadratic field of class number 1 whose dlscnmmant is less than
100. For all these fields, 8 is too large to be of importance, thus the estimate of

Theorem 4.1(a) applies.

V. Applications of the result.

5.1. Effective classification of all totally imaginary quadratic extensions L
with b, =h up to one possible exception. From the previous results, this effec-
tive classification is reduced to the problem of determining the class numbers of
all totally imaginary quadratic extensions L of K such that |d, | < C(K, b).
There are several ways of doing this.

In the case of L totally imaginary Minkowski’s bound tells us that in every
ideal class of L there is an ideal U of L such that NU< (2/11)"\/|Z|. Thus in
order to determine all L (with one possible exception) such that b L= b, it suf-
fices to examine those L such that !d, | < C(K, b). For each of these L one can
determine all prime ideals & such that N@ < (2/ 77)"\/|_d:i and thus all integral
ideals ¥ such that N < (2/77)"\/‘—;’:—‘. These ideals can then be compared to
determine which belong to the same class and thus to determine the class number
of K. The exact technique which makes this process effective can be found in
[2, Chapter 3.

This process of effectivization is extremely unwieldy and requires too many
computations to be of much use. However, in certain cases class number formulas
are available or at least conjectured.

Returning to the classical case, a formula has long been known for determin-
ing the class number of an imaginary quadratic field. Namely, for an imaginary

quadratic field of discriminant — d we have

w
1 h=- — Z X (x)x.
M 2d (x, d)=T; O<x<d
This formula has been the basis for all actual computation of class numbers of

imaginary quadratic fields.
In the case where K = Q(\/—) is a real quadratic field, Hecke was able to

obtain the following result.
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0 dy Vdg logdy a, loga,  C(K, D
2 8 2.83 2.08 1.40x10° 14.15 7.792x 10%°
3 12 3.46 2.48 1.67x10° 1433  1.308 x 102!
5 5 224 1.61 1.08x10° 13.89  3.664 x 102!
6 24 490 3.18 2.14x10% 14.57 2.716 x 10%!
7 28 529 333 2.24x10° 14.62  3.110 x 102!
11 44 6.63 378 254x10% 1474 4.513 x 102!
13 13 361 256 1.72x10° 14.36  1.436 x 102!
14 56 7.48 4.03 2.71x10% 14.81  5.447 x 102!
17 17 412 283 1.90x10° 14.46 1.928 x 10%!
19 76 872 4.28 2.87x10° 14.87 6.499 x 102!
21 21 4.58 3.04 2.04x10° 1453  2.380 x 102!
22 88 9.38 4.48 3.01x10° 1491  7.431 x 10!
23 92 9.59 4.52 3.04x10° 1493  7.628 x 102!
29 29 5.38  3.37  2.26x10° 14.63  3.221 x 10!
33 33 574 350 2.35x10° 1467  3.600 x 102!
37 37 6.08 3.61 2.42x10° 1470 3.943 x 10!
41 41  6.40 371 2.49x10° 1473  4.272 x 10%!
53 53 7.28 3.97 2.67x10° 14.80  5.212 x 102!
57 57 7.55 4.04 2.71x10° 14.81  5.486 x 102!
61 61 7.81 4.11 2.76x10° 14.83 5.770 x 102!
69 69 831 4.23 2.84x10° 14.86 6.279 x 102!
73 73  8.54 4.29 2.88x10° 14.87  6.544 x 102!
77 77 8.89 434 291x10° 14.89 6.770 x 102!
89 89 9.43 4.49 3.02x10° 14.92  7.480 x 102!
93 93 9.64 4.53 3.04x10° 14.93 7.678 x 102!
97 97 9.85 4.57 3.67x10° 14.94 7.878 x 102!

Table

227
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Theorem 5.1.1. Let L = Q(\/B, \/0_) be an imaginary quadratic extension of
K = Q(\/B), D > 0, with the integral ideal | in K as the conductor of L over K,
0 being a totally negative number in K. Then the class number b, of L is given by

go(L/K) w
) bL=bKL2:1— w—L x(6yyD) § % (B)G(B)
K

where B runs over all the ray classes modulo {in K, y € K is chosen so that
(y\/l_)) has exact denominator §, and x is the ideal character of K associated

to L. In this formula

c=1 1 l
G(B):v(ﬁl) ?z(uB)a+d Z ?1( +uB>?1a( +uB_UB>$

c 1=0 (o c

where (B, B, is the basis of some ideal in B, ug = t(By), vg =t (B,y),
v(B i) = N(ﬁl)/IN(Bl)L and the rational integers a, b, c, and d are determined by
eB,=aB,+bB,, B, =cP,+dB,, where ¢ is the generator of the group of units
which are congruent to one modulo | and totally positive. The functions 91(")
and ?Z(x) are given by

x-[x)-Y% for x€Z

P )= ;
: 0 for x € Z

P,0) = Bile - D2 - (& = D} + 1/12.

Proof. See Siegel [16, p. 189] and Hecke [9]. O

It should be noted that go(L/K) =1 or 2 in this case and its exact determin-
ation takes only a finite number of steps. Moreover, all functions involved in the
formula are elementary, ?l(x) and ? 2(x) being symmetrized Bernoulli functions,
and the formula is useful for computation purposes.

At the time the above result was obtained, Hecke [9, p. 2] conjectured a more
general formula which would determine b,/ hy whenever K is totally real and L
is a totally imaginary quadratic extension of K. Namely,

Conjecture 5.1.2. Es sei k ein total reeller Kérper, & eine total (d.h. nebst
samtlichen Konjugierten) negative Zahl aus k. Dann bestimmt \/5 einen Relative-
kérper K, welcher quadratisch beziiglich & und total imagindr ist. Der Quotient
der beiden Klassenzahlen H and » von K bezw. k ist dann als elementare arith-
metische Funktionen von & darstellbar, von analoger Beschaffenheit wie die
rechte seite von (1). O

Only a few cases are known where this conjecture has been proven. They in-
clude the two cases given above where K =Q or K is a real quadratic field. The
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others were given by Kummer, where K is the maximal real subfield of a cyclotomic
field Q(Cp) where p is prime, and by Reidemeister in the case where K is a to-
tally real cubic field [15]. In these special cases the available formulae may be
used to make the effectivization an easier process.

Thus we see that in any case, by performing suitable computations, we may
classify all L such that b, = b with at most one exception. It remains to see
what can be said about the one possible exception.

5.2. K is normal over (). In the case K is normal over Q it is easily estab-
lished that the exceptional field L must also be normal over . (See Goldstein
[7].) Therefore we have

Theorem 5.2.1. Let K be normal over Q; let L be a totally imaginary quad-
ratic extension of K such that b, =hb. Then either

1) |dL| < C(K, b); or

(2) L is normal over . O

5.3. K is normal over Q, and b, = 1. In the special case where by =1, even
more information is available. First of all, b; =1 implies bK =1 as well ([s],
[7]). This limits the number of base fields one must investigate. In addition Gold-

stein [7] has shown that the exceptional field L has a very special form.

Theorem 5.3.1. Let K be a normal algebraic number field of class number one.
Let L be a totally imaginary quadratic extension of K with b, = 1. Then either

(1) |4, | < CK, 1

@ flz

(3) ﬂ dK; or

(4) L = K&/0) where 0 is the discriminant of some imaginary quadratic field

of class number one.

Proof. Use Theorem 4.1 and the results of Goldstein [7]. DO
Let us define a Siegel zero as any real zero of an ordinary Dirichlet L-series
in the strip 0 <o < 1. A weak form of the Riemann hypothesis says there are no

Siegel zeros.

Theorem 5.3.2. Let K be a normal, totally real field of class number one.
Assume that there are no Siegel zeros. Then for |dK| sufficiently large, K can
bave at most one totally imaginary quadratic extension L of class number one;
this L is normal over ) and belongs to a finite, effectively determined set of
fields.

Proof. If there are no Siegel zeros, case (a) of Theorem 4.1 applies. It should
be noticed that this implies Nf.|dy| = O(log"|d|) for some 7 as |d,| — co. Then
for |dy| sufficiently large (given n) we find b, =1 = Nf< 1 with at most one

exception. Goldstein’s results can now be used to classify this one exception. O
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Theorem 5.3.3. Let K be any abelian extension of Q whose Galois group has
odd order and such that by = 1. Then if |d| is sufficiently large, there exists
at most one totally imaginary quadratic extension L of K such that b; =1. If L
exists, L is normal over Q) and belongs to a finite, effectively determined set of
fields.

Proof. The classical result states that if y is a Dirichlet character such that
x4 Xo» L(s; x) has no real zeros for 1 — 1/(c log 1) <s <1 where [ is the
period of . This result can be effectivized by c¢ = 1200. If the Galois group of
K has odd order it has no elements of order 2, and therefore (K(s) has no real
zeros in 1 — 1/(1200 log !dKI) <'s < 1. Therefore again case (a) of Theorem 4.1
applies. O

5.4. K=Q\D and b, = 2. In this case additional information is available
whenever the norm of the fundamental unit is — 1. This result is again due to

Goldstein.

Theorem 5.4.1. Let K = Q(\/B) be a real quadratic field of class number one
whose fundamental unit € has Ne=— 1. Then it is possible to effectively classify
all L for which b, = 2.

Proof. See Goldstein [7]. O

5.5. Points for further development. The results of this paper open up many
possibilities for future research. The most fruitful area would appear to be the
case where K is a real quadratic field. Efforts are now being made to reduce the
constants involved to a level where machine computation of all totally imaginary
quadratic extensions of K of class number one is possible. Moreover, using Gold-
stein’s results [7] some information is available in certain cases for determination
of the fields L of class number two.

In particular, it would be desirable to find cases in which the one possible
exception would not exist. One interesting question would be

Problem. Let F be the set of all totally imaginary biquadratic fields of class
number one which contain a real quadratic field. Is ¥ a finite set?

In order to answer this question, several improvements on the current results
would be needed. First an improvement on the upper bound for the real zeros of
L(s, x) is needed where ¥ is a real Dirichlet character. Second, it would also
be necessary to show that the exceptional field occurs for only a finite number of
base fields K.

Another interesting application of the result is to the case of cyclotomic fields.
Every cyclotomic field is a totally imaginary quadratic extension of its maximal
totally real subfield. Moreover, this subfield is abelian over Q. Thus another ave-

nue of exploration is to determine those cyclotomic fields of class number one.
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Thus there are many approaches to future developments of the results of this
paper. Further research in the determination of class numbers of imaginary quad-
ratic fields is also important as these appear to play a decisive role in the rela-

tive case.

BIBLIOGRAPHY

1. Alan Baker, Imaginary quadratic fields of class number 2, Ann. of Math. (2) 94
(1971), 139-152.

2. Z.1, Borevi€ and L R. Safarevi&, Number theory, **Nauka’, Moscow, 1964; English
transl., Pure and Appl. Math., vol. 20, Academic Press, New York, 1966. MR 30 #1080;
MR 33 #4001.

3. T. Estermann, On Dirichlet’s L functions, J. London Math. Soc. 23 (1948), 275—
279. MR 10, 356.

4. C. F. Gauss, Disquisitiones arithmeticae, Fleichser, Leipzig, 1870; English transl.,
Yale Univ. Press, New Haven, Conn., 1966. MR 33 #5545.

5. Larry Goldstein, 4 generalization of Stark’s theorem, J. Number Theory 3 (1971),
323-346.

6. s Imaginary quadratic fields of class number 2, J. Number Theory 4 (1972),
286--301.
7. s Relative imaginary quadratic fields of class number 1 or 2, Trans. Amer.

Math. Soc. 165 (1972), 353-364.

8. Emil Grosswald, Negative discriminants of binary quadratic forms with one class in
each genus, Acta Arith. 8 (1962/63), 295-306. MR 28 #64.

9. E. Hecke, Bestimmung der Klassenzakhl einer neuen Reihe von algebraischen
Zahlkorpern, Géttinger Nachr, 1921.

10. H. Heilbronn and E. H. Linfoot, On the imaginary quadratic corpora of class num-
ber one, Quart, J. Math, Oxford Ser. 5 (1934), 293-301.

11. E. Landau, Einfihrung in die Elementare und Analytische Theorie der Algebraischen
Zahlen und der Ideale, 2nd ed., Teubner, Leipzig, 1927.

12. » Verallgemeinerung eines Polyaschen Satzes auf algebrasche Zahlkérpern,
Gottinger Nachr. 1918, 478488,

13. Serge Lang, Algebraic numbers, Addison-Wesley, Reading, Mass., 1964. MR 28
#3974,

14. Hans A. Rademacher, On the Phragmén-Lindelsf theorem and some applications,
Math. Z. 72 (1959/60), 192-204. MR 22 #7982,

15. K. Reidemeister, Uber die Relativklassenzahl gewisser relativquadratischer
Zahlkéorper, Abh. Math. Sem. Univ. Hamburg 1 (1921), 27-48.

16. C. L. Siegel, Lectures on advanced analytic number theory, Tata Institute of Fun-

damental Research, Bombay, 1961.
17. , Uber die Klassenzahl quadratischer Zahlkorper, Acta Arith, 1 (1935), 275~

279.

18. Harold M. Stark, A complete determination of the complex quadratic fields of class-
number one, Michigan Math. J. 14 (1967), 1-27. MR 36 #5102.

19. s Imaginary quadratic fields of class number 2, Ann. of Math. (2) 94 (1971),
153-174.




232 J. S. SUNLEY

20. J. Sunley, On the class numbers of totally imaginary quadratic extensions of to-
tally real fields, Ph.D. Dissertation, University of Maryland, College Park, Md., 1971.

21. , On the class numbers of totally imaginary quadratic extensions of totally
real fields, Bull, Amer, Math. Soc. 78 (1972), 74-76.

22. T. Tatuzawa, On a theorem of Siegel, Japan. J. Math. 21(1951), 163—-178. MR 14,
452,

DEPARTMENT OF MATHEMATICS AND STATISTICS, AMERICAN UNIVERSITY, WASHINGTON,
D. C. 20016



