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TENSOR PRODUCTS OF GROUP ALGEBRAS

BY

J. E. KERLINC1)

ABSTRACT.     Let  C  be a commutative Banach algebra.   A commutative Banach

algebra A  is a Banach  C-algebra if A   is a Banach  C-module and  c • (aa ) =

(c • a)a   for all c e C,  a, a   € A.   If A .,■■■, A     are commutative Banach  C-

algebras, then the   C-tensor product  A^   ® ^. • • •    ® ^ A    = D is defined and is a

commutative Banach  C-algebra.   The maximal ideal space 'J5i„   of D   is identified

with a closed subset of 1})/\, X • • • X Wa     in a natural fashion, yielding a general-

ization of the Gelbaum-Tomiyama characterization of the maximal ideal space of

Al9y...G>    An.
If C = L  (K) and A . = L  (G .), for LCA groups K and G ., i = 1, • • • , n, then

1 ' *1 1 l
the  L   (/O-tensor product D   of  L   (C,), • ■ • , ¿   (C   )  is uniquely written in the

form D = /V ©De,where N  and  D     are closed ideals in D,   L1^) • N = \o\,  and

D     is the essential part of D,  i.e.  D    = L   (K) ■ D.   Moreover, if D    ^ JO},  then

D     is isometrically  L  (Ä)-isomorphic to L   (G. ®„ • • • <S>„ G ), where  G,, • ■ • ,

G     is a K-tensor product of  G,, ••• , G     with respect to naturally induced

actions of  K  on  G .,•••, G   .   The above theorems are a significant generaliza-

tion of the work of Gelbaum and Natzitz in characterizing tensor products of

group algebras, since here the algebra actions are arbitrary.   The Cohen theory

of homomorphisms of group algebras is required to characterize the algebra actions

between group algebras.   Finally, the space of multipliers Horn, j,^,(¿ (G), L   (Hl)

is characterized for all instances of algebra actions of L^(K) on L^(G) and  L!(//),

generalizing the known result when  K — G = H   and the module action is given by

convolution.

If A.  and A    are Banach modules overa Banach algebra  C, then Rieffel

[18] has defined and systematically studied the  C-tensor product, Aj   ®c A      of

A.  and A..   If A j and A 2,  or more generally A .,-■•, A   , are commutative

Banach   C-algebras for a commutative Banach algebra   C,  then the   C-tensor prod-

uct   of A ,,■•■, A ,  A,   ®c ■•• ®c A  ,  is naturally a commutative Banach  C-

algebra.   In this paper we study this tensor algebra, characterize its structure
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space, and analyze it in the situation when A j = L  (Gj), • • ■ , A^ = L  (G^), and

C = L  {K) for locally compact Abelian groups  Gj, • • • , G  , and  /C.

In a paper prior to Rieffel [18], Gelbaum [4] introduced a  C-tensor product

of commutative Banach  C-algebras.   We show that although this tensor product is

not equivalent to the tensor product of Rieffel, the two tensor products are closely

related (Theorem 3.1) and, in fact, when  C has a bounded approximate identity,

the tensor algebra of Gelbaum is the essential part of the tensor algebra of Rieffel.

In his studies of tensor products Gelbaum  [4] was motivated by the following

interesting example.   If  K and  G are LCA groups and  6: K —» G is a continuous

homomorphism, then L  (G) is naturally a Banach  L (/C)-algebra under 6-convolution:

c *ea(x) = f  c(k)a{x -d(k))dk,       x e G,  c e lK/C), a eLl(G).

Gelbaum posed the following question.   If  L  (G) and  L  {H) aie the  L (ZC)-algebras

whose actions are induced by the continuous homomorphism  6: K —» G and  ip:

K —> H, is the   L  (ZC)-tensor product of  L (G) and  L  (W) the   L -group algebra of

a LCA group?   Gelbaum  [4] and Natzitz   [14] obtained partial results to this

question.

In this paper we analyze the most general situation, that of characterizing

L  (Gj)®Li.K. ••• ®l!(K) ^  ^r? ln fl^ instances of (isometric)  L  (/O-algebra

actions on  L  (Gj), • • • , L  (G  ).   The main result (Theorem 6.5) is briefly para-

phrased by stating that the essential part of  L (Gj) ®Li,K\ • ■ • ®¿,1(k) ^  ^ )

is a closed ideal and direct summand, and   (when nonzero) it is isometrically

LUrvHsomorphic to  L1(G1 ®K • • • ®K Gn) where  Gj ®K • • . ®K Gn is the LCA-

group and   /C-tensor product of   G,,•••, G    with respect to induced actions of   K

on  G ,,•■•, G .

The complexity of the general problem itself is perhaps best reflected in the

three deep results required to prove the main result.   First, the complete Cohen

theory   [l ] of homomorphisms of group algebras is needed to characterize the

algebra actions of  L  (K) on   L  (G).   Secondly, the result of Gilbert   [6], showing

that closed subsets of the coset ring of the dual group are sets of spectral syn-

thesis, is used to show that the tensor product of group algebras over a group

algebra is always a strongly semisimple Banach algebra.   Finally, the fundamental

result of Grothendieck [7] (and Johnson  [11 ]) asserting that the projective tensor

product of  L -group algebras is the   L -group algebra of the direct product of

groups is the starting point of our analysis;  in fact, our work is evidently a gen-

eralization of this fundamental fact.

In  §§4 and 6 we introduce the notions of LCA   K-groups and their   /C-tensor

products.   The purpose here is to exhibit the almost functorial interrelation be-

tween actions of one LCA group on another and actions of the respective group
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algebra on the group algebra, and   between   K-group tensor products and group

L  (K)-algebra tensor products.

Finally, in §7 we characterize the space HomLi(K)(L (G), L°°(H)) of gener-

alized multipliers for arbitrary L (/O-algebra actions on L (G) and L (H) where

L°°(/7) is the  L (K)-module under the adjoint action.

1.   Banach  C-algebras and  C-tensor products.   Presented in this section are

the basic definitions and facts about commutative Banach  C-algebras and their

C-tensor products.   As will be readily apparent to the reader, we have borrowed

freely from the paper of Rieffel  [18] concerning tensor products of Banach modules,

and consequently, familiarity with   118] should facilitate reading this paper.

Throughout this section  C will denote an arbitrary but fixed commutative

Banach algebra.   It is assumed throughout that we are dealing with complex spaces

and all terms such as Banach space, Banach algebra, and the like should be inter-

preted in the context of the complex field of scalars.

Definition 1.1.   A commutative Banach  C-algebra is a commutative Banach

algebra A  together with a continuous, complex bilinear map C x A 3 (c, a) —>

c ■ a £ A   such that

(i)   (cc') ■ a = c • (c' • a),

(ii)   c • (aa ) = (c • a)a   = a(c ■ a ),

for all c, c   e C,  a, a   e A.   (It is easily seen that the second equality in (ii)

follows from the first by the commutativity of A.)  Note that the continuity of the

action of C on A  is equivalent to the existence of a nonnegative constant  X

such that

(iii)   \\c ■ a\\A < x\\c\\c\\a\\A, c e C,  a e A.

The least such  X > ^ satisfying (iii) is called the norm of the action of  C

on  A  (and of course this is the bilinear norm of the bilinear map  (c, a) —> c ■ a).

If   x can be chosen to be one in (iii) then we say the action of  C on  A   is  iso-

metric  (following   [18]).

In   [18] Banach modules over such general spaces as sets, groups, etc., have

been treated.   We could equally as well have defined Banach  C-algebras in this

spirit.   However, since our basic concern is with algebras over Banach algebras,

there is insufficient reason for undertaking this generality.   The reader can easily

supply the necessary changes.

Examples of algebra actions of one commutative Banach algebra on another

are in abundance.   Of particular concern in this paper are the algebra actions of

one group algebra on another.   In  [12] this author has characterized these actions

completely, and for the sake of completeness we summarize these results in   §4.

As a final remark, note that since we consider modules over commutative

rings, it is unnecessary to distinguish between left and right module actions;
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indeed, every right action can be viewed as a left action in the obvious fashion,

and vice versa.   Therefore, in making references to  [18], qualification of left and

right actions is not needed.

Definition 1.2.   If A  is a Banach  C-algebra (or C-module), the closed linear

subspace of A  spanned by  C ■ A = \c ■ a\ c e C,  a E A \ is called the essential

part of A and is denoted by A  .   A  is essential if A    = A.

If  C has a bounded approximate identity, then from Hewitt's factorization

theorem  [10, Theorem 32.22] the essential part, A  , of the Banach  C-algebra A

is actually  C • A.   This fact together with the ring structure on the modules and

the definition of an algebra action yield the evident but important

Proposition 1.3.   // C has a bounded approximate identity and if A   is a

Banach  C-aleebra, then A     is a closed C-ideal in A,  A     is an essential Banach
° e e

C-algebra, and A    contains any C-subalgebra of A  which is essential.

(Note.   This is merely the analog of  [18, Proposition 3.6], now in the con-

text of Banach  C-algebras.)

We now consider tensor products of Banach  C-algebras.   The definition

parallels that in   [18] for tensor products of Banach modules, and the existence

is established by the same construction; but for the sake of completeness we

include the details.   Also, since we will have occasion to speak of tensor prod-

ucts of more than two Banach  C-algebras we find it convenient to base our dis-

cussion in the setting of tensor products of any finite number of Banach C-algebras.

Definition 1.4.   Let  Aj, •••, A     be Banach  C-algebras.   A continuous com-

plex   re-linear map  r/> of A j x • • • x A     into a Banach space   V is   C-balanced if

(f)(a., • ■ ■ , c • a., • ■ ■ , a  ) = cp(a  , ■ ■ ■ , c ■ a ., ■ ■ ■ , a  )       (l < i, i < n),

for all    c  e C,   ak  6 A k>   k = 1,  • • ■  , n.    If   V is  a   Banach algebra  and

<p'(aj,l, ... , aj>n) = <j>(ax, ... , an)<f>(bl, ■ ■ . , bj for all afe, ¡>k eAk,  k = 1, ... ,

«,  then  (f> is said to be multiplicative.

Definition 1.5.   Let A l, ■ ■ • , A    be commutative Banach  C-algebras.   A

C-tensor product of A j, • • • , A     is a pair  (D; p) consisting of a commutative

Banach  C-algebra  D and a continuous, complex and  C-w-linear, multiplicative

map p of A i x ••■ x A    into D satisfying the following universal mapping prop-

erty.    If   <f> is a continuous, complex  w-linear,   C-balanced map of A. x ■ ■ ■ x A

into a Banach space   V, then there is a unique continuous linear transformation

$: D —» V such that  (f> = $ ° P a"d   11011 = ||$||  (where   \\<f>\\ denotes the multi-

linear norm of (/>).   If cf> is also  C-ra-linear when  V is a Banach  C-module, then

0 is also  C-homogeneous, and, if <p"  is also multiplicative when  V is a Banach

algebra, then $ is also multiplicative (as a map between Banach algebras).
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The existence of  C-tensor products of Banach  C-algebras is obtained by the

same construction as that used for the tensor product of Banach modules   [18].

Namely, if A., • • • , A     are commutative Banach  C-modules, let  Aj ®y ■ ■ -®yAn

denote the commutative Banach tensor algebra and projective tensor product of

A   , • • • , A     (where  y denotes the Schatten  [21 ] greatest cross norm).   Aj ®y ■ ■ ■

®    A     is naturally a Banach   C-algebra, when  c . (ax ® • • • ® aj = (c . «j) ® . . .

® a    implements the action of  C on A . ®    • • • ®    A  .   Let  / denote the closed
n        r l       Y y      ri

linear subspace generated in A j ® • • • ® An by the set of all elements of the

form (a1®...®c.«.®...(g)fl )-(aj®...®c.a.®...®a ) where 1 < i,

j <n and c € C, a, 6 A,, k = 1, • • • , w. Since A,, . . ., A are C-algebras, the

generators of / are closed under action by C and multiplication by fundamental

tensors of Aj ® • • • ® A . Consequently, / is (naturally) a closed C-ideal in

A j ®r • • • ®y An. We define A , ®c • • • ®c A^ = A l ®y ■ ■ ■ ®y AJ], the quo-

tient commutative Banach C-algebra with the quotient norm, and define p: A x

. . . x A    — A, ®r • • • ®r A    byn 1      C C      n      '

p(a ,,•••, a ) - a , ® • • • ® a /],       (a,,•••, a ) e A , x • • • x <4  .
rl ni n   J 1 n \ n

Now, given  a,   e A,,   k = 1, • • ■ , n, we will write  a^ ®    • • ■ ®     a    (called a

fundamental tensor) for the element  ß j ® • • • ® «  //  of  A, ®r • • • ®r A   ,  or

simply O] ® • • • ® a    when there is no confusion.

The next proposition is the parallel of  [18, Theorem 2.3], now in the context

of tensor products of Banach  C-algebras.

Proposition 1.6.   (A. ®„ • • ■ ®r A   ; p) is a C-tensor product of the com-

mutative Banach C-aleebras A,,..., A  .

Proof.   Since  (A j ®c • • • ®c A^; p) is a  C-tensor product of A j, • • ■ , A    as

Banach  C-modules   [18, Theorem 2.3],  every continuous, complex   «-linear,   C-

balanced   [resp.   C-«-linear] map (£> of A. x • • ■ x A     into a Banach space   V

factors through  Aj ®c • • • ®c A     to yield a continuous linear   [resp.   C-linear]

transformation  $ such that  $°p = <^ and   ||çS|| = ||$||.   If  (/> is also multiplicative,

then  <5 is also multiplicative on products of fundamental tensors and therefore

by the linearity and continuity of  $ and the fact that the fundamental tensors

linearly generate   Aj ®c • • • ®c A   ,  we have  4> is multiplicative on the tensor

algebra  A l ®c • • ■ ®c A     into the Banach algebra   V.

It is of interest to obtain the existence of a tensor product of A ,, ■ • • , A
r 1 n

by a different approach, namely as the quotient of a topological function algebra

on A j x • • • x A^.   The construction we offer parallels the construction by Gelbaum

[3] for tensor products of Banach algebras over the scalar field.

Let  j(A j, • ■ • , AJ denote the complex linear function space consisting of

all complex valued functions  /on  A j x • • • x A     such that
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(1) /(«j, • • •, a ) = 0 if a   = O e A . for some  z, 1 < z < w,

(2) ll!/lll=^iX"..xAJ/(«1,...,«n)||k1||...||aj<^.
Now, j(A ,,..., A  ) ¡s a Banach space of functions on A . x ■ ■ ■ x A    under the

norm   ||| • |||, and is a commutative Banach algebra under convolution: if /, g 6

i(Aj, ... , A   ), then the convolution of / and g, f *g, is the element in

j{A}, • • • , An) given by

f *g(av---,an)=        ^    Z /(*i, •••.éjgíijf •••f*¡1).

if   ||a , || • • • \\a   || > 0 and a ,   is factorable for k = 1, • ■•,«;

= 0,     otherwise.

The convergence of the above series can be easily shown  (e.g., [3, p. 131]).

For each  (a   , ■ • ■ , a ) € A    x • ■ ■ x A     let  v denote the fundamental
I ti Í W- ^ J »    *    *   *   "t7

functional and element of J(A t, • ■ • , A^) such that  y      ... .    — 0 if   H^H ■ ■ ■

||fl   || = 0,  and,   y is the characteristic function of the one point set
11   n " ' '   *-a\ ,■ • • ,an r

{(«j, • •• , aj] C Aj x ••• x An if  ||öj|| •• • ||ßj > 0.  Now, each / eíf(Aj, • • •, AJ

can be expressed as the series

/=      Z      fbv •••.«n)x.   .....
A.x---xA ' "

1 n

where there are at most countably many nonzero terms in the sum and the series

converges absolutely in norm to /.   We also note that

Xa     ... a        X¿     ... ¿    ~ X.   t    ... a   fc
1• « I ' n 11* nn

for all a,, è, £l, 1 < k < n. Finally, we make J~(A }, • • • , A ) into a Banach

C-algebra as follows. For each c e C and / e j(A j, • • • , A ) define the action

of  c on / by

C./= £ /(a,, •••,«„)Xc.a     fl     .....   •

A   x ---xA
1 7¡

(Since the series converges absolutely and  j(A j, • • • , A   ) is complete,  c • / is

a well-defined element of j (A j, ■ • • , A   ).)

Let  3 denote the closed linear subspace generated in  j(A j, • • • , A   ) by the

family of functions

W    Xau. ■ . ,ak+bk.- ■ -,an ~ ^-ax,. • ■ ,ak. ■ ■ ■ ,an ~ *fl 1, • • ■ ,bk. ■ ■ • ,a„'

M1*      Xait. . . ¡a/tt . . . ¡ar¡ ~ Xfll,. . . ,\ak, ••-,«„'

*1U'   *ai, ■ • • .c -a, ,■ ■ • ,a„ ~ Xfli, • • • ,c -a,-, ■ ■ ■ ,an'

where   1 < i, j, k < n,  c 6 C,  a,, b,   € A ,,  and  À is complex.   It is seen immedi-

ately that the generators of  9 are closed under convolution by the fundamental
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functionals in 3"(A., • • • , A  ) and also by the action of C, and therefore,  9 is

naturally a closed  C-ideal in J (A ,, • • • , Aj.

Let 2) denote the quotient commutative Banach C-algebra Jj = j(Aj, • • •, A )/3

with the quotient norm and define the map S: A j x ■ • • x A   3 («j, . . . , a^) —>

v /3 e 2).   With the above notations we obtain
A«l,•••,an

Proposition 1.8.   (2); 8) is a C-tensor product for the commutative Banach

C-algebras A,, • • • , A  ,  and there is an isometric C-algebra isomorphism of

A, ®^. ■•• ®^. A     onto 2) which carries a, ® • • • ®a    io v /I
1      C C     n 1 n "-a], • • • ,a„

Proof.   It is evident that 5 is a continuous, complex- and  C-n-linear, and

multiplicative map of A j x • • • x A    into 2).   If ^ is a continuous, complex  re-

linear, and  C-balanced  [resp.  C-zz-linear] map of A j x • • • x A    into a Banach

space   [resp. C-module] V, define the map    $   of J (A j,  • • • , A   ) into  V by

$"(/)=        £       f(av---,an)<t>(aït.--,an),      f e if (Aj, ..., Aj.
A   x •••xA

1 n

Then for each / e ?(A j, • ■ ■ , An),

ll*"(/)||v<     Z     l/(«1.---^„)l!l0lllk1ll---IKII = ll<ra|MII/lll,
A ,x •••Y.A

1 n

and   0    is   a bounded linear   [resp.   C-linear] transformation such that   ||<5   || <

\\<f>\\.   Since  <b\xau...,ar) = <t>(ai, ••-,*„) and hence   H^, • • ■ , «„)||v <

II^'IIIIíZjII ... ||aj, we have   ||r/>|| < ||0'||.   Thus,   ||<7j|| - ||$"||.  Since  </S is com-

plex   «-linear and   C-balanced,  $   annihilates the generators of  ÍJ,  and therefore,

Ker $  2*   ^   induces a bounded linear  [resp.  C-linear] map $: 2) —> V such

that $ °8 ="<7j and   ||0|| = ||4>  ||  ( = ||<£||).  Since the linear span of the image of

8 is dense in  JJ,  $ is the unique bounded linear transformation factoring   <p

through  2).

If   V is a Banach algebra and  cf> is also multiplicative, then  $ maps the

product of two elementary generators in  Ju to the product in   V of their respective

images.   The continuity and linearity of $ imply 0 is a multiplicative transfor-

mation of S) into  V.   Finally, the isomorphism between 2) and A, ®c •■ • ®rA

follows from the next proposition which is a parallel of  [18, Theorem 2.5l.

Proposition 1.9. // (D; p) and (D ; p ) are C-tensor products for the com-

mutative Banach C-algebras A., ■ ■ ■ , A , then there is an isometric C-algebra

isomorphism,  J,   of D  onto D'   such that  J ° p = p'.

The commutativity and unrestricted associativity of tensor products of  C-

algebras have natural extensions in the context of Banach C-algebras.
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Proposition 1.10.   // A., • • • , A     are commutative Banach C-algebras and a

is a permutation of ¡1, • • • , n\, then there is a natural isometric  C-algebra iso-

morphism

A1 ®CA2  ®c... ®cAn-AtT(1)®cAcr(2)®c... ®cAa(n)

which carries a, ® a. ® • • • ® a     /oa„.,,.®a„.,.,.®...®a_,   ,.

Proposition 1.11.   // A., • • • , A     are commutative Banach  C-algebras and

1 < i < n,  then there is a natural isometric  C-algebra isomorphism

(A1 ®c... ®CA) ®C(A¡ + 1 ®c ... ®cAn)^Al  ®c...  ®cAn

which carries  (a, ® ■ ■ • ® a .) ® (a .  , ® . . . ® a  ) /o a,
v   1 i z+l n 1

a .
n

In conclusion to this section we collect certain facts to be applied later in

our discussions of tensor products of group algebras.   Although the facts we list

are essentially restatements of those in [18] we find it convenient to have the

results recorded.

The first lemma is essentially  [18, Theorem 4.4] but now presented in the

context of Banach  C-algebras.

Lemma 1.12.   Let C be a commutative Banach algebra with bounded approxi-

mate  identity and let A  be a commutative Banach C-algebra.   Viewing C as a

C-algebra, so that C ®r A   is defined, there is a natural bicontinuous  C-algebra

isomorphism C ®r A = A     which carries  c ® a  to c ■ a.   If C has an approxi-

mate identity of norm one and if A   is an isometric  C-algebra, then the isomorphism

is isometric.

Proof.   The lemma follows immediately from Theorem 4.4 and Proposition 3-1

of   [18] once it is observed that they have analogs in the context of Banach  C-

a Ige bras.

Corollary 1.13.   // C  is a commutative Banach algebra with bounded [resp.,

norm one\ approximate identity and if A,   is a commutative  [and isometric]

Banach C-algebra,  k = 1, • ■ • , n,  then there is a natural bicontinuous  [resp,,

isometric] C-algebra isomorphism C ®,. A, ®,. • • • ®,_ A    = (A, ®^ • • • ®,. A  )

which carries  c ® a, ® ■ • • ® a    to c • (a, ® • • • ® a  ).
1 n I n

2.   Related tensor products considered by earlier authors.   A few years

earlier than the appearance of Rieffel's paper  [18], Gelbaum  [4] considered a

variant of the   C-tensor product of Banach   C-algebras.   It may be of interest to

those familiar with   [4] to put it into the perspective of the   C-tensor product we

have discussed in  §1.

ne
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We begin with a brief description of the setting considered by Gelbaum in [4].

Let A and  B be commutative Banach  C-algebras.   Let &C{A, B) denote the com-

mutative Banach algebra and vector-valued function space on A x B consisting of

all  C-valued functions  /on Ax B such that f(a, 0) = /(0, b) = 0 for all  {a, b) e

A x B and

y,(/)=   X   \\f(a.b)\\c\\a\\A\\b\\B<~,
AxB

where multiplication is given by convolution (the same formula occuring in  §1 for

defining convolution in  J"(A, B) can be used here).   Now,  J AA, B) naturally be-

comes a Banach  C-algebra under pointwise multiplication by  C.   We will denote an

elementary function in JC(A, B) by  c\a ,   where  c £ C,  a e A,  b 6 B.   Let  $c

denote the closed  C-ideal and closed linear subspace generated in  J"C(A, B) by

all elements of the form

W     cXa+a',fc-cXa,è-cXa<,fc  .       (Ü)     cXa,b+b'-cXarb-cXarb<    ,

(iii)     XcXa,b-cX\a,b   > (iv>     kcXa,b-cXa,\b   '

(v>     CC'Xa,b-C'Xc.a,b   • (vi)     CC'Xa,b-C'Xa,c.b    '

where   a, a   € A,   b, b   e B,  c, c   6 C, and  À is a complex scalar.

Let  2) denote the quotient algebra and commutative Banach  C-algebra  2) =

JC(A, B)/$c with the quotient norm induced by y,.   3 is the tensor product of

A  and  B over  C considered by Gelbaum in  [4], [5], and subsequently by Natzitz

[14] and Lardy  [13].

The precise connection between  3 and the  C-tensor product of A  and  B

defined in   §1 is given by

Theorem 2.1.   // A  and B are commutative Banach C-algebras let 3 =

J'r(A, B)/$r  be the commutative Banach C-algebra defined above.   Then 5)  is a

C-tensor product for C, A, and B,  and there is an isometric C-algebra isomorphism

2) = C ®^ A ®^ B which carries  cv    ,/!)_.  to c ® a ® b.
C C /xrz,b     C

Proof.   Let  a: C x A x B —> S) denote the continuous, complex and  C-trilinear,

multiplicative map defined by

o(c, a, b) = cxa b/$Cj       (c, a, b) eC x A x B.

We must show  (S; a) is a  C-tensor product for  C, A, and  B.   Since the arguments

are similar to those used in the proof of Proposition 1.8 we merely sketch the

proof.   Let  </> be any continuous, complex trilinear,  C-balanced map of C x A x B

into a Banach space   V.   Define  0": 5rc(A, ß) —> V by
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$"(/)=   Z   <M/U ¿). «- b),       f e rJc{A, B).
AxB

Then 0   is a bounded linear transformation of norm   ||<£|| and Ker $  2 ^c"   ^

induces a bounded linear transformation  $: S —' V of norm   ||$   || = ||<£||  such that

0 ° cr = 0.   If <p is   C-trilinear, then 0 is  C-homogeneous, and if <p is multipli-

cative, then  0 is multiplicative.   Thus,  3 is a  C-tensor product of  C, A, and

B and, by Proposition 1.9, it is isometrically C-algebra isomorphic to C ®r A ®   B.

Corollary 2.2.   // C ¿as a bounded approximate identity and if A and B are

Banach  C-algebras, then there is a natural bicontinuous  C-algebra isomorphism

S) ~ (A ®r-B)    which carries  ex    J^r  to c ■ (a ® ¿>), and, if C has an approx-

imate identity of norm one and if the actions of C on A  and B  are isometric,

then the above isomorphism is isometric.

Proof.   Apply Theorem 2.1 and Corollary 1.13.

3.   The structure, space of C-tensor products.   Throughout this section  C

will denote a commutative Banach algebra.   In general, if A  is a commutative

Banach algebra, we will denote by ÏIÎ^  and  3JL  the spaces of all nonzero and

all multiplicative linear functionals on A, respectively; both are topologized

with the weak    topology as subsets of the unit ball of the Banach space dual of

A.   We adopt the standard terminology of calling  501^  the structure space of  A.

The Gelfand transform of an a £ A will be denoted by  a and we consider a as

simultaneously defined on   SDL -and  SD!^: S(cp) = (a, <£),  <f> ̂SDl^.   The principal

aim of this section is to characterize the structure space of the tensor algebra

A j ®c ■ • • ®c A     in terms of the structure spaces of A ,,•■•, A  .

Now, in  [4] Gelbaum has characterized the structure space of the commuta-

tive Banach algebra  S = ?C(A B)/ic, or equivalently  C ®   A ®    B.   Conse-

quently, the characterization we obtain should contain his as a special case.

Our proof is different from   [4], but we adopt the usage  of the adjoint maps

(between the respective structure spaces) induced by the   C-algebra actions.

This concept is made explicit in the next lemma which is a slight generalization

of [4, Lemmas 1,2, §2].

Lemma 3.1. // the commutative Banach algebra A is algebraically a C-

algebra, then there is a continuous map p.: SD1 . —> SDL such that [c ■ a] (<fi) =

c{p{(p))â(<p), tp e WA, for all c e C and a e A,

Proof.   Let  </> effl^, and suppose  a 6 A and a(0) ¡¿ 0.   The mapping C 3

c —» [c • a] {(f>)/â((f)) is a multiplicative linear functional on  C and since  A  is

a   C-algebra an easy computation shows this multiplicative linear functional is
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independent of those   a  in  A  such that  cî(<£) ¿ 0;  we denote this functional by

p((f>) and the map p.: MA —» 311 c is defined.   Since every regular ideal in A  is a

C-ideal—indeed, if  / is regular and   u £ A  is the identity modulo  /, then  c ■ i =

[c • i - u(c ■ i)] + [c • u)i 6 / for all c e C,   i £ /-we have

[cfl]^) = c(iz(^))3(0),      ¿eiA,

for all a £ A, and  ceC.   To show the continuity of p.,  let  \<pa\  be a net in

3H^  converging weak* to  tp e 1^.   Choose  a e A  such that «(<£) = 1.   Now, for

some   aQ and all  a > aQ, «(<£a) ^ 0.   Then

c-(p(<f>a)) = [c ■ a]~(cßa)/a{<f>a) ^ [c ■ a]l0)/a(0) = c(¿t(<¿)),

and hence   p{(ß a) converges weak    to /i(c/>).   Thus,  f¿ is continuous.

Definition 3.2.   If A  is a commutative Banach  C-algebra, the continuous

map p: WA —• 3J¡C, such that  [c • a]    = c o ^ â for all (c, a) e C x A, is called

the adjoint map of the action of C  on A.

Theorem 3.3.   Let A ,,••■, A     ¿>e commutative Banach  C-algebras and let
1 ' n °

/¿,: SDL    —> SDL,  ¿ = 1,2, • • • , 72,  be the respective adjoint maps.   Let D =

A . ®r • • • ®r A   .    There is a homeomorphism t of SDL   onto a closed subset,

r(lD), .of mA x x ■ ■ ■ x 1A     and r(lD) = (^ x . . . x /i„)" '(A°) z^èere  A°  ¿s í¿e

diagonal subset of 3H-. x • • • x 3JL.   Moreover, if <fi effl.    and r((f,) = (rA,   , • • • , <¿.   ),

/¿e« /or every z £ D  and representative  1.    À   (a,       <8> • • • ® a       ) of z we have
' J r m     m      l tm n,m       '

£(<¿) = /Ja  â,     (ó4   )---â      (ó a   ).
^        '—'     m    \ ,m  ^A , n.m   rA

m l "

Proof.   Let  E = A 1 ®y ■ ■ ■ ®y A^ and let / be the closed  C-ideal and

closed linear subspace generated in E by the elements

a. ® •■• ® c ■ a . ® • • • ® a   - a, ® ■ ■ ■ ® c ■ a . ® ■ ■ ■ ® a
i i n l in

for all 1 < i, j <n,  ak £ Ak,   k = 1, • • •, n, c € C, so that D = E/J.   Now,

Gelbaum [2, §2, Theorem 2] has shown that there is a homeomorphism  rj of   SDL

onto  1.     x ■ • ■ x 3JL    such that if  <f>E £ 1£  and   r]{<f>E) = (<f>A   , . . ■ , cf>A   ), then

for each  x £ E and representative   S    À   {a,       ® ■ ■ ■ ® a       ) of  x.
r mm      I ,m n.m '

*(«M = 2>„«i    (<f>A  )•••«      (<f>A  )•
m 1 "

Let h(/) denote the hull  [17, p. 78] of / in 1E,  i.e.

h(/) = {0E efkB\f(<f,B) = 0 V/ e/1.

It is known that the structure space of the quotient of a commutative Banach

algebra by a closed ideal is identifiable with the hull of the ideal (cf. [17,
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Theorem 3.1.17]), and therefore there is a homeomorphism  &> of  SD!^  onto  h(/), a

closed subset of  SDL,  such that if  (f>D £ SDL  and  (o(<f>D) = <f>E £ h(/), then for all

z £ D and representatives  x/J of z  (x £ E), z{cpD) = x(cf>E).

Let  T; SDL —> 7/(h(/)) C SD!^   x • ■ • x SDl^    be the homeomorphism and composite

map of the mappings

lD^Uh(/)—hi^7,(h(/))

1 n

Since   h(/) is closed in   SOL  and   r¡ is a homeomorphism,   KSDL) = ?y(h(/)) is a closed

subset of  SDi^    x • • • x SDi^   .   Furthermore, if  (f>D £ SD¡D  and  K<^D) = r)(a>((f>D)) =

((f)A   , • • • , <f>A   ), then for every z £ D and representative  2^ À  (ßj     ®    . . . ®   a      )

of z, we have with x = X    À   (a,      ® . . . ® a       ) £ £,  2 = x// and
1 m     m      1,772 77,777 ' J

777 ! m

We now show   KSDL) = (p1 x ■ ■ • x p  )~   (A  ).   First, observe that  KSDL) con-

sists of precisely those   «-tuples   (á,   , ■ • • , (p¿  ) such that

(3.1)        (     ft      äk{<PA\[cai\\(pA)J    ft      S^^.afi^)
\k-\;kfi f l       \k-\;kfj I ;

for all 1 < i, j < n,  a,   £ A,   (k = 1, • • • , «), and  c £ C.   Indeed, suppose

((f>.   , ■ ■ ■ , cf>A   ) £ SDL     x • • • x SDL    is an  «-tuple satisfying the above equality;

then for all   i, j. a,,  and   c,

[a,®---®c-a.®---®a   - a, ® ■ ■ ■ ® c • a . ® ■ ■ ■ ®a Rí?" KüL   , • • ■ , á.  )) = 0.
1 7 77 1 7 72 ' '/I , r/i

' 1 77

Since   /  is the closed linear span of the elements   a ^ ® ■ ■ ■ ® c ■ a{ ® . . ■ ® a    —

a1®-..®c.a.®...®a  ,   1 < i, j <n,  afe £ Ak  (k = 1, •••,«), c £ C, we have

Rr¡-H^Al,.-.,<f,An)) = 0,   jej.   Thus,   Jf1^' ■■•,^) eh(/) and

(r/>A   , •••, (pA   ) £nr¡(h{])) = t(Wd).   Conversely, if  (<pA i, ■ "■ , <f>A) £ r{WD), it is

easily seen that the above steps are all reversible and hence  (<p .   , • • • , (pA   ) is
1 ^ 77

an  «-tuple satisfying equality (3.1).

Using the adjoint maps  p,: SDt^   —» SD!^, equality (3-1) can be written as

77 77

(3.2) n sk(cpA )c(ii.(<i>A))= n «a k^^a))

for all 1 < i, j < «,  a,   £ A {k = 1, • • • , n), and   c £ C.   Choosing  a    so that

âk(4>A¡) ^ ®'  & = L •••>">  and then canceling the product n^ = 1afe(<£.), we have
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(3.3) c(p.(<pA )) = ci¡iUA )),       c £ C,   1 < i,  j < n,
1 i 1

i.e.,  p{<t>A ) = p(4>A )> 1 < '•  7 < n-   Thus, if  (4>A   , • • • , 4> a   ) is in r(l   ), then
1    ni J    n j in

(r^A      . • • , 4>a   ) e (Mi x • • • x Hn)~  (An).   Conversely, if  (0^, • • • , <j>A   ) is in

(tij x • • • x p )~   (A  ), then equalities (3.3), (3.2), and (3.1) each hold in succes-

sion for all  1 < i, j < n,  a    £ A     {k = 1, • • • , n), and  c £ C.   Thus, (<f>A_, ■ ■ ■, (pA  )
—        — *        « t/0

e K5DÍ   ).   Therefore  r(SDlp) = (lij x ■ • • x /¿n)     (An) and the proof is complete.

Remark 3.4.   When n = 3, Ax = C, A2 = A,  and A? = B, we can recover the

characterization of the structure space of  2) = J"C(A, B)/3C  obtained by Gelbaum

in  [4].   Namely, let  p and  v denote the adjoint maps associated with the action

of C on A  and B, respectively.   The adjoint map of the natural action of C on C

is simply the identity map 1: lc "* 3KC C 31* .   By Theorem 3.3 the structure space

of C ®c A ®c B  is naturally identifiable with

dxpxi/)-Ha») = K0C, <¿A, 0B)| í/(^) = ̂ (</»3) = <M

= {(<?ic,^,^ß)|fi(^A) = v(^B)6lc},

where  A, = diag (SD!^ x 3BC x 3)1^-).   It is easily seen that the natural projection of

SD1C x MA x 3)¡B  onto  31^ x 3Bß,  when restricted to the closed subset  (1 x p x v)~ (A,),

is a homeomorphism onto the subset  (p x v)~   (A2) in  3IÍ. x 5DL where  A- =

diag (3J!C x 5Dlc).  Since  2) is isometrically  C-isomorphic to C ®c A ®    B (Theorem

2.1), there is a natural homeomorphism r    of 3J!^ onto the subset  (p x v)~   (A,)

in  3SlA x 3Jiß and the characterization by Gelbaum  [4, §2, Theorem l] of SDl^ is

recovered.

4.   Algebra actions between group algebras.   The remainder of this paper is

devoted to analyzing the algebra actions of one group algebra on another and using

the ensuing analysis to characterize tensor products of group algebras.   The main

objective is to show to what extent the tensor product of group algebras is the

group algebra of the tensor product of groups, and thereby bring to completion a

study initiated by Gelbaum   [4], and continued by Natzitz   [14], Gelbaum  [5], and

Lardy   [13].

If  G is a locally compact Abelian (LCA) group, we will let L (G) and M(G) denote

the group algebra and measure algebra on  G, respectively.   G will denote the dual

group of  G,  and we make the (usual) identification of   G with the structure space

of  L  (G), and    a, p denote the Fourier and Fourier-Stieltjes transforms of a £

L^G), p £M(G):

S(a) = J     a{x) a{x)dx,       p(a) = J    a{x)dp(x),

for   a e G.
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In this section we describe the algebra actions of  L  (K) on  L  (G) for LCA

groups   K and  G.   In  [12] we have discussed this problem in detail.   Briefly,

attention is centered on showing that any algebra action of  L  (K) on   L (G) is

naturally induced by a continuous homomorphism between the underlying groups.

Since only certain special results are needed from  [12], we find it convenient to

state and briefly prove those facts needed in this paper.   We begin with a crucial

lemma concerning algebra actions on a group algebra.   We remark that this is a

special case of Theorem 2.2 of  [12] since the algebras we consider here are com-

mutative.

Lemma 4.1.   Let C be a commutative Banach algebra and let G  be a LCA

group.   If L  (G) is a C-algebra and p: G —» K    is the adjoint map, then there is a

unique, necessarily continuous homomorphism 'P:  C —> M(G) such that

(i)   c ■ a = <P(c) *a for all (c, a) £ C x L1(G);

(ii)   ||I'll   is the norm of the action of C  on  L  (G);

(iii)   [W(c)]   = c o p, c £ C,   i.e.,  p is the adjoint map of *P.

Proof.   Since  p is the adjoint map of the action of  C on  L  (G),  [c • a]   =

c °p a for each   c £ C,  a £ L  (G).   Thus, for each fixed  c £ C,  c ° p is a multi-

plier of  L  (G)    and hence by Helson and Edwards (cf.  [20, Theorem 3.8.1]) c ° p

is the Fourier-Stieltjes transform of some measure  *H(c) in  M{G).   Thus,  c • a =

W(c) *a and [W(c)]  = c ° p for all c £ C and a £ L1{G).   W is evidently a contin-

uous homomorphism of C into M(G).  Since for all c £ C,  a £ L (G),  \\c . a||    =

||W(c) *a||j < H^ll llc^llflllj, the norm  X  °f tne action of   C  on   Ll(G) does not

exceed   ||*P||.   On the other hand, since in general the operator a —> p *a on  L  (G),

p £ M(G), has norm,   \\p\\   (cf.  [20, Corollary 3.8.2]), and since for all c £ C,  a £

lHg),  \\W)*a || x = ||c • «|| x <xllcllcHi' we have   ¡|¥(c)|| <xllcllC' and hence

ll^ll < X-   Thus,   ¡I'll = x and the proof is complete.

When  C is the group algebra of a LCA group, Cohen's theory  [l] of homo-

morphisms of group algebras applies; specifically the adjoint map is characterized.

We paraphrase Cohen's result in the context of algebra actions (with the specific

references from  [20, Theorem 4.1.3 and  §4.6.3]).

Corollary 4.2 (Cohen).   // L  (G) is an  L}(K)-algebra for LCA groups  K and

G with p: G —> K    the adjoint map and y > 0 the norm of the action, then

(i)   X = p~   (K)   belongs to the open coset ring in  G and p is a piecewise

affine map of X  into  K;

(ii)   if 0 < x < L  then X = p~   (K) is an open coset in G and p is an affine

map of X  into K,

Conversely, if X is the open coset ring [resp., an open coset] in G and p is

a piecewise affine [resp., affine] map of X into K, then p is the adjoint map of a

[resp., isometric] Banach  L{K)-algebra action on  L   (G).
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Just as the multiplicative structure in a group algebra is related to the group

structure in the underlying space, the algebra actions of one group algebra on an-

other are induced by an interaction between the underlying groups.   We realize this

connection in the succeeding discussion.

Definition 4.3.   By a LCA K-group we mean a LCA group G together with a

compact subgroup g in G and a continuous map (k, x) —> k ■ x of  K x G —> G/g

such that

(i)   OU:') . x = k . (*' . x),

(ii)   k ■ (xx ) = (k • x)x'   ( = x{k ■ X )),

for all  k, k' £ K, x, x' £ G.   We call G/g the essential part of G and denote it by

G    (and as will be evident later,  G    is naturally a  /C-group under an action induced

by the action of   K on  G).   If g = JOS, and hence  G = G  , we call G an essential

K-group.

Lemma 4.4.   // G  is a LCA K-group, there is a unique continuous homomorphism

9 : K —» G    such that  k ■ x = 0 {k){x/g) for all k £ K,  x £ G.   Conversely, each

continuous homomorphism 6: K —> G/g for compact subgroup g CG makes G  into

a  K-group under the action k ■ x = 6\k)(x/g), k £ K,  x £ G.

Proof.   If  G is a   /C-group, set 6 {k) = k ■ 0 c where  0r is the identity of G.

The remaining details are left to the reader.

Once we have introduced some canonical maps to be used in the sequel, the

connection between   /C-group actions and  L  (ZC)-algebra actions will solidify.   Let

g be a compact subgroup of a LCA group  G.   Given a Haar measure on  G and with

the normalized Haar measure on g, choose a Haar measure on  G/g so that the

Haar measures on  G, g, and   G/g ate canonically related   [16, p. 59].   Let  T

denote the canonical norm decreasing homomorphism of   L   (G) onto   L  (G/g) given

by

T aix/g) = J     a(x + p)dp       ix/g £ G/g),

for all a £ L  (G) [16, p. 69].   Let  tt    denote the canonical homomorphism of  G

onto G/g.   Since  g is compact,  tt    induces an isometric isomorphism tt    of

M(G/g) into M(G) such that

(/, n*{u)) = {T (/),!/>

for all v £ M{G/g) and / £ CQ(G), the space of continuous functions vanishing at

infinity on  G.   Now, if v = b £ L1(G/g) C M{G/g), then rr*{b) = b ° tt    in  L1(G).

Also note that   T    is a left inverse for  n    (when restricted to   L  (G/g)), i.e.,
* i ^

T   ° tt   = identity map on  L {G/g).  We will denote the kernel of  T    by  / .

Definition 4.5.   Suppose  G is a LCA K-group and  y £ K.   Then  y and the
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action of  K on G induce a natural action of  L  (K) on  L (G) as follows.   Let

6 : K —' Ge = G/g be the continuous homomorphism inducing the action of  K on

G.   If c £ L  (/C), a £ L (G), then the induced action of c on  a is defined by

, Ka(x)= fKy{k)c(k)Tga[x/g -9e(k)]dk       (x £ G).c   j,

If  ysl,  then we will simply write  c .„ a for  c . a.

That this is indeed an  L  (K)-algebra action on  L  (G) is formally stated in

Lemma 4.6.   L  (G) is a nondegenerate isometric Banach  L (K)-algebra under

the action c ■     „ a defined in (4.5) and

c 'y.K a = *g[yc *öe rg(«)]

/or a// c e lH/C), a 6 lHg).

Proof.   Since   *g    is an isometric Banach  L  (ZC)-algebra action on   L  (G/g),

and since clearly  c • a - n [yc *a    T (a)], it is immediate that this is an

isometric   L  (K)-algebra action.

Now, if G is an essential LCA /C-group and if  6: K —► G is the continuous

homomorphism inducing the action of K on   G,  then

c .yK a =yc *ea=c * y ^ a

for all c £ L  (K), a £ L  (G); thus, the   Ll(K)-acúon induced on  L (G) when  G is

an essential  K-group is simply  ö-convolution.

Remark 4.7.   If G is a LCA K-group, then the induced Banach  L  (K)-module

action on  Ll(G) can also be extended to  LP(G) for 1 < p < «>.   Indeed, let g de-

note the compact subgroup of G and  6: K —' G/g the continuous homomorphism

inducing the action of   K on  G.   It can be easily checked that

T a(x/g)=   I   a{x+y)dy       (x/g £ G/g)
g Jg

defines a norm decreasing linear transformation of   LP(G) onto   L  (G/g) for    1 <

p < oo (of course the compactness of g is very crucial here).   Furthermore, it is also

easily checked that if i/r is a continuous homomorphism of  K into a LCA group

®, then  Lp(®) (1 < p < <x>) becomes an isometric Banach  L  (K)-module under the

action:

cyW= J  c(k)a(x-ifj(k))dk      Ue<3),

for  c e L!(K), a 6 Lp(®).   Consequently, the action  c .     R a defined in Definition

4.5 makes   LP(G) into an isometric Banach   L (K)-module for all  p,  1 < ^ < oo.

Theorem 4.8 (Corollary 3.2 [12]).   Let  K and G be LCA groups.   Ll(G) is a
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nondegenerate isometric Banach L  {K)-algebra under an action c • a,  c £ L  (K),

a £ L  (G),  if and only if there is a  K-group action on G and characters   a £ G,

y £ K,  such that   c ■ a = a(c ■        (5a)), c £ L (K), a e L1(G), where  ■ de-

notes the natural L {K)-algebra action on  L  (G) induced by y and the action of

K on G.   Finally, the  K-group action on G  is uniquely determined.

Proof.   We include a proof for the sake of completeness.   If  L (G) is a non-

degenerate isometric Banach  L  (K)-algebra with adjoint map p: G —» K , then, by

Corollary 4.2,  X = p~  (K) is in an open coset in G and p is an affine map of  X

into  K.   Let  a. £ X and set y = p(a) = — p(a) £ K.   Let g denote the compact sub-

group in G and annihilator of the open subgroup Q = X - a in  G.   Using the

identification  (G/g)   = g1- = Q,  let  6: K—» G/g denote the continuous dual homo-

morphism of the continuous homomorphism

X - a= Q 3 a' h-> p{a + a') - p(a) e K

(and note that this homomorphism is independent of the choice of  a e X).   Now,

9: K —> G/g induces a natural  K-group action on G and therefore induces a

natural  L  (ZC)-algebra action on  L (G).  We need only show  c . a = a(yc .„a a)

for all c £ Ll(K), a £ L1(G).   Using the facts that   for a £ Ll{G), b £ Ll{G/g),

(Ta)   = a |       on g1 = (G/g)~ and
8 t»-L

«-1

(TT*b)~{a) = b(a)    if a e g-L= (G/gf,
e

if  a £ g\px.

it can be easily shown that the Fourier transforms on  G of  c ■ a and   Ci(yc •„ da)

sue identical and hence  c ■ a = a(yc -K aa) for all c £ L  (K), a £ L (G).

The next lemma is crucial to Theorem 6.5 and is most easily presented now.

The reader should check Definition 6.9 for the definition of a projection in a

Banach  C-algebra before reading the next lemma.

Lemma 4.9.   // L  (G) is an isometric Banach  L  {K)-algebra, there is a

unique closed ideal J in  L  (G) complementing  L  (G)    so that  L  (G) = / © L  (G) ,

and the projection of L  (G) onto  L  (G)     is of norm one.   Furthermore,  ]  and

L1{G)e satisfy

(i)   // L  (G)   ¡¿ \0\, there is a  K-group action on G such that if a £p~l{K),

then J = a!    where g  is the compact subgroup in G such that G   = G/g,  and
. j ë e

0-77   : L  (G ) Se L  (G)    is an isometric  L (K)-algebra isomorphism where the
gee or

algebra action of L  {K) on L  (G ) is that induced by the action of K on G    and

y = - p(a) £ K.

(ii)   // L  (G)   / \0\, then in the notation of (i) the direct sum decomposition
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of an a £ L  (G) is given by a = [a - arr*T (aa)] + an T (aa) where tt* and T' oy gg gg gg

are the canonical maps.

Proof.   If  Ll(K) . Ll(G) = \0\, then of course  / = lHg) is the unique ideal

complementing  L  (G)e = \0\.   Now, if  L (G) is a nondegenerate isometric Banach

L^KValgebra, then  G is a   K-group, and.if  a£fi~1(k), y = p(a) £ K, then

c • a = a(c •     „ aa) = an  (c *    q   T (aa))

for all c £ L  (K), a £ L  (G).  An easy computation shows that the map a —>

an T (aa) is a projection of norm one on  L (G) with range,   a.77 (L  (G )), and

kernel,  / = a Ker T .   Now, since   a, a  £ fi~  (K) imply  a a is identically one

on g,  a I   Cal ; interchanging the roles of  a and  a, we have   a!   Cal,   and
1 l 8 8

hence   al   = a I    for all  a, a   e ;z-  (K).   Now, general algebra implies that

L1(G)=/©a77*(L1(G )).
g e

Since   an    is an isometric isomorphism of  L  (G  ) into  L (G), we need only show

it is   L  (K)-homogeneous and has range   L  (G)  .

Now, if  c £ Ll(K), b £ LX(Ge), then

a.77*(c *    e   b) = an-*[c *    e    T (aan*(b))] = a(c •     „ aan*(b)) = c • an*(b),

and hence   a.77    is   L  (K)-homogeneous where   L  (G  ) is the  L  (K)-algebra under

the action    *    a ■   Now, since   Ll(G ) = Ll(K) • l}(G) and c ■ a = a7r*(è) for
' 1   e e 8

b = c *        T (aa) £ Ll(G ) for all c, a,  it follows that   LX(G)   Ç an*(Ll(G )).

To show the reverse inclusion, it suffices (by Proposition 1.3 and the fact that

a.77    is an isometric   L (K)-isomorphism) to show  L (G ) is an essential  L (K)-

a Ige bra.

Let b £ L  (G ) and suppose  f > 0 is given.   Choose a neighborhood   V of the

identity in  G   = G/g such that   \\L  b- b\\ < e if s £V where   Ls denotes the

left translation (by - s) operator.   Since  6    is continuous, there is a neighbor-

hood   U of the identity in  K such that  6 (U) C V.   Let cv be a nonnegative con-

tinuous function on  K with compact support in  U and   ||cy||j = 1.   Setting  c =

yCy., we have

\\c*7te  h-b\\l = \\cu*d_b-b\\l
e

Le ,k)b(s) - b(s)\cu(k)dkds<   f       f- Jg    Jk
e

= Su\\Leelk)b-b\\\cu^dk<t^

T\-lVLs,  Ll(K) *    ö   LX(Ge) is dense in  Ll(Gg) and  Ll(Gg) is an essential

L^K^algebra.
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Finally,  / is the unique closed ideal in  L  (G) complementing L (G) . Indeed,

if  lHg) = ]' © Ll(G)e for a closed ideal /'   in  Ll{G), then from

lHg) = /'+ lHg) ,     /' n l'(g) - ¡o|,

it follows by taking the hull of each side that

0=h(/')n h(Ll(G)e),      G -, h(y') U hUKO).

Thus,  h(/') = G\h(L!(G)e).   But

h(LHG)p) = h(air*(Ll(6e))) - h (ir*Ul(Ge))) - a= (ÔXg1) - a,- S\rl<K).

Since   ^~   (K) is an open coset in  G,  it is a set of spectral synthesis [20, Theorem

7.5.2] and therefore there is a unique ideal whose hull is  p~   (K).   Thus,  / = /

and the proof is complete.

5.   Scmisimplicity of tensor products of group algebras.   Using the character-

ization (Corollary 4.2) of the adjoint maps of algebra actions of a group algebra

on a group algebra (as provided by Cohen's theory), significant additional infor-

mation is gained about the structure space of   L   (K)-tensor products of group

algebras.   An important consequence is the strong semisimplicity of these tensor

algebras in all instances of  L  (K)-algebra actions on the group algebras.

If ® is an Abelian group,  ,K(®) will denote the coset ring of  ©, the smallest

Boolean algebra of subsets of  ® containing the cosets of all subgroups of  ®.

Theorem 5.1.   Suppose  Ll(G,), • • • , Ll(G  ) arc   lJ{K)-a Ige bras for LCA

groups  G.,■■■, G ,  and K.   If KSDL) is the identification of the structure space

of

in Gj © • • • © Gn,   then r(l   ) is a closed subset in the coset ring $(0^ © • • - ©G )

of G, © ■ • • ©G .' 1 77

Proof.   Let p ■: G. —> K    denote the adjoint map of the action of  L  (K) on

Ll(G.) and let  X. -- p~l(K) C G for each  i     I, ■ ■ ■ , n.   By Corollary 4.2(i),  X.

is in the open coset ring in  G ., and  p. is a piecewise affine map of  X   into

K for each   /' = 1, •••,«.   Consequently, there are determined the following   [20,

p. 781 ] for each  i -- 1, •••,«:

(i)   pairwise disjoint sets   S ..,•••, S.        belonging to the open coset

ring in  G .,

(ii)   open cosets   C .  . in   G ., such that  S . . C C . .,   i = 1, • • • , m.,
7,7 2' 2,; —      i,;     ' ' '2'

(iii)   a continuous affine map p. . of  C. . into  K,  ;: = 1, - • • , m.,

such that p   is the map of X . - S. , U • • • U S.       into  K which coincides on'2 * 2 2,1 2,777j'

S.j with  ft.j,   7 = 1, • • • , m..
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With  A    = diag (K x • • • x K), we have

(li1x...xpn)-K\)

U ^l,,X"-X'V;   'n(rli,i1x'"'<f,y)-H\).
Is/ .S«.; IS i<n ' n 1 "n

z       i

Since  u,   ■   x ■ ■ ■ x u is a continuous affine map of  C,   .   x • • • x C    .    into

K and  A    is a closed subgroup in  K x • • • x K, the set (u,  .   x • • • x u    . )~ (A )
n 6        r ™I,;i "'In "

is a closed coset in   C,   .    x • • • x C,   .  ,  and, therefore a coset in   G. © • • • © G  .
1.7 1 l>ln 1 «

It is easily seen that

íí(CI)x...xS(Cn)L(i(G1 ©... © Gn),

and therefore   S,   .    x ■ ■ • x S is in  Ä(G, © • ■ - © G  ).   From the above ex-
1,71 "j./n 1 "

pression for  (p. x ■ • ■ x p )~   (A  ), we conclude

(|i,x... xpn)-K\) eiR(G, © ... ©GB).

Finally, since (by Theorem 3.3)

r(f D) = (X<j x ••. x XCJ u (tij x - • - x pn)- l(\),

and since

X^x.-.x Xcn eSUÔ^x ... xS(Gn)ç3{(G1© ... © Gj,

we obtain that  r(SDL) is a closed subset in the coset ring of  G, ©  • • • ffi G  .

Definition 5.2.   A nonzero commutative Banach algebra is strongly semi-

simple if the zero ideal is the intersection of all maximal regular ideals in the

algebra.   (Note that the existence of at least one maximal regular ideal is de-

manded.)   We define the zero Banach algebra to be strongly semisimple.

Theorem 5.2.   The commutative Banach algebras

Lkc.) ® .     ... ® .     lHg),    (lKGj) ®       ... ®       lHg ))
1        l\k) L*(K) " L'(K) l'(K) *    e

are strongly semisimple in all instances of L  (K)-algebra actions on  L  (G.),

■ • • , Ll(G  ) for LCA groups  Gj, • • • , G ,  and K.

Proof.   It is a consequence of the work of Grothendieck  [7] and Johnson

[il] (cf. Gelbaum [2, Remark   3, p. 304]) that there is an isometric isomorphism

«P:   lHgJ ®y ... ®y Ll(Gn) S L1^© ... ©Gn)

which carries  aj ® ■ • • ®a    into fljUj) • • • an(xn) where  Gj © • • • © Gn is

given the product Haar measure   dx j ® • • • ®dx^.   Moreover, if the structure
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spaces of the tensor algebra   L  (Gj) ®    ■ ■ • ®    L  (G  ) and the group algebra

L  (G ̂ ^ © ... © G J are identified with   Gj © . . . © G     (the reason for the first

following from [2] and the second from (Gj © • • • © GJ~ = (Gj © • • ■ © Gj),

the induced adjoint map 'P between the structure spaces of the respective algebras

is simply the identity map on  Gj © ■ • • © G .

Let / be the closed ideal in  L1(Gl) ®y . • . ®    ^(Gj such that

D=lHg)® ...  ® L!(G )=L1(G) »„■•.   »„lHgV/.
1        LX(K) LLK) " r r *

Let ]l = ¥(/), a closed ideal in  Ll(Gl © ... © Gj.  With j1  as defined, <P

induces an isometric isomorphism

l\g.) ®  ,      ... ®  ,      L1(G)SL1(G.e...eG)//11        LL(K) LLK) " '

which carries   a^ ® . . . ® a    to  a^Xj) • • • a  (x  )//  .   Moreover, by investigating

the proof of Theorem 3.3 and using the fact that *P  is the identity map on  G. ©

... © G    it is easily seen that

h(/1) = hull(/1) = (/i1x...xixn)-1(A°)ÇG1© ... © Gn,

where  A° = diag (K° x ■ ■ ■ x K°), i.e.,  ht/1) = r(S»D).

Now, Gilbert [6, Theorem 3.9] (also Schreiber  [22, Theorem 2.6 and Remark

2.8]) has shown that closed subsets in the coset ring of the dual group of a LCA

group are sets of spectral synthesis.   Consequently, by Theorem 5.1,  h(/   ) =

KSDL) is a set of spectral synthesis in  G^® ■ ■ ■ ® G  .   But this implies the

strong semisimplicity of  L (Gj © ... © G )//  ,  or equivalently, that of D.  Indeed,

first note that by Wiener's theorem if /    is proper, then KSDL) = h(/  ) ¿ 0; thus

if D jL \0\, then 5D¡D ̂ 0.  Now, it is an easily proven general fact that if A  is a

commutative Banach algebra and  / is a closed proper ideal in A witS- h(/) /= 0,

then the strong semisimplicity of A/I is equivalent to the spectral synthesis of

the reducing ideal  /,  i.e., the spectral synthesis of  h(/) in  SD!^.

Finally, the essential part of D, D  , is strongly semisimple since  D    is

isomorphic to the strongly semisimple tensor algebra

lKk) ®        lHg.) ® ,     ••• g ,     lHg)

by Corollary 1.13.

Remark 5.3.   In the work of Gelbaum  [4], [5], and Natzitz   [14] the strong

semisimplicity of the tensor algebra was the crucial ingredient in their character-

izations of tensor products of group algebras.   Corollary 5.2 generalizes their

work and in fact the important point here is that the tensor product of group al-

gebras over a group algebra is always strongly semisimple in all instances of
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algebra actions.   On the other hand, as noted in  [13] it is possible for the  C-

tensor product of Banach  C-algebra to be strongly semisimple and yet the factors

themselves may not be strongly semisimple.

Corollary 5.4.   Suppose  L  (G.), ■■•, L (G  ) are  L  (K)-a Ige bras and ¡i.;

G . —> K ,  i = 1, ■ • • , n,  are the respective adjoint maps.  Let  D  be the  L (K)-

tensor product of L  (G.),.-. , Ll(G  ).   Then

(i)  D = [0¡ if and only if some  L  (G.) is an essential L (K)-algebra and

s =p,(G.) n ... n « (G ) n ic = 0.
'il ' n      n

(ii)   De = |0¡  if and only if 5=0.

(iii)   D = D     if and only if some  L  (G.)  is an essential L  (K)-algebra.

Proof.   In the notation of the proof of Theorem 5.1,

t(Wd) = X^x... x X<U (pxx ... x pn)-H\).

From the proof of Theorem 5.2,  D = ,0( if and only if r(3H   ) = 0,and this happens

iff  Xe. =0   for some   i and   (pl x ■ ■ ■ x pJ'HkJ = 0.   But  Xe. = h(L1(Gi)e), and

since   L  (G .)    is a closed ideal in  L  (G.), by Wiener's theorem Xe. = 0   if and

only if  L  (G.) is an essential  L  (K)-algebra.   Part (iii) follows from the fact,

r(hull(De)) = X\ x ••• x Xcn.

6.   Tensor products of group algebras.   Tensor products of  K-groups.   In

this subsection we briefly discuss the   K-tensor product of LCA   K-groups.   We

caution the reader that the   K-tensor product of groups is not related in any fash-

ion to the tensor product of groups considered as modules over the integers; on

the other hand it is more closely related to direct sums of groups with amalgama-

tion.   As usual,   K will denote an arbitrary but fixed LCA group.

Definition 6.1.   Let  G.,...,G    be LCA   K-groups.   A mapping  i/f of

G. x • • • x G    into a locally compact group  §  is   K-balanced if for each   k £ K

and   (x-, • « • , x  ) e G j x • • • x G  ,  and all   i, j = 1 , ■ ■ ■ , n,

4>(x ,,■••, x.   ., y., x..,, • • . , x ) = é(x., • • • , x.   ., z., x..,, • ■ ■ , x )
~       1' i— 1    Ji       i+l' n ~       1' 7—1       7       7+' "

whenever y   £ k • x . and  z . £ k • x. (recall that  L x. ¡s a coset of a (compact)

subgroup in  G.).

Definition 6.2.   Let  G.,...,G    be  LCA   K-groups.   A   K-tensor product for

G. , • • • , G    is a pair  (®; Ç) consisting of a LCA   K-group ® and a continuous

K-balanced homomorphism £ of  G.® • • • ® G    into ® satisfying the following

universal property.   If  r/ is any continuous   K-balanced homomorphism of Gl ©

• •• ©G     into a locally compact group  Sj,  there is a unique continuous homomor-

phism f: ® —» § such that £ ° £ = r¡.

We now show how to construct the   K-tensor product of LCA   K-groups   Gj,
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• • • , G .   Let Q denote the closed subgroup generated in the LCA group G. ©

• •• © G    by the set  P of all elements  (*,,•«•, x ) such that for some   i, j £

,1, • • • , n], i ¿ j, and some  k £ K,  x. £ k ■ 0., x. £ ( - k) • 0. and x¡ £ identity

coset in  (G¡)e,  I/= i, /.   We define

Gl®K--' ®fCGn=G1©...©Gn/g,

a LCA group and quotient group of G.® • • • © G . 77„ is a continuous /(-bal-

anced homomorphism of G, © • • • © G onto G, ®K ■ • • ®„ G . We will write

Xj ® • . . ® xn for the (generic) element  »Vj(xj, ' ' " ' Xn* ln  Gl ®K ' * ' ®K G "

Theorem 6.3.   (G. ®„ • • • ®„ G  ; tt0) ¿sa K-tensor product for the LCA

K-groups  Gj, ••• , G .

Proof.   If  77 is a continuous   K-balanced homomorphism of  Gj © • • • © G

into a locally compact group §, it can be shown that  P is contained in the ker-

nel of 77 and hence  Q C ker (r¡).    Then  77 factors through the quotient G. ®„ • • •

®K G   = G j © • • • © G /Q to yield a unique continuous homomorphism ç of

Gj ®K • • • ®K Gn into § such that £ ° !7ß = r?.  Thus,  (Gj ®K • • • ®K Çn; ttq)

is a K-tensor product of G., • • •, G .   The  K-group action on G, ®„ ■ • • ®„ G

is to be defined later.

Lemma 6.4.   // G,, • • • , G    are LCA  K-groups and (G.) , • • • , (G )    are

their essential parts, there is a topological isomorphism

which carries x. ® ... ®x     /o !7j(x,) ® • • • ® n (x  ) where 77.: G ■ —> (G.)     is

the canonical projection.

Proof.   Let  Q    denote the closed subgroup of  (Gj)    © • • • © (G  )    so that

(G0e ®K ■■■ ®K (GA  is the quotient 8rouP  (Gi)e © • * * © (GJe/öe-   Since

"■^i    ° (^1 © • • • © ¡7 ) is a continuous   K-balanced homomorphism of G, © • • •
ye        1 77 r 1

©G    onto  (G.)   ®i- ••• ®„ (G ) , there is a unique continuous homomorphism
77 le/\7V77é? x *

í of Gj ®k • • • ®K Gn onto (Gj)e ®R • • • ®K (G^.  Since  7rQ    o (^ © . . . © „J

is an open map,  ¿ is an open map.   Finally,  1 is an isomorphism since it is

immediate from the definitions of Q and Qg that ?7j © • • • ©ît^CQ) = Qg.   The

proof is complete.

Now,  (Gj)   ®k • • • ®K (G )    is naturally a  K-group under the action

k ■ {yx ® . - - ® yj = (k • yj) ® y2 ® • ■ •  ® yn

for  k £ K and y. € (G.) , 2 = 1, • • • , n.   Moreover, by the construction of

(Gl)e^K...^(Gni;e
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k • (y j ®  . . .   ® yj = y^ ® . . .  ® y._ J (g) k • y. ® y  +    ®  . . .  ® y

for ail  ¿ = 1, •••, «.   We now give  Gj ®K • • • ®K Gn the  K-group structure induc-

ed by the   K-group structure on  (Gj)e ®K • • • ®K (G )    and the isomorphism in

Lemma 6.4.

We are now prepared to state the main theorem in this section.   The result

here constitutes an extension of the work of Gelbaum  [4], b], Grothendieck  [7],

and Natzitz   [14].

Theorem 6.5.   Let G., • • • , G    and K be locally compact Abelian groups.

If L  (G.) is an isometric Banach  L  (K)-algebra,   i = 1, • • • , «,   let D denote the

commutative Banach tensor algebra

lKg.) ® .     ... ® ,     lHg ).
1        l'(K) L^K)

Let D    denote the closed L (K)-ideal and essential part of D.   Then there is a

unique closed ideal N  in D  complementing D     so that D - N © D  ,  and further-

more,  N and D     satisfy the following.

(i)   If D    /= ¡0[, there are  K-group actions on each  G .,   i = 1 , • • • , «,   and

y £ k,  such that

(lHGj) ®   .       ••• ®   j       Ll(Gn))e slHGj ®k... ®KGJ1        LMK) Ll(K) "    e 1K K"

where the isomorphism is isometric and algebraic, and it is  L  (K)-homogeneous

when the  L  (K)-algebra action on  L  (G.  ®„ • • • ®K G ) is the natural action

induced by the action of K on   Gj ®K ... ®K G    and y £ K.

(ii)   // N / \0], there are closed ideals  I. C Ll{G.) and characters a. £ G.,

and a natural bicontinuous algebra isomorphism 1. ®_, • • • ®-, /    = N which

carries  a, ® • ■ • ® a    to (a,a.) ® • • • ® (a a  ) such that  I. = /     = Ker T
1 77 V      1     1 77     77' 'Si 8i

for a nontrivial compact subgroup g.CG.  if L  (G .)  is a nondegenerate   L  (K)-

algebra, and /.= L   (G.) otherwise.

The proof of Theorem 6.5 will follow a sequence of lemmas, the first of

which is evidently a special case of Theorem 6.5; the remaining lemmas are

general facts about tensor products of Banach algebras.

Theorem 6.6.   Suppose  G., •••, G    are essential LCA K-groups, and sup-

pose  y £ K.   If we regard lHG^, ..-, Ll(Gn)   and Ll(G j ®K . . . ®K G J as

the  Ll{K)-algebras under the natural actions induced by that of K on the under-

lying groups and y £ K,   then there is an isometric  L  {K)-isomorphism

lHGj) ®   j       •••  ®   j       l\g ) a L^G. ®    ... ®„ G )
1 lLK) Ll(K) n 1       K K     n'
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which carries a. ® • ■ • ® a    to T„[a.(x.) ... a  (x  )] where Q  is the reducing

subgroup in G. © ... © G    yielding as quotient G. ®K ■ • ■ ®K G .

Proof.   It has been observed in the proof of Theorem 5.2 that there is a closed

ideal J    in  L  (Gj ©..*.© G ) and an isometric algebra isomorphism

d^lHg.)®.     ... ® .     lKg )s lHg,® ... © G )/Jl
1 Ll(K) Ll(K) " ' "

which carries  a. ® ■ ■ ■ ®a    to a.(x.) ■ ■ ■ a  (x  )/] .   The crux of the proof is to
1 n i     l n    n *

show that /    is the kernel,  ¡0,  of the canonical map  T„  of  L (Gj © ... © G )

onto  L  (G, ®k ■ ■ • ®„G ); for indeed, it is well known  [16, p. 69] that  7L  in-

duces an isometric algebra isomorphism of  L  (G. © ... © G )//_  onto

L (G. ©. • . ©G /Q).   Of course, the   L  (K)-homogeneity of the isomorphism will

remain to be shown.

Now, recall (in the proof of Theorem 5.2) that

hull(/1) = (i7.1x...xiX72)-1(A°)ÇG1© ... © Gn.

where  p.: G¿—> K    is the adjoint map of the action of  L  (K) on  L (G.) and

A   = diag (K   x • • • x K ).  Since  h(/  ) is a set of spectral synthesis in  G, ©

... © G    (as noted in the proof of Theorem 5.2), to show /   = /„  it suffices to

prove   h(/   ) = h(/„).   To this end we show that this is indeed the case.

Let  8: K —> G. denote the continuous homomorphism inducing the (essential)

action of  K on  G ..   Now, for each  c £ L  (K), a £ Ll(G.), and  a £ G.,

[cy e  a]~(a)=   f      fLry(k)c(k)a(x~6 .(k)) (x, a) dk dx
1 z

= JK ( fG   a (x) (7+ d.(k), a) dx) c (k) (k, -y) dk

= fK c(k)(k, §.{a) - y)dka(a) = 8(§.(a) - y)a(a),

where  6.: G. —> K denotes the dual map of 6..   We conclude that p. (a) =

6.(a) - y,  a £ G., for each  i = 1, • • • , n.   Consequently,

h(/1)=i(a1, ..., an) eGj© ... © Gj §.(a.) - y = Bfa.) - y\

= (dix...x§n)-KAn),S

where  A   = diag (K x • • • x K).   On the other hand, it is well known  (e.g., [16,
n i

Chapter 4, §4.3]) that the Fourier transform of  TQf,  f £ L  (Gj © •■• • © Gj, is

the restriction of /"to QL, the annihilator of Q, and therefore  h(/Q) = Q1.   The

proof that  h(/') = H(/„) is complete once we have shown
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Lemma 6.7.    gx = (§1 x ■ ■ ■ x §n)~ Hdiag K x • • • x K).

Proof.   Recall that Q is the closed subgroup generated in  Gj © • • • ffi G

by the set   P of all elements   (xj, • • • , x   ) such that for some   i, j,   i ¿ j, and

some  k £ K, x. = d^k), y ■ = - 6 .(k) and xl is the identity of G¡,   l ¿ i, j.   If

(a.j, . .. , a ) £ Q1, then for each  k £ K and   i, j = 1, ■ • • , w   (by an astute choice

of  (*,, •••>*„) ef),

1 = (ttj © ... © an)(x1? ... , xn) = a.(0¿U))a.(-0yU)) = £.(a.) (A) 0.(a .)(*).

Thus,  0¿(a¿) = 0 (a.) for each  z, / = 1, • • • , «, i.e.,  (a.j, ... , a ) £.S, and henc

O1- C S.   Conversely, if  (a     . .. , a ) £ S, then  0¿(a;) = (9.(a.) for each  i, j =

1, •••,«.   Reversing the steps above we see that   a    © ... © a    is identically 1

on   P.   Since   o.   © • • • © a.    is a continuous homomorphism and  P generates  Q,

O.J © .. . ®a-n is identically one on Q.   Thus,  (a.j, . . . , a ) e QL, and S C QL.

The lemma is proved.

Returning to the proof of Theorem 6.6, we must show that the isomorphism

A of D onto  L {G. ®„ ••• ®K G ) is   L  (K)-homogeneous.   Suppose a Ax.),

• ■ ■ , a„(xn)i and  c(k) are continuous functions with compact supports on  Gj,

• • •, Gn, and   K, respectively.   For all (xj, .. . , xJ/Q in  Gj ®K • • • ®K G ,

A(c • (aj ® ••• ® an))((xv . - ■ , xJ/Q)

= A(c *y_ö   «j ® a2 ® •. • ® an)((xv - - - , xJ/Q)

= J     J    yUlcWa^j+jf- $1(.k))a2(p2 + x2) • • • an(pn + xjdkdq

(where   q = (pj, • • • , p ) denotes a generic element of  Q)

= fK y(k)c(k)TQ(aA.)..< a(.)){{xl-dl{k),x2, -.., xJ/Q)dk

= (c-y K AUj® ...  ®an))((xj, •••, *n)/Q).

Thus,  A commutes with the action of  L  (K) on elementary tensors in which the

factors are continuous functions with compact support.   Since the linear span of

such elementary tensors is dense in  D, the module actions are continuous and

A is linear and continuous, it follows the  A is   L  (K)-homogeneous on  D into

lHG, 9K---9KGn).
Remark 6.8.   Although it is not needed in the proof of Theorem 6.5, we re-

mark that the conclusion of Theorem 6.6 remains true (verbatim) if we merely

assume that some one of the LCA K-groups  Gj, • • • , G    is essential.

Definition 6.9.   If A  is a commutative Banach  C-algebra, a map  P: A —> A

is a projection on A  if   P is a continuous   C-algebra homomorphism satisfying

P2 = P.   The range of P, denoted Rng (P), is the set [a e AI P(a) = ai.

e



1973] TENSOR PRODUCTS OF GROUP ALGEBRAS 27

Remark 6.10.   It is clear that Rng (P) and  Ker (P) ate closed  C-ideals in A

and A = Ker (P) © Rng (P), where  a = [a - P(a)] + Pa is the direct sum decom-

position of a £ A.

Lemma 6.11.   // P.  is a projection on the commutative Banach C-algebra

A .,   i = 1, . • • , ».   then the tensor product of P,,•••, P ,   P, ® • • • ® P ,   is a
i if« f '       1 ' '     ti        1 n

projection on A. ®r • • - ®r A    and there obtains the natural bicontinuous  C-

algebra isomorphism

Rng(Pj) ®c •••  ®c Rng(Pn) « Rng(P, ® ... ® Pj.

If each  P.  is of norm one, then the isomorphism is an isometry.

Proof.   The proof is routine and omitted.

Lemma 6.12.   Suppose  C has a bounded approximate identity.   If A . is a

commutative Banach C-algebra and if (A.)   is the range of a projection P.  in A

for each  i = 1, • • • , n,  then there obtains a natural bicontinuous  C-algebra  iso-

morphism

(Ax)e ®c... ®c(An)e ~{A.  ®c... ®cAn)g,

and the isomorphism is an isometry if each  P.  is of norm one.   Furthermore, there

is a natural bicontinuous isomorphism

Ker P, ®y .. ■ ®y Ker Pn 2iKet(P:® • • •  ® Pj.

Proof.   By Lemma 6.11 there obtains the natural bicontinuous   C-algebra

isomorphism of  (A , )    ®^_ ■ ■ ■ ®AA   )    onto the closed ideal Rng (P. ® • ■ ■ ®P )

= I.    Therefore, we need only show  / = D    where  D = A, ®_, • ■ • ®,. A  .   Now,
' ' e l      C C      n '

since   / is an essential Banach   C-subalgebra of  D,  I CD    by Proposition 1.3.

On the other hand if z £ D  , then by Hewitt's factorization theorem,  z = c • z

fot c £ C, z' £ D  .   Let
e

z' =   Y   a,      ® ... ® a      ,        Y.   \\a.     \\ ... \\a      \\ < oo.'—•       \ ,m n,m '—'    "    1 ,m " <<   n,m"
m=l n~\

Since in general  c • a . = c • P .a      we have

oo oo

z = c • z' =  y   c • (a,      ® • ■ ■ ® a      ) =   Y*   (c ■ a,     ) ® . . ■ ® a
'-—' 1 ,m n,m '—> 1 ,m n,m

m = 1 772 = 1

Z   PXai,m®   ^■a2,m)®---®an.m

m = l

••• «■  H  c ■ (P,«,      ® ■■■ ®P a      )
'—' 1    I.in X^     n   n,m

m = l

= c . (P, ® •. •  ® P„)(z') = Pt ® • • •  ® P„(z).
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Thus,  D    Cl,  and hence   I = D  , and the first isomorphism is proven.

To prove the second isomorphism in Lemma 6.12, note that, since   C • Ker(P.)

= [OS for each   i,

Ker(Pj) ®c •••  ®c Ker(Pn)= Ker(Pj)®.y . . . ®y Ker(P2).

Now, since  1 , . — P ■ is a projection on A . and Rng(l4  - P.) = Ker (P.), there is

by Lemma 6.11 a bicontinuous isomorphism

Ker(P¿)  ®    ...  ®    Ker(Pn)  S Rng((l^    -P,)®.--®(1A    - Pj.
1 n

To complete the proof it suffices to show

iD-(Pj®... ®pn) = dA -p,)®... ®(^ -pn).
I 77

First observe that

{lA    -P)Q...Q{1A    -Pn)=        Z        X-l)aMP*l)® ••• ® PX(n),

xe!o,liN"

where  {0,1}   *  is the set of all 0, 1-valued functions on  N    = {1, 2, • • •, n\,

where

<Kx) = ZxD     (xeio, liN"),
1=1

and where   P°. =lA,.   Now, we assert that if x ?= °> then  P*/*'   ® • • • ® P*/"* =

P,®---®P .   Indeed, suppose  ^(z ) ¡¿ 0.   If a   eA      let  P-. (a. ) =
I 77 ,ri '*■      U 22 I0I0

c • P. (a . ) by Hewitt's factorization theorem.    Usine the general fact that  c ■ a . =
¡0       ¡0        ' 6 6 2

c • P (a .) and

(pxd) g, ...  (g, p*(">Xa   ® .. . ® a )
1 77 1 77

= Px(1)(a,) ® ... ® c P.  (a'.  ) ®...  ® P*(nXa  ),
11 70       7Q

one obtains by distributing  c through the tensor that

px(l) g, . . . (g, pX(77)(     ®  . . .  ® a ) = P, ® .. .  ® P (a, ® • • • ® a ).
1 77 1 77 1 77 1 77

Since   Px(1)  ® • • • ® Px(n)   and   P, ® • • • ® P    agree on the elementary tensors,

they are equal.   It follows that

dA -Pj)®...®(iA -pn) = iD+£(-ir(x)Pj®.-.®p„.
1 " x^o

Since   S   .„( - l)CT(x) = - 1, the proof is completed.
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Remark 6.13.   We wish to elaborate slightly on the above lemma.   It equiva-

lently states that if there is a closed ideal  N . in  A . such that  A¿ = N. ©(A^

for each  i = 1, •••,«, then there is a closed ideal N in  D such that D =

N ©D    and moreover the natural bicontinuous  C-algebra isomorphisms obtain

Nl®y...  ®yNn otN.       (A,)e  ®c... ®c(An)e^De.

Proof of Theorem 6.5.   By Lemma 4.9 there is for each   i = 1, • • • , n, a closed

ideal /.in  L  (G.) complementing  L  (G¿)e.   Therefore, by Lemma 6.12 and

Remark 6.13 there is a closed ideal  N in  D such that  D = N © D    and the nat-

ural isometric  C-algebra isomorphism

Ll(G{)    ® ... ® lKg )   s De
e      Ll(K) Ll(K) n e e

and bicontinuous algebra isomorphism  jj ®y • • • ®_, /    = N obtain.   Let  p.:

G. —* K    denote the adjoint map.

If  De / \0\, then by Corollary 5.4(H),  S = [ß1 x • • • X pJ'HAJ / 0, where

An = diag (K x • • • x K).   Let  (ap •. •, aj e 5 and set  y = - fij^) = .. • =

- p (a ) £ K.   Now, by Lemma 4.9(ii) there is a compact subgroup g. in  G. and

a  K-eroup action on  G. with  G   - G./g ■ suchthat  a.77     is an isometric   L  (K).
of i e i   °i 1   g i

algebra isomorphism of  L  ((G.) ) onto (L  (G.))    where   L  ((G.) ) is the  L  (K)-

algebra whose action is induced by the essential  K-group action on  (G .)    and

y £ K (and where the Haar measures are appropriately related).   It follows that

a, 77     ® ••• ® a 77      defines an isometric   L (K)-aleebra isomorphism

L'dG^) ®   j       ...  ® El((G))^Ll(Gx)e ® ... ® Ll(G).
le        Ll(K) L^K) "e Ll(K) Ll(K) ne

Now, let   t denote the topological isomorphism of  G.  ®„ • • • ®„ G    = ®

onto  (Gj)    ®„ • ■ ■ ®K (G   )    = ¡c defined in Lemma 6.4.   Given a Haar measure

as  on  ® choose a Haar measure  dt on  § such that

Jî, /WÄ'Jj/dW)*

for all / 6 C00(ç);  then the map a —> a ° 1 defines an isometric isomorphism   i

of  L (§) onto  L  (®) and it is   L  (K)-homogeneous when  L!(§) and Ll(®) are the

L  (K)-algebras whose actions are induced by the actions of   K on  § and  ®,  and

y £ K, respectively.   With the product* Haar measure on (Gj)   © • • • ®(G )

choose a Haar measure on Q    (the reducing subgroup in  (G.)   © ■ • • © (G  )

yielding as quotient §) so that the Haar measures of  (G.)   © • • • © (G  )  , Q  ,

and  § are canonically related.

By Lemma 6.6 there is an isometric   L  (K)-algebra isomorphism

LH(Gj)e) ®  j       ...  ®  j       LHiG,,),)«!.1®).1 e L ' (K ) L * (K ) n e
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Together with the isomorphism of  L  (§) onto  L  (®), we yield an isometric   L  (K)-

isomorphism of D    onto  L (®) and hence (i) in Theorem 6.5 is proven.

Remark 6.14.   As is apparent to the reader, considerable care was taken in

the choice of Haar measures.   The purpose was of course to assure that the iso-

morphism  T oí  D    onto  L  (®) is in fact an isometry.   In fact, by carefully re-

tracing the intermediary isomorphisms one can show that the value of  T on the

elementary tensors in  D    is given as follows.   If a. £ L  (G.)  ,  i = 1, • • • , n,

then

T(ai® ... ®an)(s)= TQ [Tg (äj*,)... Tg {\aJMs))       {s e ®),

where   T    (a.a.) ■ ■ . T    {a a  ) denotes the element / in  L1^.)   © • • . ®(G  ) )
SI       11 g„      n   n le ne

given by

/(>!.-••'. yj = T8fiiai^yi) • • - TgK^yJ

for  (yj, • • • , y  ) £ (Gj)   © • • • ©(G). On the other hand, if Q  is the reducing

subgroup in  G. ® ■ ■ ■ ® G    yielding the quotient ®, and if the Haar measure on

Q is chosen so that the Haar measures on  Gj © • • • © G ,  Q, and  ® are canon-

ically related, then it can be shown that the isometric   L  (K)-algebra isomorphism

T of D    onto  L (®) is that which carries  a   ® ... ® a ,  a. £ L1{G.) , to
e 1 77       7 2 e'

Te[(ajaj)...(ïïan)].

Returning to the proof of Theorem 6.5, suppose  N ¡4 \0\.  Since  D ¿4 D  , each

L  (G .) is by Corollary 6.5 a nonessential  L  (K)-algebra, and hence by Lemma

4.9 if   L  (G.) is a nondegenerate   L  (K)-algebra,  /. equals   a. .1      for some com-

pact subgroup g   Ç G   and   a. eG., and  J . = L (G.) otherwise  (we set  a. = 1

in this case).   Let I. = a .]., i = 1, ...,«.   Since multiplication by a. is an isometric iso-

morphism of  /. onto  /.,  there is a bicontinuous isomorphism   /. ®_, • • • ®_, /   =N

which carries  a.®---®a    to (a a.) ® . . . ® (a a  ).   The proof is completed.
I nil 77    77 r x

7.   Generalized multipliers of L     into  L°°.   If A and  B ate (left and right)

Banach  C-modules for a Banach algebra  C, then as shown by Rieffel  [18, Corol-

lary 3.21] there is an isometric isomorphism

(A ®c B)* S Homc(A, B*)

such that if  0  ~>^'d> tnen

¿(a® &)= (è. T^io))       {a£ A, b £ B),

when ß   is considered to be the left Banach C-module under the adjoint action in-

duced by that of C on  B.   If A = L1(G), B = l\h), and  C = Ll{K) for LCA

groups   G, H,  and   K,  and if the module actions are isometric algebra actions,

then Theorem 6.5 permits an analysis of
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Horn   ,      (Ll(G), LX(H)) = M.
L'(K)

When  G = H = K and the module action is convolution, we obtain the special and

well-known case of characterizing the multipliers of   L  (G) into  L°a(G).   Hence we

may consider the characterization of M as a generalized multiplier problem.

Since   L.(G) ®  .        L  (H) is described in general as direct sum of its essen-

tial part and another closed ideal (Theorem 6.5), we note a few simple facts about

Banach spaces expressed as internal direct sums.

If B is a Banach space and  V C ß, the annihilator,  V1, of  V is the closed

subspace in the Banach dual  B   given by

VX=U* eB*| (*. **> = 0 V* £V\.

Lemma 7.1.   Let B  be a Banach space, and, let  V and W be closed sub-

V
spaces in B such that B = V © W.   Then B*= Vx © W\  and if P   • B —> V and

Pyf B —>W denote the natural mappings of B  onto  V and W,  respectively, then

Pv: V   —>B    and Pw: W    —>B    effect the bicontinuous isomorphisms

V* S W1,       W* s v\

If Py [resp.   Pw]  is of norm one, then the isomorphism  V* = Wx [resp. W* S V1]

is an isometry.

If in general 5 is a closed subgroup of a LCA group G,  then ¡s will denote

ideal in L !(G) and kernel of the canonical map Ty: L l(G) —» L KG/S),

Ts(a)(x/S) = j   a(x + s)ds,       a e Ll(G), x £ G.

Lemma 7.2.   Let G and H be LCA groups and let g Ç G and h C H be com-

pact subgroups.   The following obtain.

(i)   There is a bicontinuous isomorphism

ie®7lh =/geío}n'ío!eA£Ll^®'^

which carries a ® b to a(x)b(y), where g © (0| and \0\ © h are considered as

compact subgroups in  G © H.

(ii)   There is a bicontinuous isomorphism

Ig ®rL1(H)K/sejojÇL1(G©H)

which carries a ® b to a(x)b(y), and similarly  L  (G) ®/,  =/(.)_.

Proof.   We prove only (i), the proof of (ii) will be evident.   Since g  [resp. h]

is compact, there is projection  P    in  L (G) onto / ; similarly a projection  P,

in  L  (H) onto Ih.   By Lemma 6.11 there is a natural bicontinuous isomorphism
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¡g ®r lh « Rng(Pg ® Ph) Ç lHg) ®y lHh).

In view of the natural isomorphism,  L  (G) ®    Ll(H) S Ll(G © f/), there is a

closed ideal /in  L  (G © H) and a natural bicontinuous isomorphism /   ®„,/,
1 g      r   b

= / which carries  a ® b to a(x)rHy)  and furthermore taking hulls we have

h (/) = h (/ ) x H U G x h (/, ) = g1 x H   ufixi1

= (g © ¡o!)x u (loi © ht= h(/gej0,) u h(/|o}œi) = h(/gffiio! n /jojejb).

Since   (g1 x //) U (G x ¿_L) is an open and closed subset in  G © H,  it is a set of

spectral synthesis and therefore  / = /  ®jnj ^ 'jo!©/;"

Lemma 7.3.   Let G and H be LCA groups and let g C G and h C H be com-

pact subgroups.   For cf> £ L°°{G © H) consider the following two conditions;

(I)   / <f>(x + s, y)ds = 0  locally a.e.  (x, y) in G © H,

(II)   îh<p(x, y + t)dt = 0  locally a.e.  (x, y) in G © H.

Consider the subspaces of L^iG ©W) defined by

reh = \<p £ L°°(G © H)\ cf> satisfies (I) and (ll)\,

/g0H = [0 £ L°°{G © fi)| 0 satisfies (l)\,

/£0/b = [0 e L°°(G © H)| 0 satisfies (ll)[.

Then the following bicontinuous isomorphisms obtain:

<'« ®r V* * Ce*'      <'. ®r l1(w))* * Ce«-      ^1(G) ®r '*>* Ä 'gV

Furthermore, if <p <—> c^00  zn a«y o/ /¿e above isomorphisms then

<f>(a®b)=( a (x) è (y) 0°°(x, y) ax ® ¿y

/or a// a ® b  in the respective tensor algebras.

Proof. Let / denote the closed ideal ' ©|0i n '{oleé *n ^ (G ©/7) that is

naturally isomorphic to / ®y'¿- It can be easily shown that / is complemented

in  LUG © i7) by the closed ideal

J s <©!o[(Ll(G/« © H)) + 4oi©/7(Ll(G © "/Â)) = Jg + h

where  ^mfni an¿  ''Soîffiè denote the canonical maps (indeed, using the isomor-

phism  LUG) ®y Ll(H) Si Ll{G © H) and Lemma 6.11, we find that / is the ker-

nel of the projection  P   ® P¿ in  Ll(G © H) onto /).  We have   LX(G © H) = /©/.

By Lemma 7.1 there is a bicontinuous isomorphism / = / and hence there

is a bicontinuous isomorphism
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(Ig ®y lhf S /X Ç L°°(G © H).

Furthermore, if  cf> £ (I    ®y I, )    corresponds to  t/>°° £ J1, they are related by the

formula

<f>(a ® b) =  f a(x)b(y)<f>°°(x, y) dx ® dy
J G©f/

for all a e / ,   b £ I,.
8 oo

In order to characterize  /-"- C L°°(G © H) we need to identify the ideals  /

and  /,.   The next lemma accomplishes this.

Lemma 7.4.   // G  is a LCA group and g  is a compact subgroup, then

Tr^LHG/g))1 = ¡0 6 L°°(G)    f cf>(z + r)dr= 0 l.a.e.  z in g(.
8 / 1

Proof.   Let 0 e 77*(L1(G/g))-L.   Then for all a € L1(G)

0 = (77  T (a), (f>) = J      J   a(z + r)dr(f>(z) dz = j    a(z + r)<p"(z) dzdr

=   I     I    a(z)<f>(z - r) dzdr =   \    a(z)(\   cß(z + r) dr) dz,
Jg  JG JG Jg

i.e., <J>(z) = f <f)(z + r)dr = 0 l.a.e. z in G.   Since the steps are reversible the

lemma is proved.

Now, returning to the proof of Lemma 7.3, since  / = /    + /■, we have  J1- =

J    n /f.   Therefore, by Lemma 7.4,  J1- consists of precisely those  cf>°° £

L°°(G © H) such that, for l.a.e.   (x, y) in  G © H,

0=1     j   j (fy°°(x + s, y + q) d(s,  q) =   j    çS°°(x + s, y) ds

and

0 = í o\®h ̂ {x + p-y + t) d{p-t] = fh ^x{x' y +z) du

The proof of the remaining two isomorphisms in Lemma 7.3 can be proved in a

similar fashion; however direct application of Lemma 7.4 cannot be used to show

that the annihilator of the complement of the closed ideal in  L  (G © H) corre-

sponding to say  /   ©    L (H) is  /°°ffiíí; but a technique similar to that used in

the proof of Lemma 7.4 will suffice.   The details are left to the reader.

If G is a LCA  K-group,  y £ K,   and   a £ G, then, as noted in Remark 4.7,

LP(G) (I < p < 00) becomes a (left) Banach  L  (K)-module under the action

c a= a[c-yKaa\,       c e Ll(K), a e LP(G).

We investigate the adjoint action of  L  (K) on the dual of  LP(G).   If 1 < p < 00,



34 J. E. KERLIN [January

let  p  denote the conjugate exponent defined by l/p + l/p  =1, and we define

the dual pairing between  LP(G) and  Lp (G) by

(a, b) =   f   a(x)b(x)dx,       a £ LP(G),  b £ LP'(G).
J G

A computation will show that  (c • a, b) = (a, c   •' b) for all o 6 Ll(K), a £ LP(G),

and  b £ Lp (G) where  c   is defined by  c (x) = c( - x), and where  c ■' b =

atc '_y k a^' c e L  (K), b £ Lp (G).   (It is of interest to compare the above

relationship with the special case when  K = G and the module action is simply

convolution.)   Thus the adjoint action of an element  c of  L  (K) on  Lp (G) con-

sists of the natural  L  (K)-action by  c    that is induced by the action of  K on  G,

- y £ K, and a £ G.

In the next'theorem if  L  (G) is an (isometric) Banach  L  (K)-algebra and if

/ is the closed ideal in  L  (G) complementing  L  (G) , so that  L (G) = /©

L (G) , then we will denote the direct summands of an a £ L  (G) by a    £ ] and

a    £ L  (G) , so that  a = a   + a .
e e' ne

Theorem 7.5.   // L  (G) and L  (H) are commutative Banach  L(K)-a Ige bras

and L°°(H) is considered as an  L  (K)-module under the adjoint action, then there

are closed subspaces  31 and S of Horn   j      (L (G), L°°(H)) such that

Horn   ,      (lHg), L°°(H)) = 3l © S
LX(K)

and there are the respective bicontinuous and isometric isomorphisms  31 = N  ,

(S SED*, where
e'

D= lHO ®   ,       L1(H)= Ai ©D .
LL'K)

Furthermore,

(i)   // (5 / \0\, there is an isometric  L  (K)-module isomorphism ® =

L°°(G ®KH) such that if<S3Te<-><f>£ L°°(G ®KH) then

(be, Teae) = (Y(ae ® b£), <f>) = f^^ TQ[(aae)(ßbe)](z)^(z) dz,

where T: D    = Ll(G ®KH) is the isomorphism of Theorem 6.5(i).

(ii)   If 31 / [0[, there is a closed subspace  i°° in  L°°(G © H) and a bicon-

tinuous isomorphism 31 = /°° such that if 31 3 T   *-* i/f 6 /°° then

(bn, Tnan) = <(cLfl|tX|8*n), -A) = JGeH (aan)(x)(ßbn)(y) *{x, y)dx ® ¿y

(for fixed a€G,ß£H) where  /~ = /^,  /~e|o,t  /f°oje¿,  or  L°°(G © /7), /or

compact subgroups g C G,  h C H,  depending on whether neither, one, or both are

degenerate  L  (K)-a Ige bras.
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Proof.   As noted in the introduction to this section there is an isometric iso-

morphism

(7.1) Horn   ,      (l\g), L°°{H)) « (l\g) ®   .       Ll(H)f

such that if  T £ Horn, .      {L1^), L°°(H)) corresponds to (p £ (Ll(G) ® .      L^H))*,
L L(K) L1 (K)

then

cf>(a® b) = (b, T{a))

for all a e LX{G), b £ Ll(H).   By Theorem 6.5 there is a closed  L1{K)-ideal N in

Ll(G) ®  ,        LX(W) = D such that D =/V © D .   By Lemma 7.1,  D*= D-1 ©/V1,
L  (K) .   . * * e e '

and furthermore the adjoints   P    and   P    of the natural mappings   P  : D —» N and

P&: D"—' D    furnish the respective bicontinuous and isometric isomorphisms

N*SíD\ D* SäN1.
e        e

Let Sft and  S denote the closed subspaces in Horn   ,       (Ll{G), L°°(H))
* .      l1<k>

that are the images of  D    and  N1- in  D    under the isomorphism in (7.1).   Then

Horn   ,      (LUG), L°°(H)) = n ©g
Ll(K)

and there obtain the respective bicontinuous and isometric isomorphisms  $:

SI A N*, V: S « D*; furthermore, if  T e Horn (L^G), L°°(W)), T = Tn © 7^,

T    e 51.  T    e ®, and if <D(T ) = 0 , <P(r ) = <¿ , then for all

a=a   ©a    eL'IO^   ©lKg),       è = ¿>   ©è    £ lKh) = J   ® lHh) ,
ne n e ne J n e

we have

(b, Tn(a)) = (bn, TiaJ) = ^(flf| ® bj,       (b, T¿a)) = (be, T(ag)) = <¿e(ae ® bj.

The remainder of the proof now follows from Theorem 6.5.
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