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AN APPROXIMATION THEOREM

FOR BIHOLOMORPHIC FUNCTIONS ON D"

BY

JOSEPH A. CIMAt1)

ABSTRACT. Let F be a biholomorphic mapping of the polydisk  Dn into C".

We construct a sequence of polynomial mappings \P .\  such that each  P . is

subordinate to  P .   ,, each  P . is subordinate to F and the  P . converge uni-
;+l' j J

formly on compacta to F.   The polynomials  P . are biholomorphic.

Introduction.  Le t D   be the disk in the complex plane C with center at the

origin and radius  r > 0 (D. = D).   MacGregor [l] has shown that if / is a schlicht

mapping of D into C then there exists a sequence of schlicht polynomials  \P ■\°°_y

each  P. has degree /, such that  P ■ converges uniformly to / on compacta and

such that  P . is subordinate to  P .   l for each /' = 1, 2,-< •.  A second result is that

if / is a convex schlicht mapping of D into C, then the [P.i in the above result

can be chosen to be convex schlicht polynomials.   A close scrutiny of the proofs

of these results show that they depend principally upon the facts that C is a normed

linear   space   and   the   fact that / is a homeomorphism.   We extend these results

to the following case.   Let D" be the zz fold product of D and assume F is a bi-

holomorphic mapping of D" into C", F(0) = 0.   Then there exists a sequence of

polynomial mappings  \P \, which are biholomorphic, and which converge uniformly

to F on compacta.   Further, each  P. is subordinate to P .   l tot j = 1, 2, 3,* • • .

Using a result of T. J. Suffridge we can also show that if  F(Dn) is convex in  C"

then each  P ■ can be chosen so that   P (Dn) is convex.

Notation and definition.   Let D    denote the disk in the complex plane with

center at the origin and radius  r > 0,  D" is the z2-fold product of such disks and

D    is the closure of such a disk.   If r = 1  we omit the subscript.   A point Z in

C" will be written as  Z = (zj,. . . , zj,  z . e C,   and a  mapping  F from D" into

C" as F(Z)= (/ (Z),..., /_(Z))= W.   It f.(Z) is holomorphic on Dn, then /.(Z) =
Soo Z 7

k_0 ^vfe(Z) which h- k ate homogeneous polynomials of degree k.   For N a posi-

tive integer we let f.'N(Z) = l"= „ hjk(Z) and F N(Z) = (f x >N(Z), f2 N(Z),

fn n(Z)).  Whenever a sequence of mappings  FN converge uniformly on compacta

to a mapping F we will write  FN(Z) —» F(Z).   A mapping F (from D" into C")
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where each /.(Z) is a polynomial will be called a polynomial mapping, and the de-

gree of E is  Nij)= max degrees /. (1 < j < 72).   The norm of Z is written as   |Z| =

maXj    .      |Z.|.   The boundary of a set B is denoted by  dB  and the distance from

A to B is  diA, B).   Finally, if  0 < r < 1 and E is a mapping of Dn into C" then

J\F(r) denotes the image of the polydisk D" under the mapping E.   Given two bi-

holomorphic mappings E and G with  E(0) = G(0) then E is subordinate to G ifSEC

ÂG and this is written  F < G.

Two lemmas. We shall need two lemmas.   The proofs follow from standard

properties of analytic functions and straightforward computation.

Lemma 1.   Let f be a holomorphic mapping of D" into C, f(Z) = £,    -P,(Z),

where the  P,   are homogeneous polynomials.   The partial sums of f are fN =

k=0 ^' iS^}'   ^ei lC ■) be a strictly increasing sequence of positive integers and

0 < r./l.   Then fc (r Z) tends uniformly to f on compacta, written fc (r Z) =>/(Z).
i j  '

Before stating Lemma 2 we need a definition.   Assume F is a holomorphic

mapping on D" into C".   Let Z and W be in C".   Define the matrix AAZ, W) =

(a..(Z, W)) as follows:

a.fZ, W)  =   idf./dz.)izx,...,z.,Wj+x,...,Wn)    iiz.-W.

[/.(*,,.. - , z., W.n,.. - , Wn)- f.izv.. - , z._v W.,.. - , Wn)]

[z. - W .]

if , ¿ w.,

and define the nonnegative function

qJFÍZ, W) = |det(au ,(Z, HO)I + ¿ \ffZ) - f(W)\.
7 = 1

The Jacobian of E is written  /AZ).

Lemma 2.  Assume F is a holomorphic mapping of D" into C",   E(Z) = (fxÍZ),

• • • , f (Z)) aTz^ assume that JF  is nonsingular for Z £ Dn.   Then (pFÍZ, W) = 0

if and only if F(Z) = E(W),  Z/W.

The subordination theorems in  C". We will use the following lemmas to prove

our results.

Lemma 3. Let F be a biholomorphic mapping of Dn into C", E(0) = 0 and let

0 < rQ < 1 be given. There exists an integer /Vj(rn) such that FN is a biholomor-

phic mapping on Dn   if only N > N Ar0).

Proof.  For any  r < 1   define the nonnegative function
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mFir) = int<S>piZ,W),        \Z\ < r,  \W\ < r,

Let f .(Z) have an expansion in terms of its homogeneous polynomials   /¿(Z) =

fe=l    k^ an<*then

\fc = l fe=l /

We claim that the entries of the matrix for A p   (Z   W) tend uniformly to the entries^N

of the matrix AP(Z, W) if |Z| < r and \W\ < r.   For the terms of the form df{ N/dz .

this is a consequence of the Cauchy integral formula (and the convergence is uni-

form on compacta).   Also if  |z . - W ] > 77 > 0 it is clear that the terms

[f.iN(zl,...,z!,Wjn,...,Wn)-f.iN(z1,...,z]_yW}...)]/[zrW.]

can be made uniformly close to the corresponding term in the Ap  matrix.   For r

fixed and p = (r + l)/2 we have a positive constant P such that  \FN(Z)\ < P for

all |Z| < p and all N = 1, 2, 3, •••.  An application of the Cauchy integral theorem

shows that if  0 < \z. - W ] < r¡ = (l - r)/4 we have another constant M (depending

on r but not N) such that

fi>Nizv. - - , z ., W;+1, • .., Wn) - /. Nizv ...,z._vW.,..., Wn)

z.-W.
1        1

dz.
1

< \z. - W \ . M.
- '  t       r

dfiN
izv...,Z],Wj + l,...,Wn)

Hence, an application of the triangle inequality will yield that for  (i, j) fixed

there is an N such that the  (z, ;') entry of A „   (Z   W) is within f of the   (z, ;') entry
N

of the Ap(Z, W) matrix on |Z| < r,   \W\ < r.   This means for rQ < 1 and 0 < e <

p(rQ)/2  we can find an integer  N0 so thatin

(1) |ttzf   (r)-mp(r)\ <er N f

tot 0 < r < 7-Q.   Also the entries in the Jacobian matrix for the  FN converge uni-

formly on (|Z| < rQ) to the entries in the Jacobian matrix for F.   Applying Lemma

2 to the  FN mappings we can find an N^Tq) so that the result of Lemma 3 will

hold on  |Z| < 7-0 for N> Ny(r0).

Lemma 4.  Let rQ < 1  azzzi assuming that F is as in Lemma 3 define d(rA =

atd(jÍF(r0), c9ÍRf(1)).   Then 0 < d(rQ) < °o and there is an NArQ) such tb

d(%FN(rQ), d%F(l)) > 0 whenever N > N2(rQ).

Proof.  F is assumed to be a homeomorphism, hence d(rA > 0.   If d(rQ) = <*>

this would imply that J\F(1)= C".   Let G(W) = F~  (W) be the inverse mapping to
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E from C" into D".   Using one variable theorems one shows that g(W., 0, • . • , 0)

= g{i0,.-. , 0) =  0.    For  Wx  fixed (say Wx = W°) we have

8iivi0v w2, 0,• • - , 0) = g.iw°v 0,-- . , 0) =g.i0,• • - , 0) = 0.

This will show each g ÍZ) = 0 and this implies F is not biholomorphic.   Since

FN => F we can find N2 = N2(rQ) so that if N > N-, then |EN(Z) - E(Z)| < d(rQ)/2

on |Z| < rQ.   This yields the result of our lemma.

Having established the above lemmas we can proceed to the principal theorem.

Theorem 1. Assume F is a biholomorphic mapping of D" into Cn (E(0) = 0),

E(Z) = (/ (Z), • • • , / (Z)). Then there exist polynomial mappings PAZ) which

are biholomorphic ion Dn) and of degree k (& = 1, 2, 3, • • ) such that P. < P2 <

Pi'"   (pk<F) andPkÍZ) — F(Z).

Proof.  We assume first that some component of E (i.e. some /.) is not a poly-

nomial.   Let then 0 < r0 < 1  be given.   For this  rQ we  select an   N Ar0) as in

Lemma 3 and an NAr0) as in Lemma 4 and we set  N(rn) = /V,(/0) + NAr0). Choose

an  Nx > /V(r0) so that FN    has degree Nx.   Let EN(r) be the preimage of ÂFN(r)

under the mapping F,  F Nir) = F~   (ÜF«('"))•   By the openness of the mapping Ewe

can find a number  1 > px > rQ so that EN(rQ) Ç D"  .   We continue now by setting

1 > rj > (l + p,)/2.   We can select an /V(r.) as in Lemma 3.   Let a be the number

which is the minimum of dir A and diÂFN  (r0), (9,nE(r,)).   Again uniform conver-

gence of E^ to E on compacta allows us to find N2irx) so that |E(Z) - FNÍZ)\ <

a/2 whenever N > NAr.) and |Z| < r..   These last comments imply that

(D dí3(FNiír0), d%FNirx))>0

it  N > NArx).   We have arcwise connected sets ÄFN  (rQ) and J\E^(rj) with a

common point and (1) implies  J\EN(r, ) 3 ^E^  (rQ) if zV > NAr A.   We can set N =

NAT\)+ N2(rx)+ Nx and choose N2>N so that FN    has degree N2.   We define

the polynomial mappings

VZ)=FNl(r0Z)'        PN2{Z) = FN^1Z>-

PN   and Pw    are biholomorphic on D" and are polynomial maps of degree  N. and
12

N2 respectively.   They are also subordinate.   One can now proceed to construct

polynomial mappings  PN (Z) (Nx < N2 <••• ) which are biholomorphic on D" and

satisfy  PN   < PN   < PN   • • • .   An application of Lemma 1 shows that  PN (Z) =>
12 3 7

F(Z).

The remaining part of this proof consists of filling in the polynomial mappings

of appropriate degrees between the  P      and P .   Assume then k < j and that

P and Q ate polynomial mappings of degrees k and /' respectively.   Further we have
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P and Q biholomorphic on open sets containing  D" and P < Q on D".   There is an

J\ > 1 so that P is a biholomorphic polynomial mapping on D£.   Choose  1 < p < J\

and define P   on D" as P (Z) = PipZ).   Note that p can be chosen so  that

d(j\Pil), d% P*(l)) > 0 and ¿(S P*(l), d%Q)> O.and P* is a biholomorphic polynomial

mapping on D" of degree 4.   Let   ib) = (¿j,, « • • , b  )eC°  and define

Q*ÍZ) = P*ÍZ)+ibxzkx+1,b.zk.+\...,b zk + l).
11 2   2 '     n   n

It is clear that 2   can be made uniformly close to P   on Dn ii only \b\ is small.

Hence   |det/   *(Z)| / 0 on D" and since ryA* can be made arbitrarily close to ^   ,

by a suitable choice of b we conclude from Lemma 2 that there is an r¡ > 0 such that

if \b\ < r) then Q    is a biholomorphic polynomial of degree k + 1.   Since

di% P  , d%Q ) can be made small with \b\ and since P < P   < Q we have for 0 < r¡ suf-

ficiently small that P < Q   < Q.

The pair Q* , Q ate now biholomorphic polynomial mappings on an open set containing

D    of degrees 4 + 1  and  /   respectively and so we can find such polynomial map-

pings for  k + 1, • • • , k + j - ik + I).   We have now the chain of polynomial, biho-

lomorphic mappings   P. of degree ;' which satisfy the subordination relation   Px <

E-, < P- <• • •, P    < E, and such that  P     => F.   Assume  then that P     and
¿ i '        7Z ' 7Z • 7Z .

Pn        are successive members of the sequence \P    \ and the degree of P      is m
7+1 / ;

and the degree of  P is k.   We have chosen numbers  1 < pv and b    £ C", v =
,    A l

772 + 1, 772 + 2, •••, k- I, and successively defined polynomials   Py   AZ) =

WZJ+fWUr'^'.-.W)-    SinCC   Pzz.(Z^+PJZ)   isbi"
holomorphic on D" we can choose the  1 < pv so   close   to   one   that

Przz(PmPm + i» " * ' ' Py_iZ) is arbitrarily close to  P JZ) on all of Dn.   The recur-

sive definition of the  Pv will yield the estimate

\pAz)- p ip p   .. ... p    ,z)|
1     v m rmrm+\ rv—\      '

v—m

Zíbm+Jío n ... o \zzz+y   m+7
V01      KPv-m+lPv-m+2 Pv-m-U-lY 1      '

7 = 1

+í_.m +7•••.*"*Mp„     +1 ••• p„       ,.   n)m+'zm+0

k — m — 1

2 = 1

Now if we are given e > 0 we choose the  [p \ so close to one that  |P   (Z)-

Em(pmpm+1 - PV_,Z)| < e/2 tot v= 772+ 1,-.. , k- I  and so that if  |èm+y| < r/

for / = 1, 2, • • • , k - im - l) then

\P^)-PjpmPmn-"Pv_xZ)\<e/2.

Hence, \PVÍZ) - P   (Z)| < e tot z £ D" and 1/ = m + 1, • • •, k - 1.   This proves that
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one can choose the full sequence  [PN(Z)\  so that it satisfies the subordination

chain relation and so that  PN(Z) ==» F(Z).

It remains to consider only the case where F is a biholomorphic polynomial

mapping of  Dn of say degree N.   Choose  0 < r. / 1 and define F .(Z) = F(r Z) for

/ = 1, 2, 3,- • ■.  We can choose b   = (b^,. • • , b1) e C" of small norm so that

(è11z1,...,ty;zn) = p1(z)<F1(z).

Now the first part of the proof allows us to assert the existence of biholomorphic

polynomials P.,... , PN satisfying Fj < P2 <• • • < P N = Fj, where each P . has

degree / and the degree of Fj is N. Again choose a b e C" with small modulus

so that

PN+liN) = F2iZ) + ib2zN1+1,...,b2nzN1+1)

is univalent in  D" and so that the image of Dn under the mapping   P„  is properly

contained in the image of Dn under the mapping  F which in turn is properly

contained in the image of D" under the mapping  F,.   The proof is now finished.

Theorem 2. Let F(Z) be a biholomorphic mapping (F(0) = 0) of D" into C"

such that the image of Dn under F is a convex domain. Then there exists a se-

quence of biholomorphic polynomial mappings P, , of degree k, from D" into C"

with convex range and such that  P, < P,    .     for n - l, 2, 3, • • •   and P,  => F.

Proof.  The proof is a sandwiching together of two known results.   The first

is that of T. J. Suffridge [2] which states that if F satisfies the hypothesis of

Theorem 2 then there exist convex univalent mappings  g .: D —> C     and a nonsin-

gular linear transformation T of  C" into C"  such that F has a decomposition

F(Z) = T oG(Z) = T(gl(zy),g2(z2), ■■■, g„izn)).

The second result is that of T. H. MacGregor Ll] which states that there exist

convex: univalent polynomials  P,   .(z .) so that P.   ,(z .) < P,    .   Xz .) tot k= 1, 2, 3,
7C,77 72,7      7 *.+ l»77

• • • , and such that  P,   .(z .) => g .(z .), on D.   The degree of  P,   . is k.   Defining

the fi nctions

TkÍZ) = TÍPkAízA,...,PkJzn)),ToPkÍZ)

we see that T,   is a polynomial mapping of degree k and that  Tk is biholomorphic.

If  Tk(Z) = T o Pk(Z) = T(W) = X, then W = Pk(Z)= (Pk>1(zy), • • • , Pk¿*„))-   But

Pk  . < Pk   j   . implies the existence of a Z   = (z v • ■ ■ , z^) £ Dn such that

Pk*l/X]) =Pk,fz?-   This imPlies that  T^+ l(Zl) = Tfe(Z) and S° T¿ < rfe+ 1 f0r

all k = 1, 2,- • :. If now Z e D" we have

|F(Z)-Tfe(Z)| = |T oG(Z)-T oPfc(Z)| < ||T|||G(Z)-Pfe(Z)|

and so  Tk(Z) => F(Z).
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