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AN APPROXIMATION THEOREM
FOR BIHOLOMORPHIC FUNCTIONS ON D"
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ABSTRACT. Let F be a biholomorphic mapping of the polydisk D" into C™.
We construct a sequence of polynomial mappings {P.} such that each P]. is
subordinate to P].+ 1» €ach P . is subordinate to F and the P . converge uni-

formly on compacta to F. The polynomials Pi are biholomorphic.

Introduction. Let D, be the disk in the complex plane C with center at the
origin and radius 7> 0 (D, = D). MacGregor (1] has shown that if f is a schlicht

}00
=0
each P]. has degree j, such that P]. converges uniformly to f on compacta and

mapping of D into C then there exists a sequence of schlicht polynomials {P

such that P]. is subordinate to P].+1 for each j=1, 2,+«+. A second result is that
if f is a convex schlicht mapping of D into C, then the {Pj} in the above result
can be chosen to be convex schlicht polynomials. A close scrutiny of the proofs
of these results show that they depend principally upon the facts that C is a normed
linear space and the fact that [ is a homeomorphism. We extend these results
to the following case. Let D" be the n fold product of D and assume F is a bi-
holomorphic mapping of D" into C”, F(0)= 0. Then there exists a sequence of
polynomial mappings {Pi}, which are biholomorphic, and which converge uniformly
to F on compacta. Further, each P]. is subordinate to P].+1 forj=1,2, 3.
Using a result of T. J. Suffridge we can also show that if F(D") is convex in C”

then each P]. can be chosen so that PI.(D") is convex.

Notation and definition. Let D, denote the disk in the complex plane with
center at the origin and radius 7> 0, D7 is the n-fold product of such disks and
D_ is the closure of such a disk. If 7=1 we omit the subscript. A point Z in
C” will be written as Z =(z,-++, 2 ), z. € C, and a mapping F from D" into

" as F(Z) = (/1(Z) . / (Z))— W If /(Z) is holomorphic on D", then f(Z)—
Zk 0o? k(Z) which b, j & are homogeneous polynomxals of degree k. For N a posi-
tive integer we let / N(Z) 2 ;k(Z) and F(2) = (f, ,N(Z)’ /2,N(Z),

/n’ N(Z)). Whenever a sequence of mappings Fy converge uniformly on compacta
to a mapping F we will write FN(Z) = F(Z). A mapping F (from D" into C?)
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where each /].(Z) is a polynomial will be called a polynomial mapping, and the de-
gree of F is N(j)= max degrees /]. (1 <j<n). The norm of Z is written as |Z| =
max,_._, |Z].l. The boundary of a set B is denoted by dB and the distance from
Ato Bis d(A, B). Finally, if 0<r<1 and F is a mapping of D" into C” then

R F(r) denotes the image of the polydisk D under the mapping F. Given two bi-
holomorphic mappings F and G with F(0) = G(0) then F is subordinate to G if RF C

RG and this is written F < G.

Two lemmas. We shall need two lemmas. The proofs follow from standard
properties of analytic functions and straightforward computation.

Lemma 1. Let f be a holomorphic mapping of D" into C, {(Z) = 2::0 P (2),
wfyvere the Pk are homogeneous polynomials. The partial sums of f are fy =
2, _0PL(@D. Let {C].} be a strictly increasing sequence of positive integers and
0< rjfl. Then f. _(r].Z) tends uniformly to f on compacta, written [ .(er) = {(2)..

i i

Before stating Lemma 2 we need a definition. Assume F is a holomorphic
mapping on D” into C". Let Z and W be in C”. Define the matrix AL(Z, W)=
(al.].(Z, W)) as follows:

ai].(Z, W) = (afi/azj)(zl,---,zj, W].ﬂ,---,Wn) if z].=W].

[[z'(zl’”.’zj’ W]-+1,"'7 Wn).—/i(zl’“.’zj—l’ Wj’“.’wn)]
lz, -w]

if z; # Wj,

and define the nonnegative function

$p(Z, W) = decla, (2, W)| + 3 1/2) - [,W)].

j=1

The Jacobian of F is written ] p(Z).

Lemma 2. Assume F is a holomorphic mapping of D" into C", F(Z) = ({,(2),

. /n(Z)) and assume that | is nonsingular for Z € D". Then ¢p(Z, W)=10

if and only if F(Z)= F(W), Z £ W.

The subordination theorems in C”. We will use the following lemmas to prove
our results.

Lemma 3. Let F be a biholomorphic mapping of D™ into C", F(0)= 0 and let

0<r,<1 be given. There exists an integer N,(r,) such that Fy is a biholomor-
phic mapping on D? if only N> N (r().
0

Proof. For any 7 < 1 define the nonnegative function
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mF(r)=inf (I)F(Z, W), |Z| <7, (W] <72

Let f.(Z) have an expansion in terms of its homogeneous polynomials 1(2)=

37_, AL(Z) and then

N N
@) = (1 f(@)seees [, y(2)) = < Y 4@, ¥ A;;(z>>

We claim that the entries of the matrix for Ag (Z, W) tend uniformly to the entries
of the matrix Ap(Z, W) if |Z| <7 and |W| < 7. For the terms of the form df, N/az,.
this is a consequence of the Cauchy integral formula (and the convergence is uni-

form on compacta). Also if |z]. - W].I >mn> 0 it is clear that the terms

[/i,N(zl’... ’zj’ W]'+1"" ’ Wn)—/i,N(zl"“’ Z]'_l’ W’ ¢ ")]/[ZJ_W]]

can be made uniformly close to the corresponding term in the A matrix. Forr
fixed and p = (r + 1)/2 we have a positive constant P such that |FN(Z)| < P for
all |Z| <pandall N=1,2,3,.--. An application of the Cauchy integral theorem
shows that if 0< Iz]. - W].| <n=(1-7)/4 we have another constant M (depending
on r but not N) such that

fi,N(zv""zj’ w]_ﬂ,...,wn)_/i.N(zl,...,zj_l,wj,...,wn)
z. -W.
i
af .
i,N
0z, (zl""’zj’ Wj+1""’wn)
7

< |zj - le - M.
Hence, an application of the triangle inequality will yield that for (7, j) fixed
there is an N such that the (i, j) entry of A (Z, W) is within € of the (7, j) entry

of the Ap(Z, W) matrix on |Z| < r, |W| < 7. This means for r; <1 and 0<¢<
mg(ry)/2 we can find an integer N so that

1) |mFN(r)— mF(r)l <e€

for 0<7<r,. Also the entries in the Jacobian matrix for the Fy converge uni-
formly on (|Z] < ’0) to the entries in the Jacobian matrix for F. Applying Lemma
2 to the Fy mappings we can find an N,(ry) so that the result of Lemma 3 will

hold on |Z| < 7, for N > N, (r)

Lemma 4. Let r) <1 and assuming that F is as in Lemma 3 define d(r,) =
dRF(ry), IRF(1)). Then 0<d(ry) < oo and there is an N(ry) such that
dRF \(ro), ORF(1)) > 0 whenever N > N, (o).

Proof. F is assumed to be a homeomorphism, hence d(ro) >0, If d(ro) =00
this would imply that RF(1) = C”. Let G(W)= F~1(W) be the inverse mapping to
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F from C" into D", Using one variable theorems one shows that g, 0,:.., 0)
= g;(0,-44,0) = 0. For W, fixed (say W, = W]) we have

gi(wtl)y WZ,O,"'90)=gi(WO, 0,"°,0)=gi(0,-~,0)=0.

This will show each g/(Z) = 0 and this implies F is not biholomorphic. Since
Fy = F we can find N, = N,(ry) so that if N> N, then |Fy(Z) - F(Z)| <d(r()/2
on |Z| <7, This yields the result of our lemma.

Having established the above lemmas we can proceed to the principal theorem.

Theorem 1. Assume F is a bibolomorphic mapping of D™ into C* (F(0) = 0),
F(Z)=({,(Z),+++, [,(Z)). Then there exist polynomial mappings P (Z) which
are bibolomorphic (on D™) and of degree k (k =1, 2, 3,.-+) such that P, <P, <
Py.oo (P, <F)and P, (Z) = F(2).

Proof. We assume first that some component of F (i.e. some {;) is not a poly-
nomial. Let then 0<r,<1 be given. For this r; we select an Nl(ro) as in
Lemma 3 and an Nz(ro) as in Lemma 4 and we set N(ro) = Nl(’o) + Nz('o)' Choose
an N1 > N(ro) so that FNl has degree N,. Let EN(r) be the preimage of ﬁFN(r)
under the mapping F, EN(r) = F"l(ﬁFN(r)). By the openness of the mapping F we
can find a number 1> p, > 7, so that Ep(ry) C DZI. We continue now by setting
1>r,>(1+p,)/2. We can select an N(r,) as in Lemma 3. Let a be the number
which is the minimum of d(rl) and d(RFNl(rO), 89{F(rl)). Again uniform conver-
gence of Fy to F on compacta allows us to find N,(r,) so that |F(2) - Fy(2)] <
a/2 whenever N > N,(r,) and |1Z| < .- These last comments imply that

@ dREy (), IRF () > 0

if N> N,(r,). We have arcwise connected sets RFN (ry) and fRFN(rl) with a
common point and (1) implies RFN(rl)Q RFNl(ro) if N> N,(r;). We canset N =
Ny(r;) + N,(r;) + N, and choose N, > N so that FN2 has degree N,. We define
the polynomial mappings

Py @)= Fy (2), Py (@)=Fy (7).

p N, and P N, are biholomorphic on D™ and are polynomial maps of degree N, and

N, respectively. They are also subordinate. One can now proceed to construct

polynomial mappings P, (Z) (N; < N, <...) which are biholomorphic on D" and
i
satisfy PN < PN2 < PN3 «++. An application of Lemma 1 shows that PNj(Z)=’
F(Z).
The remaining part of this proof consists of filling in the polynomial mappings

of appropriate degrees between the P, and P, . Assume then k <j and that
k+1
P and Q are polynomial mappings of degrees k and j respectively. Further we have
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P and Q biholomorphic on open sets containing D" and P < Q on D", There is an
R>1sothat Pisa b1holomorph1c polynomial mapping on Dg. Choose 1 <p < R
and define P* on D" as P (Z) = P(pZ) Note that p can be chosen so that
d(RP(1), R P*(1))> 0 and d(R P*(1), 3R Q) > 0,and P* is a biholomorphic polynomial
mapping on D" of degree k. Let (b)= (b,--+, b,) € C” and define

0"(2) = P(2) + (6,24 "1, b 2% %0, 00 p 2kt

7271

It is clear that Q* can be made uniformly close to P on D™ if only |b| is small.
Hence |det ]Q*(Z)l # 0 on D™ and since ¢'Q* can be made arbitrarily close to qSP*
by a suitable choice of b we conclude from Lemma 2 that there is an 7 > 0 such that
if |b| <7 then Q% is a biholomorphic polynomial of degree k + 1. Since
d(RP*, 9RQ0*) can be made small with || and since P < P* < Q we have for 0< 7 suf-
ficiently small that P < Q%< Q.

The pair Q* , O are now biholomorphic polynomial mappings on an open set containing
D" of degrees k + 1 and i respectively and so we ‘can find such polynomial map-
pings for B+ 1,-++, k+j—(k+ 1). We have now the chain of polynomial, biho-
lomorphic mappings P,. of degree j which satisfy the subordination relation P, <
P,<Py<..., P < F,and such that P = F. Assume then that P and

j "
Pn are successive members of the sequence {P, f and the degree of P is m

and the degree of P~ is k. We have chosen numbers 1<p,and b” € C”, V=
i+ 1
m+1l,m+2,-++,k~1,and successively defined polynomials P, (Z) =

P(P,Z)+ (71204, by zl* e pY41Z24 D), Since P (Z)—- P (2) is bi-

holomorphic on D" we can choose the 1 <p_, so close to one that
P (Pm mel12"
sive definition of the P, will yield the estimate

-+, P,_12) is arbitrarily close to P _(Z) on all of D". The recur-

IPS2) =P (o by Py 2]

V—m

+5 +i mty

= Z (b’{' ](Pv—m"’lpV—m‘fZ e pV—-m—-(]-—l))m ]zl ]’
j=1

mtj mtj,mtj
’ bn (pV—m"'l Tt pv—m—(f-l)) z )

k—m—1

< |(P,,,+1 e Pk_l)‘k_m Z |bm+il'
j=1

Now if we are given € > 0 we choose the {p].} so close to one that |Pm(Z) -
Pm(pmp””l—pv_lZ)l <e/2forv=m+1,-++, k=1 and so that if |s™*]] <7
for j=1,2,+4¢, k=(m=-1) then

|PAZ) =P (p p sy +eep,_Z)| <é€/2.
Hence, |P (Z) - P_(Z)| <eforz € D"andv=m + 1,-++, k— 1. This proves that
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one can choose the full sequence {Py(Z)} so that it satisfies the subordination
chain relation and so that Py(Z) = F(Z).

It remains to consider only the case where F is a biholomorphic polynomial
mapping of D™ of say degree N. Choose 0 <7 /1 and define F(Z) = F(r,Z) for
j=1,2,3,++.. We can choose bl = (b},o ..y brll) € C” of small norm so that

(blz e, bz,) = P (2) <F (2).

Now the first part of the proof allows us to assert the existence of biholomorphic
polynomials P,,..., Py satisfying P, < P, <...< P, = F,, where each P]. has
degree j and the degree of F, is N. Again choose a b? € C* with small modulus
so that

Py (V) = F2) + 020,00, 52207

is univalent in D" and so that the image of D" under the mapping Py is properly
contained in the image of D™ under the mapping PN+1 which in turn is properly
contained in the image of D™ under the mapping F,. The proof is now finished.

Theorem 2. Let F(Z) be a biholomorphic mapping (F(0) = 0) of D™ into C”
such that the image of D™ under F is a convex domain. Then there exists a se-
quence of bibolomorphic polynomial mappings P, of degree k, from D" into C"
with convex range and such that P, <P, | forn=1,2,3,:. and P, = F.

Proof. The proof is a sandwiching together of two known results. The first
is that of T. J. Suffridge [2] which states that if F satisfies the hypothesis of
Theorem 2 then there exist convex univalent mappings 8;: D — C! and a nonsin-

gular linear transformation T of C” into C” such that F has a decomposition
F(Z) =To G(Z) = T(gl(z 1)9 gz(Zz), trty 8n(zn))-

The second result is that of T. H. MacGregor [1] which states that there exist
convex: univalent polynomials Pk,j(zj) so that Pk']:(z].) < Pk+ 1’].(zj) for k=1, 2, 3,
+++, and such that Pk ].(zj) _— g].(z].), on D. The degree of Pk i is k. Defining

the fi nctions

T (2)=T(P, (z)),-++, P (2 ) =T oP,(Z)

we see that T, is a polynomial mapping of degree k and that T, is biholomorphic.
I T,(Z)=ToP(Z)=TW)=X, then W= P, (Z)= (Pk,l(zl)" ., Pk’"(zn)). But
Pk,j < Pk+ 1,i implies the existence of a z! = (zi,- . z’lz) € D" such that
Pyy1.,{2])= Py {z,). This implies that Ty, 12D = Ty(Z)and so T, < T, for
allk=1,2,--.. If now Z € D" we have

F(Z) = T,(2)| = IT 06(2) - T o P,(2)] < |T]| [6(2) - P (2)]
and so Tk(Z) = F(Z).
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