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INTEGRAL REPRESENTATION OF FUNCTIONS AND DISTRIBUTIONS
POSITIVE DEFINITE RELATIVE TO THE ORTHOGONAL GROUP

BY

A. EDWARD NUSSBAUM(1)

ABSTRACT. A continuous function f on an open ball B in RN is called posi-
tive definite relative to the orthogonal group O(N) if f is radial and

[[ftx = y)#(x)bly)dxdy > 0 for all radial ¢ e C3(B/2). It is shown that f is
positive definite in B relative to O(N) if and only if f has an integral representa-
tion f(x) =feix'td,u.l(t) +fex°td,u.2(t), where 1, and p, are bounded, positive,
rotation invariant Radon measures on R and p, may be taken to be zero if, in
addition to f being positive definite relative to O(N), fIfx —yX— Agb)(x)q&(y) dx dy
> 0 for all radial ¢ € C:(B/Z) Both conditions are satisfied if f is a radial

positive definite function in B. Thus the theorem yields as a special case Rudin’s
theorem on the extension of radial positive definite functions. The result is ex-
tended further to distributions.

1. Introduction. Let N be a fixed positive integer. We denote by RN the
N-dimensional Euclidean space. |x| denotes the usual norm: If x = (x,, Xy
cee, xN) € RN and y—_-(yl,yz, ...,yN) eRN, x. y:le.yi and |x| = (x - x)"%.

Suppose now that G is an open symmetric neighborhood of the origin in R”
(i.e. x € G implies that — x € G) and [ a complex valued function defined on G.
f is said to be positive definite in G if

(1) ZZ aflx, - %) > 0

for all choices of complex numbers @y, Qys ++5 @ and points X, X5+, X
in G/2=1{x GRNIZx € Gl.

n

For a continuous complex valued function [ defined on G, (1) is clearly

equivalent to
) fG /s fG /2% = VG drdy > 0 for all ¢ € C2(G/2).

C5(G/2) denotes the vector space of all complex valued infinitely differentiable

functions in G/2 with compact support.

Received by the editors September 24, 1971.

AMS (MOS) subject classifications (1970). Primary 42A88, 43A35, 47A70; Secondary
46F05.

Key words and phrases. Positive definite functions, positive definite distributions,
expansions into generalized eigenvectors, nuclear spectral theorem.

(1) This work was in part supported by National Science Foundation Grant NSFGP-19588.

355 Copyright © 1973, American Mathematical Society



356 A. E. NUSSBAUM [January

Does every continuous positive definite function [ in G have an extension to
RN which is positive definite in RN?

If N=1 and G is an interval the answer is yes. The result is due to Krein
[11l.

If N>2 and G is an N-dimensional cube the answer is in general no. This
negative result was first proved by Calderon and Pepinsky [3] for the group of
lattice points in RN and then extended by Rudin [17] to RN. For further results
on this extension problem of positive definite functions we refer the reader to the
papers by Devinatz [4] and Eskin [S] and the monograph by Berezanskit [1].

Recently W. Rudin [18] has proved that if G is a ball in RN and [ is a con-
tinuous radial positive definite function in G then the answer to the extension
problem is affirmative; there exists a radial positive definite function F in R”
such that F(x) = f(x) for all x € G. (Note. If a positive definite function is con-
tinuous at the origin it is continuous in its domain. Thus F is necessarily con-
tinuous.) It follows from this by Bochner’s theorem that there exists a finite, posi-

tive, rotation invariant Radon measure p on RN such that
(x) = e tdy(t) forall x €G.
f fRN (o o
One main purpose of this paper is to prove that if { is a continuous radial
function on a ball G = SN(a) ={x € RN‘ |x| < a}, 0 <a< o, such that
(3) fc/z fG/z fx = Y)p(x)p(y) dx dy > 0

for all radial functions ¢ € C(G/2), then there exist finite, positive, rotation

invariant Radon measures p, and p, on RN such that
(4) flx) = fRN elxt df‘l(ﬂ + fRN e*t dp.z(t) for all x €G.

The measure p, may be taken to be the zero measure if in addition to (3) the

inequality
©) Jo o Joyo 5 = 9 APWGTdx dy > 0

holds for all radial functions ¢ € C:(G/Z).
Here A is the Laplace operator in R": A¢ = E&zcb/axf.

Condition (5) can be rewritten in the form
(6) ﬁ f f fx — b (¢ (dxdy >0
“ G/Z G/2 x; x; -

for all radial functions ¢ € C?(G/Z): Indeed
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Jora Jora 16 = D B@GGI dxdy = [ M A)x &) dx
N N
A S 6 BN 5 [ [y M= D, (98,0 sy
i=1 : i=1 i

for ¢ € CT;(G/Z). Here ¢*(x) = q;(t_x) and * denotes convolution.

Since for a continuous radial function [ condition (2) clearly implies (3) and
(6), our theorem not only yields the theorem of Rudin but actually strongly improves
it.

If N =1, the first part of our theorem, viz. (3) = (4), is precisely the theorem
of Krein [12] on the integral representation of evenly positive definite functions
(cf. also [8, p. 196] and [1, Theorem 318, p. 689]).

$$ 2—4 are devoted to preliminaries. The main result on functions positive
definite relative to the orthogonal group are proved in §5. In $6 the results of §5
are extended to distributions. In particular Rudin’s theorem on the extension of
radial positive definite functions is extended to rotation invariant positive definite
distributions.

In a sequel to this paper the main results of §5 will be further extended.

2. Expansion into generalized eigenvectors. To prove our result we shall use
the theory of expansions into generalized eigenvectors first developed in the
fundamental paper by Gel'fand and KostjuZenko [7] and expanded later by others,
notably Ju. M. Berezanskil. For a detailed account, reference to the literature and
a more motivated discussion we refer the reader to the monographs by
Berezanskir [1] and Gel'fand and Vilenkin [8].

The theorem we need has been proved in one form or another by various
authors. However, we have been unable to find a precise reference for the theo-
rem we need. The theorems in the literature are either different from ours or im-
precise or faulty in detail. We shall therefore give a proof of the pertinent theorem.

When referring to nuclear spaces we shall always mean ‘‘nuclear in the sense
of Grothendieck”” [91. See also Tréves [20, p. 510] or Pietch [16].

If E is a locally convex space we denote by E' its topological dual, that is
to say the vector space of all continuous linear functionals on E. If x’' € E' we
shall denote by (x’, x) its value at the point x of E. If A: E — F is a con-
tinuous linear mapping of a locally convex space E into a locally convex space
F we denote by A the transpose of A. That is, ‘A is the linear mapping of F'
into E' defined by

(tA}", x) =(}", Ax) for all x € E and y' €F'.

An involution in E is a mapping x — x* of E into E such that (x")* = x,

(x + 9= x"+ y* and \0)*=Xx" for all x and y in E and all complex numbers A.
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By a pseudo-inner product we shall mean a positive Hermitian sesquilinear
form, i.e. a Hermitian sesquilinear form f on E such that f(x, x) > 0 for all x € E.
We shall write (x, y) for f(x, y).

We assume the reader is familiar with J. von Neumann's theory of a direct
integral of Hilbert spaces [14, pp. 404—438]. A short but precise account is given
by L. Garding in [6, pp. 1-21.

Theorem 1 (Expansion into generalized eigenvectors). Suppose

1. E is a separable nuclear space,

2. (x, y) is a pseudo-inner product on E which is continuous (in both vari-
ables jointly in the topology of E x E), and

3. A is a continuous linear mapping of E into E such that (Ax, y) = (x, Ay)
for all x and y in E.

If in addition

4. there exists an involution x — x* in E such that (x", y*) =(y, x) and
Ax* = (Ax)* for all x and y in E, or

4'. (Ax, x) >0 for all x €E,
then there exists a finite positive Radon measure p on R and a p-measurable
function d with values in {1, 2, 3, +++, o}, and, for every real number A, a se-
quence ek'()\), k=1, 2,+++, of elements in E' such that eé()&) =0 for k> d),
and

5. A— (eé()\), x) is p-measurable for every x € E and every k=1, 2, .-,
6. there exists a p-null set N such that for A ¢ N, the sequence e, (),

1<k <d\) + 1, is linearly independent,
7. ‘Aek'()\) = )\eé()\) forall k=1,2,..+ and A € R,
8. the series Z‘i(:‘l) (e, (), x)(e,(N), y) converges absolutely for every AeR

and x and y in E,
9. the function A — EZ(:}‘I)Ke,;(M, x) (ek'()\), y)| belongs to Ly), and

o 4, —
(x, y) = f—m z: (ek()\), x) (ek()\), y)dp(A)
k=1

for all x and y in E.
If 4' bolds p may be chosen such that the support of p is contained in
[0, ).

Proof. We first assume that the pseudo-inner product (x, y) is nondegenerate,
i.e., is an inner product. Let H be the Hilbert space which is the completion of
E with respect to the norm defined by the inner product (%, ¥). We denote the
inner product in H again by (x, y). The natural injection j: x — x of E into H

is continuous since the inner product (x, y) is continuous. It follows that j is
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a nuclear mapping [9, Chapter II, p. 35]. See also [20, Theorem 50.1, p. 511]. Thus
there exists a sequence (An)n>l of complex numbers such that EZ:IP\"[ < oo, a
bounded sequence (y ) . of elements in H (i.e. ly, =0y, yn)% <M for all n)
and an equicontinuous sequence (x;)nZI of elements in E' (i.e., [(x], x)| < p(x)

for all » and x € E, where p is a continuous seminorm on E) such that

7 x=jlx)= Y /\n(x;, x)y, forall x € E,

n=1

where the series converges in the metric of H.

If the condition 4 holds we may extend the involution x — x* in E by con-
tinuity to an involution in H which satisfies 4 for all x and y in H. It follows
that A—considered as a symmetric operator in H with domain E—has a selfadjoint
extension [13, p. 41]. Let T be any such selfadjoint extension.

If condition 4’ holds, A—considered as a symmetric operator in H with domain
E-has a positive selfadjoint extension by Friedrich’s Theorem [13, p. 35]. In
this case we denote by T any positive selfadjoint extension of A.

In either case let H = . HO) dp()) be a direct integral Hilbert space
which diagonalizes T. (Note that H is a separable Hilbert space because the
range of a nuclear mapping is clearly always separable and therefore j(E) is a
separable dense subspace of H. We have not used the fact that E is separable
(in its initial topology) this fact of course also implies that H is separable.)
Thus there exists a unitary mapping U of H onto i suchthat T=UTU"! is
the multiplication operator [#(A)] — [AZ(A)]. Here [x())] denotes the equivalence
class % in H which contains the measurable vector field A — %(\). We also
write [@ (N dp()) for [#(\)]. The domain D(T) consists of all % = [R(\)] € A
such that fiom)\zﬂa?(/\)" 22u(\) < oo, p is a finite positive Radon measure on R
whose support is equal to the spectrum of T. Thus, in case condition 4’ is satis-
fied, the spectrum of p is contained in [0, ).

If x € H we denote by % the element Ux € H. If x € E, then

Ux= 3 /\n(x;, x)Uy7Z by (7).

n=1

Thus

%= Z /\n(x;, x)j;n for all x €E,
n=1

where the series converges in the metric of H.

Suppose § = [P yn()\\ du(A) for n=1,2,.-+. Then
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f T Iy, W12 = 3 A f:o Iy, WI2du =3 ALl I2
n=1 ’ n=1 n=1
=3 Iy 17 <M T A | <o
n=1 n=1
Therefore,
W =3 Ay W2 <o pae.
n=1

Hence, if we modify the vectors 3’;1()0’ ;2()\), «++ at a p-null set (for example we
may set )7"()\) =0 forevery n=1, 2, -+ and for A such that C*\) = =), we may
assume without loss of generality that C%(A) < for all A € R, C()) > 0.

For every real number A and x € E, set

B = 5 A 25 0.

n=1

ux(x) € FI(A) and its i}()\)-norm

layll < T 1Kl 0y, W1 < pl) 3]y, W]
n=1

n=1

0 % had ~ Y
sp<x><2 |A,,|> (z A5, O] 2)

n:l n=1

< c(x)(i IA,,I>% p(x) = M(W)p(x),

n=1

where M(A) = CV(Z_, |)\n|)% < o for every A € R.
Thus u): E — H()) defines a continuous linear mapping of E into H(X) for

every A.
We claim that

8 ;=f® u\(x)du(X)  for every x € E.
Indeed, for a given x € E suppose %= [ @ =N du(N).

n "~ ~ ~
S =3 A (x}, 2}y, — x in the metric of H
k:l

as n — oo, It follows (as in the case of an ordinary Lz-space) that there exists a

subsequence (S"k(x» of (Sn(x)) such that
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n
S, ) = Zk Al 5y ) — %) peace.
m=1
But S"k(x)()t) — u,(x) for every A € R. Therefore uy(x) = () p-a.e. for a fixed
x € E. This proves (8).

For every A € R let d(A) = dim A\ (Hilbert space dimension). d is p-mea-
surable—it is ‘‘the dimension function of T’’. We may assume that, for every
A eR, A is the sequence Hilbert space of dimension d(A) consisting of all
square summable sequences c(A) = (C('\)k)kzl wiEll_C(A)k =0 for k> d(\) and the
canonical inner product (6(A), c(A) = ZF | 6(A), c(d), .

The mapping

© ch) = ),

is clearly a continuous linear functional on H()). Therefore the mapping
e, (N): x — u)(x),,

as the composite of the two continuous linear mappings u) and (9) is a continuous
linear functional on E for every A € R and every k=1, 2, 3, ... (e;()t) =0 if
k> d)). Thus e;()\) €E' forall A €R and k=1, 2, 3, ..+ and A—»(e;(/\), x) =
u)\(x)k is p-measurable for every x € E and every k.

Now, (e;e()\), Ax) = u)‘(Ax)k and

(Ax) = f@ Aup(x) du(N)  for every x € E.

Hence u}‘(Ax)k = )\u)‘(x)k (= )\(e;()\), x)) p-a.e.; i.e. forall A ¢ N, y» where N_
is a p-null set. Thus, (g (), Ax)=Me,(\), x) if NEN_,, x€E k=12.-.
Since E is separable there exists a countable dense set {xl, Xogp Kgy oo }

in E. Let

N = |
= U Nx .
n k=1 n.k

N' is a p-null set and
(e'k()\), Ax )= )\(e;()\), xn)
forall A d N' and every n=1,2,3,--+ and k=1,2,3,---.
Therefore, since the xn’s are dense in E, by continuity (e;()\\, Ax) =
)\(e;()\), x) forall A ¢ N', every k=1,2,3,--+, and all x € E.

We now modify e;()\) for A € N' by setting e,'e()\) =0 for A € N' and every
k: 1’ 2, e, Then
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(e;()\), Ax) = )\(e;()\), x)
forall A€ R, all x €E, and every k=1,2, 3, .-,

and

Z (e (), x)ey ), )| < Z | x| < Naa@ a0
k=1 k=1

for all A € R and all x and y in E. We have thus proved 5, 7 and 8.

I Jeo oM a0 < ([ ol n) (7 Jeoton?an) < Y 0.

Therefore A — zd“) ](e \), x)(e e'(\), y)l belongs to L (i) for every x and y in
E and since (e, ()\) x)_u)\(x) forall x €E, k=1,2,3,--+, and A ¢ N',
(N =

(x, y) = fm () (x), u\(y)) dpN) —fm (e (A, x)(e'()\) y) dul\)
k 1
for all x and y in E. This establishes the theorem for the case the pseudo-
inner product is nondegenerate except for 6.

To prove 6 let A, ={A € R|dM) > &} A, is a p-measurable set. Let X, be
the characteristic function of Ak (relative to R) and let vk()t) be the vector in
H(\) whose kth component is Xk()\) and all other components are zero. The se-
quence vk()\), 1< k<d) + 1, is an orthonormal basis in AQ) for every A € R.

Let v, = [ Dy, ‘N dp\) for k=1,2. 3, ... The set {x, x, X5t

clearly dense in H; hence for a fixed n there exists a subsequence (x ) of

-}is

(x ) which converges to U™ v, in the metric of H. Therefore x = Ux . v,

in the metric of H as k — oo. Since x =[P u)\(x )du(h) there exists (as
noted above) a subsequence (u)‘(x )) of (ux(x )) such that ux(xmk) - vn()\) in

the metric of H(\) as k — oo for every AN, where N, isa y—null set. Let
N" = U;T:an’ then it follows from what precedes that v ()x) €u (E) for all n
if A¢ N (u,(E) denotes the closure of u,(E) in H()\)). Thus z,(E) D H(\)
and therefore uy(E) = A(\) for A ¢ N".

Let Ny=N'U N" N is a p-null set and the elements e (N, 1<k <dh)
+ 1, are linearly independent if A ¢ N . Otherwise there exists for some A ¢ N
a sequence (Ck)kzl of complex numbers which are not all zero and such that

c, = 0for k> n, where n is an integer <dA) and ¥, c,e/(A) = 0. Therefore

> ck(e;(M, x)= Y c,u\{x) =0 for all x €E.
k>1 k>1

Thus ¢ =(c,), ;€ H(\), ¢ £0 and c is orthogonal to #){E). This contradicts
u\(E) = H()O
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Assume now that the pseudo-inner product is degenerate. Let N =
{x € E|(x, x) = 0}. N is a closed linear subspace of E and therefore the quotient
space E = E/N is nuclear [9, Chapter II, p. 47} (see also [20, Proposition
50.4, p. 514] or [16, Satz 5.1.3, p. 77]). E is separable because E is separable.
AN CN for if x € N then (Ax, Ax) = (A2x, x) < (A2%x, A%)%(x, x)% = 0.

Let A: E — E be the quotient mapping of A mod N: As = A% where % =
x + N is the coset in E which contains x. A is a continuous linear mapping of E
into E.

On E define an inner product by setting (%, y) = (x, y). Clearly (%, y) is
continuous in % and y, and if condition 4' holds for A it also holds for A be-
cause (A%, %) = (Ax, x) for all % € E. If condition 4 holds define an involution in

E by setting ** =% " is well defined for x € N = x* € N since (x* x¥) =
(x, x). Moreover,
(2%, y*) = (% y*) = (y, x) = (5, %)

and )
AP - A= At - TAR - (A0 - (A9

Thus condition 4 holds for A.

It follows from what precedes that the conclusions of the theorem are valid
for E and A, etc., replaced by E and A, etc., respectively. Thus there exists a
finite, positive Radon measure p on R whose support is contained in [0, o) if
4' holds (for A), a p-measurable function d with values in {1, 2, 3, +++, o}, and
for every A € R, a sequence é;()\‘, k=1,2 3,.-+,in E' such that é;()&) =0 for
k> d(A) and conditions 5-9 hold.

Let e;e()\) € E' be the linear functional on E defined by

(e,’e()\), x) = (é;()\), %) for every x € E;

then €,(X) =0 for k> dA).

5. A — (é;()\), x) = (é;()t), %) is p-measurable for every k=1, 2, «+ ..

6. e;(M, 1 <k <d) + 1, are linearly independent for A ¢ N, (because
e,;()\), 1<k <d) + 1, are linearly dependent if and only if é;e()\), 1<k<
d(\) + 1, are linearly dependent).

7. tAe,'e()\) = )\e; for all A € R and all &, because (e;e()k), Ax) =
(€N, A%y = A&, W), ) = Me, (), %) forall x €E, X €R and k=1, 2, ...

Conditions 8 and 9 follow from the fact that

This completes the proof.
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3. Rotation invariant distributions. Let O(N) be the orthogonal group operat-
ing in RN, f a function defined on the ball SN(a). For every p € O'N) we define
the function pf by pf(x) = f(p~'%) for x € Sy (). [ is said to be rotation invariant
or radial if pf={ for all p € O(N). In that case f(x) = F(|x|) for all x € §,(a),
where F(r) is a function on 0<r<a. Infact, F(r) = f(r, 0, .-+, 0.

Let dp be the Haar measure on O(N) normalized such that lo ) dp=1; we
recall that O(N) is compact. If f is a continuous function on SN(a) we set for

every x € §,(a)

fflx) = fO(N) pf () dp.

Clearly /” is a continuous rotation invariant function on SN(a) which is a C*-
function if [ is a C*-function.

Let fD#(SN(a)) be the space of rotation invariant complex valued C™-func-
tions on SN(a) with compact support. ‘(D#(SN(”» is a vector subspace of
ED(SN(a)) (the usual space of test functions on SN(a) of distribution theory with
the Schwartz topology). We endow 9“(SN(a)) with the topology induced by
D5 ().

If a sequence (¢ ) _, in fD(SN(a)) converges to 0 in .‘D(SN(a)), ie. ¢ —0
uniformly, as well as all its derivatives and keeps its support in a fixed compact
set, the same is true for the sequence (¢z)n21. That is, the mapping # ¢ — ¢
is a linear sequentially continuous mapping of fD(SN(a)) onto ED#(SN(a)), whence—
since @(SN(a)) is bornological—# is a continuous projection of SD(SN(a)) onto
ED”(SN(a)). Clearly (pqS)# =¢" forall ¢ € .(D(SN(a\) and p € O(N) since the Haar
measure dp is unimodular.

If T is a distribution in SN(a\, ie. T e fD'(SN(a)), and p € O(N) we define
a new distribution pT on SN(a) by ¢ — (T, p~1¢) for all ¢ efD(SN(a)). We
note that if T corresponds to a locally integrable function f on SN(a), pT corre-
sponds to pf. T is said to be rotation invariant if pT = T for all p € O(N). The
rotation invariant distributions on SN(a) form a closed vector subspace
ED'#(SN(a)) of @'(SN(a)) (fD'(SN(a)) is endowed with the strong dual topology).

Let D¥(5, (@) be the strong dual of DH(sy(a) and ‘4 DS\ (a))'—
-(D'(SN(a)) the transpose of #.

Proposition 1. '# is a topological isomorphism of @”(SN(aW onto
-(E'#(SN(a)); its inverse is the mapping which associates with every rotation in-

variant distribution T in SN(a) its restriction to ED”(SN(a)). Thus every element
in ED“(SN(a))' is the restriction to .(D"(SN(a)) of a unique element in @'"(SN(a)).

Proof. #: fD(SN(d)) - @”(SN(a)) is continuous and its range is @#(SN(II))-

Therefore '# is continuous and 1-1.
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Suppose T = '#(S), S € fD“(SN(a))'. Then for every ¢ € fD(SN(a)). and p € O(N),
(pT, #) = (T, p~1g)=(S, (p™'9)") = (S, ¢") =(T, @),

whence T €®'“($N(a)). Thus the range of ‘# is contained in fD'“(SN(a)).
Suppose T € D*(S\(a)). Let S be its restriction to @“(SN(a)). Then
(T, ¢)=A(T, po) for every ¢ € fD(SN(a)) and p € O(N). Therefore

(T, ¢)= foav) (T, ¢p)dp = fow) (T, pp)dp = (T’ fow) ppdp) (=(T, ")

for every ¢ € D(Sy(a)). The last equality holds if the distribution T is a func-
tion by Fubini’s theorem. The general case is obtained by regularization: Choose
a sequence (,),, in ED”(SN(a)) such that u, — T in fD'(SN(a)); then

(T, ¢)= lim (u,, &) = lim (1, ¢") = (T, ¢")
for all ¢ € D(Sy(a). Thus (T, @) = (T, ¢") = (S, ¢) = ("#(S), ¢) for all ¢ €
.(D(SN(a)), whence T = "#(S).

Finally, if j: D(S (@) — D(S(a)) is the natural injection of D*(S,(a))
into @(SN(a)), the transpose ;: fD'(SN(a)) — fD“(SN(a))' is continuous. If T €
D*(s (@), then (*J(T), ¢)=(T, ¢) for all ¢ € D*(S,(a)). Thus the restriction of
'j to D*(S\(a)) is precisely the inverse of '# (restricted to fD'“(SN(a))). This
completes the proof.

4. Further preliminaries. If a function f € L}(R") is radial, /(x) =F(|x|),
then its Fourier transform f(t) = SN e” % f(x)dx is equal to [2, p. 187]

o) = @m)N/2 " QPG dieyy () = fRNQqunx\)/(x)dx.

Here d,uN(r) = [2(N—2)/21—‘(N/2)]— LN-14, and

QN(z)=F(§)€-)‘N'2)/2](N_2)/2(z) if z#£0 and
=1if z=0,

z?%. z4 z°

=1‘7\T+2.4N(N+2)‘2.4.6N(N+7)(N+'47+”"

], (2) is the Bessel function of index v.
(The function F(A) = [ QuAF() dpy(r), 0 <A < e, is called the Hankel
transform of F of order (N — 2)/2. If F has compact support F(\) exists for all

. . ~ . . . .
complex numbers A; in this case F is an even entire analytic function.)
5. Functions positive definite relative to the orthogonal group.

Definition 1. A continuous complex valued function f (see the note following
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the proof of Theorem 2) on a ball SN(a), 0 <a <o, in RN is said to be positive
definite relative to the orthogonal group (O(N)) if it is radial and if

(10) fSN(a/z)fsN(a/z)/x—y)¢>(x)<;5—(?)dxdyzo
for all radial ¢ € CF(Sy(a/2)).

Theorem 2. A continuous function [ on a ball SN(a), 0<a<oo, in RN is
positive definite relative to the orthogonal group if and only if there exists a posi-

tive bounded Radon measure y on R such that
1) fx) = j"_"wQquw/z)dy(,\) for all x € S\ (a).

The measure y may be chosen such that its support is contained in [0, o)
if in addition to (10)

(12) fSN(a/2> fsN(a/Z) flx = ) ABN(y) dxdy > 0
for all radial ¢ € C;"(SN(a/?)).

Proof. Let E = D¥(G) where G = SN(a/Z). E is a subspace of D(G) which
is nuclear [9, Chapter II, p. 55] (see also [20, p. 530]), hence E is nuclear.
Clearly E is separable. On E we define a pseudo-inner product by setting

@0 = Jo Jo 1= @B drdy = [ ) 10 900
for ¢ and ¢ in P#(G). Here Yix) = l//(——;S = lﬁ_(x-)—

Let A be the linear operator — A in E. Here A denotes the Laplacian in
RN. A is continuous in E and (A¢, ¢) = (¢, AY) for all ¢ and ¢ in E be-
cause qui *Y=-¢ *l/lxi, ¢):l == (qui)*, i=1,..., N, and therefore A¢ *
U= xAYF = & * (AY)* for all ¢ and ¢ in C;"(RN). If we introduce in E the
involution ¢ — ¢ then all the conditions 1—4 of Theorem 1 are satisfied. Let
® d, e;()\) and N, be as in Theorem 1. The measure p has its support in
[0, ) if (12) holds. e;()\) € E' = D¥G)' for all A and all k. By Proposition 1
there exists for every A and k a unique rotation invariant distribution ek()\) in
G whose restriction to D¥(G) is e;()\). A simple calculation shows that the
Laplacian commutes with every rotation: A(pg) = p(A¢) for all ¢ € Cgo(RN) and
p € O(N) and hence (A¢)a = Ag® for every ¢ € D(G). Hence for every ¢ € D(G),

(e, - Ad) = (,(N), (- AB)*) = (e, (N), Ag")

by Proposition 1. Similarly (e, (A), ¢) = (e;(/\), ¢"y for ¢ € D(G). But

(€, (N), Ag") = Me, (A, ¢") for all " € D(G) = E by 7 of Theorem 1. Hence,
(ek()\), - A¢) = /\(ek(/\), ¢) for all ¢ €eDG) and all A€R and k=1,2,....
That is—since the transpose of the differential operator A is A—
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(13) (A+)\)ek()\)=0 forall A€R, and k=1,2, ...,

in the sense of distributions. It follows since A + A is an elliptic differential
operator that e,(A) is a C™-function e, (A, x) in G which satisfies the differential
equation (13) in the classical sense. In fact ek()" x) is an analytic function of x
since the coefficients of A + A are analytic [10, Theorem 7.5.1, p. 178].

Since ek()t, x) = ek()t; X1 Xogy v xN) is radial,

ek(/\, x):uk(/\, 1), r=|x|<a/2,
where uk()\, 7 = ek()\; r,0,...,0) is a C™-function on 0 <7< a/2 which satis-
fies the equation
dzuk()\, ) N_1 duk()\, 7)
+

dr? r dr

149 A+ Ve, )= +Au (A 1) =0

for 0 <r<a/2.
If A =0, the general solution of (14) is

ek(O, x) = uk(O, 7 = AO + B/rN"2 if N#£2, and

ek(O, x) = uk(O, 7 = Ay +Blogr if N=2,
for 0 <r=|x| <a/2. (A, and B are constants.) It follows since e,(A,x) is a
C*®-function in G that ek(O, x)=A, forevery N=1,2,3,....

If A£0 the general solution of (14) is ek(/\, x) = uk()\, A = ~(IN=2D2,0\% ),

where w(r) is the general solution of the Bessel equation

P20 + ' (D) + (72 = (N = 1)/2)P)w(r) = 0
(the simple computation is left to the reader). It follows that if A # 0,
(15) e, 0) =, (A, ) = CrmN=2V21 0 WD) 4+ CrmN=DV2N (g ) /(WD)
for 0 <7=|x| <a/2. Here ], is Bessel’s function of index v and N, is
Neumann’s function (or Bessel’s function of the second kind) of index v. C1 and

C2 are constants.

If m=(N-2)/2 is not an integer,

cos mn]m(r) - ]_m(r)

N (T) =
m sin mm

and therefore (15) becomes
ek()t, x) = uk()&, 7 = Cir-”’]m()\l/’r) + Cér_'”]_m()\%r)

= A0 W) 4 Corm J_, W)
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for 0 <7 = |x| <a/2. Here cl, C; and A, are constants. Now ek('\’ x) isa C*-
function in S,(a) and so is QN(/\V’IxD (for every N). Therefore C;r""]_m()t%r)
may be extended to 7 = 0 so as to be infinitely differentiable at x = 0. But
™) _ (V)| = as r — 0 if m>0 (ie. N>3); andif N =1,
r_m]_m(A%r) =(2/n(W)*%)*% sin(A*|x|) which is not differentiable at x = 0. There-
fore C; =0 in all cases. Thus

e, (A, x) = A QW |x|) for |x| < a/2.

If m=(N-2)/? is an integer then Ir""Nm(/\l/’r)l — o as r — 0. See [21].

It follows for the same reason as above that C, in (15) must be zero. Thus
e, (A, x) = Crm] (W) = 4,0, (V%D),
A, constant, for 7= |x| <a/2. Since Qy(0]x|) =1 we have
e, (A, x) = AMNQy(A*|x]) for |x[ <a/2 and all A €R,
where A(A) is a constant depending upon A. Therefore d(A) =1 p-a.e. and
(e, (), )= AW fSN(a/z) Q (W] x))(x) dx.
By 9 of Theorem 1,
(€1, ) (e, N, ) = [AW2 [ [ QuxINORly N ) dxdy

belongs to L(y) for all ¢ and ¢ in D#G). Hence A — |AN)|? is locally p-
integrable. Let y be the positive Radon measure dy(A) = |A(A)|2dp(A) on R; then
by 9 of Theorem 1,

@ 9) = o [ e = VS dx dy
7 o fo QU0 Uy NG dx dy dyid)

for all ¢ and ¢ in D¥(G).

Let x be an arbitrary but fixed point in G, and let, for every positive inte-
ger n, ¢_ be a function in D#(G) such that é,>0, supp ¢ C{ x| ||x] - |x,|| < 1/n}
and qun dx = 1, then by standard arguments

J-G QN(lxl)\%)(ﬁn(x)dx - QN(IxOI)\l/Z) as n — oo,

(16)

and therefore if we substitute in (16) ¢ for ¢ and ¢ we obtain by Fatou’s

lemma
[ @ NN < Lim [ [ M = 9,96, 0) dxdy

=L ISN(a) 19, * b, (x)dx = l‘lﬂfl |s2|x|+2/ 94, *¢n(x)dx
n—> x xo n

100

< sup /x| = Mx) < oo,
|x|52|x0
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Therefore if x and y are arbitrary points in G then
J 7 o101y ] ) <(j " @yl m) ( [~ W\y\x/z»zdyw)
an SM(x)l/’M(y)/<oo.

In particular, [%_ dy(A) < M(0) = |/(0)|; i.e. y is a finite measure.

Now

Jo 6 12 UxIXOQ (yINOSGIGG) | dx dy
< (fc |QN(|x|)\V’)¢(x)|2dx)% (mequM%M(y)'zdy)%

and therefore

7 S Jo 105 U=INDR Uy GG | dx dy dy () y
< <f [ 1242 dxdy(/\))%<f°° J 1oy Vp))? dydy()\))
= (¢, PNY, ¥) <o forall ¢ and ¢ in DG).

Hence from (16) by Fubini’s theorem

(18) fG f o fx = NPY(y) dx dy = fG f o K(x, Y)(Nply) dx dy

for all ¢ and ¢ in D¥G). Here K(x, y) = fmeN(|x|)\l/’)QN(ly|)\%)dy()\) for x
and y in G.

K(x, y) is continuous on G x G, for (x, y) —*f%"QNQx])\V’)QNQyI)\%) dy (N)
is continuous on RN x RV by the Lebesgue bounded convergence theorem, since
|QN(r)| <1 forall 0 <r<o (cf.(22) below), and

"0
(6 ) = |70 (=A%), (y %) dyn)
is continuous on G X G by the Lebesgue dominated convergence theorem, since
1< QG <Qlir ) if 0<7<rye
If we choose a sequence (an) in D*G) as above for x, =0 and substitute
@, for ¢ in (18) and let n — ~, we obtain

(19) Jo 1080 dx = [ Kix, 0)p(x) dx

for all ¢ € D(G). K(x, 0) = f_Q, (|x|"*)dy (.
From (19) follows, by Proposition 1 and continuity of f(x) and K(x, 0) on
G, that

(20) f) = [T Qu(xIN)dy(N)  for all || <a/2.

To complete the proof we must show that (20) holds for all |x| < a. (If a= o
there is nothing to prove.)
Let

(1) F) = [T (=MD dy)  for |x] < a
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The integral exists for |x| < a. This is seen as follows:

Using the formula [21, p. 367],
Q\(z)Q (z0) = C IZQN(Z(uZ +v2 = 2uv cos 0)%)(sin ON 240,

where #, v € R, z complex and C, = D(N/2TUN - 1)/2)7%1~ 1 we have, for 0 <
|x| < a/2,

K, 0 = 7@ (xIN )22y (N
=y J 7 02 (OWB1](2 - 2 cos ©)sin ON 2 dBdy (W),
from which follows that
[7 70 WAlxl(2 - 2 cos 0)%) (sin ON 2 dBdy () < .
(Note that the integrand is nonnegative.) Therefore,
fiowfsz()\‘/’lxl(z ~ 2 cos )% | (sin ON=240dy () < .
It follows by Fubini’s theorem that
f " 10y (WH]x|(2 - 2 cos %) |dy(N) <o
for almost all 0 < 6 < 7. But
f :lQN()\%lxl(Z -2 cos 0)%) |dy(A) < 0

for all 0< @< m, and QN(?\%lxKZ ~2cos 0)%) < QN()\%le(Z -2 cos 01)%) for
0<60<6,<mif A<0. Therefore
f T 10 AA[x](2 - 2 cos %) dy (M) < o

for 0 < 8 <m. Thus

712 0HD 1y <o for all [y] < 21x,
and since |x| < a/2 was arbitrary

7 )0y ly WDl dy W) < oo for all ly| <.
From the preceding argument also follows, using the Lebesgue dominated con-

vergence theorem, that F(x) is continuous on SN(a).

Using the well-known formula ([15, ()], [21, p. 51])
(22) Q,(z]e) = f|§l=1 (8- g (£),

where z is any complex number, ¢ € RN and oy the surface measure of the unit
sphere {£ € RN| |8 =1} in RN normalized so that Jday =1, one verifies routinely
that
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@3 f fo Qs - *WOEEG dxdy = [ [ 0 (xNH0, Iy NASGIG) dx dy
forall ¢ and ¢ in D*(G). From this follows using Fubini’s theorem that
Jo Jo PG = g@@G dxdy = [, [ Kix, )¢(0g0) dx dy
for all ¢ and ¢ in D#(G), and hence, by (18),
o o 16 - eV dxdy = [ [ Flx - )ggy) dxdy
for all ¢ and ¢ in D¥(G). Let hlx) = f(x) — F(x) for x € Sy(a). Then b is a con-

tinuous rotation invariant function and

(24) o Jo px = gty dxdy = 0

for all ¢ and ¢ in D#(G). We assert that this implies that b = 0, which will es-

tablish the *‘if’’ part of the theorem because of (21).
Suppose ¢ € C((G) and ¢ € D#(G); then for every p € O(N),

fc fc blx = y)p(xWly) dx dy = fG f ¢ Pplx = YBlIp(y) dx dy
= fa fc blx = Y@lp~ LNl 1y dedy = fG fG bx - y)(p~ Lx)ly) dx dy.

Hence

foG hlx - y)p()p(y) dx dy = fO(N)fG j;; bx - )lp™ ly) dx dy dp
= fa fc h(x - y)¢*(x)ly) dxdy = 0

by Fubini’s theorem and (24). Thus [ [ h(x - YISy dxdy = 0 for all ¢ €
C?(G) and ¢ € D#G). From this follows that

(25) fG h(x = y)ly)dy = 0 for every x € G and every ¢ € DHG).

We shall prove that (25) implies that h(x) = 0 for all |x| < a. (Note that (25) triv-
ially implies that A(x) = 0 for |x| < @/2.) For N = 1, (25) may be written in the

form

fg/z [h(x + y) + b(x = Y(y)dy =0 for | x| < a/2 and all ¢ € D= a/2, a/2).

If |x,| <a/2, substitute in this equation for  a function ¢ € D#-a/2, a/2)
which has the properties: >0, supp ¢ C ixl[lx| - |x || <1/n} and [y dx=1.

If we now let » — o~ we obtain that
(b(x + x) + blx = x,))/2 = 0 for |x| <a/2.

Therefore h(2%,) + h(0) = 0 (take x = x() and h(0) = 0 (take x = x, = 0), whence
b(Zxo) =0. Thus A(x) = 0 for all |x| <a
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If N> 2, (25) may be rewritten using generalized spherical coordinates in the form(%)
0= fl3’|<“/2 h(x - y)(//(y) dy

N-1)/2
= 2n' -)—/ fa/zfﬂ H((|x|? - 2|x|r cos 8 + r2)*) (sin ON - 29()N =140 dr
nw-1/2"° ~°
for |x| < a/2 and all Y € D*(G). Here y(x) = ¥(|x|) and h(x) = H(|x|).
From this we conclude that fg H((t2 = 2tr cos 6 + 72 (sin N =230 =0 for
all 0<t<a/2 and 0 <r<a/2. In particular, if we let 7 =1¢,

[ HG(@ - 2 cos 0 (sin OV 2d8 =0 for 0< 1< a/2.

If we make the substitution x = (z/2)(2 = 2 cos 6)%, 0< ¢ < a/2, we obtain (up to
the factor 2V ~1/t?(N=2)) the equation

(26) f; H(Zx)acN’z((t2 - xz)%)N'5dx =0 for 0<t<a/2,

and hence for 0 <t <a/2.
If N = 3, equation (26) shows that [% H(2x)x"~2dx =0 for all 0 <1< a/2
which implies that H(2x)xN~2 = 0 for 0<x <a/2 whence H(2x)=0 for 0 <x<a/ 2.
If N is an odd integer > 3 then (26) implies that

4 It H(2%)xN = 2((¢2 = x DN =3 gx
dtJ0

=(N =3 J-; H2)xN = 2((:2 - xD)%N =5 4x = 0
for 0 <t < a/2 and therefore
f; H2x)xN =2((¢2 = )N -5dx =0 for 0<t<a/2.
Continuing this way until the exponent of (¢2 = x2)% is zero we conclude that
f:) H(2x)xN=2dx =0 for 0<t<a/2

and hence as above H(2x) =0 for 0 < x<a/2.

If N is an even integer we first conclude using the above procedure that
27 f; HQx)N=2(:2 - x)~"%dx =0 forall 0<t<a/2.

Multiplying both sides of (27) by t and integrating we get

f:)f; H(Q2x)xN =2 S dxds= f‘ J" H(Zx)xN’z..___f

2 _7\% 0Jx 2 ZVdex
(s - x%)" (s? - x%)"

= [} H@AN 22 - D¥dx =0 for0 << a/2,

(2) Cf. (8) in the following article.
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Continuing this way we obtain the equa:ions

t 1
H2N =2((:2 — xW)2n=15, _ o
ae Jo for 0<1<a/2 and n=0,1,2,3, ..

If we now make the substitution z = (¢2 - x2)%, equations (28) yield

t
(29) S HQE? = A (7 - AN 3 du - 0 -
for 0<t<a/2 and n=0,1,2,3,.--.
From this follows by the Stone-Weierstrass approximation theorem that, for fixed
0<t<a/2,

[ HQ? a8 (2 - AN gl du = 0
for all continuous functions g on 0 <u <t Therefore,
HQ2(2 - a2 = )N -3 -0 for 0<u<t

(note that H(2(:2 = 22 %)(:? - u2)*)N~3 is continuous on 0 Su<tevenif N=2
because H(x) = 0 for 0 < x < @/2); in particular, H(2t) =0 for 0<t< a/2. We
have thus proved that H(2t) = 0 for 0 < ¢ < a/2 in all cases.

The *‘only if’’ part of the theorem is proved by direct computation. If
f(x) = f T Q=D dy W) for |5 <a
and ¢ € D¥G), where G = S\ (a/2), then by (23),
(30) [ Jo llx = yINDggG) dx dy = | [ @ (xINDg(x) dx
Therefore,
fo Jo e = 38R dxdy = [ o[ Qyllx = yNgGIEG) dy ) drdy
- Jo QA H)g(x) dx

2

2ay (>0

by Fubini’s theorem
(fc o= 19400x = yNASGG) dy (V) dx dy
< oo f? 0yl = WA 6] dy (V) dx dy
+ fc fcf: 12, (% = YA [ ()] dy (W) dx dy
SJ‘GIG fix = BN gyl dwdy + 2IGJGJ: |Qy(1x =y @)l | By)| dy (V) dxdy
<o becanse [2y(lx - YA 9] < I8N for 12 0)

and (30). This completes the proof.
Remarks. 1. A continuous function positive definite relative to the orthog-
onal group is necessarily real valued. This follows for example from the inte-

gral representation (11).
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2, It is clear from the proof of Theorem 2 that if we replace in the definition
of a function [ positive definite relative to the orthogonal group continuity by
local essential boundedness the conclusions of Theorem 2 hold with

[ = [7_ 0=\ ady\) for all x| < a
replaced by
11 = 7 2=\ dy()  exists for all |x| <a
and
1) = f,(x) ae.

3. The measure y in (11) may be chosen such that supp y C (- =, 0] if in
addition to (10)

(12" fSN(a/Z) J‘SN(“/” f(x - AP Dy dxdy > 0

for all radial ¢ € C(Sy(a/2)).
We recall that a continuous function f on a ball SN(a) in RN is called

(radial) exponentially convex (if it is radial and) if

(31) ‘:: i al.a]./(xi + x].) >0
i=lj=1

for all choices of complex numbers Qs Qypy vovy @ and points X Xgpvoes X in
Syla/ 2).
Condition (31) is clearly equivalent to

JSN(a/z) jsN(a/z) f(x + Ydx)p(y) dxdy > 0

for all ¢ and ¢ in C3(Sy(a/2)). (It implies that f is real valued.)
Now, a continuous function [ on a ball SN(a) in RN is radial exponentially
convex [15, Proposition 2] if and only if there exists a bounded positive Radon

measure y on [0, ) such that
f = | T Qx| dy () for all x € Sy(a).
If we combine this result with Theorem 2 we obtain the following theorem.

Theorem 3. For a continuous function [ on a ball S,(a), 0<a<e, in RN
the following statements are equivalent:
1. [ is positive definite relative to the orthogonal group Oo(N).

2. There exists a bounded positive Radon measure y on R such that

f(x) = f(’:w QN(|x|AV’) dy(\)  for all x € Sy(a).
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3. There exist bounded positive rotation invariant Radon measures Iy and
p, on RN such that fRNe""dyz(t) <o for all x € S\(a) and

f(x) = L?N ety (1) + -I;ZN e*tdu, (1) for all x € Sy (a).
4. There exists a continuous radial positive definite function [, on RN and
a continuous radial exponentially convex function [, on SN(a) such that
f(x) = f,(x) + fz(x) for all x € SN(a).

Proof. (1) = (2). This is the content of Theorem 2.
(2) = (4). Indeed, the equation
f(x) = fo_om QN(lxl/\%)dy()\) for all x € SN(a)
may be rewritten in the form
1) = [ (Ux0dy, (0 + [ QulilslDdy, ) for all x € Sy(a),
where y, and y, are bounded positive Radon measures on [0, =) such that
7 Qulilxlndy, (0 <o for all x eSy(a).
Let
f,(x) = f: Q%[0 dyl(t) for all x € RN
and
/2(x) = f: Qx| dy, () forall x € SN(a);
then [, is a radial positive definite function on RN as one verifies immediately
using (22). See [19, Theorem 1, p. 816]. f, is radial exponentially convex by the
preceding discussion and f(x) = /,(x) + f,(x) for all |x| < a.
(4) =+ (3). This follows from the fact that every continuous positive definite

function f, on RN and every continuous exponentially convex function f; on

SN(a) has an integral representation of the form
f,(x) = fN ei""dyl(t) for all x € RN
R
and

1,(x) = fRN e*tdp () for all x € Sy(a),

respectively, where the Radon measures p; and p, are bounded, positive and
unique. See [15]. Clearly p, and p, are rotation invariant if and only if f; and
f, are radial, respectively.

(3) == (1). This is obvious.
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Corollary 1. A continuous function on RN is radial positive definite if and
only if it is positive definite relative to the orthogonal group and bounded.

Theorem 4. For a continuous function f on a ball SN(a), 0<a<o, in RN
the following statements are equivalent:

1. [ is radial positive definite in S,(a).

2. There exists a radial positive definite function [, on RN such that f(x) =
() for all x €Sy (a).

3. [ is positive definite relative to the orthogonal group O(N) and

fS’N(a/Z) LN(a/z) f(x - )’)(— A¢)(x);—(;)dxdy >0
for all radial ¢ € C‘(’;(SN(a/z)),

Proof. (1) = (3). This was shown in the introduction.

(3) = (2). By Theorem 2, f(x) = f?;QN(IxI)\%)dy(A) for all x € SN(a) where
y is a bounded positive Radon measure on [0, «). Let /,(x) = f:QN(lxl)t%) dy(X)
for x € RN. Then f, is a radial positive definite function in RYN as noted above.

(2) = 1. Obvious.

Theorem 4'. For a continuous function f on a ball SN(a), 0<a<w, in RN
the following statements are equivalent:
L. [ is radial exponentially convex in Sy(a).

2. [ is positive definite relative to the orthogonal group and
fSN(a/z) fSN(a/z) [ix = y)AP))p(y) dxdy 2 0

for all radial ¢ € C3(S,(a/2)).
Proof. If 1 holds then
fsN(a/z) fSN(a/Z) fx = YSB(y) dx dy
- fSN(a/Z) fsN<a/z)/(" +y)px)p(5) dxdy > 0

for all radial ¢ € CT(S\(a/2)), and therefore { is positive definite relative to the
orthogonal group O(N). Furthermore,

_[S‘N(a/Z) SN(a/Z) flx - y)(AqS)(x)(ﬁTydedy = LN(a/Z) fSN(a/Z) flx + y)(A¢)(x)¢—(-)7)dxdy

- N' —
= f 5@ fG)(AB) * $)x) dx = fsN @ ) Z; (¢"i *¢"i)(x) dx

N —_—
= l.:Zl fSN(a/Z) ISN(“/Z) flx + y)¢"i(x)¢"i(y) dxdy >0

for all radial ¢ € C7(S\(a/2)).
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If 2 holds then by Theorem 2 and Remark 3 there exists a bounded positive
Radon measure y on (- oo, 0] such that

= [0 Qs Bdy () for all x € Sy a).
This equation may be rewritten in the form

f(x) = J.: QN(iIx[t) da(t) for all x € S(a),

where a is a bounded positive Radon measure on [0, «). Hence f is radial ex-
ponentially convex by [15, Proposition 2]. (This amounts to a simple computation
using (22).)

Note. From the integral representation
1) = [7 @ (2l dul)

of a radial positive definite function on RN follows that f is (N = 1)/2)-times
continuously differentiable [19, Lemma 4]. An exponentially convex function is
analytic as seen from its integral representation. Therefore by 4 of Theorem 3 a
function f on SN(a) which is positive definite relative to the orthogonal group
O(N) is of class C[(N" l)/2]. Therefore if N> 5 condition 3 of Theorem 4 and
condition 2 of Theorem 4’ are equivalent to

-Af is positive definite relative to O(N) and Af is positive definite re-

lative to O(N), respectively.

Theorem 5. A real valued. function F defined on 0 <r<a (0<a< ) has an

integral representation of the form
00 2
(32) F(r) = f o e’ ‘dy(t) forall 0 <r<aq,

where p is a positive bounded Radon measure on R, if and only if /N(x) =
F(|x|), x €S,(a), is a positive definite function relative to the orthogonal group
O(N) in SN(a) for every N=1, 2, ...

Proof. If F has an integral representation of the form (32) it may be re-

written in the form
00 2 o .2
F(r) = fo e” " ‘dpl(t) + fo e’ ’dyz(t) forall 0<r<a,

where p; and p, are bounded positive Radon measures on [0, =) such that
[ dy () <o forall 0<7<a

Let G(r) = f‘:e"ztdul(t) for 0 <7< o and H(r) = f‘(’;e'z’dpz(t) for 0 <
r<a. Then gN(x) =G(|x]), x € RN isa radial positive definite function in RN
for N=1, 2, ---. See [19, Theorem 2, p. 817 and hy(x) = H(|x|), x €S (a), is
an exponentially convex function in SN(a) for N=1,2,3,.... See [15, Theorem
2]. Therefore
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() = F(lx]) = gy(x) + by(x),  x €S (a),

is a positive definite function relative to the orthogonal group O(N) in SN(a) for
every N=1, 2, -+«, by 4 of Theorem 3.

Conversely, if fy(x) = F(|x]), x € S,(a), is positive definite relative to the
orthogonal group O(N) for N =1, 2, 3, -+, then there exists by Theorem 2 for
every N a bounded positive Radon measure y, on R such that

(33) ) = f : 0, (|x[A%) dy, ()
for all x € SN(a). The proof now proceeds mutatis mutandis as in [15].
Equation (33) may be rewritten in the form
Iy = [ Qx| N day () + [ (ilx| 2ND*) dB,y (1)
for all x € SN(a), or

(34) FO) = [ Qu(raND %) day () + [T 0 rND¥)dB, (1)

for all 0 <r<a, where a, and BN are bounded positive Radon measures on
[0, «) and By is such that I:QN(ir(ZNt)l/’)dBN(t) <o forall 0<r<a.
From (34) follows that

(35) F(0) = [layll + IByll,  whence [layll < F(0), 1Byl < F(0)

for all N. Hence there exists a subsequence (aNk)kzl((BNk)kzl) of (ay) (B

which converges to a bounded positive Radon measure a (B) on [0, ) in the
w*topology of the conjugate space of C_([0, =)) (the space of complex valued
continuous functions on [0, 00) vanishing at infinity).

Let 0<r<a, then for any 7 <r'< a and every positive number B,
IF(r) - 7 y@ND ) da (1) - ff Q,,(ir(2ND %) dB ()
< [ Qulrann®ap, o

Q2N o O a8 () b 0 |
N ; 1
< QN(ir'(ZNt)‘/’) fB Nlr 2N dB (1) by (15, Lemma

Q, 2N
<N [0, lir' N0 By (o

T, lir'Nn* 7 O
QN(ir(an%) Q, (i{2ND)%)

< N (FG) + ayl) S e (FG) + FO).
Q,(ir'(2ND) %) Q, (ir'(2Ne)")

Hence, if we choose B to be a point at which 3 is continuous (i.e. B{B}) = 0), let
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N =N, and let & — o, we obtain the inequality

66 [FO - [T e a0 - [2 e tapi| < e - DB + FlO)

because limy QN(Z(ZN)V’) = e’ uniformly on any compact subset of the com-
plex plane (hence limy_ QN(ir(ZNt)%) _ett uniformly on 0 < ¢< B for fixed 7)
and limy QN(r(ZNt)%) et uniformly on 0 <t < oo, See [15] and [19, Lemma
3, p. 8201.

If we now let B — o in equation (36) through a sequence of points at which
B is continuous we obtain the equation F(r) = f((’;e"'ztda(l) + f‘:e'ztdﬁ(t) for
every 0 <r<a. This equation may be rewritten in the form (32). This completes
the proof.

Since a continuous function F on 0 <r<a (0 < a< ) has an integral repre-

sentation of the form
F(r) = fmm e’ du(t) forall 0<r<a,

where p is a bounded positive Radon measure on R, if and only if F is ex-

ponentially convex on 0 <r< a (see [15]), we obtain the following corollary.

Corollary 2. A continuous function F on 0<r<a (0< a< o) is exponentially
convex on 0 <r<a if and only if f\(x) = F(lx|?), x € SN(a%), is positive definite
relative to the orthogonal group O(N) for every N=1,2, 3, ...

Corollary 2 is an extension of a theorem by I. J. Schoenberg [19, Theorem 3,
p. 821] which states that a real valued function F on 0 <7< is completely
monotonic (cf. loc. cit.) if and only if fN(x) = F(lxlz), x € RN, is radial positive
definite for every N=1, 2, 3, -+,

To obtain Schoenberg’s theorem we combine Corollary 1 with Corollary 2. We
get

A continuous function F on 0 <r <o is bounded and exponentially convex
on 0 <r<o if and only if [(x) = F(|x]?), x € RN, is positive definite for every
N=12 3---.

But a continuous exponentially convex function F on 0 <7 < oo,

F(r) = f T eMdu() forall 0<r<o,

where p is a bounded positive Radon measure on R, is bounded if and only if
supp p C (= =, 0]. From this follows that a continuous function F on 0 <r< e
is bounded and exponentially convex on 0 <r <o if and only if F has an inte-
gral representation of the form

F(7)=f: e-"dpl(t) for all 0<r< oo,
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where p, is a bounded positive Radon measure on [0, ). Functions which have
such an integral representation are precisely (by the classical theorem of
Hausdorff-Bernstein and Widder, cf. [19]) functions which are completely monotonic
on 0 <7< oo,

In summary the following holds for a continuous function F on an interval
0<r<a(0<agw). Forevery N=1,2, 3, let f(x)= F(|x|?), x € SN(a%).
Then F has a representation of the form

1. F(r) = [ """ du(s) if and only if /y(x) is positive definite for every N.
(For a = o this was proved by Schoenberg [19, Theorem 2] and extended to 0 <
a < oo by Nussbaum [15, Theorem 1].)

2. F(r) = [ e’*dp(t) if and only if fy(x) is exponentially convex for every N.
(Nussbaum [15, Theorem 21.)

3. F(r) = [T e dp(t) if and only if f(x) is positive definite relative to the
orthogonal group O(N) for every N. This is Theorem 5. (The measures p in 1-3
are all bounded positive Radon measures on the interval of integration indicated,

respectively.)

6. Distributions positive definite relative to the orthogonal group.

Definition 2. Let T be a distribution in a ball Sy(a) ={x € RN| |x] <a}, 0 <
a <o, in RN and G =Syla/2).

(a) T is said to be radial positive definite if it is rotation invariant and if
(T, ¢ *$™)>0 forall ¢ € DG).

(b) T is said to be positive defz'nite relative to the orthogonal group O(N) if
it is rotation invariant and if (T (T, ¢ * " }> 0 for all radial ¢ € DG).

Here ¢*(x) = ¢p(- b= x) (= qS(x) if ¢ is radial) and x denotes convolution.

The following lemma has essentially been proved in the course of the proof
of Theorem 2.

Lemma 1. The set of all elements {¢p * i}, where ¢ and  are in
Di(s(a/2)), is total in DS, (a)).

Proof. It is sufficient to show by the Hahn-Banach theorem that if T €
DH(s,(a))' and (T, ¢ *4) =0 for all ¢ and ¢ in D¥(s\(a/2)) then T =0. By
Propos1t1on 1 this is equivalent to showing that if T € .(D'"(S (@)) and
(T, $*¢) =0 for all ¢ and ¢ in DS, (a/2)), then (T, $)=0 forall ¢ €
DH(s  (a)).

Let T be a rotation invariant distribution in Sy (@) such that (T, ¢ * ¢) =
for all ¢ and ¢ in DH(s (a/Z))

Fix 0<8<a/2 and for every 0 <e<J let p,_ be a function in DH(s N@/2)
such that p_ >0, [p.dx =1 and supp p, C {x € RN‘ [x] < €}. Then
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37 (T, (3 *p) *( xp)) =0

for all ¢ and ¥ in fD#(SN((a/Z) - 8)) and 0 <e< 8. (37) may be rewritten in the

form

(38) (Txp xpe> d*¢)=0

for all ¢ and ¢ in fD#(SN((a/Z)— M. Now T * P * P is a rotation invariant c*-
function when restricted to SN(a — 28). (38) corresponds to equation (24). It
follows as in the proof of Theorem 2 that

Txp *p,=0 in Syla-23).
Thus if ¢ € ‘D“(SN(a)) and supp ¢ C Sy (a - 25) then
(T, ¢ *p *po)= (T *p,*¥pp ¢)=0 forall 0<e<d.
From this follows since ¢ *p *p — ¢ in '(D#(SN(a» as € — 0 that
(T, $)=0 forall ¢ € D(s\(a)

with supp ¢ C SN(a — 20). Since 0 <8< a/2 was arbitrary it follows that
(T, ¢) =0 for all ¢ € DH(s,(a)).
The following theorem extends Theorem 2 to distributions positive definite

relative to the orthogonal group.

Theorem 6. A distribution T on a ball SN(a), 0<a<w, in RN is positive
definite relative to the orthogonal group O(N) if and only if there exists a tempered

positive Radon measure y on R such that
(39) (T.d)= [7_J0NGN)  forall $ € Nsyla).
Here

g(z) = fSN(a) Q,(z]x])p(x) dx.

The measure y may be chosen such that its support is contained in [0, )

((= o0, 0)) if in addition to (T, ¢ * %> 0 forall ¢ € .(D”(SN(a/Z))
(40) (T, (- Ap) x¢™)>0 (T, (Agp) * ) > 0)
for all ¢ € D¥(S, (a/2)).

Proof. On E = DG), G = Sy(a/2), we define a pseudo-inner product by

setting
(¢, ¥) = (T, ¢ *¢™) for ¢ and ¢ in E.

Proceeding exactly as in the proof of Theorem 2 we conclude that there exists
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a positive Radon measure y on R such that

(T, 6 xy"= 7 SAHIAH 3y

for all ¢ and ¢ in E and that we may choose y in such a way that supp y C
[0, o) (supp ¢ C (= =, 0]) if (40) holds.
First we show that

10 = frco WU BN <o forall |x] <a
This is seen as follows: If ¢ € £#(G), ¢ >0 and ¢ £ 0, then
fko fG fG Q, (xADQ, (YA p(x)g(y) dx dy dy () < ffw |P(A%)| 22y (V) < oo

and hence by Fubini’s theorem (and the fact that [, QN(|x|)\%)¢(x) dx > 0 for
A<0)

Jrco DA Q 1y 1A% dy ) < oo

for almost all (x, y) in G x G. From this follows since ¢ — QN(t)\%), t>0, is an
increasing function for A <0, that

Jrco QuUENDQ Uy dy () < o

for all x and y in G. Hence (if we argue as in Theorem 2 following (21))
fy<o QN(lxl)\%)dy()\) < oo for all |x| < a. It follows—using the Lebesgue dominated

convergence theorem—that
1) 1,09 = frco QuUIND dy )

is continuous on |x| < @. From this integral representation of /2 it is seen that
f, is radial exponentially convex on Sy(@ and y((= =, 0) = /2(0) < oo,

Next we show that there exists an integer m > 0 such that

(42) f L A < oo,

0 (1 4 A)N#m4l

This shows that y is tempered (since y((~ %, 0)) < ).

To prove this we construct a sequence of functions (wn)nzl which has the
following properties:

l.w =¢, *¢, where ¢ and ¢ € DHG).

2. 0, (0=¢ (OF ()20 forall ¢ €RY.

3. lim (:)n(t) = olt) exists for all ¢ € RN and () >A/(1+ |t|2)lv+'"“l
for all ¢ € RN, where A >0 and m is a nonnegative integer.

4. (T, 0 ) <1 forall n

[o)
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(We follow the construction of a ‘‘barrier sequence’’ in [8, pp. 162—164]. The proof
in loc. cit. contains some minor mistakes.)

Let K={x € RN| |x| <7}, where r is a fixed number 0 <7< a. Since T is a
continuous linear functional on fD(SN(a)) the restriction of T to fDK(SN(a))—the
subspace of .(D(SN(a)) ¢onsisting of all elements ¢ € .(D(SN(a)) with supp ¢ C K-
is continuous. Hence there exists an integer m > 0 and a number 8 > 0 such that
KT, @)l <1 for all ¢ €D (S,(a) such that suplp‘sm;xeKlDPqS(xﬂ < 8. Here p =
(pp by eees PN)’ p, positive or zero integers, |p| =p, +p,+++++ py and D? =
(8/0% )01 .+ (3/dxy PN

Let 5(x) be the function in L Y(RN) whose Fourier transform ﬁ(l) =
/(1 + || IV +m+1,

43 —_—dt
“» ) (z)Nf 1+p|2>N+m+1

Choose any function X € 9”(SN(a)) with supp y CK/8=1{x € RN| |x| <7/8}
and let

(44) o = Byly *x"),
where B >0 is a constant to be determined later. Then supp w C K/4 and
o) =BG * %)) = B jRN |x(@)| 29t ~ u) du
/

1
(4]t a N+ 41

28 g

S(,)12
. (1+(Jt] + DON+m+1 flu|sl Ix(e)| “ du

BC _BC <(1+|z|2) >N+m+l___ 1

(e« DAV 1+ (|t + D)2 (1+ || IV el
BC'

T(1 4 |t HN#m

for all t € RN, where C'=inf, N ((1+|¢)/(1+(¢] + DOW+mHC Thys
(45) o) > A/(1 + [t|ON+m+1 gorall 1 e RN

where A = BC'.

From (43) we infer

lo]
|12 ds <M forall |pl <m and x €RN,
(1 + [N 4m+l

1
(46) [DPy(x)] < fRN
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where M is a constant.
Now choose a function p € fD"(SN(a)) with supp p CK/8, [pnpdx =1 and
set pn(x) = an(nx).
Let
RN A AL
and

“’n=¢n*l//n, for n=1,2,3,.-..

Then conditions 1 and 2 are clearly satisfied. 3 is also satisfied because of (45)
and (Zn(t) = a)(t)lﬁn(t)|4 = w(t)lﬁ(t/n)l 4 (::)(I)IE;(O)I4 = o(t) as n — = since
p(0) = [p(x)dx = 1. Finally, _ €D, (S,(a) and

sup IDpa)n(x)l = sup  |(DPw) *an x¢ )x)|
|p|.<.m;x€K lp'sm;xEK n
< DPw(x) ( )x)| 4
- plssr:;{’cex IDPel |fRN‘ $, b)) dx

< sup |DPw(x)| = B sup |DPy(x)(x *X*)(X)I

e <m;x€K p|l<m;x€K
by (44). Hence—by (46)—if we choose B sufficiently small

sup Imen(xH <
|p|<m;xeK

forall » and (T, @ )| <1 forall »=1,2,.... Thus 4 is also satisfied.

Now we are ready to prove (42).
First we note that if ¢ € D(S,(a)), then

(I )= [y 0 dx = [y [ U =INDgG) dedy W
“n = freo FXH B
by (41) and Fubini’s theorem. Therefore

Jreo B,0M W) =[5 0,) =l &, * &, ¥ @) = * B0 b, xSy
“ Ll v b, *b,) — ([ #0)O) = ([ 0) asn o
Here &(x) = w(- x). Now
3,00 dy W = [T 8 0NN -/ e,)
AT, ) ~{[p @) ST+ KMy @)

i.e.,

TS MW <1+ 1(fp @) forall n
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Hence, if we let n — > it follows using Fatou’s Lemma and 3 and (48), that
fBo(A/(l + A)N””"'l)dy()\) <1+ |(f2, w)| < . This proves (42). From (42) follows
that [F|3A)| &N < for all ¢ € DRY) and that (S, ¢) = [T FAHdy(N) for
¢ € D(RN) defines a tempered distribution § in D(RN). Furthermore S is obvi-

ously rotation invariant and
(S, ¢ xgp*) = f: g 2dy (W) > 0 forall ¢ € DRM).

Thus S is a rotation invariant positive definite distribution in R,
Finally, if ¢ and ¢ are elements in £(G) then

(T, g xy®= [T FWAGOR dy W) = (S, ¢ +4™)+ ([ b *+9*)
and therefore by continuity and Lemma 1

(T, §)= (S, )+ $)= [~ FNAay )

for all ¢ EfD”(SN(a)). It follows from Proposition 1 that

(T, @)= (T, ¢ = (S, 8") 4 (/> 6" 1= (S, $)+ ([ p &) = [T _ A ay(N)

forall ¢ € fD(SN(a)). The *‘if”’ part of Theorem 6 is obvious.
The following theorems are immediate corollaries of Theorem 6 and are anal-
ogous to Theorems 3, 4 and 4'. In fact they are extensions of these theorems,

respectively.

Theorem 7. For a distribution T on a ball SN(a), 0<a<o, in RN the
following statements are equivalent:

1. T is positive definite relative to the orthogonal group.

2. There exists a radial positive definite distribution S on RN and a radial

exponentially convex function [, on SN(a) such that T =S + f, in SN(a).

Theorem 8. For a distribution T on a ball SN(a), 0<a<e, in RN the
following statements are equivalent:

1. T is radial positive definite in S,(a).

2. T and —-AT are both positive definite relative to the orthogonal group
O(N).

3. There exists a radial positive definite distribution S on RN such that
T=Sin SN(a).

The equivalence of 1and 3 of the preceding theorem is an extension of

Rudin’s theorem [18] to distributions.

Theorem 8. For a distribution T on a ball S\(@), 0< a< e, in RN the

following statements are equivalent:
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1. T is a radial exponentially convex function on SN(a).

2. T and AT are both positive definite relative to the orthogonal group O(N).
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