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INTEGRAL REPRESENTATION OF FUNCTIONS AND DISTRIBUTIONS

POSITIVE DEFINITE RELATIVE TO THE ORTHOGONAL GROUP

BY

A. EDWARD NUSSBAUMÍ1)

ABSTRACT. A continuous function / on an open ball  B  in  R    is called posi-

tive definite relative to the orthogonal group  0(N) if / is radial and

fff(x — y)cb(x)<p(y)dxdy> 0 for all radial  (b e CAB/2).  It is shown that / is

positive definite in   ß  relative to  0(N) if and only if / has an integral representa-

tion  f(x) = feix'   da At) + \ex'   du At),  where  u,   and  t¿    are bounded, positive,

rotation invariant  Radon measures on  R     and  p.    may be taken to be zero if, in

addition to / being positive definite relative to 0(N), fff(x — y)(—Aíp)(x)(jÁ.y) dx dy

> 0  for all radial  4> e G   (B/2).   Both conditions are satisfied if / is a radial

positive definite function in  B.   Thus the theorem yields as a special case Rudin's

theorem on the extension of radial positive definite functions.   The result is ex-

tended further to distributions.

1.  Introduction.  Let N be a fixed positive integer.  We denote by  R     the

/V-dimensional Euclidean space.   |x|  denotes the usual norm:  If x = (xj, x2,

• • ., xN) e RN and y = (yvy2, • ■■ , y   ) e RN, x • y = Ix.y.  and |x| = (x . x)/z.

Suppose now that  G is an open symmetric neighborhood of the origin in  R"

(i.e.  x e G implies that - x e G) and / a complex valued function defined on G.

/ is said to be positive definite in G if

(1)
£ y, afa./(*. - x.) > 0

z = l ; = 1

for all choices of complex numbers a., a.-, • • • , a    and points x., x , • • • , x

in G/2 = \x e RN \ 2x e G\.

For a continuous complex valued function  / defined on  G,   (1) is clearly

equivalent to

(2> Jg/2 Jg/2^X * y^)(f>(y)dxdy > 0  for all  ci 6 C~(G/2).

C^(G/2) denotes the vector space of all complex valued infinitely differentiable

functions in  G/2 with compact support.
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Does every continuous positive definite function f in G have an extension to

R     which is positive definite in  R   ?

If N = 1 and G is an interval the answer is yes.  The result is due to Krein

[111.

If  zV > 2 and  G  is an AJ-dimensional cube the answer is in general no.   This

negative result was first proved by Calderón and Pepinsky [3]  for the group of

lattice points in  R     and then extended by Rudin [17] to R   . For further results

on this extension problem of positive definite functions we refer the reader to the

papers by Devinatz [4] and Eskin [5] and the monograph by Berezanskií [l].

Recently W. Rudin [l8] has proved that if G is a ball in R     and / is a con-

tinuous radial positive definite function in G then the answer to the extension

problem is affirmative; there exists a radial positive definite function E in R"

such that  Fix) = fix) tot all x £ G.   (Note.   If a positive definite function is con-

tinuous at the origin it is continuous in its domain.   Thus   E is necessarily con-

tinuous.) It follows from this by Bochner's theorem that there exists a finite, posi-

tive, rotation invariant  Radon measure  p on   R     such that

fix) =   f Neix'ldpit)    for all x £ G.
JR

One main purpose of this paper is to prove that if / is a continuous radial

function on a ball  G = SN(a) = \x £ RN| \x\ < a\, 0 < a < 00, such that

(3) fG/ 2 fc/ 2 A* - y)<b(x)(piy) dxdy>0

tot all  radial functions  (b £ C°?iG/2), then there exist finite, positive, rotation

invariant Radon measures  p.   and  p2  on  R     such that

(4) fix) =  j N eix,tdpxit) +  j N ex-ldp2it)    for all  x £ G.

The measure  p.  may be taken to be the zero measure if in addition  to (3) the

inequality

(5 ) fG/ 2 Jc/ 2 fix - y)(- A(b)(x)(pÄyTdx dy>0

holds for all radial functions (p £ C   (G/2).

Here A is the Laplace operator in R   :  Arp = 2d qb/dx^

Condition (5) can be rewritten in the form

(6) Z jc/2 jc/2 f\*-y)<Px(à'Px(y)dxdy>o
i= 1

for all radial functions </> e C°?(G/2): Indeed
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Sg/ 2   fe/7 f{x - y){~ MM<rMy> dx dy = fG f(x)((- Ac/j) * <p*)(x) dx

= fGf(x)L%*€){x)dx- t ÍG/2ÍG/2 f(x-y)cf>Jx)eïTy)dxdy
7=1 ' i=l l

for c/> e C^(G/2). Here  </> (x) = c/6(- x) and * denotes convolution.

Since for a continuous radial function /  condition (2) clearly implies (3) and

(6),  our theorem not only yields the theorem of Rudin but actually strongly improves

it.

If N = 1,  the first part of our theorem, viz. (3) => (4),  is precisely the theorem

of Krein [12] on the integral representation of evenly positive definite functions

(cf. also [8, p. 196] and  [l,  Theorem 318, p. 689]).

§§ 2—4 are devoted to preliminaries.  The main result on functions positive

definite relative to the orthogonal group are proved in §5.  In §6 the results of §5

are extended to distributions.  In particular Rudin's theorem on the extension of

radial positive definite functions is extended to rotation invariant positive definite

distributions.

In a sequel to this paper the main results of §5 will be further extended.

2.   Expansion into generalized eigenvectors.   To prove our result we shall use

the theory of expansions into generalized eigenvectors first developed in the

fundamental paper by Gel fand and Kostjucenko [7l and expanded later by others,

notably Ju. M. BerezanskiL   For a detailed account, reference to the literature and

a more motivated discussion we refer the reader to the monographs by

Berezanskiï [l] and Gel fand and Vilenkin [8].

The theorem we need has been proved in one form or another by various

authors.   However, we have been unable to find  a precise reference   for the theo-

rem we need.   The theorems in the literature are either different from ours or im-

precise or faulty in detail.  We shall therefore give a proof of the pertinent theorem.

When referring to nuclear spaces we shall always mean "nuclear in the sense

of Grothendieck" [91- See also Trêves [20, p. 510] or Pietch [l6].

If  E is a locally convex space we denote by  E    its topological dual, that is

to say the vector space of all  continuous linear functionals on   E.   If x    £ E    we

shall denote by (x , x) its value at the point  x of  E.   If A; E  —> E is a con-

tinuous linear mapping of a locally convex space   E   into a locally convex space

F we denote by   A  the transpose of A.   That is,    A  is the linear mapping of E

into E   defined by

('Ay', x> = (y, Ax)   for all x £ E and y   £ F1.

An involution in  E is a mapping x —> x* of E into E such that (x )   = x,

(x + y I   = x   + y    and  (Xx)   = Xx   for all  x and  y  in  E and all complex numbers X.
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By a pseudo-inner product we shall mean a positive Hermitian sesquilinear

form, i.e. a Hermitian sesquilinear form f on  E such that fix, x) > 0  for all x £ E.

We shall write  ix, y) tot fix, y).

We assume the reader is familiar with J. von Neumann's theory of a direct

integral of Hilbert spaces [14, pp. 404—438]. A short but precise account is given

by L. Garding in [6, pp. 1— 2l.

Theorem 1 (Expansion into generalized eigenvectors).   Suppose

1. E  is a separable nuclear space,

2. (x, y)  is a pseudo-inner product on  E which is continuous iin both vari-

ables jointly in the topology of E x E),  and

3. A z's a continuous linear mapping of E  into  E such that (Ax, y) = (x,   Ay)

for all x and y  in  E.

If in addition

4. there exists an involution x —► x    in  E   such that ix , y ) = (y, x)  and

Ax  = (Ax)   for all x and y  in  E,   or

4'. (Ax, x) > 0 for all x £ E,

then there exists a finite positive Radon measure p on R and a p-measurable

function  d with values in | 1, 2, 3> • • • , °°\, and, for every real number X, a se-

quence eAX), k = 1, 2, • • • , of elements in E   such that eAX) = 0 for k > diX\

and

5. À —> (e ',(X), x) is p-measurable for every x £ E and every k = 1, 2, • • • ,

6. there exists a p-null set  N    such that for X i N ,   the sequence  eAX),

I < k < diX) + 1,   is linearly independent,

1.   'AejXX) = Xe^iX) for all k = 1, 2, • • ■  and X £ R,

8. the series  2 ¿yAe'iX), x)(e'{X), y)  converges absolutely for every X £ R

and x and y in E,

9. the function X — 2dk(*x)\(e ¡\X), x)(e¡iX), y)\   belongs to  Llip),  and

ix, y)

d(\)
= JT«,   Z   (e¿<X),x)(e^iX),y)dpiX)

fe = l

for all x and y  in   E.

If 4    holds p may be chosen such that the support of p is contained in

[0, «>).

Proof.  We first assume that the pseudo-inner product (x, y) is nondegenerate,

i.e., is an inner product.  Let H be the Hilbert space which is the completion of

E  with respect to the norm defined by the inner product  (x, y). We denote the

inner product in  H again by (x, y).  The natural injection ;': x —• x of  E  into  H

is continuous since the inner product  (x,   y)  is continuous.   It follows that  / is
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a nuclear mapping [9, Chapter II, p. 35l.  See also [20, Theorem 50.1, p. 51 ll• Thus

there exists a sequence  (X )      ,   of complex numbers such that  1,    ,\X   I < °o    a
n 77  77 >1 r k =1'   n'

bounded sequence  (y )     ,   of elements in  H (i.e.   ||y  II = (y , y  )" < M fot all  7z)
^ Jn 77>1 "J nn Jn    'n       — '

and an equicontinuous sequence  (x )    1   of elements in  E'  (i.e.,   \(x', x)\ < p(x)

tot all zz and x £ E,  where p is a continuous seminorm on  E) such that

(7) x = j(x) =  V  À (x', x)y      for all x £ E,v    ' ' ^ 77       77 ,y77

B = l

where the series converges in the metric of H.

If the condition 4 holds we may extend the involution  x —. x* in  E by con-

tinuity to an involution in H which satisfies 4 for all x and y in H.   It follows

that A—considered as a symmetric operator in  H with domain  £—has a selfadjoint

extension [13, p- 4l].  Let  T be any such selfadjoint extension.

If condition 4   holds, A—considered as a symmetric operator in  H with domain

E—has a positive selfadjoint extension by Friedrich's Theorem [13, p. 35].  In

this case we denote by   T any positive selfadjoint extension of A.

In either case let H = f^^ © H(X) dp(X) be a direct integral Hilbert space

which diagonalizes   T.   (Note that  H is a separable Hilbert space because the

tange oí a nuclear mapping is clearly always separable and therefore  j(E) is a

separable dense subspace of //.   We have not used the fact that  E  is separable

(in its initial topology) this fact of course  also implies that  H is separable.)

Thus there exists a unitary mapping  U of H onto H such that  T = UTU~    is

the multiplication operator [x(X)] —> [Xx(X)]. Here [x(X)] denotes the equivalence

class  x in H which contains the measurable vector field  X —> x(X). We also

write j 0 x(X) dp(X)   tot [x(X)].  The domain D(f) consists of all x = [x(X)] £ H

such that  f   qqX ||î(À)||   dp(X) < oo.  p. is a finite positive Radon measure on  R

whose support is equal to the spectrum of  T.  Thus, in case condition 4   is satis-

fied, the spectrum of p is contained in  [0, °°).

If x e H we denote by x the element  Ux £ H.  If x e E,   then

no

Ux = Z KK x)lJyn by (y)-
77=1

Thus
oo

x =   Y"  À (x   , x)y       for all  x e E,
'—'     n^    n        J n

77=1

where the series converges in the metric of H.

Suppose y    = /© y  (X)dp(X) fot n = 1, 2, • • • .  Then
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oo oo oo

/l Z l\l«y>ll2^A)= z l\J J! llyn(A)||^pU) = z |ajii;j
¡=1 n=l n = l

= Z \KW\yJ2<M2 Z l*J<-
n=l n=l

Therefore,

C2U)=£   |Aj||y>)||2<~    ft-a.e.

n = l

Hence, if we modify the vectors y,(A), y A-X'> ■ • ■  at a ft-null set (for example we

may set y iX) = 0 for every n = 1, 2, • • •  and for À such that  C iX) = oo), we may

assume without loss of generality that  C iX) < oo for all  X £ R,  CÍX) > 0.

For every real number X and x £ E,  set

oo

zz,(x) =   V X (x', x)y iX).
a ¿_.      n^   n       'J n

« = 1

a^(x) e //(A)  and its  //(A)-norm

oc oo

IkWII < Z K\ l<v *>l \\yn^W < ?w Z l\J lly„^ll
B = l 7Z = 1

<pw(zj\lY2(fl\llly>ll2V/2

< C(A)/£ |Aj\V*) = MiX)pix),

where M(A) = C(A)(2~=1 |Aj)^ < oo for every A e /?.

Thus  a^:   E —► //(A) defines a continuous linear mapping of  E into  //(A)  for

every  A.

We claim that

(8) x = J 0 u^(x)dpiX)    for every x e E.

Indeed, for a given x £ E suppose x = J ® x(A) dpiX).

S (x) = V  A, (x', x)y   —»x    in the metric of H

as  zz —> oo.  It follows (as in the case of an ordinary  L  -space) that there exists a

subsequence  (S    ix)) of ÍS (x))  such that
1 nu n



19731 INTEGRAL REPRESENTATION OF FUNCTIONS 361

S    (x)(X) =   V  A   <*' , x)y   (X) — x(X)    p-a.e.     .
n, ¿-^      771x   m       ' •* m ~

777= 1

But S    (x)(X) —> zzx(x) for every X e R.  Therefore zz^(x) = x(X) p-a.e. foi a fixed

x e E.   This proves (8).

For every X e R  let d(X) = dim H(X) (Hilbert space dimension),  d is /¿-mea-

surable—it  is   "the  dimension  function  of   T".     We may assume that, for every

X e R,   H(X) is the sequence Hilbert space of dimension  d(X) consisting of all

square  summable sequences  c(A) = (c(X), ),       with  c(X), = 0  for k > d(X) and the

canonical inner product  (b(X), c(X)) = 1T_, b(X),c(X),.

The mapping

(9) c(X) -> c(X)k

is clearly a continuous linear functional on  H(Xh  Therefore the mapping

e'k(X): x —» u\(x)

as the composite of the  two continuous linear mappings  u^ and (9) is a continuous

linear functional on  E for every X £ R and every  k = 1, 2, 3» • • "  ^eA^ = 0 if

k > d(X)). Thus  e'k(X) £ E' fot all X £ R and k = 1, 2, 3, • • •  and A— (e¡(A), x) =

u\(x),   is /i-measurable for every x e E and every ¿.

Now,  (e! (à), Ax) = u\(Ax)k and

(Ax) = I © Xu^(x) dp(X)    tot every x e E.

Hence zzx(^*V = Azzx(x)fe (= À(e^(À), x)) p-a.e.;  i.e. for all À i Nx .,  where Nx

is a /i-null set.  Thus,  {e¡(X), Ax) = X(e'k(X), x)    if X </ Nx k,  x £ E, k = I, 2,-

Since   E is separable there exists a countable dense set \x y x     x  , ■ • • \

in  E.   Let

oo

N'=    Q     N
»,fe = l       n'fe

A/   is a fi-null set and

(e'k(X),Axn)=X(e'k(X),xn)

for all X 4 N' and every a = 1, 2, 3» • • •  and ¿ = 1, 2, 3> • • • •

Therefore,  since the x  's are dense in  E,  by continuity (e,(A), Ax) =

X(e'kiX), x) for all  À 4 N',  every  A = 1, 2, 3» • • • »  and  all x £ E.

We now modify e, (X) fot X £ N   by setting  e,(X) = 0 for X £ N   and every

k = 1, 2,-Then
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(eAX), Ax) = X(e'kiX), x)

fot all  A e R,   all  x e E,  and every  k - 1, 2, 3, • • • ,

and

z' l<cíU)' *>K(A)' y>l < z' I "x^W^I < l»xWB IMy)H

for ail A e R  and all x and y in E.   We have thus proved 5, 7 and 8.

jt>xw« ii«x(y)ii^w < (jrj^w"2^w)i/2 (j~ jaX(x)i2^(A)y/2=«xi «;«.

Therefore  A —> 2  [_y |(e^(A), x)(e'kiX), y)\  belongs to  L  ip) tot every  x and  y in

E and since  (e! (A), x) - ax(x),   for all x £ E,   k = 1, 2, 3> • • • >  and X ^ N ,

piN') = 0,

(x, y) =  p  (ax(x), ax(y))a>(A) = p     £   <e¿(A), x><e¿(A), y)^(A)

for all x and y in  E.   This establishes the theorem for the case the pseudo-

inner product is nondegenerate except  for 6.

To prove 6 let A   = \X £ R\ diX) > k}. A    is a /¿-measurable set.  Let v,   be

the characteristic function of A    (relative to  R) and let vAX) be the vector in

//(A) whose  zeth component is  y,(A) and all other components are zero.   The se-

quence  v, iX),   I < k < diX) + 1,   is an orthonormal basis in  //(A) for every X £ R.

Let v, = f Q)vk(X)dpiX) tot k = 1, 2. 3, • • • •  The set ÍXj, xr x  , • • • \ is

clearly dense in  H;  hence for a fixed n there exists a  subsequence  ix    ) of

/      \ — 1 » A
(x   ) which converges to   U     v    in the metric of  //.   Therefore x      = Ux     —> v

n Äe zz ^ rz£ nfe zz

in the metric of  H as  k —» °°.  Since  x      = J"f3"x'x     ' dpiX) there exists (as

noted above) a subsequence  (ax(x     ))  of iuAx    ))  such that  ax(x     ) —> v (A) in
mk nk mk n

the metric of  //(A)  as  k —► oo for every  X ^ N  ,  where   N    is a  zt-null set.   Let
'It »z n

A/'  = I J°°  , N  ,   then it follows from what  precedes that  v (A) £ zz.(E)  for all  n
" -1    " zz a

if A i N"   iuxiE)  denotes the   closure of   ax(E) in  //(A)). Thus ax(E) D HiX)

and therefore ax(E) = HiX) fot X i N".

Let Ai   = N' U  N".  N    is a /x-null set and the elements  e'kiX),   1 < k < d'X)

+ 1,   are linearly independent if A / NQ.   Otherwise there exists for some  A i NQ

a sequence  (cA >.  of complex numbers which are not all zero and such that

ck = 0 for k > n, where n is an integer < diX) and 2fe>1 ckeA\X) = 0. Therefore

Z ck(e'k^' x)=   Z ckuÁx^ = ° ^or a^ x £E.

k>\ k>\

Thus  c = (E, ),    .  e //(A),  c ^ 0 and  c is orthogonal to  ax(E).  This contradicts

ax(£) = /7(A).
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Assume now that the pseudo-inner product is degenerate.  Let N =

\x £ E | (x, x) = 0|.  N  is a closed linear subspace of  E  and therefore the quotient

space   £ = E/N   is nuclear   [9,  Chapter II,  p. 47] (see also [20,   Proposition

50.4, p. 5141 or [16, Satz 5.1.3, p. 77]).  E is separable because  E is separable.

AN C N for if x £ N then (Ax, Ax) = (A2x, x) < (A2x, A2x)Vl(x, xYA = 0.

Let A:  E —> E be the  quotient mapping of A mod N:  Ax = Ax where x =

x + N is the coset in E which contains x.   A is a continuous linear mapping of E

into £.

On  E define an inner product by setting  (x, y) = (x, y). Clearly  (x, y)  is

continuous in  x and  y,  and if condition 4    holds for  A  it also holds for A  be-

cause (Ax, x) = (Ax, x) for all x £ E.   If condition 4 holds define an involution in

E by setting  x* = x*   x    is well defined for x £ N => x* e N  since  (x*, x*) =

(x, x). Moreover,

(**, y*) = (x*  y*) = (y, x) = (y, x)

and

Ax* = zix*^ Ax* = C^* = (A^* = (Ax)*.

Thus condition 4 holds for A.

It follows  from what precedes that the  conclusions of the  theorem are valid

for  E  and  A, etc., replaced by  E  and  A, etc., respectively.   Thus there exists a

finite, positive Radon measure  p on  R  whose support is  contained in  [O, °°)  if

4   holds (for A),  a /x-measurable function  d with values in 11, 2, 3> • • • > °°S> and

for every  X £ R,  a sequence  é,(À),  A = 1, 2, 3> • • •, in  E    such that  ¿,(A) = 0 for

k > d(X)  and conditions 5—9 hold.

Let  e'AX) £ E' be the linear functional on  E defined by

(e'iX), x) = (èAX), x)    for every  x £ E;

then e'(\) = 0 for k > d(X).

5. A —> (êAX), x) - (è'AX), x) is fi-measurable for every  k = I, 2, • • • •

6. eL^A),   1 < k < d(X) + 1,  ate linearly independent for X 4 NQ (because

e'AX),   1 < k < d(X) + 1,   are linearly dependent if and only if  è'AX),   1 < k <

d(X) + 1,   are linearly dependent).

7. 'Ae'k(X) = Xe'k tot all X £ R and all k, because  (e'k(X), Ax) =

(è'k(X), Ax) =  X(è'k(X), x) = X{e'k(X), x) tot all x £ E,   X £ R  and  k = 1, 2,-

Conditions 8 and 9 follow from the fact that

d{\) _       d(\)

£   \(e'k(X), x)(e'k(X\y)\=   £  \(è'k(X), x)(è'k(X), y)\.

k=l fc=l

This completes the proof.
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3.  Rotation invariant distributions.  Let  OiN) be the orthogonal group operat-

ing in fi   ,  / a function defined on the ball  S Aa).  For every p £ 0( N) we define

the function  pf by  pfix) = fip~  x) tot x £ 5„(a),  / is said to be  rotation invariant

or radial if pf = / for all p £ OiN). In that case fix) = E(|x|) for all x £ SNia),

where  Fir) is a function on  0 < r < a.   In fact,   Fir) = fir, 0, • • • , O).

Let dp be the Haar measure on  OiN) normalized such that fotN) dp = 1;  we

recall that  OiN)  is compact.   If / is a continuous function on  S   ia) we set for

every x e S   ia)

tO(N)Pf{x)dP'/" W - fo

Clearly /    is a continuous rotation invariant function on  S   ia) which is a  C   -

function if / is a C   -function.

Let D iS   ia)) be the space of rotation invariant complex valued  C°°-func-

tions on L(<¡) with compact support.  X iS Aa)) is a vector subspace of

JXSAa)) (the usual space of test functions on  S(a) of distribution theory with

the Schwartz topology).  We endow 1! iS Aa)) with the topology induced by

2xy«)).
If a sequence  i<p )   >x in DiS Aa))  converges   to 0 in ÁAS^ia)), i.e.  (b   —»0

uniformly, as well as all its derivatives and keeps its  support in a fixed compact

set, the same is true for the sequence  (ci  )    ...   That is, the mapping   #: (b —> (p

is a linear sequentially continuous mapping of JJiS„ia)) onto  D ÍS Aa)), whence—

since  JuiSNia)) is bornological—# is a continuous projection of iXSAa)) onto

3}"iSNia)). Clearly  ipcp)" = qb" tot all cb £ 5)(SN(a)) and p £ OiN) since the Haar

measure  dp is unimodular.

If T is a distribution in S Nia\ i.e.   T £ 3)'iSNia)), and p £ OiN) we define

a new distribution pT on S   ia) by (b —>(T, p~ qS) for all (b £JJÍSNia)). We

note that if  T corresponds to a locally integrable function / on  S   ia),  pT corre-

sponds to pf.   T is said to be rotation invariant  if pT = T for all  p £ OiN).  The

rotation invariant distributions on  S   (a) form a closed vector subspace

3)'niS Aa)) of j)'iS Aa)) Íj)'iS Aa)) is endowed with the strong dual  topology).

Let 3)#(5N(a))' be the strong dual of ®%(a)ï and  '#:  5)s(SN(a))'^

JÛ iS   ia)) the transpose of #.

Proposition 1.    # z's a topological isomorphism of JL iSNia))    onto

Ji'^iS   ia));  its inverse is the mapping which associates with every rotation in-

variant distribution   T in S Aa)  its restriction to i) isAa)).  Thus every element

in ffliS   ia))'  is the restriction to j)s(5   (a)) of a unique element in Jü'niSNia)).

Proof.   #: 3)iSNia)) — 3)"(SN(a)) is  continuous and its range is ®"(SN(a)).

Therefore    # is continuous and 1-1.
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Suppose  T = Ú#(S), S £ 5)ft(5NU))'. Then for every cp £ S)(SN(a)\ and p £ 0(N),

(pt, çj) = (t, p-lcp)=(s, (P- V)") = <*> 0") = (r, <f>),

whence T £ 2)'  (SN(cz)).  Thus the range of  '# is contained in 2)",(5N(cz)).

Suppose  T £ 3)' (S.,(a)).  Let S be its restriction to 3) (SN(a)).  Then

(T, <p) = (T, pep) tot every <p e 3)(SN(a)) and  p e 0(/V).  Therefore

(T,<p)= j0(N) (T, <p)dp= f0(N)(T, p<p)dp=   CT,  f0{N)pcpdp\    (=(T, </>"»

for every  </> £ \v(SN(a)).  The last equality holds if the distribution  T is a func-

tion by Fubini's theorem.  The general case is obtained by regularization: Choose

a sequence («,). >t  in 2) (S„(cz)) such that zz, —» T in i)'(^N(«));  then

(T, çj) = lim (uk, <p) = lim (uk, <p ) = (T, <p )
7e—00 /e—00

for all cp e î>(SN(a)).  Thus (T, <p> = (T, $*) = (5, rp*> = ('#(5), cp) for all çj £

§(SN(a)), whence  T = <#(S).

Finally, if /: 3) (SAa)) —> J)(5n(cj)) is the natural injection of 3) (SAa))

into ÍD(5n(í3)), the transpose   '/•' 3)'(SN(a)) — 3)H(5N(a))'  is continuous.  If T £

3)'#(5N(cz)), then (lj(T), <p) = (T, c/j) for all cp 6 S)#(SN(a)).  Thus the restriction of

';' to 53' (£.,(«)) is precisely the inverse of  '# (restricted to 1)   (SN(a))).  This

completes the proof,

4.  Further preliminaries.   If a function f £ L  (R   ) is radial, f(x) = E(|x|),

then its Fourier transform f(t) =  L^ e~ll'xf(x)dx is equal to [2, p. 187]

f\i) = (2z7)N/2J"ílN(|í|r)F(r)cipN(r) =  J N0N(|/| |x|)/(x) dx.

Here  rip^r) = [2iN~ 2>/2r(N/2)]- lrN~ l dr and

aNU) = r(f)g)^2)/2/(zv_2)/2(2)    if  , 7= 0  and

= 1  if z = 0,

2 4 6
Z   . Z Z

~TÑ+ 2 . 4N(N + 2) ~ 2~T4~.TÑljÑlAñW+l) + " "

J v(z) is the Bessel function of index v.

(The function E(A) = J"°° ilN(Xr)F(r) dpN(r), 0 < X < 00,  is called the Hankel

transform of E of order (N - 2)/2.  If F has compact support F(X) exists for all

complex numbers  A;   in this case   E  is an even entire analytic function.)

5. Functions positive definite relative to the orthogonal group.

Definition 1.  A continuous complex valued junction f (see the note following
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the proof of Theorem 2)   on a ball SNia), 0 < a < oo, in R     is said to be positive

definite relative to the orthogonal group  (0(N))  if it is radial and if

(10) fsNU/2) fsN(a/2) A* - yW*W7) dxdy > 0

/or a// radial cb £ C^iS Nia/7)).

Theorem 2.  A continuous function f on a ball SNia), 0 < a < oo,  in R      is

positive definite relative to the orthogonal group if and only if there exists a posi-

tive bounded Radon measure  y on  R  such that

HD fix) = §°°_JlNi\x\XVAdyiX)    forall x £SNia).

The measure y may be chosen such that its support is contained in [0, oo)

if in addition to (10)

(12) JVa/2) fSN(a/2)  fix - y)i- Acp)ix)^y)dxdy > 0

for all radial cß £ C?(S Aa/2)).

Proof.  Let E = D (G) where  G = SAa/2).  E  is a subspace of J)(G) which

is nuclear [9, Chapter II, p. 55]  (see also [20, p. 530]),  hence  £  is nuclear.

Clearly  E  is separable.   On  E  we define a pseudo-inner product by setting

(ci, ip) = JG JG fix - y)cbix)if/iy) dx dy = js   (¡j) /(x)çi *ifj\x)dx

for  0  and  ifj in £#(G).  Here  ib*ix) = i/H- *) = <A(*)-

Let  A  be the linear operator  - A  in  E.   Here  A denotes the Laplacian in

R   .  A  is continuous in  E  and   (AçS, </)) = iqb, Alp) tot all  ci  and  ifj in  E  be-

cause <■/>     *dj = - (f> *4>    , (b     = — icp   ) , /' = 1, • • •, N,  and therefore Aei *
ÄA A    ( A   , 7

ifi* = cb * At/r* = 0 *(Ai/0* for all  0  and  i/í  in  C™iR   ).  It we introduce in  E  the

involution  ci —» (b    then all the conditions 1—4  of Theorem 1 are satisfied.  Let

p, d, eAX)  and  AC   be as in Theorem 1.  The measure  p has its support in

[0, oo) if (12) holds.  «A (A) £ E' = 5)#(G)' for all A and all k.   By Proposition 1

there exists for every A and k a unique rotation invariant distribution  e, (A) in

G whose restriction to 2) (G)  is  e'AX). A simple calculation shows that the

Laplacian commutes with every rotation:  A(pci) = p(Aci)  for all cf> £ C™iR   ) and

p £ OiN) and hence   (Aci)** = AçiS  for every ci £ ®(G).  Hence for every cb £ ®(G),

(ekiX), - Aqb) = (e'kiX), (- A0)W) = (^(A), Acb«)

by Proposition 1. Similarly  (ekiX), cb) = (e'A[X), ci") for ci £ ®(G).  But

(e'kiX), Aci") = A(efe(A), ci") for all 0* £ 3)#(G) = E by 7 of Theorem 1. Hence,

(ekiX), - Acb) = X(ekiX), (b) for all  ci £ ®(G)  and all  X £ R   and  4=1,2,....

That is—since the transpose of the differential operator  A is   A—
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(13) (A + X)ek(X) = 0     for all A £ R,  and k = 1, 2, . . . ,

in the sense of distributions.   It follows since   A + À is an elliptic differential

operator that  e AX) is a  C°°-function  e AX, x) in  G  which satisfies the differential

equation (13) in the classical sense.   In fact  e AX, x)  is an analytic function of x

since the coefficients of   A + X ate analytic [10, Theorem 7.5.1, p. 178],

Since  e AX, x) = e AX; x ., x2, • • • , xN) is radial,

ek(X, x) = uk(X, r),       r = \x\ < a/2,

where  uAX, r) = e, (X; r, 0, . . . , 0) is a  C°°-function on 0 < r < a/2 which satis-

fies the equation

d u  (X, r)     N _ 1  du AX, r)
(14) (A + X)e.(X, x) = -*-+ 1---+ XuAX, r) = 0

* dr2 r dr k

for 0 < r < a/2.

If  À = 0,  the general solution of (14) is

ek(0, x) = uk(0, r) = A0 + B/rN~2    if N ¿ 2, and

ek(0, x) = uk(0, r) = AQ + B log r     if N = 7,

for 0 < r = \x\ < a/2.  (A_  and  B  ate constants.) It follows since  eAX, x) is a

C°°-f unction in G that  e,(0, x) = AQ for every A/ = l,2,3, ••••

If  X / 0  the general solution of (14) is   efe(A, x) = zzfe(A, r) = r(N_2)/2zzXAHr),

where  iy(r) is the general solution of the Bessel equation

r2w"(r) + rw'(r) + (r2 - ((AÍ - D/2)2)Mr) = 0

(the simple computation is left to the reader).  It follows that if A / 0,

(15) ek(X, x) = uk(X, r) = C1r-{N-2)/2JiN_2)/2(XV>r) + C2r"(N-2^2/V(N_ ^/^A^r)

for 0 < r = |x| < a/2. Here  /v is Bessel's function of index v and Nv is

Neumann's function (or Bessel's function of the second kind) of index v.  C l and

C,  are constants.

If 7ZZ = (N - 2)/2 is not an integer,

COS Z7277/    (r) -  I        (r)

Njr)

and therefore (15) becomes

ek(x, x) = uk(x, r) = c\rm]m(xlAr) + c^--;_m(xyA)

= AlilN(Xy>r)+C\r-">J_m(Xyr)
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for 0 < r = |x| < a/2. Here  C,, C2  and A. are constants. Now e AX, x) is a  C°°-

function in SN(a) and so is ilN(XVl\x\) (for every  N).  Therefore  c\r~m]_J/XVlr)

may be extended to r = 0  so as to be infinitely differentiable at  x = 0.   But

k~m/_m(^H»,)| — oo   as   r ^ 0   if    zzz>0   (i.e.   N >  3);   and if   N = 1,

'•"*"7_m(AHr) =(2/zz(A)1/2)'^ sin(A'/2|x|)  which is not differentiable at  x = 0.   There-

fore  C2 = 0  in all cases.  Thus

efc(A, x) = A Tl^U'72 |x|)    for |x| < a/2.

If zzz = (N - 2)/? is an integer then  \r~mN m(XV2r)\ -. « as  r — 0. See [21].

It follows for the same reason as above that  C2  in (15) must be zero.  Thus

ek(X,x) = C1r-™jJX'/>r) = A2riN(X1/ir),

A 2 constant, for r = \x\ < a/2. Since Q.,(0|x|) = 1  we have

ek(X, x) = A(X)ilN(X1/2\x\)    for  |x| < cz/2 and all X £ R,

where  A(A)  is a constant depending upon  A.  Therefore  d(X) = 1  p-a.e.  and

(ei(A), <p) = A(A) fs   (-/2) iyA'/2|x|)cp(x)ax.

By 9 of Theorem 1,

<ei(A), tp)(ei(A), «A) = |A(A)|2 JG Jc nN(|x|A^)0N(|y|A^ )<fixW,y)dxdy

belongs to L'(p) for all cp and  if, in   3)"(G).  Hence A — |A(A)|2 is locally p-

integrable.  Let  y bè the positive Radon measure  dy(X) = |A(A)|   dp(X) on  R;  then

by 9 of Theorem 1,

(cp, ifj) = Jc J"c f(x - y)<jo(x)t(y~) dx dy

(16) = J!^ /C   J"G ilN(k|A^)n/v(|y|AI^)cJ(x)Ip(y)C/xc/ycz'y(A)

for all  </> and  t/r in  1   (G).

Let x. be an arbitrary but fixed point in G, and let, for every positive inte-

ger a, cp be a function in 3)#(G) such that <p >0,suppcpC{ x\ ||x| - |xQ|| < I/af

and  /</>    dx = 1,  then by standard arguments

jG ilN(\x\X1/A(f>n(x)dx - flN(|x0|A1/2)    as n — «,

and therefore if we substitute in (16) cp    for cp1   and if, we obtain by Fatou's

lemma

rjVKI^2^ 5 ÜE. fc fG A* - y)<pn(*)*¿y)dxdy

= ÜEL fc   ,aJ(x)cp   *ó(x)dx= lim f /(x)tp   *0 (x)zix

< SUp |/(x)|   = M(xQ) < oo.

U|s2|x0|
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Thetefore if x and  y are arbitrary points in  G then

j~ Jiy M AH)íy m x'A)\ dy(x) <(Fjsitf\x\&))2 dy(x)\A (j""oo{iVMA'/2)) 2 ̂ (A)) Vl

(17) <M(x)^M(y)'/2<oo.

In particular, fZ^dyiX) < M(0) = |/(0)|;  i.e. y is a finite measure.

Now

Íc Sg IVMA'/2 )nN(|y|AMVUW| dxdy

S (JcIVM^WI2*)* (fG\nN(\y\^Wy)\2dyyA
and thetefore

T    (c  (c\QN(\x\^)QNi\y\^)<pix)i/¡^)\dxdydyik)
J   —OO J J \   Vl

-  (/Too Sg \^N(\^1A)^)\2dxdyiX)Y M°^ jc\nNi\y\Xy> )if,iy)\2dydyiX)j

= iqb, <p)iift, iff) < 00    for all 0 and </r in î>fl(G).

Hence from (16) by Fubini's theorem

(18) Jc JG /(x - y)0(x)z/r"(y) dx dy =  Jc Jc K(x, y)0(x)<A~oy) ax rfy

for all cb and z> in ®H(G). Here  K(x, y) = |~ J2N(|*|A1/2)fiN(|y \XVl) dyiX) tot x

and y  in  G.

K(x, y) is continuous on G x G, for (x, y) —> J^1 iî   (|x|A1/2)0A|y|A1/2) ay (A)

is continuous on  R    x R     by the Lebesgue bounded convergence theorem, since

\QNir)\ < I  tot all 0 < r < 00 (cf. (22) below),  and

ix, y) -, J'^ nN(|x|A^)ii/v(|y|A^)z/y(A)

is continuous on G x G  by the Lebesgue dominated convergence theorem, since

1 <Ow0»<Ow(»>1) if 0<r<rx.

If we choose a sequence  (0  )  in j)  (G)  as above for  x    = 0  and substitute

0    for ib  in (18) and let n —> 00,  we obtain
Tn T

(19) jG fix)(bix)dx = JG Kix, 0)(bix)dx

fot all  0 e 3)"(G).  K(x, 0) = J"oonN(|x|A^)a'y(A).

From (19) follows, by Proposition 1 and continuity of fix) and  K(x, 0) on

G, that

(20) fix) = J^nN(|x|A1/0a'y(A)    for all  |x| < a/2.

To complete the proof we must show that (20) holds for all  |x| < a.   (If a = 00

there is nothing to prove.)

Let

(21) E(x) = J<x>oonAf(|x|A'/i)a'y(A)    for|x|<a.
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The integral exists for  |x| < a.   This is seen as follows:

Using the formula [21, p. 3671,

HN(zu)ilN(zv) = CN¡noilN(z(u2 + v2- 2uv cos 9)Vl)(sin 9)N~2d9,

where  u, v £ R, z complex and  CN = Y(N/2)[Y((N - 1)/2)ttViY X,  we have, for 0 <

|*| < a/2,

K(x, x) = J"^Uy|x|A1/2))2dy(A)

= CN/rooIoßN(AHlxl(2- 2cos 0)H)(sin 9)N~2d9dy(X),

from which follows that

J-oc.F VA'/2H(2 - 2 cos Ö)'/2)(sin 9)N-2d9dy(X) < oo.

(Note that the integrand is nonnegative.) Therefore,

JToo/qIV^K2- 2 cos 0)*)|(sin 9)N~2d9dy(X) < oo.

It follows by Fubini's theorem that

J°°oo|ÜN(A!/2|x|(2 - 2 cos d)*) | dy(X) < oo

for almost all  0 < 9 < n.  But

J"~ |fiN(A'/2|x|(2 - 2 cos 9)'A) | dy(X) < oo

for all 0 < 9 < n, and fiN(AH|x|(2 - 2 cos 9)V*) < HN(XVl\x\(2 - 2 cos 9 x)Vl) for

0 S^S^iS77 'li ^ < °-  Therefore

J"oo|nN(A,/2|x|(2 - 2 cos Ö)1/2)| ay(A) < oo

for 0 < 9 < zz. Thus

pJiyA^lyl) I dy(X) < oo    for all   |y| < 2|*|,

and since  |x| < a/2 was arbitrary

rjilN(\y\X>/2)\ dy (A) <oo    for all   \y\ < a.

From the preceding argument also follows, using the Lebesgue dominated con-

vergence theorem, that F(x) is continuous on SN(a).

Using the well-known formula ([15, (5)], [21, p. 5l])

(22) ÛN<*|l|)= Jlfl^i «i*(f*t>*N^'

where z is any complex number,  t £ R     and oN  the surface measure of the unit

sphere  !cf £ RN\ \£\ = 1] in RN  normalized so that  fdoN = 1,   one verifies routinely

that
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(23) /G/G nN(|x-x|AI^)0(xV(y)a'xa'y= fGfG ûN(\x\XymNi\y\X'A)cf>ix)if/iy)dxdy

tot all  0 and ifi in D (G). From this follows using Fubini's theorem that

JgJg ^x ~ y^Xfytydx dy =  JGJG Kix, y)(bix)if/iy) dx dy

tot all  0 and  iff in  D (G),  and hence, by (18),

JGJG fix ~ y)<ß(x)iffiy) dx dy = JG JG Fix - y)0(x)i/z(y) dx dy

for all 0 and iff in 2) (G). Let Mx) = /(x) - p(x) for x e S   id).  Then i is a con-

tinuous rotation invariant function and

(24) /G JG hix - y)0(x)z/r(y) ax ay = 0

for all 0 and i/r in J) (G). We assert that this implies that h = 0, which will es-

tablish the "if" part of the theorem because of (21).

Suppose  0 £ C™iG) and iff £ 2)  (G); then for every p £ OiN),

JG JG h<x ~ yWxWy) dxdy = JG JG hipix - y))qbix)if/iy) dx dy

=  JGJG  hix - y)(bip~  x)\f/ip~  y)dxdy= JG JG hix - y)qbip~  x)if/iy) dx dy.

Hence

Jg Jg ¿(* * yWxtyiy) dx dy = J0 (N j JG JG ¿U - y)(b(p~ lx)ifiiy) dx dy dp

= JGJG h^x ~ yf^(x)\f/iy) dxdy = 0

by Fubini's theorem and (24).  Thus JG/G hix - y)(b(x)ifriy) dx dy = 0 for all 0 e

C°°(G)  and iff £ D  (G).  From this follows that

(25) JG hix - y)if/iy)dy = 0  tot every  x e G  and every  i/f e 2)  (G).

We shall prove that (25) implies that  hix) = 0 for all   |x| < a.   (Note that (25) triv-

ially implies that  hix) = 0  for  |x| < a/2.)  For  N = 1, (25) may be written in the

form

j"0      [hix + y) + zi(x - y)]t/Ky)ay = 0    for  | x| < a/2 and all if/ £ 2)"(- a/2, a/2).

If  |xJ < a/2,   substitute in this equation for if/ a function  iff    £ 2) (- a/2, a/2)

which has the properties: iff   > 0,  supp ifi   C \x\\x\ - |xA| < l/n]   and /i/z   aV= 1.

If we now let n —> oo we obtain that

ihix + x0) + hix - x0))/2 = 0 for |x| < a/2.

Therefore hi2xQ) + hiO) = 0 (take x = xQ) and hio) = 0 (take x = xQ = O), whence

M2x0) = 0.  Thus  hix) = 0 for all   |x| < a.



372 A. E. NUSSBAUM [January

If N > 2, (25) may be rewritten using generalized spherical coordinates in the form(2)

0 = i\y\<a/2h{x-y)^y)dy

= 277(N-1)   2   f*/2 Pr/((¡x|2 - 2|x|rcos Ö+ r2)'/2)(sin Ö)N"Mr)rN' 1 ¿0Or

rxov-i)/2)Jo Jo

for  |x| < a/2 and all t/r e 2)Ä(G). Here i/r(x) = W(|x|) and h(x) = //(|x|).

From this we conclude that fnQH((t2 - 2tr cos 6» + r2)Vl)(sin 9)N~2d9 = 0 for

all 0 < í < a/2 and 0 < r < a/2.  In particular, if we let r = t,

P7 r/(/(2 - 2 cos <9)I/2) (sin 0)N - 2 atf = 0    for 0 < t < a/2.
Jo -

If we make the substitution x = (z/2)(2 - 2 cos Ö)   ,  0 < t < a/2,  we obtain (up to

the factor  2N~ l/t2(N ~2)) the equation

(26) j'o H(2x)xN-2((t2 - x2)1/2)N-3c/x = 0    for 0 < t < a/2,

and hence for 0 < t < a/2.

If N = 3,  equation (26) shows that /'n H(2x)xN ~ 2 dx = 0 for all 0 < t < a/2

which implies that H(2x)xN ~ 2 = 0 for 0 < x < a/2 whence H(2x) = 0 for 0 < x < a/ 2.

If  /V  is an odd integer > 3 then (26) implies that

z/Z

P //(2x)xN-2(ü2-x2),/2)N-3a'x
J o

= (N-3)< f //(2x)xN-2(O2-x2)'/2)N-5^=0
J 0

for 0 < /. < a/2 and therefore

f H(2x)xN-2((r2 - x2)¥"'¿ = 0    for 0 < / < a/2.
Jo

Continuing this way until the exponent of (t2 - x  K2 is zero we conclude that

P H(2x)xN -2dx = Q    for 0 < t < a/2
Jo

and hence as above H(2x) = 0 for 0 < x < a/2.

If N is an even integer we first conclude using the above procedure that

(27) P H(2x)xN~2(t2 - x2)-1/2ox = 0   for all  0 < t < a/2.

Multiplying both sides of (27) by  t and integrating we get

P ÇSH(2x)xN-2-S—-dxds=   P P H(2x)xN-2-f-dsdx
.MO (52-X2)'/2 J0jx (S2-X2Y/2

=   P H(2x)xN-2(r2 - x2YAdx = 0   for 0 < t < a/2.
Jo

(2)  Cf. (8) in the following article.
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Continuing this way we obtain the equations

,,„>      P //(2x)xN-2((¿2-x2)I^)2"-1zix = 0
UÖJ       ° for 0 < ;<a/2 and n = 0, 1, 2, 3,-

If we now make the substitution  a = it   - x )   ,  equations (28) yield

(29) /Ó H(2{t2 ~ "2W«t2 - «w-v»a = 0 •

for 0 < t < a/2  and zz = 0, 1, 2, 3,-

From this follows by the Stone-Weierstrass approximation theorem that, for fixed

0 < t < a/2,

f'Q Hi2it2 - u2YÁ)iit2 - a W-VzzWzz = 0

for all continuous functions g on 0 < u < t.   Therefore,

Hi2it2 - u2YA)iit2 - a2)*)""3 = 0    for  0 < a < t

(note that HÍ2Ít2 - a2)'/2)((r2 - u 2)1/2)N"3 ¡s continuous on 0 < a < t even if N = 2

because Hix) = 0 for 0 < x < a/2);  in particular,  HÍ2t) = 0 for 0 < t < a/2.  We

have thus proved that HÍ2t) = 0 for 0 < t < a/2 in all cases.

The "only if" part of the theorem is proved by direct computation.  If

fix) = J"°°^ iiN(|x|AI/2) ay (A)    for  |x| < a

and 0 £ 2)#(G), where  G = SNia/2), then by (23),

(30) fGfGÜNi\x-y\Xl/í)(Pix)(bJy~)dxdy=   fGQ,Ni\x\XV2)(bix)dx2.

Therefore,

JgSg A* - yWx)4b)dxdy = JG JG J^ aNi\x - y\XV>)(bix)(J(yÂdyiX)dxdy

= /"^  JG nN(|x|A'^)0(x)a'x  2 a-y(A) > 0

by Fubini's theorem

(SgSg jToo I qn(Ix - y|AMWWI¿y(A)aWy

^ JcJcJ^Mx-ylA^l^ll^lrfyiA)^^

+ Jc/g/T IM* -y|AH>l l#*>l1^1 «yOOflWy

</c Jc A* - y>l^*)||^y)l Äflry + 2 JG JGJ^ | QNi\x - y|A*)||0(x)||0(y)| dyiX)dxdy

<oo    because   |QN(|* - y|AH)||0(x)| |0(y)| < |0(x)||0(y)|   for A > 0 )

and (30).  This completes the proof.

Remarks. 1. A continuous function positive definite relative to the orthog-

onal group is necessarily real valued. This follows for example from the inte-

gral representation (11).
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2. It is clear from the proof of Theorem 2 that if we replace in the definition

of a function / positive definite relative to the orthogonal group continuity by

local essential boundedness the conclusions of Theorem 2 hold with

f(x) = J"^ í2N(|x|A^) ay (A)    for all  |x| < a

replaced by

/j(x) =  f°°^ ßN(|x|A1/2) ay (A)    exists for all   |x| < a

and

/(x) = /j(x)   a.e.

3. The measure  y in (11) may be chosen such that  supp y C (- oo, Ol  if in

addition to (10)

(12') SsN(a/2) ¡SNla/2) A* " yWX*)cpVy) dx dy > 0

for all radial  cp £ C™(SN(a/2)).

We recall that a continuous function / on a ball SN(a) in  R     is called

(radial) exponentially convex (if it is radial and) if

(31) ¿  ¿ a.ä./(x. + x.)>0

7=17=1

for all choices of complex numbers   a., cu, • • • , a    and points  x , x  , • . . , x    in

SN(a/2).

Condition (31) is clearly equivalent to

fsN(a/2) fsN(a/2) f{x + ?W*W ¿* dy > 0

for all rA and ifj in  C™(S Aa/2)). (It implies that / is real valued.)

Now, a continuous function / on a ball S„(a) in R     is radial exponentially

convex [15, Proposition 2l  if and only if there exists a bounded positive Radon

measure  y on  [0, oo)  such that

f(x) = J     ilN(i\x\t)dy(t)    fot all x e SN(a).

If we combine this result with Theorem 2 we obtain the following theorem.

Theorem 3.   For a continuous function f on a ball S   (a), 0 < a < oo,  in R

the following statements are equivalent:

1. / is positive definite relative to the orthogonal group O(N).

2. There exists a bounded positive Radon measure y on  R  such that

f(x) = j00^ nN(|x|A'/2)ciy(A)    for all x 6 SN(a).
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3. There exist bounded positive rotation invariant Radon measures p.  and

p2 on  R     such that   f  „ ex'1 dpAt) < oo for all x e S   (a)  and

fix) = f N eix-ldpxit) + f N ex-ldp2it)    for all x £ SNia).

4. There exists a continuous radial positive definite function f.  on  R     and

a continuous radial exponentially convex function f2  on SNia) such that

fix) = /j(x) + /2(x)    for all x £ S   ia).

Proof.  (1) <=> (2).  This is the content of Theorem 2.

(2) => (4).   Indeed, the equation

fix) = J^m Q,Ni\x\Xl/i)dyiX)    tot all x £ ^(a)

may be rewritten in the form

/oo r"oo

o nNi\x\t)dyxit) + J o QNii\x\t)dy2it)    for all  x £ SNia),

where  y.   and  y2  are bounded positive Radon measures on  [0, oo)  such that

f°° üNii\x\t)dy2it) < oo    for all  x 6 SNia).

Let

/j(x) = J°°nN(|x|/)a'y1ü)    for all x £ RN

and

f2ix) = j"°° nN(i\x\t) dy2it)    tot all  x £ SN(a);

then /. is a radial positive definite function on R as one verifies immediately

using (22). See [19, Theorem 1, p. 816]. f2 is radial exponentially convex by the

preceding discussion and fix) = f Ax) + f Ax) for all   |x| < a.

(4) ^ (3).   This follows from the fact that evety  continuous positive definite

function /j  on  R     and evety  continuous exponentially  convex function /,  on

5N(a) has an integral representation of the form

/j(*)=   f N eix-'dpxit)   tot all   x£RN

and

f2(x) =  J N ex't dp2it)     tot all x £ SNia),

respectively, where the Radon measures  px  and  p2  ate bounded, positive and

unique.  See [l5L Clearly px and p2 ate rotation invariant if and only if /.  and

12 ate radial, respectively.

(3) ^ (1).   This is obvious.
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Corollary 1. A continuous function on R     is radial positive definite if and

only if it is positive definite relative to the orthogonal group and bounded.

Theorem 4.   For a continuous function f on a ball S   (a), 0 < a < oo,  in R

the following statements are equivalent:

1. / is radial positive definite in S Aa).

2. There exists a radial positive definite function f.  on  R     such that f(x) =

/j(x) for all x e S   (a).

3. f is positive definite relative to the orthogonal group  0(N) and

fsN(a/2) isN(a/2) f{x - y){~ WMWidxdy > 0

for all radial <f> £ C°£(SN(a/2)).

Proof.  (1) =* (3).  This was shown in the introduction.

(3) =» (2).  By Theorem 2,  f(x) = f°¿QN(\x\\>A)dy(\) fot all x 6 SN(a) where

y is a bounded positive Radon measure on  [0, oo).  Let /j(x) = f°° ilN(\x\XA) dy (X)

for x £ R   .   Then /.   is a radial positive definite function in   R     as noted above.

(2) =» 1.   Obvious.

Theorem 4'.   For a continuous function f on a ball S   (a), 0 < a < oo,  in R

the following statements are equivalent:

1. / is radial exponentially convex in SAa).

2. f is positive definite relative to  the orthogonal group and

fsN(a/2) fsNfa/2) A* " yKAcpH^rpTyl dx dy > 0

for all radial <p e C~(SN(a/2)).

Proof.   If 1 holds then

J SN(a/2) JSN(a/2) A* ~ y)cA(x)QJ(y) dx dy

= hN(a/2)  fsN{a/2)f{x + y)^x)^dxdy >  0

for all radial </> e C°°(S.,(a/2)), and therefore / is positive definite relative to the

orthogonal group   0(N).  Furthermore,

fsN{a/2) jsN<a/2) ̂X ~ yKA<A)(x)çj(y) dx dy = fs^/^ fsN(a/2) ̂ + yXA</,)(x)cp(y) dx dy

= is    fa) /W((A<A) *W*)dx =   L(fl)A*)   £ (<px.**x)(x)dx
z = l

N

Z {sN(a/2) fsN(a/2) ^ + vHx^4>x fyÜx dy > 0
7= 1

for all radial cp e C°°(S   (a/2)).
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If 2 holds then by Theorem 2 and Remark 3 there exists a bounded positive

Radon measure  y on  (- 00, 0]  such that

fix) = f°    QNi\x\\*)dyiÁ)    for all x e S ¿a).

This equation may be rewritten in the form

fix) =   r° ilNii\x\t) da.it)    for all x£SNia),

where  a is a bounded positive Radon measure on [O, 00). Hence / is radial ex-

ponentially convex by [15, Proposition 2]. (This amounts to a simple computation

using (22).)

Note.   From the integral representation

/(x)= p üN(|x|¿) a>G)

of a radial positive definite function on R     follows that / is  [(/V - l)/2]-times

continuously differentiable [19, Lemma 4].  An exponentially convex function is

analytic as seen from its integral representation.  Therefore by 4 of Theorem 3 a

function f on S   ia) which is positive definite relative to the orthogonal group

OiN)   is of class  C^N_1)/2l Therefore if N > 5 condition 3 of Theorem 4 and

condition 2 of Theorem 4    are equivalent to

-A/ is positive definite relative to OiN) and   A/ is positive definite re-

lative to  OiN), respectively.

Theorem 5.  A real valued' function F defined on 0 < r < a (0 < a < 00) has an

integral representation of the form

2

(32) Fir) =  f"^ eT l dp.it)    for all 0 < r < a,

where p is a positive bounded Radon measure on R,   if and only if fN(x) =

F(|x|),   x £ SAa), is a positive definite function relative to the orthogonal group

OiN) in SNia) for every N = 1, 2,-

Proof.   If  E has an integtal representation of  the form (32) it may be re-

written in the form

2 2
Fir) =   f°° e~T  ldpxit) +   f°° eT l dpA\t)    for all  0 < r < a,

where  p.  and  p2 ate bounded positive Radon measures on  [O, 00)  such that

/~ er2t dp2it) < 00 for all  0 < r < a.

.-r2Let G(r) = J£e" '¿/^(f) for 0 < r < 00 and H(r) = J^ erHdpA\t) for 0 <

r < a.   Then gN(*) = G(|x|), x € R   ,  is a radial positive definite function in  R

for N = 1, 2,-See [19, Theorem 2, p. 817] and hNix) = //(|x|), x £ ^(a), is

an exponentially convex function in  S   ia) for  N = 1, 2, 3» • • • • See [15, Theorem

2l. Therefore
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fN(x) = F(\x\) = gN(x) + zJN(x),       x 6 5N(fl),

is a positive definite function relative to the orthogonal group  0(N) in  S   (a) fot

every  N = 1, 2, • • • ,  by 4 of Theorem 3.

Conversely, if /^(*) = E(|x|), x e S   (a), is positive definite relative to the

orthogonal group 0(N) tot N = 1, 2, 3, • • • , then there exists by  Theorem 2 for

every  N a bounded positive Radon measure  yN  on  R  such that

(33) /N(x) = j-^iy|x|A*)oyN(A)

for all x e S ..(a).  The proof now proceeds mutatis mutandis as in [l5l.

Equation (33) may be rewritten in the form

fN(x) = J"~ ilN(\x\(2NtYA) daN(t) + f~ ilN(i\x\(2NtYA) dß„(t)

fot all x e S   (a), or

(34) F(r) = J"" nN(r(2Ni)'/2) daN(t) + J" ilN(ir(2NtYA)dßN(t)

tot all 0 < r < a,  where  aN  and ßN ate bounded positive Radon measures on

[0, oo) and ßN  is such that f™ilN(iA2Nt)'A)dßN(t) < oo for all 0 < r < a.

From (34) follows that

(35) MoMlaJI + lljSj,      whence  ||aj| < E(o),    ||j8j| < F(0)

for all N.  Hence there exists a subsequence (ct.,  \>i^ß!^  \>t) °f (azv^ ^ß/v^

which converges to a bounded positive Radon measure  a (ß) on  [O, oo)  ¡n the

zz^-topology of the conjugate space of  Cm([0, oo)) (the space of complex valued

continuous functions on   [O, oo) vanishing at infinity).

Let 0 < r < a,  then for any r < r < a and every positive number  B,

E(r) _ J*~ QN(r(2NtYA)daN(t) - ^ ilN(ir(2NtYA) dßN(t)

<   j°°BilN(ir(2NtYA)dßN(t)

üN(ir(2NtYA)    rac
<——,--r-l7-  i    ilN(ir'(2Nt)A)dßN(t)    by [15, Lemma ll
-ilJir'(2Nt)A) JB    N N

N

ilAiri2NtYA)

ilN(ir'(2NtYA)
j~ilN(ir'(2NtYA)dßN(t)

HAiÁ2NiYA) ÜAiÁ2NtYA)
< Jü-(F(/) + ||aj|) < Jü- (E(r') + F(0)).
~ ilN(ir'(2NtYA) N    ~ ÜN(ir'(2NtYA)

Hence, if we choose B to be a point at which ß is continuous (i.e.  /3(ÍBÍ) = O), let
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N = N,  and let  k —» oo,  we obtain the inequality

(36) Fir) _ J"~ e~r2tdait) - J~* e'2tdßit) <e(r2-r'2)ß(F(r-)+F(0))

because lim^ ^ Q<Nizi2N)/2) = e~'     uniformly on any compact subset of the com-

plex plane (hence  lim^^ ííAz>(2A<z:)/2) = eT ' uniformly on 0 < t < B fot fixed r)

and lim^^, QAf(r(2/Vi)^) = er x uniformly on 0 < t < ~. See [l5l and [19, Lemma

3, p. 820].

If we now let B —► oo ¡n equation (36) through a sequence of points at which
2 2

jS is continuous we obtain the equation  E(r) = f? e~r ' dait) + f? er l dßit) for

every  0 < r < a.   This equation may be rewritten in the form (32).   This completes

the proof.

Since a continuous function  E on 0 < r < a (0 < a < oo) has an integral repre-

sentation of the form

Fir) =  f^ ert dpit)    for all    0 < r < a,

where  p is a bounded positive Radon measure on   R,  if and only if  F is ex-

ponentially convex on 0 < r < a  (see [l5])>  we obtain the following corollary.

Corollary 2. A continuous function F on 0 < r < a (0 < a < oo) is exponentially

convex on 0 < r < a if and only if fN(x) = E(|x| ), x £ S ia/l), is positive definite

relative to the orthogonal group  OiN) for every N = 1, 2, 3, ■ • • .

Corollary 2 is an extension of a theorem by I. J. Schoenberg [19, Theorem 3,

p. 821] which states that a real valued function  F on 0 < r < oo is completely

monotonie (cf. loe. cit.) if and only if fN(x) - Fi\x\  ), x £ R   , is radial positive

definite for every   N = 1, 2, 3> • • • •

To obtain Schoenberg's theorem we combine Corollary 1 with Cotollary 2.  We

get

A continuous function F on 0 < r < oo is bounded and exponentially convex

on 0 < r < oo  if and only if /«,(*) = E(|x|   ),  x £ R   ,   is positive definite for every

N - 1, 2, 3.

But a continuous exponentially convex function  F on  0 < r < °°,

Fir) =   f00^ eTt dpit)    tot all     0 < r < oo,

where p is a bounded positive Radon measure on R, is bounded if and only if

supp p C (- oo, o].  From this follows that a continuous function  F on 0 < r < oo

z's bounded and exponentially convex on 0 < r < oo ¿y ana* orz/y z'/ E ¿as an inte-

gral representation of the form

Fir)=  P° e-rtdpxit)    for all    0 < r < oo,
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where  u.   is a bounded positive Radon measure on  [0, oo).  Functions which have

such an integral representation are precisely (by the classical theorem of

Hausdorff-Bernstein and Widder, cf. [l9l) functions which are completely monotonie

on 0 < r < oo.

In summary the following holds for a continuous function  E on an interval

0 < r < a (0 < a < oo).  For every  N = 1, 2, 3, • • ■  let fN(x) = E(|x| 2), x £ SN(aA).

Then  E has a representation of the form

1. E(r) = /~ e~Tt dp(t) if and only if fN(x) is positive definite for every N.

(For a = oo this was proved by Schoenberg [19, Theorem 2l and extended to  0 <

a < oo by Nussbaum [15, Theorem l].)

2. F(r) = f™ ert dp(t) if and only if fN(x) is exponentially convex for every N.

(Nussbaum [15, Theorem 2l.)

3. F(r) = /^ ert dp(t) if and only if fN(x) is positive definite relative to the

orthogonal group  0(/V) for every  N.   This is Theorem 5.  (The measures p in 1—3

are all bounded positive Radon measures on the interval of integration indicated,

respectively.)

6.  Distributions positive definite relative to the orthogonal group.

Definition 2.  Let  T be a distribution in a ball S A a) = \x e R      |x| < a\, 0 <

a < oo,  in  RN  and G = SN(a/2).

(a) T is said to be radial positive definite if it is rotation invariant and if

(T, <p*tp*)>0 for all <p e 2)(G).

(b) T is said to be positive definite relative to the orthogonal group 0(N)  if

it is rotation invariant and if (T, cp * cp )> 0 for all radial <A e 3)(G).

Here ch (x) = <A(- x) (= çj(x) if cp is radial) and * denotes convolution.

The following lemma has essentially been proved in the course of the proof

of Theorem 2.

Lemma 1.   The set of all elements joj *ift], where <A and if, are in

3)"(SN(a/2)),  is total in 3)"(SN(a)).

Proof.   It is sufficient to show by the Hahn-Banach theorem that if  T €

3)"(5N(a))'  and  (T, <p *t/r) = 0 for all cp and if, in í)n(SN(a/2)) then  T = 0.  By

Proposition 1 this is equivalent to showing that if T £ D   (SN\a)) and

(T, çj *i/f) = 0 for all  cp and iff in 3)"(SN(a/2)), then (T, c/>) = 0 for all cp £

S)U(SN(a)).

Let T be a rotation invariant distribution in SN(a) such that (T, cp * ifj) = 0

for all cp and ifj in 3)"(SN(a/2)).

Fix 0 < 8 < a/2 and for every 0 < e < 8 let p( be a function in iASN(a/2))

such that pf > 0,  [p(dx = 1 and supp p{ C ix e RN| |x| < ci.  Then
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(37) (T,i<p*p)*iif,*Pe))=0

tot all  0 and  z/z in  £ iSNHa/2) - 8)) and 0 < e < S.  (37) may be rewritten in the

form

(38) (T*p( *pf, 0 *<f/)=0

for all 0 and i/z in 2) (S A(a/2) - S)). Now  T *p   *p   is a rotation invariant  C0"-

function when restricted to  ^N(a — 28).  (38) corresponds to equation (24).   It

follows as in the proof of Theorem 2 that

T *pe*pe=0      in  SNia - 28).

Thus if 0 6 3)niSNia)) and  supp 0 C SNia - 2<5) then

(T, qb*p(*p()=(T *pe* pe, 0) = 0   for all   0 < e < 8.

From this follows since  0 * p   * p   —> 0 in 2) (S A«)) as e —» 0   that

<T, 0)=O      for all  0 e 2)f,(SiV(a))

with supp 0 C S   ia — 2<5). Since 0 < 8 < a/2 was arbitrary it follows that

(T, 0) = 0 for all  0 6 2)#(SN(a)).

The following theorem extends Theorem 2 to distributions positive definite

relative to the orthogonal group.

Theorem 6.  A distribution  T on a ball S   ia), 0 < a < oo,  fzz  R     z's positive

definite relative to the orthogonal group OiN)  if and only if there exists a tempered

positive Radon measure y on  R  such that

(39) (T ,0)=  P^ 0(AM)ay(A)      for all  qb £ SXs^a)).

//ere

0(z) =   L QN(z|x|)0(x)ax.

Tzie measure  y may be chosen such that its support is contained in  [0, oo)

((- oo, 0]) if in addition to (T, qb *0*)> 0 for all 0 £ 2)#(SN(«/2))

(40) (T, (- A0) * 0*)> 0       «T, (A0) * 0) > 0)

/or a// 0 £ 2)#(5N(a/2)).

Proof.   On  E = 2) (G),  G = S   ia/2), we define a pseudo-inner product by

setting

(0, iff) = (T, (p * iff  )   for  0 and if/ in  E.

Proceeding exactly as in the proof of Theorem 2 we conclude that there exists
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a positive Radon measure y on  R  such that

(T, cp * if,*) = J""^ %(XVA4,(XiA)dy(X)

tot all  cp and  t/r in  E  and that we may choose  y in such a way that  supp y C

[0, oo)  (supp <p C (- oo, ol)  if (40) holds.

First we  show that

f2(x) = j"x<0 QN(\x\X'A)dy(X) < oo    for all    |x| < a.

This is seen as follows:  If cp e 1> (G), c/> > 0 and 0/0,  then

Jx<o /g Jg iiN(|x|A^)fiN(|y|A^)<p(x)cp(y)a'xa'ya'y(A) < J^ |cpU'^)| 2ay (A) < oo

and hence by Fubini's theorem (and the fact that  fG ilN(\x\XA)cp(x)dx > 0 for

A<0)

fx<QüN(\x\X'A)ilN(\y\X>A)dY(X)<

fot almost all  (x, y) in  G x G.   From this follows since  t —> ilN(tXA),  t > 0,   is an

increasing function  for A < 0,  that

JA<onN(|x|A,/2)aN(|y|A^)a'y(A)<  oo

for all x and y in  G.   Hence (if we argue as in Theorem 2 following (21))

/.<0 il,,(|x|A 2)riy(A) < oo for all   |x| < a.   It follows—using the Lebesgue dominated

convergence theorem—that

(41) /2(x)=   fx<0ilN(\x\X1A)dy(X)

is continuous on   |x| < a.   From this integral representation of /?  it is seen that

f2 is radial exponentially convex on  S „(a) and y((— oo, o)) = /2(0) < oo.

Next we show that there exists an integer  zzz > 0  such that

/„o dy (A)
0 (1 + X)N+m+l

This shows that y is tempered (since y((- oo, 0)) < oo).

To prove this we construct a sequence of functions  (co )     .  which has the

following properties:

1. co   = cj   * if/    where  c¿    and if)    £ S) (G).
n rn        T 77 ^77 T 77

2. w (/) = ó (t)é (t) > 0 for all / e RN.
n ^77 ^77 —

3. lim Z (t) m cZ(t) exists for ail  t e RN  and cZ(t) > A/(l + |,|2)N+»7+l
77—oo      n _ii

for ail  t e R   ,  where  A > 0  and  zzz  is a nonnegative integer.

4.   |(7\ con)| < 1  for ail 77.
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(We follow the construction of a "barrier sequence" in [8, pp. 162-164]. The proof

in loc. cit. contains some minor mistakes.)

Let  K = \x £ R      |x| < r\,  where  r is a fixed number  0 < r < a.   Since   T is a

continuous linear functional on JXAAa)) the restriction of T to £ ASNia))—the

subspace of JXSAa))  consisting of all elements  0 £ £iS Aa)) with  supp 0 C K-

is continuous.  Hence there exists an integer w > 0  and a number 8 > 0 such that

\(T, 0)| < 1 for all 0 £ £KiSNia)) such that sup|p|im.x£K|DP0(x)| < <5. Here p =

ip j, /z2, • • • , pN), p . positive or zero integers,   \p\ = p x + p2 + • • • + pN  and  Dp -

id/dx.)fl... id/dx^)fN_

Let rjix) be the function in L  ÍR   ) whose Fourier transform rjit) =

l/(l + M2)N+m + 1:

(43)
1         r            eix'1

Ax) = — —   f w  _f—-dt.
(2zAN V;i + w2)N+m+1

Choose any function  x e £"(SNia)) with supp y c K/8 = \x £ RN\ \x\ < r/8}

and let

(44) co = Brjix * X*)>

where  B > 0  is a constant to be determined later.   Then  supp co C K/4 and

dit) = Bin * \X\2)(t) = B  f N\x(u)\2r]it - u) du

> ß fi a, IyM2-du
-     JM^{X (l+|,_„|2)N+m+l

>-—-fi   i   . |Ç(a)|2aa
"(1 + (|/|+1)2)N^+1 J|"|S1

BC BC/(1 + If |2)     \N + m+l !

(i+.(|/| +i)2)N+m+1      \i + (Wl + i)V (i + M2)N+m+1

ßC

~ii + \t\2)N+m+1

for all  t £ RN,  where   C = inf(eRN   ((1 + |<|2)/(1 + (|i| + l)2))N+m+1C. Thus

(45) £>W>A/(l + |/|2)N+m+1   for all   t£RN

where  A = BC'.

From (43) we infer

|ij2)N+m + l
(46)   |D"n(*)| < —-rr   f m-l£L112-< M     for all \p\ < m and x e RN,

- (2tt)N JR      m +
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where  M  is a constant.

Now choose a function  p e 3) (5^(a)) with  supp p C K/8,  fRN pdx = 1  and

set p (x) = n   p(nx).

Let

oj   =p   *p,      ib   = p   * p   * co
rn      rn     rn Tn      rn      rn

and

w77 = ^n *^7z'    for n= 1,2,3,-

Then conditions  1 and 2 are clearly satisfied. 3 is also satisfied because of (45)

and â>n(t) = co(t)\pn(t)\ 4 = co(z)|p(r/a)| 4 —. co(z)|p(o)|4 = co(z)  as  n —. oo  since

p(0) =/p(x) cix = 1.   Finally,  co    £ JUK(S   (a)) and

sup IZ^co  (x)| =        sup        |((Z^co) *cA    *cA)(x)|
II - r^ " II ,, r7Ir77 '

]/>|<777;xCíK \p\<m;xeK

< sup        \Df(ö(x)\ f N\(cf>n *<f>Xx)\ dx
<m;xeK R

<        sup       \DfCú(x)\=B        sup       |Dpr/(x)(X*x*)W|
|/}|<777;xer< |/>|<m;xfK

by (44). Hence—by (46)—if we choose  B  sufficiently small

sup        \DpùJn(x)\ < 8
\p\<m;xeK

fot all n and   \(T, co   )| < 1  for all a = 1, 2, • • • .  Thus 4 is also satisfied.

Now we are ready to prove (42).

First we note that if cp e Jj(SN(a)), then

</2' *)=   SRN f2{x)(f>(xUx =   Jx<0 SRN nN(\x\XlA)cb(x)dxdy(X)

(47) =Í<Q*iMdy(X)

by (41) and Fubini's theorem.   Therefore

jÀ<0 "J-^dy(X) = (f2, <On) = (f2, <Pn *cpn *co> = </2 *œ, cpn *çin)

= (f2 * co, cbn * cpn) - (/2 * (a)(0) = (/2, co)  as a - ~.

Here có(x) = co(- x). Now

f~Zn(\*)dy{\) = /^ Sn(A,/2)c/y(A) - (/2, «„)

= (T, con>-(/2, con)<l + |</2, con)|;

i.e.,

J~ Sn(AI/2) dy (A) < 1 + |(/2, con)|     for all  a.
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Hence, if we let  n —> oo  it follows using   Fatou's Lemma and 3 and (48), that

|~(A/(1 + A)N+m + 1)ay(A) <  1 + |(/2, <u>| < oo.  This proves (42).  From (42) follows

that /~|0TA1/2)|ay(A)<oo for all 0 £ £ÍRN) and that (S, 0) = f™c)iXy2)dyiX)   fot

0 £ £iR   ) defines a tempered distribution S in £iR   ).  Furthermore S is obvi-

ously rotation invariant and

{S, 0*0*)= (°° \qliXy>)\2dyiX)>0     tot all 0e2)(RN).
J 0

Thus  S is a rotation invariant positive definite distribution in  R   .

Finally, if  0  and  if/  ate elements in  £  (G) then

(T, 0*0*)= J~oo0(A,^V(A1/2)a'y(A) = (S, 0 *>>*>+</2, 0 *<//*)

and therefore by continuity and Lemma 1

(T, 0)= (5,0>+</    0)= f~   0(AH)ay(A)

for all  <f> e Ju  lSN\a)).  It follows from Proposition 1 that

(T, 0) = (T, 0») = (S, 0») + (/2, 0«) = (S, 0) + (/2, 0) = j"^ 0(A'^) a-y(A)

for all 0 e 2)(5'N(a)).  The "if" part of Theorem 6 is obvious.

The following theorems are immediate corollaries of Theorem 6 and are anal-

ogous to Theorems 3, 4 and 4 .  In fact they are extensions of these theorems,

respectively.

Theorem 7.   For a distribution  T on a ball S   ia), 0 < a < oo,  in R     the

following statements  are equivalent:

1. T  is positive definite relative to  the orthogonal group.

2. There  exists a radial positive definite distribution S on  R     and a radial

exponentially convex function f. on SNia) such that  T = S + f    in  SNia).

Theorem 8.   For a distribution  T  on a ball S   ia), 0 < a < oo,  in R     the

following statements are equivalent:

1. T  is radial positive definite in SNia).

2. T  and   —AT  are both positive definite relative to the orthogonal group

OiN).

3. There exists a radial positive definite distribution S on R     such that

T = S in S   ia).

The equivalence of 1 and 3 of the preceding theorem is an extension of

Rudin's theorem [18] to distributions.

Theorem 8'.   For a distribution  T on a ball •S'Aa), 0 < a < oo,  in  R     the

following statements are equivalent:



386 A. E. NUSSBAUM [January

1. T  is a radial exponentially convex function on S   (a).

2. T  and AT are both positive definite relative  to the orthogonal group O(N).
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