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ON FUNCTIONS POSITIVE DEFINITE RELATIVE TO THE
ORTHOGONAL GROUP AND THE REPRESENTATION OF
FUNCTIONS AS HANKEL-STIELTJES TRANSFORMS

BY

A. EDWARD NUSSBAUM( 1)

ABSTRACT. To every continuous function f on an interval 0 <x<a (0<a
< o) and every positive number v associate the kernel

flx, y) = f(;f((xz + y2 — 2xy cos 9)%)(sin 9)2v-ld9, 0<%, y< a/2.

Let Uz)=T(v+ l/2)(2/2.’)V-%]u_,/z(z), where ]V_%(z) is the Bessel function
of index v —'%. It is shown that f has an integral representation f(x) =

jojwﬂ(x\/:)d’y(x), where 7 is a finite, positive Radon measure on R, if and only
if the kernel f(x, y) is positive definite. If v=(N — 1)/2, where N is an integer
> 2, this condition is equivalent to f,(x) = f(lxl), x € RN, lxl < a, ispositive
definite relative to the orthogonal group O(N). The results of this investigation
extend the preceding one of the author on functions positive definite relative to the
orthogonal group. In particular they yield the result of Rudin on the extensions
of radial positive definite functions.

1. Introduction. Let { be a function defined on an open ball SN(a) =
{x € Rlel < a} in N-dimensional Euclidean space RN, Here 0<a < oo and |x|
denotes the usual norm in RN, In [4] we called [ positive definite relative to the
orthogonal group O(N) if [ satisfies the following conditions:

[ is continuous, radial and

(1) ff/(x - y)qﬁ(x)d_)(—;) dxdy >0

for all radial ¢ in C7(Sy(a/2)) - (CH(G) denotes the vector space of complex
valued infinitely differentiable functions on G with compact support.)
In [4] we did show that a function { defined on SN(a) is positive definite

relative to O(N) if and only if it has an integral representation of the form
y 8 P
(2) f(x) = fRN ey (1) + fRN e®tdp (1) forall x £ Sy(a),

where p, and p, are bounded, positive, rotation invariant Radon measures on

RN and B, is such that
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"I.QN e""‘dyz(t) <o forall x € SN(a)-

The integral representation (2) is equivalent [4, Theorem 3] to

(3) fx) = f * Oy UxlyD dy()  for all x €5, (a),
where y is a bounded, positive Radon measure on R and (for a> 0)
a\/2 - . .
Q,() = F(z)(z)%(a D] anf?) i A0 and 1 if z=0
z?2 z4 z°

=1

T i Iarn I 4 ddard e d
J {2 is the Bessel function of order v.

The present investigation was inspired by the following observation.

Since the functions [ and ¢ in (1) are radial we may write f(x) = F(|x|),
HAx) = ®|x]), where F is a functionon 0<r<a and ® is a function on 0<r<
a/2 with supp @ C[0, a/2) (supp ® denotes the support of ®). If we now intro-

duce generalized spherical coordinates we find that for N > 2 inequality (1) be-

comes
@ [ [fx ~ NHNB) dxdy = (2" ] ‘;/ 2 (‘j/ 2y(r, YUADS) duy () duy(s) > 0,
where

1 7 . -
(5) /N(f, S) = ij-o F(\/TT+ 82 - 2rs cos 0)(811’1 O)N 2d0

for 0<r<a/2,0<s<a/2 Here Bla, Bl = (adI'(B)/Ia+ B) is Euler’s beta

function and

(©) duy(n) = [2% N =D0(N/2)] - 1N -1 ar,
(4) remains valid also for N =1 if we set

(7 f,(r, ) = BIF(|r + s]) + F(]7 = s]

for 0<r<a/2 and 0<s<a/2 (and dul(r) as in (6)).
Indeed, if N>2 and x € G = SN(a/Z)

® [t~ 90 dy = [ s~ 508D dy = [ K dp

where I(p) is the surface integral of the function F(|x - y|)®|y]), |y| = p over
the sphere {y € RV||y| = p} of radius p in RN:

©9) I(p) = f|y|=pF(|x - y®(|y)) ds.

If we let O be the angle between the vectors x and y, then |x - y| =

\/IW2 +1y|2 = 2% |y| cos 6 and




1973] ON POSITIVE DEFINITE FUNCTIONS 391

(10) ds =" (p sin ON~2pdf

(N -1)/2)
(dS is the infinitesimal ((n — 1)-dimensional) surface area of the spherical zone
consisting of the points on the sphere |y| =,p for which the angle between y and
x varies from 0 to 0 + d. dS is the product of pdf with the ((n — 2)-dimensional)
area of the cross section of the sphere |y| = p with the plane (y, ) =

EN 1 YXi=P cos 0. The cross section is the surface of the sphere of radius

psin @ in RN~ its area is
(N-1)/2
N ——(psin N -2
TN -1D/2
Hence
2N -1)/2

A — in O)N -2 540,
(N - 1)/2) {p sin pd6)

From (10) and (9) follows that
27¢ -1)/2
F((N l)/Z)

(11) Kp) = fZF(\/IIxI 24 p% = 2|x|p cos 0) (sin ON-24d9 . a;)pN'l.

Now

zn(N—l)/Z 277N/z (Zﬂ)N/Z

= = B(N=-2 -1
(N -1/2) TN - 1/21(4)  BI(N - 1)/2, 4] [2 T(n/2)

and hence, by (11) and (8),
Jo 1 =98 dy
N/2
(12) ______(2")__./_ a/2 IZ F(\[lxl2 +p2 = 2|x|p cos 6)
- (sin )N~ 2®(p) B\ (p).

Therefore
fG f flx — y)¢(x)¢(y) dxdy
N a
__(2n)’ T Ia/z /zI W2 s o7~ 21p 03 0)

- BIN-1/2,
. (sin OV~ 20()D(p) By (1) (p),

whence (4). The case N =1 is easily verified.

From (4) follows the following proposition

Proposition 1. Let f(x) = F(|x|) be a continuous radial function on the ball
Sy(@ (0<a<w) in RN and set
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Fylr, $) = [TEW/r? + 57 = 2rs cos 6) (sin O)N 2B
if N>2 and
Fl(r, s) = YIF(|r + s|) + F(|r - s|)]

if N=1. Then [ is positive definite relative to the orthogonal group O(N) if and
only if the kernel FN(r, s), 0<r, s<a/2, is positive definite. That is,

(13) )>

n
i=1

n
z aiajFN(xi’ x].) >0
j=1

for all choices of complex numbers a,, a.
the interval (0, a/2).

eqe a 3 ere
SORRETICS nd points X5 X , X, on

Proposition 1 allows us to rephrase the theorem [4, Theorem 3] on the integral
representation (3) of a function positive definite relative to the orthogonal group
O(N) as follows.

Theorem 1. Let F be a continuous function on the interval 0 <r < a
(0 <a <) and N a positive integer. Let FN(r, s) be as in Proposition 1. Then

F bas an integral r epresentation of the form
F(7) = f:, Q (WD dfN forall 0<r<a,
where y is a bounded, positive Radon measure on R, if and oniy if (13) holds.

The principal purpose of this paper is to extend Theorem 1 (plus some re-
finements) to the case where N = a is any number > 1. The method of proof is
entirely parallel to the one used by the author in [4]. It is based on the ‘‘nuclear
spectral theorem’’ [4, Theorem 1] used with great success by the Russian school.
We assume that the reader is acquainted with this theorem. See loc. cit. The
main theorem (Theorem 2) of this paper also extends the theorem in [1] in several
ways. We were not aware at the time we obtained the result in [1] of the connec-
tion with functions positive definite relative to the orthogonal group. In conclu-
sion we would like to point out that the main.theorem of this paper also contains
the result of Rudin [5] on the extension of radial positive definite functions. See

the discussion in [4].

2. Definitions and preliminary results. Let v be a fixed positive number. We
define Ux) = Q
We set

2V+1(x), where Q_(x) is as defined in the introduction.

du(x) =2V T + B~ 1x2¥dx,

and define LIIJZO, =) as the linear space of Lebesgue measurable functions on
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[0, =) for which f:l/(x)up(x) < =, Further we let

(3v=5/2) 1/)]2
D(x, ’ 2) = 2 [F(V + %) (xyz) 1"2”[A(x, v, z)]zv-z’
Nl

where A(x, y, z) is the area of a triangle whose sides have length x, y, z if there

is such a triangle, and otherwise, D(x, y, 2) = 0.

Definition 1. If f is a Lebesgue measurable locally essentially bounded func-
tion on the interval [0, a) (0 < a < ) we define the associated function or as-
sociated kernel f(x, y) by

/(x, )’) = C—l-fZ/(\/xz + )’2 _ zxy cos 0)(51[1 6)2V—1d0
v

for 0<x<a/2, 0<y<a/2 Here c =Blv, }%]= T e/ + ).

Proposition 2. If { is as in Definition 1 and [(x, y) its associated function,
then

() f(x, y) = [5/(2D(x, y, 2) du(2) for 0 <x <a/2, 0<y<a/2 and

(ii) f(x, y) is continuous on (0, a/2) x (0, a/2).

Proof. Let 0 <x<a/2, 0<y<a/2 and consider a triangle whose sides have
length x, y, z and whose angle opposite the side of length z is 6. Then z =
(x2+ y? - 2xy cos )" whence zdz = xy sin df. The area of the triangle
A(x, y, 2) = xy sin 0/2. Therefore df = zdz/2A(x, y, z) and hence

2v-1
(sin 0)2¥~ 1dg - ( 242 ¥ 2 £
xy 2A(x, y, 2)

= 22V=2Xxy2) 1= 2 A(x, y, 212V~ 2224z,
Therefore

;1— (sin 6)2Y~ 140 = D(x, y, 2)du(z),

v
whence

—CI—VJ'::/(\/x2 +y2 = 2xy cos 0) (sin 0)2v-1do

[T APt g, 2 da) = [y, 2 ),

x=y
for D(x, y, 2) =0 if 2> x+y or |x - y| > z. This proves (i). In particular if we
take f(x) = 1 we obtain

o L (M gy 2v=1 g
fo D(x, y, z)du(z) = < fo(sm 0 dd=1 0<x y<eo,
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for Bla, B] = ZfZ/Z(sin 0)2%~ Ycos 0)2P =1 46. 1f now 0 < Xgs ¥y <a/2 and 0<
26 <a-(xy+y,) then

1f(x, y) = flx g ¥ ) Sf:0+y0+28|/(z)||D(x, ¥, 2) = D(x vy 2)|du(2)

< ess sup 8|/(z)|f‘::|D(:c, y» 2) = Dx g, v, 2)|dpu(2)

T 0<z< xo+yg 2

for all |x — x| <&, |y -y | <6
But

lim °°D(X, L 2)=D(x oy vy 2)du(z) =0
(x,y)—'(xo,yo)fo‘ Y o Yo |dp

since D(x, y, z2) — D(x, y,, 2) p-a.e. and
f:|D(x, y, z)|dp(z) = 1 —»ﬁ]D(xo, y oy 2Ndu(z) = 1.

(We use here the fact that if (/n) is a sequence of integrable functions such that
{, — [ a.e. with [ integrable, then [|f -/ [ —0 if and only if [|f | — fIf].)

It follows that [ is continuous at (x,, y,)-

Lemma 1. If f is a Lebesgue measurable locally essentially bounded func-
tion on [0, a) (0 < a < ) and its associated function [(x, x) =0 for 0 < x < a/2,
then f(x) =0 a.e. for 0 <x<a.

Proof.

If we set, for fixed 0 < x < a/2, t = x/2 - 2(:?5—0_/2 we obtain

2v
o 2) = —2 [T 2072 - P L < 0.
Cyx

Hence
(14) f’(;/(zt)t”“l(xz _ =120, 0<x<a/2.

If v=1, [5f(2)tdt =0 for 0 <x <a/2, whence f(x) =0 a.e. for 0 <x <a.
If v £1, we multiply both sides of equation (14) by x and integrate with re-
spect to x from 0 to y, we obtain

Y (% 2v-1 2 2\v-1 (Y 2v=-1 2_ 2\ywv=-1
fofof(zt)t x(x° = t%) dtdx_foftf(Zt)t x(x* - t7)Y " ‘dx dt

y wel (Y (.2 2yv-1 1y wol 2 2\,
- [*fain dt [7x(? - %) dx=2—VI0/(2t)t (2= 1) dt =0,
for 0 <y < a/2. Thus

f:/(Zt)tz”’ Yx2-tHYdr =0, 0<=x<a/2.
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Continuing this way we get
(15) f;/(2t)t2v— Yx?2 2+ 31 _ 0 for 0< x < a/2

and £=0,1, 2, ..., which upon the substitution u = \/xz - t* becomes
(16) f:f(z\/xz B [PLI) G DS LPLLY )|

for 0 <x<a/2 and k=0,1, 2, .... Since every continuous function g(z) on

[0, x] can be approximated uniformly by even polynomials in , it follows from
(16) that

j:/(z /x2 _ u2) (xZ _ uZ)V— lu2v+lg(u)du _0

for all continuous functions g on [0, x], 0 < x < a/2. Therefore

/(2\/x2 )P — DY+ L0 ae. for 0 <u<x
(for every fixed 0 < x < a/2). Hence
/(2\/;2-— 4?) =0 a.e. for 0 <u<x

and every 0 < x < a/2, whence f(x) =0 a.e. for 0 <x <a.
If f(x)=Q\x), 0<x <o, where A is any complex number, then its associated
function

G, y) = f(f(y), 0<x, y<e.

This formula is due to Sonine. See [8, formula (16), p. 367].
Thus by Proposition 2

17) f: QA2)D(x, y, 2)du(z) = QAX)Q(y)

for 0 <x, y <o and all complex numbers A.

If { and g are elements of LIII[O, =), and if we set
(/ x &) = [T [T 1)glaD(x, y, 2) duly) dp(2),

then (f x g)(x) exists for almost all 0 < x < oo, fx g € L;[O, ), and (by Fubini’s
theorem and (17)) (f x g) = /g, where

1) = j "W ), 0<t <,

is the Hankel transform of f of order v —%. See [2]. (Equation (12) states that
if v=(N -1)/2 then

[ *d(x) = (Zﬂ)N/zF X ‘S(M)’

)

This is the motivation for defining the ‘‘x-convolution’’ as above.)
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Definition 2. We denote by P [0, a) (0 <a < =) the set of Lebesgue measur-
able functions f on the interval [0, a) which are locally essentially bounded on
[0, a) and whose associated function f(x, y) is positive definite on (0, a/2) x
(0, a/2). That is,

(18)

n n
. z ai'aj /(xl., xj) >0
=1 ;=1

1

for all choices of complex numbers a, a,, - -, a and any points X, X4 +++, x,
on the interval (0, a/2). The elements of P [0, a) will be called positive definite
functions on [0, a).

It is clear that condition (18) is equivalent with

S 13 15, 9IFG) dutr) duty) 2 0
for all ¢ € C [0, a/2) (or all ¢ € C;"(O, a/2)).
3. The principal result.

Theorem 2. A Lebesgue measurable function f on the interval [0, a)

(0 < @ < ) has an integral representation of the form
(19) f(x) = f T QD dyN), ae for 0<x<a,

where y is a bounded, positive Radon measure on R such that the integral
® Uxy/A) dy(\) converges absolutely for every 0 < x < a, if and only if [ is
positive definite on [0, a).
The measure y may be chosen such that supp y C [0, «) ((= o, 0)) if and
only if in addition to f € P [0, a)

(20) [ [ D= AGNG) die() duy) > 0 (< 0)
for all ¢ € CF(0, a/2). Here Ad(x) = ¢"(x) + (2v/x)¢'(x).

Proof. If / has an integral representation of the form (19), then, clearly, f is
locally essentially bounded on [0, @). Further, by Proposition 2, Fubini’s

theorem and (17)
flx, y) = f’_" . f “Q=VAD(x, y, 2)dp(z) dy)
= _[ U/ NDUyWR) dy(N)  for 0<x, y <a/2.

Hence

n

i PIELTICHERE rjwlil LAVERVY

i=1j=1

2dy(\) >0,
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and f € P[0, a).

Conversely, suppose that [ € P [0, a). Let D (=a/2, a/2) be the space of even
complex valued C*-functions on (- @/2, a/2) with compact support.
D a/2, a/2) is a vector subspace of D~ a/2, a/2) (the usual space of test
functions on (~ @/2, a/2) of distribution theory with the Schwartz topology). We
endow Df(- a/2, a/2) with the topology induced by D= a/2, a/2) and set E =
D¥(~ a/2, a/2). E is a vector subspace of the nuclear space D(= a/2, a/2) and
therefore is nuclear. Clearly E is separable. On E we define a pseudo-inner

product by setting
@) = [ [ e, T ) )

for ¢ and ¢ in E. (¢,¢) > 0 since f € P [0, a).
If ¢ €E then ¢'(0) = 0 since ¢ is even. Therefore ¢'(x) = xx¢(x) for all
x, where X4 € E. Clearly

¢l’§x) — ¢"(0) as x — 0.

Thus, X¢(0) = ¢"(0) and X is uniquely determined by ¢.
On E we define the operator A¢ = — ¢" — wx s e (Ap)(x) = - p"(x) -
(2u/x)¢"(x) if x £ 0 and - ¢"(0) - 2v"(0) = — (1 + 20)"(0) if x = 0. Clearly A

is a linear operator in E. Furthermore, A is continuous for

1) Ixg "D <k, sup (D] for n=1,2,3,...
le|<lx]
and all x, where k_ is a constant independent of ¢. (Infact k =1/n is the
smallest possible constant for which the above inequality holds for all ¢. The
verification of this is left to the reader.)
From (21) follows that if (¢ ) is a sequence in E which converges to 0 then
Xp 0 in E, whence A is continuous.

Next we show that A is symmetric relative to the pseudo-inner product
(¢, ¥); ie., (Ad, ) = (¢, AY) for ¢ and ¢ in E. To see this we first show
that

(22) (Ap) (1) = 23(s) for b € E and all complex .
Indeed, if K =[2""% T + %))~
du(x) = Kx*" dx,
(Ad)x) = — x~ 2V d(x*"¢'(x))/dx if x £0,

and therefore
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- (Ag) ) = Kﬁﬂ(tx)(xzv¢l(x))'dx =~ Kt f :Q'(tx)xz”qS'(x)dx

= th:[xz”t(l"(tx) + 2ux 27 1Q (1)) () dx = tf:[tﬂ"(tx) + 2—:9'(tx):| dp(x)

by successive integration by parts. But Bessel’s differential equation for
Jv_y, (x) implies that Q"(zx) + (2v/1x)Q'(¢x) = ~ Q) for all complex ¢ and x (if
we set Q'(z)/zlz___o = Q"(0)). Therefore

(A8 10) = 12 [ Uedpl) ) = 1200

for all :.
From (22) follows that

(Ag x 9 W = t2<;5(t)-12(t) = %(t)tst(t) = (¢ x Ad) (1),
whence A x ¥ = ¢ x AY. But
(¢ v) = [ o /2 e, y)BBG) dul) duly) = 316X x 9 )

0

by Fubini’s theorem. Therefore

(A, ) = j ‘: [(x)Ad x ¥)x)dplx) = f:/(x)(qb x AY)(x) dp(x) = (¢, Ah)

for ¢ and ¥ in E.

In E we introduce the involution ¢*(x) = p(x). Clearly Ad*= (A¢)* and
(% ¥ = (Y, @) forall ¢ and ¢ in E. All conditions of the theorem of expan-
sion into generalized eigenvectors [4, Theorem 1] are satisfied. Hence there
exists a bounded, positive Radon measure p on R, for every A € R a sequence
of generalized eigenvectors e,:(/\) €E', 1<k<dX)+1, of A (i.e. (el:(/\), Ag)
=Me,(A), @) forall ¢ €E and 1 <k< d(A) + 1) such that

o AN _—
(& W) = [T T (.0, $)e, W), ¥)dp()
k=1

for ¢, Y € E. Here d()) is a p-measurable function with values in {1, 2, 3, +-+, oo}
and there exists a p-null set N such that e (), 1 <k <d(d) +1, are linearly
independent if A ¢ N. Furthermore supp p C [0, o) ((~ o, 0]) if (20) holds. For
details see loc. cit.

Let G = (- a/2, a/2). Since e ()\) € D*(G)' there exists a umque even dis-
tribution €,(A) on G (i.e. e,(A) € @ (G) and (e, (A), }) = (e, (N, é) for ¢ € NG);
here ¢(x) = ¢(~ x)) whose restrictionto E is e ()\) 1<k<dd)+1, A eR. See
[4, Proposition 1].

If ¢ € D(G) we set qS“ =Y(d + (IZIS), q,')u €E. If now ¢ € D(G) and supp ¢ C

- {0}, then clearly - A¢p = A¢ and (- A¢)” =— AqS” since A is invariant
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under reflection ¢ — q‘S’, supp ¢ C R — {0}. Hence, for all ¢ € D(G), supp ¢ C
G - {0},

(€W, = Ag) = (e, V), (- AB)*) = (e, (N, = Ad") = Me, V), ¢*) = Me, V), @)
since ek()x) is even. Thus, the distribution e k()\) satisfies the differential equa-
tion
(23) - 'Ae,(A) = re (A) in G - {0},

1 <k<d)+1, A €R. ‘A denotes the transpose of A,
(AP = $"(x) - (% ¢(x)>' = $") - 2 )+ F 90

& € D(G), supp ¢ C G - {0}. It follows that the distribution e x(A) is an even C™-
function e, (A, x) in G - {0} which satisfies the differential equation (23) [7,
Theorem IX, p. 128] in the classical sense in G - {0}. In fact e, (A, x) is an
analytic function in x, 0 < |x| < /2, since the coefficients of ‘A are analytic in
0 <|x|.

To find the general even solution of the differential equation (23),
]
—’Ae=_e"+(2—:) =de, 0<|x|,
set e = |x|2”y. Then by a simple computation

(24) —-y" 2v y' = Ay, x#£0,

T x
The general even solution of this equation is, if A =0,

-2v41 . 1
a,l|x +a, f viY,

o log x| + a, s a, and a, are arbitrary constants.
If A£O,
() = |2 TR WD, x40,
where J(z) is the general solution of the Bessel equation
22]"2) + 2]'(2) + (22 - - %)) =0, z4o0.
The simple computation is left to the reader. Therefore

(&) = by x|~ WRIxD + by x| TN, (VR

x £ 0, where b, and b, are arbitrary constants and ]v-‘/z is Bessel’s function of
index v - % and N, .y, is Neumann’s function (or Bessel’s function of the 2nd
kind) of index v - %.

Thus,
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c(0)|x|2¥ + D(0)|«], 0<|x| <a/2,if A=0,v =1,
ek()\, x) =
C(0)|x|2v + D(O)Ix|2v loglx|, 0<|x|<a/2,if A=0,v£Y4,

and
e, x) = C[x|"QAAx) + D" N, (VR|x]), 0 <|x| <a/2,if A £0,

where C(A) and D(A) are constants. Since Q(0) =1 we have in all cases

(25) e, (A, x) = CV|x| *"QVAx) + D)= >0 (x), 0 < |x] <a/2,

where Oo(x)= le|1=2% if v £ % and log|x| if v =% and 9)«(") -
x| =N, (VRIx]) i A £ 0.

The function |x|2”0,(x) is locally integrable at x = O and therefore e, (A, x)
defines a distribution in G. Since ek(/\) = ek(/\, x) (as distributions) in G - {0},
e, (A) = e, (A, x) is a disuribution in G with support in {0}. Therefore

ek()\) = ek(/\, x) + i ck()\)5(k),
k=0

where Ck('\)’ k=0,1,...,n, are constants and & is the Dirac delta measure.

Since ek()\) and ek()\, x) are even distributions in G,
n
z ck()\)ﬁ(k) is an even distribution.
k:o
Thus,
« (k) =
Y WBR0) = T (- Dk, (NgF(0)

k=0 k=0

for all ¢ € P(G). It follows that Ck(’\) =0 for k odd. Therefore
m

(26) e,(W) =e (A, x) + 3~ CZk(/\)5(2k).

k=0

We shall show that ek(/\) = c(A)lxIZVQ(\/Xx), A € R. To prove this we first
show that
(27) (ex X x); AB) = Mey (A, %), ¢) - 26(0) lim D(N)e2"0 (o)
€-0+
for every ¢ € E. Indeed, ¢,(A, x) = |x|2¥y(x), where y satisfies (24). Therefore,
if ¢ €E
a2, Ay =2 220 () AN = - 2 fz/ 2 ()27 () dx
=2 :/2x2vy'(x)¢l(x)dx, for ¢'(0) =0
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and limg ,, ezvy(e) = lime—-»o», ek()\, €) exists (in fact this limit is 0 as is easily

verified). Therefore

(ek()\, x), Ap) =2 IZ/Z(xZV "(YNp'(x) dx = 2 hm fa/ (xZV "(x))¢(x) dx

==21lim x2%y'(x)(x) - 2fa/2 (x %%y (%)) plx) dx

€—0+

~22¢(0) Lim €2%'(e) + 2A f : 2 (x2y(x))lx) dx

€0 +

= Me (A, x), #) - 24(0) lim D(Ne**63(e)

€0+
for y(x) = C(A)UVAx) + D(A)G,(x) by (25) and

dQUVA x)

- = VAQ'(0) = 0.

x=0

Now,
(ek()\), Ad) = )\(ek()\), ¢) forall ¢ €E,

A€k and 1 <k <d(A) + 1. Therefore by (26)

(e, (A, %), A) + Z €2, MAB)ZRN0) = Me (A, x), ¢) + A z 2, (N 2R(0).

k=0

Hence, by (27),

(28) -26(0) lim DN"6}(0) + 3" 0, A0 ZA T ¢, W RH0) = 0
€~V + k=0 k=0

Since (28) holds for all ¢ € E, the coefficients of ¢(0), ¢"(0), ..., ¢(2m +2)(0)
in (28) are all 0. Now (A¢)0) = - (1 4+ 2v)¢"(0),and by a simple computation

(A) *¥(0) = - (1 + o T>¢>‘2’°+2>(0) k=0,1,2,...
Therefore the coefficient of ¢(2”’+2)(0),

-2, M) (l +7—5:EI_1 ) =0

whence, c, (A) = 0. Continuing this way we see that coM) =c N =... =
sz()‘) =0 for every A € R. Therefore ek(/\) = ek()\, x) and

(29) lim D(Ne2"9)(e) = A€eR

€0 4+
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But lim_o, ¢’”63(e) # 0. The reader will verify that when A=0,lim_ e?§/e) =1
fv=Y%, (1-20) if v#% and

Iimf_'0+ €2¥9'0) = if M£0.

278X M) Iy + 1)
m

It follows therefore from (29) that D(A) = 0 for all A € R. Hence
e, (N = C|« 2Q(YAx), AeR.
Therefore AN =1 p-a.e. and

(e e, g = (2920

2 ‘ T
J-:/z fz/zﬂ(x\/i)ﬂ(yﬁ)dx)‘ﬁ()’) dulx) duly)

belongs to LYp) for all ¢ and ¢ in E. Therefore A —’4K'2|C()\)I2 is p-measur-
able and if we set d)()) = 4K~ 2|C(N)| 2dp(N),

a, a/ —
(¢, ¥ = J‘O/2J ’2/(" y)&(x) Yly) du(x) duly)
= ,rjoo a/zf %2 QU DUy H ) dis(¥)duly) dy .

We now proceed mutatis mutandis as in the proof of [4, Theorem 3l.

(30)

If 0<x,< a/2 1s an arbitrary but fixed point, choose a sequence (¢ ) in E
such that qS >0, [3 qS du=1 and supp ¢ Clx €R|||x|- x| <1/n}. Then

fa/zﬂ(x\/—)q.‘) (x)dx — Qx /A as n—

and therefore upon substitution of ¢ for ¢ and ¢ in (30) and letting 7 — oo we obtain
by Fatou’s lemma and (ii) of Proposition 2

f * (Qx /M) 2N < lim f"/ 2 o/ 2Ux, N (D (Ndu(Ddu(y) = flx,, %)

n—
Therefore if 0<x, y<a/2,

|2(xy/D Oy < 200 ) ([ @y 2ayn)
[ VRIaAN < ([ (@A 20) (7 oy )

<flx, 0% fly, P4

(31)

Now

f(x, x) =f§/(z)D(x, x, 2)du(z) < esssup|f(2)] <w, 0<x<a/2,

0<z<2x
and therefore by Fatou’s lemma if x_ — 0, 0 <x_<a/2,

fo.oood)'()‘)fﬁn_/(x,x)- lim Ax, x) <oo.

x~0+

Thus y is a bounded positive Radon measure.

Next we show that
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(32) [(x, y) :j T A/ NAWNIAN,  0<x, y<a/2
To see this we first note that
[ 10y DUn R I dul ) AN
< (J7f7 ot meol u9dn) (foge "1V ey 0) §
=(¢, MY, Y) <o forall ¢ and ¢ in E.

Therefore from (30) by Fubini’s theorem

(33) f:/z 3/2/ (x, y)dx)w(—ﬂdp(x)du(y) = f Z/zf:/zl((x, y)q‘)(x)md;i(x)du(y)
for all ¢ and ¢ in E, where

Kx, y) = [7_QyDRWRIAN, 0<% y<a/2.
K(x, y) is continuous on [0, /2) x [0, a/2) for
(x, y) — f RUCVALCVAE O

is continuous on R x R by the Lebesgue bounded convergence theorem since
|Uz)| <1 for 0<z < and

(5 9 = [°_ QDA NaUN

is continuous on [0, @/2) x [0, @/2) by the Lebesgue dominated convergence
theorem because 1<Q(ix) <Qix)) for 0 < x <x; <= and (31) holds.

From (33) and the fact that f(x, y) and K(x, y) are both continuous on
(0, a/2) x (0, a/2) follows that

flx, y) = K(x, y)  for 0<x, y<a/2, ie. (32).

Next we define the function &(x), 0 <x <a, by k(%) = [* Qx\/Ndy (). This
integral converges absolutely for 0 < x < a. Indeed, if 0 < x < @/2 then

f(x, %) = j TN(Q(x\/X))zdy()\) = f io I ZQ(\/XZ)D(x, x, 2)du(z)dy(A)
- f ‘; f’_"wsz(\/xzw(x, x, 2)dy(Ndu(z).
The change of order of integration is justified for
fﬁwﬁﬂ(\/ﬁz)D(x, x, 2)du(2)d M) = f:f?_ooﬂ(\/xz)D(x, x, 2)d  Ndy(z)
since the integrand is nonnegative. Further
I:J‘:‘IQ(\/XZ)ID(": x, 2)du(z)dy ()
< f:f‘;D(x, x, 2)du(z)dy(N) = f:dy()\) < fo_omdy()\) < 0.

(34)
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Therefore Fubini’s theorem applies.
From (34) follows by Fubini’s theorem that

f T 19WA|D(x, x, Ddy(N <=, peace.
Hence, since D(x, x, z) #0 for 0 <z < 2x,

fojwlﬂ(ﬁZ)ldy(A) <% a.e. for 0<z< 2x,

But [7|Q(/X2)|dy(N <o forall 0 <z < and x — Yy/A%) is monotonically in-
creasing if A <0. Therefore

7 JOXD|dy(N <o forall 0<z< 2

and since 0 < x < a/2 was arbitrary

f:|9(\/7\z)|dy(/\) <= forall 0<z<a

From what precedes also follows by the Lebesgue dominated convergence
theorem that k(x) is continuous on 0 < x < a and f(x, y) is the associated func-

tion of k. Indeed
Kx, y) = J‘;k(zm(x, y, 2)du(2) = f 0 f”_"mg(\/xz)n(x, y, 2)dy(Ndu(z)

= waf‘;Q(\/Xz)D(x, y, 2)du(2)dy()) = Iimﬂ(xﬁjﬂ(yﬁ)dy()\)

=f(x, y) for 0<x, y<a/2,
by Fubini’s theorem and (17). Therefore by Lemma 1

f(x) = k(x) a.e. for 0<x<a.
That is,
f(x) = IwmQ(x\/X)dy()t) a.e. for 0 <x <a.
Finally, if

f(x) = ﬁwﬂ(x\/x)dy()\) a.e. for 0<x<a,

where the integral converges absolutely for 0 < x <a,and supp y C
[0, %) (-2, 01), then for all ¢ € E

[[15 Y= A du(x)dul)
- ({7 2Dps, 5 2 A () H) dy (Nl 2)dul x) duly)
-~ [fft=yRDix 5, 2)(= A} %) ply)dp( 2) () duly)dy (N)
- 7 AQ YDA = [ NSy ZdyN 20 (<0
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by successive application of Fubini’s theorem and (22). This completes the proof.

Corollary 1. If f € P [0, a) there exists a continuous function k € P[0, a)
such that f(x) = k(x) a.e.

Corollary 2. A continuous function f on the interval [0, a) (0 <a < ) has an

integral representation of the form
flx) = Fwﬂ(x\/)-\)dy()\) forall 0<x<a,
where y is a bounded, positive Radon measure on R, if and only if { € P [0, a).

Corollary 3. [11. A function f € L™[0, =) (relative to the Lebesgue measure)

bas an integral representation of the form
flx) = ﬁﬂ(xt)dy(t) a.e. for 0 < x <oo,
where y is a bounded, positive Radon measure on [0, =), if and only if f €
PV[O, 00).
Lemma 2. A continuous function { € P [0, @) is [v]-times continuously dif-

ferentiable. See [6, Lemma 4, p. 822l

Proof. If f € P [0, @) is continuous
f) = [ Yx/Ddy(N,  0<x<a,

by Corollary 2. Now x — [°_Qx\/Ndy()N) is an analytic function on -a<x< a

for

Qxy/A) = i (- l)kck(x\/X) 2k - i ckak(— NE,
k=0 k=0

where the coefficients ¢, > 0, k=0,1, 2, +++. Therefore

00
Iimﬂ(x\ﬁ\)dy()t) =y (Ck f?_w(-— )\)kdy()\)> x 2k
k=0

for |x| < a.
Next we show that g(x) = [TMx/Ndy(N is [v]-times continuously dif-
ferentiable on R. We proceed as in [6, Lemma 4., p. 822].

k
(35) ﬂ%@ = Q®) /NN R
ox

From (x) =c x7°% (), where a=v - and c is a positive constant, follows

that
czlﬂ(k)(x) = ](ﬁ)(x)x’a— (I:)a]g"lkx)x‘a"l tecvrdat Do lat k- 1)]0‘(x)x'a-’°.
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Hence, since ]((I:)(x) =0(x~%), we have Q*Xx) = 0(x~*~%) = 0(x~"). Therefore
by (35)
k
AN _ oy,

Ox

It follows that if & <v, i.e. & <[v], then

o 3*Qx/N)
(kY x) =
g*Xx) = IO P dy (N

for all x € R.
Suppose [ is a function of class C? on the interval [0, @), then by a simple

computation

(36) [o1AADEU) = [HAN) Pl

for all ¢ € C3(0, @). Indeed, since du(x) = Kx?¥dx, where K is a constant,

f SN A Ddp() = KI CADAG(2) 2V dx
- Kj (27 dx = - K 312776 ()
= K L2 () 'dx = [{ANG Hx)du(),
From (36) follows that condition (20) of Theorem 2
f f/(x, Y= AGN Y du(x)duly) = JADU= Bg) x ) du(2)
= [ Al x Ml = [(-ANR x (=) 20 (< 0)

for all ¢ € (0, @ is equivalent to — Af (Af) € P [0, @). Combining this with
Lemma 2 we may restate the last part of Theorem 2 as follows.

Theorem 3. Suppose v > 2. A continuous function { on [0, @) (0 < a <) has

an integral representation of the form
9 = [Tatdp o), (/(x) , IOQ(ixt)dB(t)>
for 0 <x <a, where B is a bounded, positive Radon measure on [0, ), if and
only if { and - Af (Af) belong to P [0, a).
We conclude this paper with the following theorem.

Theorem 4. P [0, @) D P“[O, a) if v <y and a function [ € P_[0, a) =
P [0, a) if and only if [ has an integral representation of the

r]'u>0 v

form

00 2
/(x)=f_°°e" 'dw(t) ae. for 0<x<a,
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where w is a bounded, positive Radon measure on R such that
00 2
[7 e o) <= forall 0<x<a

Proof. We start with the identity [8, p. 373]

a4l
— 77/2]5(2 sin 0)(sin 6)P+X(cos 6)2%+149

22Ma+ 170

] a+fB+ I(Z) =

a>-:1, B> -1, z any complex number. From it follows that if u > v (> 0)
2
(37) Q,, (2= f’;/ Oz sin 6)do(6)

for all complex numbers z. Here € = 92V+1 and o is a bounded, positive Radon
measure on [0, 7] (depending upon v and p).
If now [ € Pu[O, a), v <p, then by Theorem 2 { has an integral representation

(4
(38) ) = [T Q,, (WDdy(N ae. for 0<x<a,
where y is a bounded, positive Radon measure on [0, @) for which
f_w|92#+l(x\/-x)|dy(h) <o for 0<x<a

Let flx, y), 0<x, y <a/2, be the associated function of [ relative to v,
then

fx, y) = f:/(z)D(x, y, Ddu(z) = f;ffwﬂmu(z\/X)D(x, y, 2dy(Ndu(2)
-7 ’;/ 2 z/A sin O)D(x, y, 2)do (O)dy (Ndu(2)
= fmf’;/zf‘;(l(z\/? sin 0)D(x, y, z)du(z)do (6)dy (N
= ﬁwfz/z Qxy/A sin G)Q(y\ﬁ\ sin 0)do()dy(N, 0<x, y<a/2,

by (38), (37), Fubini’s theorem and (17) in that order. From the last equality
follows that / € P [0, a); i.e. P[0, @)D P#[O, a).

From what precedes follows that P_[0, @) = nP% (N_x)[O, a) as N ranges
over the integers 2, 3, 4, -++. In [4] we proved [loc. cit., Theorem 5] that a con-

tinuous function

k eP%(N_”[O, a) for N=2,3, 4 ««u,

if and only if & has a representation of the form

00 2
k(x) = f o tdw(t) for 0< x <a,

where  is a bounded, positive Radon measure on R. But to every [ € P[0, a)

there exists a (unique) continuous k € PV[O, a) such that flx) = k(x) a.e., by
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Corollary 1. Hence, to every f € P_[0, @) there exists a (unique) continuous & €
PM[O, a) such that f(x) = k&(x) a.e. Therefore, from what precedes, a function f
on [0, @) belongs to PN[O, a) if and only if there exists a bounded, positive

Radon measure w on R such that

00 2
f(x) = f_wex 'dw(t) a.e. for 0< x < a.
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