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ABSTRACT. In this paper, we study the properties of the space-time
process and of parabolic functions associated with a Markov process. Making
use of these properties and the asymptotic behavior of the first passage prob-
abilities near the boundary points, we prove certain theorems concerning when
u(X(t), t) is a martingale, where X(t) is a conservative regular one-dimen-
sional diffusion with inaccessible boundaries, A characterization of the class
of parabolic functions associated with classical diffusions is also obtained.

1. Introduction. Robbins and Siegmund [10] have made use of the martingale
f: exp [yW(1) - %y2>dF(y), t>0,

to evaluate the probability that the standard Wiener process W(¢) would ever cross
certain boundaries which are moving with time. In [8], by making use of martin-
gales of the form u(X(t), t), we extend the Robbins-Siegmund method to find
boundary crossing probabilities for other Markov processes X(t), and the question
of when u(X(#), t) is a martingale is also considered. As a moving boundary in
space is a fixed boundary in space-time, it is natural for us to look at the space-
time process. In §2, we shall examine the properties of the space-time process,
taking into account the special features of the time variable. The continuity
properties of parabolic functions associated with continuous strong Feller proc-
esses are also established. Making use of these results, we characterize the
class of parabolic functions associated with classical nonstationary diffusions in
§3. Our main interest, however, lies in martingales of the form #(X(¢), t) when
X(¢) is a conservative one-dimensional regular diffusion. Theorem S is concerned
with the situation when both boundaries are natural, while Theorem 6 deals with
entrance boundaries. In §5, we give some applications of our results to find

certain boundary crossing probabilities for X(t).
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2. Characteristic operators of space-time processes and parabolic functions.
Let Y(¢), 0 <t <{, be a Markov process which may not be temporally homogeneous
and which is defined up to a lifetime { €[0, «]. Let M denote the state space of
Y(#), and let P(s, x; t, I') be its transition function. It is well known (see for
example [4] or [6]) that the corresponding space-time process Z(t) is a temporally
homogeneous Markov process. The state space of Z(t) is M x [0, =), and its
transition function P(t, z, A) with z = (x, s) and A being any measurable subset

of M x [0, ») is determined by

P(s, x; s+, 1) if s+t €C,
T)(t, (x: S),FXC):

0 otherwise,

where I' is any measurable subset of M and C is any Borel subset of [0, o).
‘Obviously Z(#) is conservative iff Y(¢) is conservative, while Z(¢) is normal
iff Y(¢) is normal. (As in [S], we say that the Markov process Y(t) is normal if
limtlsP(S' x;t, M) =1 for all x, s.)

Let B be the Banach space of all bounded measurable functions on M x

[0, ). For each u €B, || is defined as sup,_y ,., |#(x, )| and we define

flu(x, s) = E[u(Z())|Z(0) = (x, s)] = |uly, t + s)P(s, x; t + s, dy),

(1 _ o _
Gau(x, s) =f0 e” a‘Ttu(x, s)dt.

Then {Tt, t >0} is a contraction semigroup and Ea, a> 0, is the resolvent. Let
A be the (strong) infinitesimal generator of the semigroup and its domain be
D(A). Then for u € L(A), Au = 0 implies that Ttu = u and so

u(Y(t +s), t+5), t>0, is a martingale with respect to P, forany s, x. (Here
we follow the usual convention by defining #(Y(¢), t) = 0 if ¢t > {.) The same con-
clusion is also true if we replace the strong infinitesimal generator A by the
weak infinitesimal generator of the semigroup {T, ¢>0}. We now investigate to
what extent the above conclusion carries over when we replace A which is global
in nature by the characteristic operator U (also known as Dynkin’s generator) of
the space-time process Z(¢).

Let Z.(t) denote the part of Z(1) on M x [T, w), T >0. Z.(t) is just the
space-time process of the process {Y(t), T <t<{}. Assume that M is a locally
compact Hausdorff space satisfying the second axiom of countability and that
Y(z) has continuous sample paths. We shall say that a real-valued function
u(x, 1) defined on an open subset G of M x [T, =) is parabolic for the process
Y(¢) on the set G if it is harmonic for the space-time process ZT(t) on G. Note
that if V is an open subset of M and T, > T >0, then V x [T, T,) is open in
M x [T, =), but it is not open in M x [0, =) and its boundary in M x [0, )
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tontains V x {T} which is a set of irregular boundary points for the process Z(t).
Similarly we define v: G — (- =, =] to be superparabolic for Y(t) on G if it is
superharmonic for ZT(t) on G. (We say that a function f: D — (- «, =] is super-
harmonic for a temporally homogeneous continuous Markov process X(t) on an open
subset D of the state space which is a locally compact, second countable,
Hausdorff space if the function [ is nearly Borel, continuous in the intrinsic to-
pology, and given any open subset U with compact closure contained in D, { is
bounded below on U and Ex/(X(TU)) < f(x) for any x € D, where 7y denotes the
first exit time from U. If both [ and — [ are superharmonic for X(t) on D, then
we say that [ is harmonic for X(¢) on D. For further properties of harmonic and
superharmonic functions, see Chapter 12 of [5].) Let u be superparabolic for Y(t)
on G, and let U be any open subset of M x [T, o) with compact closure contained
in G. It is easy to see that u(Y((t A rU) +s), A TU) +5s), t>0, isa super-
martingale with respect to PS‘X for any (x, s) € G, where 7, 1s the first exit
time from U by Z(z).

Suppose Y(z), 0 <t<{, is a continuous Markov process on M and Z(¢), t >
0, is its space-time process. Then Z(¢) is a continuous Markov process and so its charac-
teristic operator U obeys the minimum principle (cf. [5]). In fact, it obeys a stronger form
of the minimum principle: Let G be an open subset of M x [0, ) and (x ) € G. Let f be
a real-valued function on G such that Uf (x o to) exists. If f attains its minimum on GN
(M x [t )) at (x ) and f (x 0) <0, then Uf (xo, to) > 0. (Compare the classical
maximal principles for parabolic and elliptic operators.)

By the definition of the characteristic operator U, in order that f(x, t) is
parabolic on G, it is necessary that Uf(x, 1) = 0 for all (x, 1) € G. To what ex-
tent is the condition Uf =0 on G also sufficient? Dynkin [5] has proved a theo-
rem relating continuous harmonic functions on an open set G for a continuous
standard process to continuous solutions of Uf =0 on G. One of the conditions
in his theorem is that the processes stopped at the first exit times from certain
open sets with compact closures contained in G are Feller processes. This con-
dition, however, often fails for space-time processes. The following theorem is
a modification of Dynkin’s result, taking into consideration the special features
of the time variable.

Theorem 1. Let (Y(2), ¢, .?ts, Ps'x) be a normal strong Markov process with
continuous sample paths, lifetime { and state space M which is a locally com-
pact Hausdorff space satisfying the second axiom of countability. Let U denote
the characteristic operator of the corresponding space-time process Z(t). Let G
be an open subset of M x [T, =) (T > 0). Suppose that given any open subset U
of M x [T, =) with compact closure contained in G, there exist t,>eee>t

T (n > 1) and disjoint sets U' (i=1,..., ny j=1, 000, ni) such tbat
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Q) U= Uz-IU; IU’ bas a compact closure contained in G, and U C v.
(ii) U; is an open subset of M x [t )t ) for all i, j.

(iii) Z (t Ar.) is a Feller process /or all i, j, where Z (t) denotes the part

of Z(t) on Mx[t:_ , ), andr mf{t>0|Z(l)¢’U}

Under these conditions, in order for a continuous /unction f: G = (= o0, =) to
be parabolic for Y(t) on the set G, it is necessary and sufficient that [ € fDu(G)
and Uf(x, t) =0 for all (x, t) € G (where fDu(G) denotes the class of all functions
u for which nu(x, t) exists at every point (x, t) € G).

Proof. The time-homogeneous process Z(#) is a continuous strong Markov
normal process on M x [0, =) which is a locally compact, second countable,
Hausdorff space. Let f € fD‘u(G) be a continuous function on G such that U/ =0
on G. The process z (t A 7, ) is a Feller process on M x [t - o). Obviously it is
also a C process. (As in [5], we say that a temporally homogeneous Markov pro-

cess X(t) on a locally compact, second countable, Hausdorff space H is a C

process if, given any ¢t >0 and [ € C, the function glx) = Ex/(X(t)) also belongs
to C, where C denotes the class of all continuous real-valued functions f on H
such that, glven €> 0 there exists a compact subset K for which |f(x)] <€ if

x ¢ K.) Let A denote the C-infinitesimal generator and 1] the characteristic
operator of the process Z (t A, ) Then A is the restriction of Ul to the class of
all functions g € .(D N C such that 11g € C. The space M x [0, ) is metrizable,
and let us assume that some metric p is introduced into it. Let V be any open
subset of M x [¢;_,, =) containing U;: such that the closure of V is compact and
is contained in G. Let V¢ denote the complement of V in M x [ti__ 0 ). We

define

plz, V)

- fl2) if z €V,
() = plz, V) + plz, U:.)

‘0 if z € V€,

Then fsm*ﬂC and U/ 0. Hence Af=0. Also ﬂz) = f(z) forall z € U' From
this it follows that E_ f(Z(t A 7, )) = f(x, s) for all (x, s) € U’ and 1> o
Clearly given (x, s) € U' E /(Z (t A, )) =E_ [Z(r, )) for all large t. There-
fore, for any (x, s) € U’ E f(Z(r )) = f(x s) Thxs 1mpl1es that, for all (x, s) €
v, E_ /(Z(rw)) = f(x, s) as can be easily verified by repeated use of the strong
Matkov property and conditional expectations. Given an open set U with compact
closure contained in G, we can find an open set U, co\’ntaining the closure of U
such that the closure of U, is a compact subset of G. Take U, containing U, and satisfy-
ing conditions (i), (ii), (iii). Then Es'x/(Z(rfﬁl)) = f(x, s) for all (x, s) E}U

this, it then follows that Es,x/(Z(TU)) = f(x, s) for all (x, s) € U, and / is
parabolic for Y(¢) on G. Q.E.D.

From
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We say that a Markov process (Y(¢), ¢, 3"‘5, Ps.x) on a topological measurable
space is a strong Feller process if given any bounded measurable function ¢ on
the state space M, the function F T(x, s) = [p(y)P(s, x; T, dy) is continuous in
(x, s) for s <T (cf. [4]). When Y(#) is strong Feller, the space-time process may
not be strong Feller. However the strong Feller property of Y(#) may be exploited
to investigate properties of parabolic functions on cylinder sets (i.e., sets of the
form V x (tl, tz)), and these properties can then be extended to the case of para-

bolic functions on an arbitrary open subset G of M x [T, ).

Theorem 2. Le: (Y(2), ¢, 3::, P x) be a continuous strong Feller process on
a metric space M. Let V be an open subset of M and o}, = inf{t > s| Y(2) ¢ V1.
Suppose for any €>0, T >0 and any open set I with compact closure contained

inV,

P(s, x; ¢, BE(x)) —1 as tls uniformly for x €T" and s €0, T,

@) where B (x) =1y € Mlplx, y) < €}.

Then given any T > 0 and any bounded measurable function f on M x [0 ), the
functions
Fole, $) = E__fY(T), )

and [ o-f/ >T]

S S
‘PT(x, s) = Es'x/(Y(GV), UV)I[U;gT]
are continuous in (x s) for x €V and 0<s <T where we use I, to denote the

indicator function (or commonly called the characteristic function) of the event A.

Lemma 1. Let Y(t), V be the same as in Theorem 2. Then for any €¢> 0,
T >0 and any open set T with compact closure contained in V,

(a) lim sup sup Ps'x[s sup 5 ply(s I)’ Y(t 2)) >e] =0,

810 x el 0<s<T <ti<ta<s+

(b) lim su P < =
lim sup 0<_S:£T s l<s+8l=0,

(c) limsup sup P S < =
8lo xeg Osng S'x[av =S 8= 0.

Proof. The proof of (a) is similar to that of Lemma 13.2 in [5], using Lemma
6.6 in [4] in place of the estimate 3.11B in [5]. As to (b), we note that
Ps'x[és s+8l=1-P(s, x; s + 5, M) and so (b) follows from (2). If V = M, then
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(c) simply reduces to (b). If V £ M, we let € = p(I’, M — V). Then for all x €T,

P lo% <548l P[ s p(¥(e), Y() > c] +P, [¢<s 48]

sgllitzss+
and (c) follows from (a) and (b). Q.E.D.

Proof of Theorem 2. Take s, €[0, T), x, € V. Take an open neighborhood T'
of x, having compact closure contained in V. Given ¢ >0, by Lemma 1(c), we can
can choose 8 € (0, T - s,) such that Ps'x[of, <s +28] <eforall x e’ and
0<s<sy,+d Thenif x €', s €(s;~ 38, s, +8), we obtain using the strong
Markov property

‘PT(x, s) = Es'x/(Y(U f,), Of,)l[os +J‘PT(y, S+ 8)P(s, x; sg+ 0, dy)
VSSO+

-E_ x‘PT(Y(so+8), S + O R .

’ [oy<s0+8]

Since Y(t) is strong Feller, jWT(y, So+ S)P(s, x; So+ d, dy) is a continuous
function in (x, s) for s <s; + 8. From this, it is then clear that ¥ is continu-

ous at (x,, so). The continuity of F,. can be proved similarly. Q.E.D.

Corollary. Lez (Y(1), ¢, ?‘:, P_ ) be a continuous strong Feller process on
a metric space such that, for any ¢>0, T >0 and any open set I' with compact
closure contained in M, (2) holds. Let Z(t) be the corresponding space-time
process.

(i) Let V be an open subset of M having compact closure. Let f: (QV x
[s ¥ sz)) U (Vx {sz}) — (= =, ©) be a bounded measurable function. For (x, s) €
(s, s))x V, define ulx, s) = Es,x/(Z(TU))’ where 1, is the first exit time by
Z(t) from U=V x [sl, 52)‘ Then u is continuous on U.

(ii) Let G be an open subset of M x [T, «) and f: G — (= =, «) be para-
bolic for Y(¢) on G. Then f is continuous on G.

3. Semigroups and parabolic functions associated with classical diffusions.

In this section, we consider the case of a diffusion process on R4 corresponding
to continuous coefficients a = al.].(x, 1), 1<i,j<d, b=bfx, 1), 1 <i<d, and
c =c(x, t) > 0. We assume that for any T >0, the matrix @ is uniformly positive
definite and the coefficients a, are bounded and Hélder continuous on R% x
[0, T], while the coefficients b, and c are bounded and satisfy a Hélder condi-
tion with respect to x on R? x [0, T). The equation

1 & 0%u d du du

5 iJZ;l a,(x, 1) x5, + lzzl b(x, t)a—xi - clx, u + T 0

has a unique fundamental solution p(s, x; ¢, y) (see Theorem 0.4 of [5D). The
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function p(s, x; ¢, y) defines the transition density of a normal continuous strong
Markov process Y(¢). It can be shown that the corresponding space-time process
Z(t) isaC process. The process Y(t) has the strong Feller property; however,
Z(t) fails to be a strong Feller process, as it is easy to give examples of bounded
measurable functions [ such that th is discontinuous. Because of this, various
useful properties of harmonic functions associated with strong Feller processes,
which have led to a nice characterization of the class of all harmonic functions
for a canonical diffusion (see Chapter 13 of [5]), cannot be applied here.

The (strong) C-infinitesimal generator of the space-time process Z(t) coin-
cides with the weak C-infinitesimal generator and is the restriction of the dif-

ferential operator L to the class

u\ueé-gi _?_li~ ¢21_4€C(l']=1 oo, d)y,

ax Ox 6x ot

where L is given by

ou 1
L = — _
3) u % + 5 Z (x, l)

i,j=1

d
8 : + El bl.(x, f) gz-i —clx, u

Now consider the characteristic operator U of Z(¢). Let G be an open subset of
R% x [0, ). Let f: G — (= =, ») be continuous and

g o iyi=1,.eu,d)
a1’ 3, dx d, (ir

be continuous on G, and we shall denote the set of all such functions [ by
C%XG). We assert that [ EfDu(G) and U/ = L/ on G. To prove this, let
(xg» s¢) €G and U, be a compact neighborhood of (x(, s,). By modifying f out-
side U, we have a function g € C?*'(R? x [0, «)) such that g =/ on U, and g
has compact support. Then g is in the domain of the C-infinitesimal generator
and Lg =Ug. Since =g on Uy, Uflxy, s,) = Uglx,, s,) = Lglxy, s)-

Using the estimate (0.33) in [5], for every T >0, there exist constants
> 0, Mg > 0 such that

pis, x5 1, y) <ML - $)"4/ Zexp (- arly - x| 2/t - 5))
forall x, y € Rd, 0 <s <t <T. Therefore given ¢ > 0,

fl"‘YIZ‘p(s' x; 8, y)dy < Mfl _l/zexp(— a2 Ndz — 0 as tls:

|2€(l
uniformly for 0 <s <T - 7.
On the other hand, it is easy to see that P(s, x; s + 8, R%) T 1 uniformly for

(x, s) in every compact set as & | 0. Therefore we have proved that (2) indeed
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holds, and Theorem 2 and its corollary can be applied. Hence if { is parabolic for
Y(¢) on an open subset G of R? x [0, ), then [ is continuous on G. In the case
where Y(z) is the d-dimensional Brownian motion, this result was established by
Doob [3]. Actually Doob did not work with the space-time process Z(t), but worked
with the Brownian trajectory process Z(t) = ¢(Z(2)), where (x, t) = (x, — #). His
approach made use of the explicit form of the exit distribution from a rectangular
domain § by Z(t), so that if (x, s) is an interior point of S, then

E[/(?(rs))l Z(0) = (x, s)] can be expressed in terms of integrals involving the
boundary function f, the Green’s function for the heat equation in § and partial
derivatives of the Green’s function (cf. [6]), where 7¢ denotes the first exit time
by Z(t) from the rectangular domain §.

We now assert that the class of all parabolic functions on G for the diffusion
Y(#) coincides with the class of all continuous solutions of 11/' =0on G, U being
the space-time characteristic operator. Let V be a bounded open subset of R4,
We say that a € dV (where dV denotes the boundary of V) is a regular point
with respect to Y(¢) if, for all s >0, Ps'a[a“j+ > s] =0, where a{,* =
limg |, f,*" (a"‘,*" being defined as in Theorem 2). Omitting the details here, it
can be shown that if V is a bounded open subset of R? such that 9V is regular
with respect to Y(¢) and U=V x [T, T)), T, >T >0, and if { is a bounded con-
tinuous function on R? x [T, «), then, for any ¢ > 0, Ft(x, s) = Es,x/(ZT(t A TU))
defines a continuous function of (x, s) in R? x [T, =), where ZT(t) is the part
of Z(¢) on [T, =) and 7, = infl? ZO|ZT(Z) ¢ U}. The process Z (t A TU) is
therefore a Feller process on RY x [T, ). As in Theorem 13.8 of [5], we can
prove that a € dV is a regular point with respect to Y(¢) if dV is differentiable
at a, i.e., there exist a neighborhood K of @ and a function ¥(x), differentiable
at a and having a nonzero differential, such that KNV = {x € K|¢(x) <0}. Let
G be an open subset of R x [T, »). Then given any open subset U of R?

[T, ) with compact closure contained in G, we canfind ¢ > ... >, >T

(n> 1) and disjoint sets U’ (i=1,-e,mj=1,.-0ym) such that U’ is of the
form V' x [tz—l’ t ) ]ust conmdered and the closure of U U U"l U is con-
tained i m G, whlle U contains U. By Theorem 1, the set of all parabohc func-
tions for Y(t) on G coincides with the set of all continuous solutions of the
equation Uf(x, 1) = 0, (x, 1) € G, as we have seen that any parabolic function for
Y(¢) is continuous.

Let us further assume that, for any T >0, the coefficients b, and ¢ also
satisfy a Hélder condition with respect to ¢ on R? « [0, T). Then we assert that
the class of all parabolic functions for Y(#) on G coincides with the set of all
solutions f € c®XG) of L{=0 on G, where L is the backward parabolic opera-
tor defined by (3). To see this, we shall show that any function { which is
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parabolic for Y(¢) on G belongs to C2*}(G). Take any s,>s,;>0 and any open
sphere V in R? such that V x [sl, s ] CG. (V denotes the closure of V.) Let
D=Vx(s;s,), B=Vxis} 2= (GVX[SI. sz))U(Vx{s }). Define ¢: R x
[Os]——*Rdx[O s]by¢>(x,t)—(x, —t) andleta'(x,t)—a (x, —-1),
b (x, =0bx s -1, clx, ) =cly, sy = 1) and ! (x )= f(x, s,- £).Now | is continu-
ous and there exists a unique solution v of the first initial-boundary value
problem:

1 @ 2 (9 zdir( D 2w o (D] U &B]
3,2, Tt g & e g Sl duogr =0 on @bl u glBl,

u=’/b on ¢[X].

Furthermore, v € C2:}(¢[D] U ¢[B]). Let u(x, 1) = v(x, s,=1), (x, t) €D. Then u
satisfies Lu =0 on D U B and u € C**}(D UB). Therefore u € Doy(v x [s 5,0,
Uu=Lu=0=Uf on Vxl[s;,s,) and u={f on 3. This implies that u_/on

V x[s,, s,), in accordance w1th the following lemma:

Lemma 2. (a) Let U be a bounded open subset of R? x [s Sy 0<s, <
S, of the form D U B, where D is an open subset of R% x (sy, s,), whose
boundary dD consists of a domain B, lying on t = s, the closure of a domain
B, lying on t=s,, and a manifold S lying in the strip sy <t<s, such that §
has the outside strong sphere property (see p. 69 of [7]). Then given any ¢ >0,
there exists b: U — (= o, ) such that 0<h<e¢, b € $‘U(U) and Ub <0 on U.

(b) Let U be as in (a). Suppose f: U — (= =, ) is continuous, / efDeu(U),
cll[_<_0 on U, {>0 on EZUS. Then >0 on U.

Proof. (a) Define alii’ 'l\;i, ¢, @ as before. Then there exists a unique solu-
tion g of the first initial-boundary value problem:

1 ~ azg
2 g“ii("’ )5

X .0X .
t ]

V0 ) B2, g -2 __1 on ¢ID] U B,
i : axl. ot

g=0 on ¢[§2] U ¢[S].

Furthermore, g € C2}[D] U ¢[B,]) and g is continuous on ¢[D]. It follows
from the classical maximum principle that g >0 on ¢[5] Let k(x, t) =
glx, s, 1), (x, t) €D. Then k € ctipu B,), k is continuous on D, &> 0 and
Lk=-1 on DUB, = U. Therefore & e Dy(U) and Uk = Lk =~ 1 on U. Given
€ >0, we can choose a positive constant ¢ such that ck <e on U. Let b = ck.
Then Ub = cUk <0 on U.

(b) Given ¢> 0, let b be the function constructed in (a). Let ’/\' =f+bh
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Then ‘U'/\J =Uf+Ub <0 on U, 7 >0 on B, US. By the minimum principle for u
(the version we referred to in §2), | > 0 on U. This means that { >~ ¢ on U.
Since ¢ is arbitrary, the desired conclusion follows. Q.E.D.

Summing up, we have the following theorem.

Theorem 3. Let Y(¢) be the di//usion on R? corresponding to diffusion coef-
ficients a, (x, ), bfx, 1), i, j=1,--.,d, and c(x, 1) >0 such that, for each
T>0, tbe matrzx a is uniformly positive definite and the coefficients @ b, and
c are bounded and Hélder continuous on R% x [0, T). If G is an open subset of
R? x [T, o) (T >0) and u: G — (~ =, ), then the following statements are equi-
valent:

(A) u is continuous on G and Uu =0 on G,

(B) u € C*NG) and Lu =0 on G, where L is the differential operator de-
fined in (3),

(C) u is parabolic for Y(t) on G,

(D) u is bounded on every compact subset of G; and if U is any open sub-
set of R? x [T, =) with compact closure contained in G and 1, is the first
exit time by the corresponding space-time process Z(t) from U, then

u(Y(s + (¢ A TU»’ s+(A TU»’ t >0, is a martingale with respect to Ps'x forall (x,s) €G."

4. One-dimensional regular diffusions with inaccessible boundaries. Con-
sider a conservative continuous strong Markov process X(t) on an interval I with
endpoints 7, 7,, where — 0o <7, <7, <o, such that all the interior points of I
are regular points. Let C; denote the space of all continuous functions on I such
that limx_‘r,/(x) exists (as a finite number) for i =0, 1. To simplify the notation,
we shall, without loss of generality, assume that 0 € (ry, r,), s(0) = m(0) =
m(0 =) = 0, where s is the scale (which is unique up to a linear transformation)
and the measure which assigns mass m(b) — m(a) to the interval (a, b] for r <

a <b<r, is the speed measure of X(t). Define
X
uye) = [y m(z)ds(a), @, () = [7 s(2) dm().

7, is called an accessible boundary if ul(ri) is finite, and is said to be inacces-
sible if otherwise. An accessible boundary 7, is said to be regular if ml(r) is
finite, and is called an exit boundary if otherwxse. An inaccessible boundary 7,
is an entrance boundary if (r ) 'is finite, and is a natural boundary otherwise.
It is well known (see Chapter 2 of [9]) that D_ D’ .» When restricted to the class

; of all functions f € C; such that D Y / € C,, is the strong C; -infinitesimal
generator for the process X(1) if 7o» T, are inaccessible boundaues

Suppose hereafter that 7, r, are inaccessible boundaries. Let Z(¢) be the

corresponding space-time process and U the characteristic operator of Z(t). Let

%y € (ro, rl) and ¢, >0. Let G be an open subset of (ro, rl) x [0, «) containing



1973] SPACE-TIME PROCESSES, PARABOLIC FUNCTIONS 419

( , t ) and f: G — (= oo, ) such that df/dt is continuous at (x ot ) and
/(x t ) D_ D [(x, t, ) are both continuous in x for all x in some ne1ghborhood of
Then we assert that J/(x t ) exists and

(4) U/(xo, to) = DmDs/(xO, to) + af(xo, t,)/ ot
To prove this, let U, be any open rectangular neighborhood of (xo, to) contained
in G such that

|9f(y, £)/dt = df(x, ¢)/3t| <e Wy, 1) €U,

Let U be any open neighborhood of (xo, to) whose closure is contained in U,

and let 7, be the first exit time from U by Z(t). Write
E(X(ey + 7)), £y + 1) X(2)) = x )] = fx, 1)
= E[f(X(¢, + 1y)s £ + 7)) = f(X(ey + 1), t)] X(2) = %]
+ E[f(X(e ) + )5 to) - /(xo, to)l X(to) = xo]-
Since
[X(eg + 1)s 1y + 7)) = [(X(e g + 1), 1) = 7,(0f/ )Xt + 7)), T,

where ¢ lies between ¢ and ty + 7y, and since (X(t +7 ), t)e U., we have

E(|f(X(t + 7y ), ty+7 )—-/(X(t + 1y ), t)—r (')f(xo, t )/atl |X(t) x)
E(r,| X(z,) =x,) =

<e

Let /to(x) = f(x, lo). We need only prove that

E[/’,O(X(t0 +7y) = /to(xo)l X(t,) = x,)

lim =D D7 (x).
Ul(xg.t0) E(Tulx(to)=x0) ” /10 0

The functions / b,D f are continuous on [@, b, where rg<a<x,<b<r,.
Choose x, € (q, b) such that m(x ) = m(x | ). Define

/(x) = /to(x) - s(x)D:fto(x l), x €[a, bl.

Then 7, D D7 i la, 6] and D*7(x ) =0, D D*f(x.) =

enf,D D_f are contmu(:lis on |a, and D_f(x,)=0, D D _f x5) =
DmD:f(xo, to). Let h=D D[ on la, b). Since b is continuous on [a, b}, we
can extend b to a continuous function hI on I such that bl vanishes outside
{a’, b'] with 7o < a'<a<b<d'< 7,- Define

e =f: lﬁ lb,(z) dn(2)ds(y) + T(x)),  x €l

7. . . . . ' g +7
Now f is a continuous function on I, is constant outside [a’, b'], and D D=
b, is a continuous function on I with compact support. Therefore / €F, Smce

D_D / is continuous on [a, b], we have, for all x € [a, b],

1) = le I . leDS/ 7(2) dm(z)ds(y) + f (xl) + (s(x) = sx DT ().
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But D*’/\'(x ) =0 and so ;(x) = J(x) for all x €[a, b]. By the Markov property,
E[f(X(t + V| X(t) = x 1= E, X)) and Elry|X(eg) = %)= E,, {;, where
$y = mf{t > OI(X(t) L+t ) € U}. Since [ is in the domain F, of the infinitesimal
generator, and Z_,'U isa Markov time with Exoé'u < oo, it follows from Dynkin’s
formula that

B, JXC) - Rep) = B, [ D D) ds.

Therefore we have

E, TG - (s E, ) - lx,)
Ull(:crg,to) ExOCU - Ul%:cn(;,to) Exogu
. Ly +2
= UL(E(TIO)<EXOIO DmDs/(X(s))ds>/Ex0¢U

+2 +
=D DIf(x))=D D fx, 1))

To complete the proof of (4), it remains to show that

EXOS(X(CU)) - s(xg) o

lim
Ul(xo,to) ExogU

But this is obvious, since s is harmonic for X(¢).

Let ry <a<b <r,. Define first passage times
(5) £ =inflt>0|X() =al, £, =¢, NE,.
Lemma 3. For ry<a<x<b<r, u>0, define

V=P, =y O =PI, - £,y <l
pl(x u) =P JE, <, pz(x, u) =P [£ <ul, p,lx, u) = Px[fab < u]

Then for u> 0, x, € (a, b) and any continuous function g: [0, u] — (= 0, o),

lim ¥, () = ¥, (), xli?o f vea¥ () = J’;g(a)dwxo(x).

—X
X=Xn

Similar assertions bold for q)x(u). Furthermore, the functions pi(x, u), i=1,2, 3,
are jointly continuous in (x, u) for (x, u) € (a, b) x (0, ). Also limxn’pl(x, u) =
lim_,, p,(x, &) =1, forall u>0.

Proof. We first prove that p,(x, u) is jointly continuous in (x, ) for (x, u) €
(r» b) x (0, =). Consider the process X(t) obtained from X(¢) by curtailment of
its lifetime up to &, i.e., X(2) is the part of X(¢) on (rg» b). Its transition func-
tion is determined by DmD;r (restricted to (r, b)) subject to the boundary condi-
tion f(b) = 0. This transition function of X(z) has a density P(s, x, y) with re-
spect to speed measure and p° is continuous on (0, ) x ('0' b) x (ro, b) (see
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p. 149 of [6]). Now
Pl(x' w)=1- Px[}(u) € (ro, »l=1 _f(’o:b) P, x, y)m(dy).

Since 7" is continuous in (x, u), it follows that p, is continuous on (r, b) x
(0, ). We can prove the assertions for Py Py in a similar way.

By making use of the strong Markov property, it is easy to prove that
lim"_.x0 D () = q)xo(u), u> 0. Obviously ® (0) =0 for all x € (a, b). Therefore
by the Helly-Bray Lemma, for any continuous function g on [0, ], we have

lim fogN)d®,() =[50 dd, (V).

x ~x0
The assertions for ‘Px can be proved similarly.

To prove that lim_, p,(x, «) = 1 for all « >0, we consider the matching
number e, = limxla E_exp (- fa) (cf. [6]). Since the diffusion is regular, e;=1
This implies that, for any >0, p,(x, 2) =P [{ <u] =1 as xla. In a similar
way, we can prove that lim , P [£, <u]=1. Q.E.D.

Lemma 4. For any compact subset C of (ro, rl) and any €> 0,

lim su P |X() ecC su X(t,) - X)) >el|=0.
8lo xe(rol,prl) "[ ,tstlst§5t+8| 1 2 l
t20
Proof. For any open set U whose closure is a compact set in (ro, rl) and
any €> 0,

lim supt-lP(Z, x, (7

J--6x+e)=0
oneu

o’
(cf. [5)). Therefore we can apply Lemma 13.2 of [S] and obtain that, for any €>0
and any open set U whose closure is a compact subset of (10, '1)’

lim sup Px[ sup |X(tl) - X(t2)| > e] =0.

uld yey O<ty<ta<u
Let C be a compact subset of (ro. rl) and ¢ > 0. Given 1> 0, choose 30 >0
such that
s P, _[oszf;’}’z o XD = X1 > ] <n
Then for x € (ry, 7)), t>0, §<§,
P, [X(t) eC, swp |X(t)- X))l > f]

t<tisto<t+8

= P su X(¢ ) - X(t )! > 5] dp < Q.E.D.
f[X(t)SC] () [Ostlstgss l 1 2 x

Lemma 5. Let o <a<b< Ty T> Tl >0 and U= (a, ) x [Tl’ T). Let Z(¢)
be the space-time process of X(t), and Zl(t) be the part of Z(t) on (ro, rl) X
[Tl’ x). Let 7, denote the first exit time of U by Zl(t). Then the process
Zl(t A rU), t> 0, is a Feller process on (ro, rl) x [Tl’ ).



422 T. L. LAI [january

Proof. Let f be any continuous function on (rj, 7)) x [T, ). We shall prove
that, given t > 0, the function

Ft(x, s) = E[/(Zl(t A ru))l Zl(O) = (x, s)]

is a continuous function on (ro, '1) X [Tl’ ). Let ’fa’ 'fb’ fab be the first passage
times defined by (5) and write ¢ = ‘fab' In the case t + s < T, we have

Ft(x’ s) =J-[f>t]/(x(t)’ t+ S)dpx +.ﬁf=5aﬁl]/(a' f*‘ S)dPx +f[~f=fbsl]f(b' f"’ s)dpx

=a,(x, s) +v,(x s)+p,lx s), say.
1 1 1 y

On the other hand, if ¢t + s> T, then
Ft(x' S) = f[§>T—S]/(X(T - S), T) dPx + f[é':gasfr_s]/(a, §+ S) dPx
+J’[f=§b57'—51 f(b, £+ s)dP

=m,(x, s) +v,(x, s) + (% s), say.

Making use of Lemmas 3 and 4, it is not hard to show that 7, v, and p,; (i =1, 2)
are continuous on U. Hence Fz is continuous on U.

We now prove the continuity of F, on the boundary of U (in the space
(rg 77) x [T}, 0)). We first show that

6) lim F(x, s)=[(x,, T) forany x, €lq, b].
X—x lfIxTE(a, b)
For s sufficiently close to T, t + s> T and so
Fe )= ff(XE AT =s), (¢+) ATIGP,
= e D+ fixcenr-sy-slssy VXEA T =), €+ ) A T) - v, THaP,

+f[|X(rf/\_i(T-s))-x_l>3]{f(X(£ MT =50, (£+5) AT) - flx, TVaP_,
where 8 is chosen as follows. Given € >0, we choose & € (0, t) such that
fy, sY=flz, T)| <eif T-8<s<T and |y - 2| <8, z €la, b]. Then for x €
(a, b) and s €[T -8, T],

Jixencr-sy-rl<y (KE A (T =N, €49 A T) = flx, | P, <.
By Lemma 4, we can choose 8, € (0, 8) such that

p X(t) - Xx(t)| >8] < f 1 x e(a b).
x [05151:[32581 l 1 2 l e forall x €la

Therefore if x €(a, b) and s €[T - 81, T, then
f[|x< AT —sy—x| 5 [XEA (T = ), (€ + YAT) - flx, TP, < 2]l

Since lim flx, T) = /(xl’ T), (6) follows. Finally, making use of Lemma 3, it

x—x |
is easy to show that if T, <s, <T, then
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lim F (x s)=fla, s ) and  lim Ft(x, s) = f(b, so). Q.E.D.
s—s( s—s(
xla x1b

Let G be an open subset of (ro, rl) x [T, ) (T > 0). Then given any open sub-

set U of (ry, r) x [T, =) with compact closure contained in G, we can find ¢,
Seeed>t >TanddIS]OlntSCtSU (i=1,000,m7=1,. n)suchthat U"

of the form (a] b’) X [t _rt ) o < a < b' <r,, and the closure of U is contamed
in G, while U contains U, where U U”_ U"l Uz Let Z (t) be the part of the
space-time process Z(t) on (rj, 7)) x [t,_,, =) and let = mf{t >0|Z (1) ¢ U; 1,
By Lemma 5, Zi(t A rl.].) is a Feller process. Hence Theorem 1 can be apphed
and the set of all continuous parabolic functions for X(#) on G coincides with the
set of all continuous solutions of the equation Uf(x, 1) = 0, (x, t) € G, where U
is the space-time characteristic operator. In particular, if f: G — (= , o) is con-
tinuous, df/dt is continuous and DmD:/ exists and satisfies df/dt + DmD:/= 0
on G, then f(X(t A7), s+(t A7), t>0, is a martingale with respect to P for
any (x, s) €G, where r=inf {t>0|(X(s),2+5s) ¢ U} and U is an arbitrary open
subset of (r, r,) x [T, ) with compact closure contained in G. Furthermore, it
can be shown that Theorem 2 is applicable here, and so if [ is parabolic for X(¢)
on G, then it has to be continuous on G.

Let us now consider solutions of df/dt + DmD:/ = 0 obtained by the separa-
tion of variables, viz., f(x, t) = g(x)h(t). Such solutions have the form f(x, t) =
e~ *g(x), where o is a real number and DmD:g(x) = aglx). As before, we assume
for notational convenience that s(0) = m(0) = m(0 -) = 0. A solution of DmD:g =
ag is given by -
(7) ulx, a) = Z a”un(x), x e(ro, 'l)’

n=0

where

D) =1, u, () =[[7u,(2) dm(z) ds(y).

The functions u (x) j > 1, are everywhere nonnegative, increase for x > 0 and
decrease for x < 0, and since u (x) Lu (x) (u (x))le /(k = ) for j <k, the

series Z a u (x) converges for all real a. Another solution of D_D g=a
n m- s g
is given by
o0
(8) vlx, @)= 37 a0 (x),  xelr, 1),
n=0

where

v,(x) = s(x), v, +1(x) =f:f)(; v (2) dm(z) ds(y).

The functions vn(x) are increasing on (ro, rl), negative if x <0, and positive
if x>0, Forn=0,1, 2,-..,
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vn(x) <.f££)_..<fxs(y) dm(y))n, x> 0’
lv,(x )| < s(x)l (f |s(y)] dm(y)) x < 0.

Therefore the series 2’::0 a”vn(x) converges for all real a.

Consider the solutions of
9 D Dig=x (A>0.
We have seen that u(x, A), v(x, A) are solutions of (9). Since A > 0, we have 1 +
Au () < ulx, A) < exp Az, (x)), and the functions
ds(y)
x (u(y9 A'))

ds(y)
r0 (aly, )2’

u (%, A) = ulx, A)f
(10)
u_(x, A) = ulx, A)f

are respectively positive decreasing and positive increasing solutions of (9) (cf.
[9]). As both boundaries are inaccessible, D:u+(rl, A) = D:u_(ro, N =0.If r is
not an entrance boundary, then u*(rl, A) =0, and if 7, is not an entrance bound-
ary, then u_(ro, M) = 0. The solutions ulx, A), vlx, N), u (x, A), u_(x, ) of (9) are
all continuous functions in x. By our previous result, any continuous solution of
DmD:f + 0f/dt = 0 with 9f/dt continuous on (ro, '1) x [0, =) is parabolic for
X(#). In particular, e Mulx, N), e~ u(x, A), e'“u+(x, A) and e"“u_(x, A) are
parabolic for X(t), and so if V_ is an interval such that Vn C (ro, '1) and o, de-
notes the first exit time from V by X(¢), then fexp(- Mt A 0 Du(X(t A 0,), ),

t >0}, etc., are martingales with respect to P for all x €(rj, r,). Now suppose
that V 1 (ro, rl) as n ] . Then g, [ = since the boundaries are inaccessible,
and it is natural to ask if {e ™Mu(X(#), A), ¢ >0}, etc., are still martingales. We
shall show below that if both boundaries are natural, then the answer to the above

question is affirmative.

Theorem 4. Let X(t) be a conservative regular continuous strong Markov

process on an interval | with endpoints 1, r,, where — oo <r <r <oo. Let f:

0'
I'x[0, ) — (= o0, ). For ry<a<b<ry, let £,&,, &, be the first passage
times defined by (5). Let x €(r, r,). In order that f(X(¢), t + 1), >0, is a mar-
tingale with respect to P for all r> 0, it is necessary that the following condi-
tions hold for all t >0, r> 0,

i) illrn; f[faa] fla, t + fa) dP =0 if ro Is inaccessible,

(ii) g],rn; f[qu] f(b, t+ .fb) dPx =0 4 T is inaccessible,
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i lim o X0 £ )0P = [1y, 1+ 9P, x, dy)

blrq
if both 7o Ty @re inaccessible,

(iv) f[fa“/\'fb]f(a' t+ fa)dpx +f[fb<”/\5a]/(b' t+ :fb)dPx — 0 as alro, b1 "
if both 1, r, are inaccessible.

Conversely, if 1o, r, are both inaccessible boundaries, [ is parabolic for X(2),
and conditions (iii), (iv) hold for all x € (ro, rl) and all t>0, r>0, then
f(X(8), t +7), t> 0, is a martingale with respect to P for all x €(r, r,) and all
r>0.

Proof. Suppose f(X(¢), ¢ +7), t>0, is a martingale with respect to P_ for
all r>0. Let 7y be inaccessible. Forany @ €(r;, r)), (X(t A &), (¢ A £) + 1),
t >0, is also a matringale with respect to P for all 7> 0. Therefore for any r >
0, £>0,

[ 0 = Jlg o fXOL 14 0dP 4 [ o fla, €+ 0P,

Since 7 is inaccessible, P llim «fa =] = 1. Also Exf(X(r), t+71)=f(x, 1)

alrg
Therefore as a | 7o

f[fazr] X, t+7) dpP —»f/(X(r), t+ndP_={(x, 1)

and so (i) holds. In a similar way, we prove (ii).

Now assume that both Ty T, are inaccessible. For o <alb< Ty
Xt A fab)’ (t A fab) +7), t>0, is a martingale with respect to P for all
r > 0. Therefore for any r> 0, ¢t >0,

(an fx, 1) = f[fabzf] fX@), 7+ )P

*Jllatn, £ qenfl £ 0P Jiese 20 24 B & + 0P

Since r,, 7, are both inaccessible, P_[lim ¢,, = ©1 = 1. Therefore

alrgiblr 1
lim f[ £ yer) (X £ 1P = [IXO), 24 )P, = fix, )

alr 0
blry

and so

lim {f[fa“/\fb]/(“' fa +1) dP_+ f[fbﬂ/\'fa]/(b' §b + t)dPx} =0.

alrg
blry

Conversely, suppose that 7, 7, are both inaccessible, f is parabolic for

X(#) and conditions (iii), (iv) both hold. Since f is parabolic, for any ro<a< b
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<ty XA E) (A EL)+ r), t>0, is a martingale with respect to P_ for
all x €(ry, r;) and 7> 0. Therefore for any x €(ry, 7,), £>0, r>0, (11) holds,
and letting alry, 677 in (11), we obtain by (iii) and (iv) that f(x, 1) =

[y, t + DP(r, x, dy). Hence f(X(¢), t +71), t >0, is a martingale with respect to
P forall x E(ro, ry) and s>0. Q.E.D.

Lemma 6. Assume that r_, r. are natural boundaries. 1f g(x) is any solution

01
of (9), then for any t>0 and any x €(r, r,),
() [1e|P(t, %, dy) < o, and f[’ab t]g(X(t))dP — [gy)P(s, x, dy) as al
ro and bTr s
(ii) hma,r gl@p [£ <tl=0
. Y :
(iii) lim,;, 3@IP [£, <t]=o0.

Proof. Since g is a solution of (9), there exist constants cp €, such that
glx) = c1u+(x, A) + czu_(x, A). Therefore we need only prove (i), (ii) and (iii) for

u, and u . We first consider # . Since # >0 on (ro, rl), the monotone con-

+
vergence theorem implies that

alrgsbiny J [Eap=i- (X, NP = fu_(x(), NdP_.

Now u_(X(¢t A fab)’ Nexp (- Az A fab)), t >0, is a martingale with respect to P_

and so
~At
u (6, N> e f[ £ 1por] 1 XD, NP
Therefore [u_(y, ADP(t, x, dy) < e and (i) is proved. Since u._(ro, N =0, (ii) is
trivial. To prove (iii), we fix a> 0 and note that, ziven any ¢ >0,
u_(b, A)px[fb <tl< e(a+)\)tu_(b, A)f:e—(a+k)7dpx[fb <7l
e(@tNy (b, Nu_(x, a+ N/u_(by a+ ), if b> x.
Therefore we need only prove that limbh1 u_(by, \)/u_(b, a+ ) = 0. To prove

this, it suffices to show that lim, u(b, \)/u(b, a+ A) = 0. Given any &> 0, we
can choose 7, such that A"/(A + @)” <& for all »>n. Then

u(b, \) 2 0 )\"u (b)
ulb, a+ )T 2% (a+ )\)”u (»)

+6— 8 as bTrl.

=nq+l

The last relation above holds by Lemma 7 below. Since & is arbitrary, we indeed
have limblrl u(by, N)/u(b, a+ A) = 0. In a similar way, we can prove that (i), (ii),
(iii) bold for u,. Q.E.D.

Lemma 7. Assume that r| is a natural boundary.
(i) fGlu (x)dm(x) = e forall n> 1.

(ii) For n=0, 1,2, +++, lim,  u (b) = oo, limy;, A un“(b)/un(b) = oo,

n4l
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(iii) For n=0, 1,2, -+ and A >0, lim, u, (b)/ulb, A) = 0.
Similar statements hold for 1o if it is natural.
Proof. To prove (i), let n > 1 and 7o <0 <& <r,. Then since u _, is

continuous and positive on (0, '1) and m is strictly increasing, it follows that
b . A
foun_ l(z) dm(z) > 0. Lettll’lg C= fgun._ l(z) dm(z), we have

St dme) > (17 (7, () dmlz) dsty) dm()
> Cf;l(s(x) ~ s(8)) dm(x) = oo,

We shall prove (ii) by induction. Obviously (ii) is true for » =0 and it is easy
to show that (ii) also holds for » = 1. Now assume that (ii) holds for n =k - 1
(k > 2). By induction assumption, lim,, uk(b)/uk-l(b) = o0, Hence given A >0,
we can choose b € (0, r,) such that uk(b)/uk_l(b) >A if b €lby, ). Then for
b e (bo, rl),

4 ,1(8) g Afgo bouk_l(z)dM(z)ds(y)
v ®) T by (2)Mmlz)ds(y)

A fgofguk_l(z)dm(z)a’s(y) fzo gouk_l(z)a'm(z)ds(y) -1
= +

(12) +1
‘ZO i’ouk_l(z)dm(z)ds(y) Zofzouk_l(z)dm(z)ds(}’)

= AlG,(6) + G,(b) + 117!, say

It is easy to see that f;}) fzo u, _(2)dm(z) ds(y) = o, and therefore we have
limquG l(b) =0. If s(rl) < 00, then

1 (b
fbt)foouk_l(z) dm(z) ds(y) < oo

and so limblrle(b) = 0. Suppose s(rl) =oo. By (i), given any & >0, we can

choose b, € (b, r,) such that
b
f ! u, l(x)dm(x) >56-1,
bo -
Then for b € (b r rl),_
G (b) < B, _ (b Il Ns(b) ~ 5(b N/(s(6) = s(b)
— Buk_l(bo)m(bo) as bTrl.
Since 0 is aribtrary, limblr1 Gz(b) = 0. Therefore (12) implies that

lim infbr'1 u, 1(6)/u,(8) > A, But A is arbitrary, and so limgy, uk+l(b)/”k,(b) =

o, Hence we have proved (ii), and (iii) is an obvious consequence of (ii). Q.E.D.

In a similar way, we can prove the following lemma.
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Lemma 8. Assume that r| is a natural boundary.

() fi vn(x) dm(x) = 0 for all n> 0.

(ii) For n=0, 1,2, -+, lim, vn+1(b) = o0, limy, vn+l(b)/vn(b) = oo,
(iii) For n=0,1, 2, -++ and A>0, lim,; v, (6)/v(b, M) = 0.

Similar statements hold for 1o if it is natural.

Theorem 5. Let X(t) be a conservative regular continuous strong Markov pro-
cess on (ro, rl) such that the boundaries To Ty are natural, Let s(x) be the scale
and m the speed measure of X(t).

@ If f: (ro, rl) x [0, 00) — (= o0, ) is continuous, df/dt is also continuous
and DmD:f exists and satisfies df/ot + DmD:f =0 on (ro, rl) x [0, =), then [ is
parabolic for X(t). If moreover, for any T >0, there exist or >0 and a function
grt (g 71) — (= 00, ) satisfying DmD:gT = argq such that max ., r |f(x, ] =
Ollg(=)|) as x 17, and as xlr;, then (X(2), t +71), >0, is a martingale with
respect to P forall x € (ro, rl) and all 1> 0.

(ii) For any real number a,

DmD:g(x) = ag(x) forall x € (ro, r])
= e” “g(X(1), t >0, is a martingale with respect to P _ for all x €(r, r ).

D _Dlg(x) = a forall x €(ry, r,)
= g(X(8)) - at, t>0, is a martingale with respect to P _forall x € ('0’ r]).
(ii) If flx, ) = "¢ (x) + 177 qul(x) + oo+ @ (x) satisfies DmD:/ +
df/dt = 0, then {(X(t), t+7),¢>0, isa martingale with respect to P forall x €
(rp 7)) and all r> 0.

Proof. We may without loss of generality assume that 0 € (ro, rl) and s(0) =
m(0) = m(0 =) = 0.

To prove (i), we canuse Lemma 6 and the assumption that max,_, _r [f(x, )|
= O(lgT(x)D to show that the function [ satisfies conditions (iii) and (iv) of
Theorem 4. Hence by that theorem, f(X(), t +7), t>0, is a martingale with re-
spect to P for x € (ro, '1) and 7> 0.

To prove (i), first consider solutions of DmD:g =a. Forall x € ('0’ rl), we

have

g(x) = au,(x) + g(0) + vo(x)D;'g(O).

Set f(x, t) = g(x) — at. Then DmD:/ + df/0t =0, and [ is continuous. Take A >
0. By Lemmas 7 and 8, there exist constants K,, K, such that ul(x) < Klu(x, A
and |vo(x)l <K, lolx, M) forall x € (ry rl). The desired conclusion then follows
from (1).

Now consider solutions DmD:g =o0g. If a>0, then the desired conclusion

follows from (i). If a =0, then this is a special case of DmD:g = a already con-
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sidered. Let a<0. Then u(x, a) and v(x, a) are two linearly independent solu-
tions since D;'u(O, a) =0, D:v(O, @) =1 and #(0, @) = 1. Clearly |u(x, )| <
ulx, - @), |vlx, d)| < |ulx, - d)|. Since — a>0 and ulx, — @), v(x, — @) are solu-
tions of DmD:g = (- a)g, the desired conclusion follows from (i).

We now prove (iii). Consider solutions of the equation DmD_:/ +9f/dt =0 of
the form f(x, £) = 1" () + 1771 (x) + -+ + ¢ _(x). We have for all t>0, x €
(oo 71

t"D_Dl¢ (x) + "~ Hngp o(x) + D Dlp () +-ee+ (g (x)+ D D¢ (x)=0.

Therefore DmD:qSO(x) =0, and in general for 1 <i<mn, DmD:d.) ()=
- (n-i+ l‘)¢i—l(")' Hence there exist arbitrary constants c(, dy, ¢, dj,+++,c,

dn such that
(13a) (;So(x) =cy+ dys(x)
and for 1 <i<n,

(13b) ¢i(x) ==(n-i+1) [f’;fz b, 1(z) dm(z)ds ) + c;+ dl.s(x)].

It is easy to see by induction that ¢, is a linear combination of Ugs ooy Uy
Voo +++s v;. Therefore by Lemmas 7 and 8, given A >0, there exist constants K,
K, such that, for i =0, -+, n, |$,(x)] < Klu(x, A+ Kzlv(x, M)|. Hence the de-
sired conclusion follows from (i).  Q.E.D.

From (iii) of Theorem 5, it follows that "¢ (X(£)) + 771 (X(£)) + +-+ +
¢vn(X(t)), t> 0, is a martingale, where ¢, -+, ¢n are given by (13a, b). We
shall call such martingales time-polynomial martingales, since they are poly-
nomials of the time variable. By first setting c, = (= 1*/nt, Cy=ere=c, =
dy=-++=d =0, and then setting d; = (- D)"/n!, d = ... = d =c,=
¢, =0, one obtains the two kinds of time-polynomial martingales of degree » dis-

cussed by Arbib [1] in the case of a regular diffusion with generator DmD+ and
natural boundaries at X . Arbib’s proof depends on the direct evaluation of

E [¢ (X(:))] which in turn makes use of the behavior of the positive decreasing
and increasing solutions of DmD+g = ag at the boundaries + ~ and — « respec-
tively. Arbib [1] has obtained a characterization of the diffusion with generator
DmD+ and natural boundaries X o in terms of time-polynomial martingales. In our
present case, in order that a stochastic process X(t), t> 0, taking values in

(ro, rl) be a regular diffusion with generator DmDs+ and natural boundaries at r,
7,y it is both necessary and sufficient that almost all sample paths of X(t) are

continuous, and

(sx@), £> 0% { [*Oml0, yldsty) =1, t>0
0

are both martingales.
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Under certain assumptions on the diffusion coefficients o{x) > 0 and u(x), a
standard Ito process X(t) on the real line can be considered as a regular diffusion

. + .
with generator D D and natural boundaries at ¥ o, where

B(y)

s(x) = f -B(y)dy mlx) = f:; ie_zz—_

X 2[1()’)
PR

0 Z(y)

In such cases, by (ii) of Theorem 5, for any real number «a, if

2 2
) dg,

d,
; plx) 28 =
2 dx dx

then e” %g(X(1)), t > 0, is a martingale, while if

oM d’ (e
dx

2 dx?
then g(X(#)) - az, t >0, is a martingale (cf. Doob [2]).
Let us turn to the case where 7, 7, are both inaccessible, but not both
natural. Let X(¢) be the Bessel process of order m > 2, i.e., X(¢) has transition

density

p(t, x, y) =t~ Yxy)1-m/2 y”"'llm/2 _(xy/Dexp (- (x2+y2/20), >0, % y>0.

(1’(2) denotes the modified Bessel function of the first kind.) Here 0 is an en-
trance boundary and o is a natural boundary. In [8), it is shown that for the in-

creasing solution

g l(x) = xl-m/ zlm/ 9 1(\/§Ex)

2 —-—
l<i_g + .m_._l.‘ig_> =ag (a> 0)’
2\dx? x  dx

of

e~ %g 1(X(t)), t >0, is a martingale, whereas the decreasing solution gz(x) =

1= 2k ._1V2a %) (K (2) being the modified Bessel function of the second

kind) fails to give a martingale. In the case a <0, the second order differential

x

equation above has two linearly independent solutions, one of which is g’l(x) =

xi-m/ 2]m/ 7- (\/—m x), where I, (2) is the Bessel function of the first kind. The
other linearly independent solution g ,(x) is xt=m/ 2]l —my ,(V2[d x) if m £ 2, 4,
Gy ooy and is x1"™2y Y a1 (\/-[ax) if m=2,4,6,..., where Y (2) is the
Bessel function of the second kind. It is easy to see that e"a‘fg"l(X(t)), t>0, is
a martingale, while e‘“‘gz(X(z)), t >0, is not a martingale. For a=0, two
linearly independent solutions of the above second order differential equation are
g’; =1 and
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W) 2™ (m>2)
* =
82 log x (m = 2).

Clearly g"{(X(t)), t >0, is a martingale. However g’;(X(t)), t >0, is not a martin-
gale. The function g% is the scale of X(#). Such a phenomenon is actually common
to all one-dimensional diffusions with an entrance boundary, as we shall show
below.

Let X(1) be a conservative regular strong Markov process on (r, r,) such
that 7, is an entrance boundary. Again for notational convenience, assume that
0 €(ry rl), s(0) = m(0) = m(0 -) = 0, and we define u(x, @) as in (7), v(x, @) as
in (8), u+(x, A), u_(x, A) for A>0 as in (10). Since 7, is an entrance boundary,
m(r,) is finite, but s(r)) = - . Also f?o|s(z)| dm(z) < oo,

Lemma 9. Assume that o is an entrance boundary, 0 € (ro, '1)’ s(0) = m(0)
=m(0 =) = 0. For x € (ry, 0), define tﬁl(x) = - m(x), and for n> 1,

Vi@ = [0, (@) ds(a) dnly).
Also define
©,() == [°s(z) dn(2)
and for n > 1,
W, 1) = [2f 0 () dstz) dmly).

Then for n> 1, x €(r , 0),

(14) 0< ¢ (%) < (0, V(n - DY (),
(15) 0 <o (x) <lw, (x)"/n!.

Furthermore, hm’dr0 l/ln(X), hmxl’o wn(x) exist and are [inite positive numbers.
Define l,bn(ro) = hm,dr0

. o0 0o
series 2n=1 a"x/;n(ro), En_:la”mn(ro) both converge for any real a.

¥ (x), @ (r)) = lim |

r

o (x), n=1,2, . Then the
0 n

Proof. The inequality (14) clearly holds for n = 1. Assume that it holds for
n. Then for x € ('0' 0),

U i@ < [ [0, m(2)] ds(2) dm()/n - D1

s l:(_xl)%, ﬁ (0,0 lff, ds(z) dmly) = (w,(x)" (x)/n!.

Similarly we can prove (15). Clearly the functions 1//n(x), (on(x) are decreasing

for x < 0, and so limxlr0 !ﬂn(x), limxlrown(x) exist and are positive. Since (14)
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holds for all x € (ro, 0), it follows that
g (o) <o, e )V "1y )/ = DI <o,

n .
Therefore 2:::10. (/In(fo) converges for all real a. The assertions for con(ro) are

proved similarly.

Lemma 10. With the same assumptions as in Lemma 9, and u_(x), v (x) being
defined by (7), (8), we have the following equalities for all x € (ro, 0) and n> 1

u, ) = [P9, 0 dst), v, =~ [C0,6)dsly).

Therefore u (x) <y (r )s(x)| and |v (x)] <o (r))]s(x)]. As xlro, u (x) ~
Y rls()| and v (x) ~ o (r)s(x).

Proof. It is easy to see by induction that, for n> 1, u (x) = fgl,bn(y) ds(y).
From this, it follows that un(x) < ![ln(ro)ls(x)l. On the other hand, given €¢> 0, we
can choose ‘@, € (r), 0) such that, if ) <x <@g, then ¢ _(x)>¢ (r() - e. For
X 6(70: ao)y

2,0 2 [20%% () dsG) > (@, (ry) - Nslay) - s(x)).

Therefore lim infxlro un(x)/ls(x)l > l/ln(ro) - € Since € is arbitrary, un(x) ~

g o)ls(x)] as x lro. The assertions for v_(x) can be proved similarly. Q.E.D.

Lemma 11. With the same assumptions as in Lemma 9, for any real number

. o0 o0 .
a, the series Zn 1 o(‘(/fn(ro), 2n=la"wn(ro) are convergent, and so we can define

(16) H(a) = i a'p (r),  Kl@)=1+ i " (r ).

n=1 n=1
Then
lim u(x, @)/|s(x)| = H(@), lim v(x, @)/s(x) = K(a).

xlrg xlrg

Proof. Since 2:21 laln(/ln(ro) converges by Lemma 9, given ¢ > 0, we can

choose 7 such that %’ |ed™y (7)) < e. By Lemma 10, for any x € (ry, 0),

n=n(+1
u,(x) < ¥, (r))ls(x)], and so

(17 > a"un(x)' < ¢|s(x)].
n=nq+l
Moreover, Lemma 10 implies
nQ
(18) lim (1+ au(x)+---+ anouno(x))/ls(x)l =Y ay (r).

xlrg =1
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Since H(o) - €< 270 ™ (r ) < H(0) + ¢, it follows from (17) and (18) that

ulx, a)

H(a) + 2¢ > hm sup o’ % 9) > lim inf ~————=> H(a) - 2e.

xlrg |S(x)l T xlrg IS(X)I

But ¢ is arbitrary, and so lim u(x, a)/|s(x)| = H(a). The proof for v(x, a) is
similar. Q.E.D.

Lemma 12. With the same assumptions as in Lemma 9, if A> 0, then H(A) >

|s(a)| ~ u (a, A/(H(A)f (_z{_s(*y)‘)))‘z .
70 (uly,

Proof. Since v, (r )> 0 for all n, it is obvious that if A >0, then H(A) > 0.
By Lemma 11, u(a, )\) ~ HQ)|s(a)| as a lr. Since f lds(y)/(u(y. )2 < oo, the

desired conclusion follows. Q.E.D.

0 and as al Tor

Lemma 13. With the same assumptions as in Lemma 9,
() If f(@) =o(s(a)) as alr), then given any x € (rg 7)) and t>0,

11m fla)p [«f <tl=0.

a 70
(ii) Given any x € (ro, rl), there exists t > 0 such that

lim sup |s(a)|P <t]>o.
a1r0“P| |P.IE,<t1>0

Proof. (i) We fix A > 0 and note that, givenany t>0, x € (ro, rl),
M@)|P I&, <) < Mfla)| [T e NP €, < 1]
= eM|f(@)|u (x, \)/u da, N if a<ax,
Since f(a) = o(s(a)) and s(a) = O(u (a, A)), (i) follows immediately.
(i) Given x €(r, ’l)’ we take any A > 0 and define
F 0 =|s@|[le=2ap £, <, t30.
F , is a continuous increasing function on [0, =) with Fa(O) = 0. By Lemma 12,

there exist a constant ¢ >0 and a €(r;, x A 0) such that |s(a)| <
cu (@, N)/u (x, N) for all ae(r a ) Now if a e(ro, ao),

oodF_ u+(x)\)
[y dpam ol se

and so F_ defines a measure on [0, «) with total mass < c. By the Helly-Bray

Lemma,
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lim F (=0 Veelo, ) = lim f”e-‘”dF (t)=0 Va>o.
alrg 0 a

alrg
Take any a> 0. For a € ('0’ ao)’
- u (x, a+])
f e~ dF (1) = |s(a)| —
0 a u (@, o+ })

—ulx a+ A/H(cw N ———lis—(ﬁ-— as alro.
70 (uly, a+ A))?

The last relation follows from Lemma 12. Since Fa(O) =0 for all a, we can there-
fore find ¢, € (0, ) such that F (¢,) does not converge to 0 as a l Tor i€l

lim SUP,I, Fa(to) > 0. But Fa(to) < Is(a)lPx[fa < to] and so

lim SUP Is(a)lPx[fa < to] >0. Q.E.D.

Theorem 6. Let X(t) be a conservative regular continuous strong Markov

process on an interval | whose endpoints are o Ty where — oo < o <7y <o Let

1
s(x) be the scale and m the speed measure of X(t).

(i) Suppose r are inaccessible. If f: (r;, r,) x [0, o) — (= oo, ) is con-

T
tinuous, df/dt is (zzls; continuous and DmD:/ exists and satisfies df/dt +
DmD:/ =0 on (ry, 7,) x [0, ), then [ is parabolic for X(t). Suppose furthermore
that for i =0, 1 and any T > 0,

(a) max,_ - [f(x, )] = o(s(x)) as x—r, if 1. is an entrance boundary and

(b) there exists ap. >0 and a function gr: (r;, 7)) — (= oo, 0o) satisfying
DmD.:gT = apgp such that max_, Ifx, O] = O(|lg (D)) as x — ra if 1, isa
natural boundary.

Then f(X(2), t + 1), >0, is a martingale with respect to P_ for all x €
(ro, rl) and all r> 0.

(ii) If 1 is an entrance boundary and g is a positive decreasing solution of
DmD:g = Ag with A> 0, then lim’d,0 g(x)/|s(x)| exists and is positive, and
{s(X(2)), t >0}, {e~*g(X(2)), t > 0} are not martingales with respect to P, for
any x €(r, r,). A similar assertion (replacing ‘positive drecreasing solution’ in
the above by ‘positive increasing solution’) holds if r, is an entrance boundary.

(iii) Suppose r is an entrance boundary and r, is a natural boundary. If b
is a positive increasing solution of DmD:b = \b with A >0, then e~ Mh(X(2)),
t>0, is a martingale with respect to P_ for all x €(ry, r)). Let a<0. For
notational convenience, assume 0 € (ro, rl), s(0) = m(0) = m(0 =) = 0, and define
H(a), K(a) by (16). If H(a) and K(a) are not both zero, then the vector space of
all solutions g of DmD:g = og such that e~ “g(X(2)), t >0, is a martingale with
respect to P_ for any x €(r, r,) has dimension 1. If H(a) and K(o) are both
equal to zero, then, for any solution g of DmD:g =oag, e~ Hg(X()), t>0, isa
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martingale with respect to P_ for any x € (ry, r)).

Proof. We may without loss of generality assume throughout that 0 € (r, rl),
s0)=m0) =m0 -)=0

(i) Suppose r,, r, are both inaccessible. If f: (ro, "1) x [0, ) — (= o0, ) is
continuous, df/dt is also continuous and DmD:/ exists and satisfies 9f/dt +
DmD:/ =0 on (ry, 7)) x [0, =), then we have already proved that { is parabolic
for X(¢). Let >0, ¢t > 0. If 7, is an entrance boundary, then it follows from con-
dition (a) and Lemma 13(i) that, for x € (ro, 7,), 1y <a<b<r|,

f[§a<’/\§b] \fa, t+&,)|dP_ < <0<r?73;<+’ |Aa, o)|) P [:f <] >0 as al 7o

If 7, is a natural boundary, then it follows from condition (b) and Lemma 6 that
Jitgerneyy M 1+ £)1dP, < Clgr(@)] - PIE <11 =0 as alr,.

Similarly we can prove that, under conditions (a) and (b),

fin fieperne ) b 4 €)14P, 0.

Take any t> 0, r >0 and A>0. By Lemma 11, s(x) = O(ulx, A)) as x — r_ if

7, is an entrance boundary. Therefore conditions (a) and (b) imply that there exist
K such that |f(x, t + r)| < Kulx, A) for all x €(r0, rl). Now u(x, A)>

e fuly, MP(r, x, dy). Therefore [|f(y, t + r)|P(z, x, dy) < =, and by the dominated
convergence theorem,

f[faw] f(X(r), ¢+ dP, = f fly, t + DP(r, x, dy).

alro s ble

Hence by Theorem 4, f(X(¢), ¢t +7), £ >0, is a martingale with respect to P_ for
all x €(ry, 7,) and r > 0.

(ii) Since g is a positive decreasing solution of DmD:g = Ag glx) =
cuyx, A) + cu_(x, M) with ¢, > 0. (Note that c, must vanish if 7| is also an
inaccessible boundary.) Therefore by Lemma 12,

l{m g(x)/|s(x)| = lim ¢ u,(x, N)/|s(x)|
xiro xlro

indeed exists and is positive.

Take any x € (ry, r,). By Lemma 13, there exists ;> 0 such that
lim sup |s(@)|P_[£, <ty]> 0. Therefore we also have lim Sup,, o gla)P [ <1)
> 0. Apply Theorem 4 with f(z, 1) equal to s(z) or e *!g(z). Then condition (i) of
that theorem is violated and therefore {s(X(¢)), 1 > 0} and {e™ g(X(2)), ¢ > 0} can-
not be martingales with respect to P .

(iii) If b is a positive increasing solution of DmD:b = Ab with A > 0, then
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fx, 1) = e"*b(x) satisfies conditions (a), (b) of (i), and so e Mp(X(1), t>0, is
a martingale with respect to P_ for all x € (ry, ). B

Take a < 0. Suppose H(a) £0, By Lemma 11, u(a, o) ~ H(d)|s(a)| as a 7or
Therefore given x € (r, r ), there exists t, > 0 such that

lim sup |ula, )|P [£ < 11> 0,
alrg

and e~ " u(X(2), ), t> 0, is not a martingale with respect to P, forany x €(r, r)).

Assume for definiteness that H(a) > 0. (The case H(a) < 0 is treated similar-
ly.) Then u(a, @) ~ H(a)|s(a)| as a | r,. Therefore we can choose c >0 and
xy <0 such that u(y, o) > ¢|s(y)| on (r,, x(). We can then define U(qy' (g0 x¢)
— (= o0, ) by

u(a)(x) = u(x’ a)fx —ﬂy)—z-
0 (uly, o)
It can be proved that DmD:u( a)(x) = au(a)(x), x € (ry, xy) (cf. pp. 27:28 of [9]).
Since u(x, ), v(x, o) are two linearly independent solutions of D _D_g=ag on

(g %), there exist unique constants c,, ¢, such that
u a)(x) =culx, @) + culx, @,  x €(ry, xp)-

Let w(x) = clu(x, a) + c,ulx, a), x € (ro, '1)‘ Then DmD:w = aw on (ro, rl). It

is easy to see that

(x) = 1/H(®).

lim w(x) = lim u
xlrg xlrg

(a)

From this, it is clear that u(x, @) and w(x) are linearly independent. Also the
function e~ **w(x) satisfies conditions (a), (b) of (i) and so e~ M w(X()), ¢ >0,
is a martingale with respect to P for all x € (ro, rl).

Let g be any solution of DmD:g = ag such that e’a’g(X(t)), t>0, isa
martingale with respect to P_ for any x €(ry, ;). Then g(x) = K u(x, o) +
Kyw(x). It K, £0, lim - g(x)/|s(x)] = K H(a) £0, and so e™ *g(X(2), ¢ > 0,
cannot be a martingale with respect to P_ for any x € (g ’1)’ contradicting the
assumption on g. Therefore K, =0 and g is a scalar multiple of w.

The case K(a) £0 can be treated in an analogous way.

Now suppose that H(a) =0 and K(a) = 0. Then by Lemma 11, u(a, o) =
o(s(a)) as a7y and v(a, a) = o(s(a)) as a|r;. Therefore for any solution g of
DmD:g = ag, gla) = o(s(a)) as a | r,. Hence the function f(x, 1) = e~ Mg(x) satis-
fies conditions (a), (b) of (i) and so e~ g(X(¢)), ¢ > 0, is a martingale with re-
spect to P_ forall x €(r,, 7). Q.E.D.

5. Application to boundary crossing probabilities. Let (Y(2), ¢, f}‘:, P_)

S,X
be a continuous normal strong Markov process on a locally compact, second count-
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able, Hausdorff space M. Let Z(t) be the corresponding space-time process.
For any open subset G of M x [0, =), set

U(x, s) = Ps’x[(Y(t), t) ¢ G for some s <t<(l.

The function ¢ is parabolic for Y(¢) on G. In particular, let us consider the case
where Y(¢) is the diffusion in Theorem 3. Then by that theorem, ¢ belongs to
C?'Y(G) and satisfies the partial differential equation Ly =0 on G, where L is
the backward parabolic operator defined in (3).

Now suppose that X(¢) is a regular conservative continuous strong Markov
process on (ro, '1) with speed measure m and scale function s such that the
boundaries re Ty are both inaccessible (- o <rg<r < ). For A>0, let /()\0)
be a positive decreasing solution and let /&U be a positive increasing solution of
DmD:/ =M. Let F, (i=0, 1) be a nontrivial measure on (0, o) such that
¢i(x, 7) < oo forall x € (ro, ’1)’ where we define

¢i(x, t) = J‘we-)‘t[&i)(x) dFl.()\).

0

If 7,, 7, are both natural boundaries, then since limxlrl /g\l)(x) = oo and
limxlro f;l)(x) =0, therefore given ¢ >0, we have a unique solution x = B,(#, ¢),
with 7, <x <r,, of the equation qSl(x, t) = € for any ¢ > 7. By our results in $4,
& (X(2), 1), t >, is a martingale with respect to P_ for any x € (ro, 7,). If
&,(X(2), 1) converges to O in probability as ¢ — oo on the event [suptzrqSl(X(t), 1)
<€}, then it follows from [10] that
( )‘Px[X(t) > Bl(t, ¢) for some t > 7]

19 -

1 e —A74(1)
P02 By O+ - [ [ixinenyiray ¢ VAKX P dF ).

Likewise given any ¢ >0, there exists a unique solution x = B(¢, €) of the equa-
tion ¢ (x, 1) =€ for £ > 1. Also ¢ (X(2), ), t >, is a martingale with respect to
P_ for any x €(ry, 7). If ¢(X(2), #) converges to 0 in probability on

[sup,_, }o(X(£), 1) <], then again it follows from [10] thae

Px[X(t) < Bylt, €) for some t > 7]

(20)
- PIX0) < Byl O + 2 [ ixcrmp gtrop €T XEN AP dF X,

When the boundaries are both inaccessible, but not both natural, we still
have limx_'rl_ fgi)(x) =00, i =0, 1. But lim o /g\l)(x) may not be zero if 7, is not
natural. However, given any ¢ > qbl(ro, 7), we still have a unique solution x =
B,(t, €) of the equation ¢ (x, 1) = € for any ¢ > 7. If 7, is not natural, then
e"“[&l)(X(t)), t> 0, fails to be a martingale. However, the function ¢,(x, ¢) is
parabolic for X(s). Let &> qﬁl(ro, 7). Take any ¢ > ¢ and define o=
inf{t > 1], (X(2), t)> €'} Then ¢,(X(t A 0), t A @), t>7, is a martingale with



438 T. L. LAI

respect to P_ for any x €(r, r,). Therefore if ¢ (X(2), ) converges to 0 in prob-
ability as t — o on [sup, . ¢,(X(z), 1) <el, then it follows from [10] that

Px[x(t) > B,(t, € for some t> 7l
=P [¢,(X(t A o), t A 0) > ¢ for some > 1]

(21 -
=P [X() > B,(r, o] + elj . f [X(1<B 1(7.0)] e M D(X(n)dP _dF (V).

In the case where m(rl) < o and m(ro) > — o0, the transition probabilities
P(z, x, -) converge weakly to a probability distribution on (ro, r,) whose distribu-
tion function G(y) is (m(y) — m(r,)) (m(r,) - m(ro))'1 as t — oo (cf. [9]). It is
obvious in this case that, for i = 0, 1, the martingale e’“/ii)(X(t)) converges to
zero in probability (and therefore almost surely by the martingale convergence
theorem) as t — oo for any initial state x. Suppose F_ is any finite measure with
bounded support on (0, ). Then it easily follows that ¢ (X(z), 1) converges to
zero almost surely as ¢t — o for any initial state x, and so (19), (20) and (21) can
be applied to give the probability that X(#) would ever cross certain moving

boundaries.
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