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ABSTRACT.   In this paper, we study the properties of the space-time

process and of parabolic functions associated with a Markov process. Making

use of these properties and the asymptotic behavior of the first passage prob-

abilities near the boundary points, we prove certain theorems concerning when

u(X(t), t)  is a martingale, where   X(t) is a conservative regular one-dimen-

sional diffusion with inaccessible boundaries.   A characterization of the class

of parabolic functions associated with classical diffusions is also obtained.

1.  Introduction.  Robbins and Siegmund [lO] have made use of the martingale

/ > 0,J~exp/yW(/)-iy2W(y),

to evaluate the probability that the standard Wiener process  Wit) would ever cross

certain boundaries which are moving with time.  In  [8], by making use of martin-

gales of the form uiXit), t), we extend the Robbins-Siegmund method to find

boundary crossing probabilities for other Markov processes  X(r),  and the question

of when zz(X(z), /) is a martingale is also considered. As a moving boundary in

space is a fixed boundary in space-time, it is natural for us to look at the space-

time process.   In §2,  we shall examine the properties of the space-time process,

taking into account the special features of the time variable.   The continuity

properties of parabolic functions associated with continuous strong Feller proc-

esses are also established.   Making use of these results, we characterize the

class of parabolic functions associated with classical nonstationary diffusions in

§3.  Our main interest, however, lies in martingales of the form  uiXit), t) when

X(z) is a conservative one-dimensional regular diffusion.  Theorem 5 is concerned

with the situation when both boundaries are natural, while Theorem 6 deals with

entrance boundaries.  In §5, we give some applications of our results to find

certain boundary crossing probabilities for Xit).
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2.  Characteristic operators of space-time processes and parabolic functions.

Let  Yit), 0 < t < if,, be a Markov process which may not be temporally homogeneous

and which is defined up to a lifetime Ç, £ [0, oo]. Let M denote the state space of

Yit),  and let  Pis, x;   t, V) be its transition function.   It is well known (see for

example [4] or [6])  that the corresponding space-time process  Zit) is a temporally

homogeneous Markov process.  The state space of Zit) is  M x [0, oo), and its

transition function  Pit, z, A)  with  z = (x, s) and A being any measurable subset

of M x [O, oo) is determined by

Pit, ix, s), r x o =

Pis, x; s + t,F)    it s + t £ C,

0 otherwise,

where V is any measurable subset of M and C is any Borel subset of [0, oo).

Obviously  Zit) is conservative  iff Yit) is conservative, while  Zit) is normal

iff Yit) is normal.  (As in [5]> we say that the Markov process   Yit) is normal if

limiU Pis, x; t, M) = 1 for all x, s.)

Let B be the Banach space of all bounded measurable functions on M x

[0, oo).  For each u £ B,   ||a||  is defined as sup   eM     . |a(x, t)\  and we define

ftuix, s) = E[a(Z(f))|Z(0) = (x, s)] = Juiy, t + s)Pis, x; t + s, dy),

G uix, s)= rr^fizU, s)dt.

Then  \T , t >0] is a contraction semigroup and G   ,  a> 0,  is the resolvent. Let

A   be  the  (strong)  infinitesimal generatot  of the  semigroup and  its  domain  be

2)(A).   Then  fot   u £ X(A),  Au =  0   implies  that   T u =  u   and  so

uiYit + s),  t + s),  t > 0,   is a martingale with respect to  P for any  s, x. (Here

we follow the usual convention by defining  a(y(r:), t) = 0  if t > £,.) The same con-

clusion is also true if we replace  the strong infinitesimal generator  A  by the

weak infinitesimal generator of the semigroup   \T ,   t > 0!.  We now investigate to

what extent the above conclusion carries over when we replace  A  which is global

in nature by the characteristic operator  U (also known as Dynkin's generator) of

the space-time process  Zit).

Let Z   it) denote the part of Zit) on M x [T, oo),  T > 0.  Z   it) is just the

space-time process of the process 1 Yit),  T < t < £}. Assume that M is a locally

compact Hausdorff space satisfying the second axiom of countability and that

Yit) has continuous sample paths.  We shall say that a real-valued function

uix, t) defined on an open subset G of M x [T, oo) ¡s parabolic for the process

Yit) on the set  G  if it is harmonic for the space-time process   Z   it) on G. Note

that if  V is an open subset of M and  T, > T > 0,  then  V x [T, T.) is open in

M x [T, oo), but it is not open in M x [O, oo) and its boundary in M x [0, oo)
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contains   V x \T\ which is a set of irregular boundary points for the process  Z(i).

Similarly we define  v: G —► (- oo, oo] to be superparabolic for   Yit) on  G if it is

superharmonic for ZT(r) on  G.   (We say that a function f: D —> i- oo, oo] is super-

harmonic for a temporally homogeneous continuous Markov process  X(z) on an open

subset  D  of the state  space which is a locally compact, second countable,

Hausdorff space if the function  / is nearly Borel, continuous in the intrinsic to-

pology, and given any open subset  U with compact closure contained in D, f is

bounded below on  U and E /(X(r  )) < fix) tot any x e D,  where  Ty denotes the

first exit time from   U.   If both  / and - / are superharmonic for  X(z) on  D,  then

we say that / is harmonic  for  X(z) on  D.   For further properties of harmonic and

superharmonic functions, see Chapter 12 of [5].)  Let  zz be superparabolic for   Yit)

on G,  and let  U be any open  subset of M x [T, oo) with compact closure contained

in G.  It is easy to see that uiYÜt A Ty) + s), it A r^) + s), t > 0, is a super-

martingale with respect to  Ps      for any (x, s) e G,  where r^  is the first exit

time from  U by Zit).

Suppose Yit), 0 < / < ¿,, is a continuous Markov process on M and Zit), t >

0, is its space-time process. Then Zit) is a continuous Markov process and so its charac-

teristic operator U obeys the minimum principle (cf. [5]). In fact, it obeys a stronger form

of the minimum principle: Let G be an open subset of M x [O, ■») and ixff t A eG. Let / be

a real-valued function on G such that l)/(x , / ) exists. If / attains its minimum on G n
(M x [r0, oo)) at (xQ) zQ) and fixff tQ) < 0, then tl/(x0, tQ) > 0. (Compare the classical

maximal principles for parabolic and elliptic operators.)

By the definition of the characteristic operator   U,  in order that fix, t) is

parabolic on G,  it is necessary that  U/(x, t) = 0 for all ix, t) e G.   To what ex-

tent is the condition  11/ = 0 on  G also sufficient?  Dynkin [5] has proved a theo-

rem relating continuous harmonic functions on an open set  G for a continuous

standard process to continuous solutions of 11/ = 0 on  G.  One of the conditions

in his theorem is  that the processes stopped at the first exit times from certain

open sets with compact closures  contained in  G are Feller processes.  This con-

dition, however, often fails for space-time processes.   The  following theorem is

a modification of Dynkin's result, taking into consideration the special features

of the time variable.

Theorem 1. Let iYit), L,, Js, P ) be a normal strong Markov process with

continuous sample paths, lifetime £ and state space M which is a locally com'

pact Hausdorff space satisfying the second axiom of countability. Let li denote

the characteristic operator of the corresponding space-time process Zit). Let G

be an open subset of M x [T, oo) (7 > o). Suppose that given any open subset U

of M x [T, oo) with compact closure contained in G,  there exist t   >...>/' =
. 77 0

T in > l)  and disjoint sets  U\ (i = 1, • •. , «;  / = 1, .. •, a.)  szzc/> that



2 T. L. LAI [janu ary

(i) V = ll"_i U"-i ^' ^as a comPact closure contained in G,   and U C Ü.

(ii) U'  is an open subset of M x [t_v t.) for ail i, j.

(iii) Z .(t Ar..)   is a Feller process for all i, j,   where    Z.it) denotes the part

of Zit) on My. [t._x, oo), and r.. = inf{t > 0| Z.{t) i U'.\.

Under these conditions, in order for a continuous function f:  G —» (- oo, oo)  to

be parabolic for Yit) on the set  G,   it is necessary and sufficient that f £ i)AG)

and ll/(x, /) = 0 ¡or all (x, t) £ G iwhere 2)o.(G) denotes the class of all functions

u for which   ua(x, t)  exists at every point ix, t) £ G).

Proof.  The time-homogeneous process Zit) is a continuous strong Markov

normal process on  M x [0, oo) which is a locally compact, second countable,

Hausdorff space.  Let / £ 2)«.(G) be a continuous function on G such that  U/ = 0

on G.   The process  Z.it A T..) is a Feller process on M x U-   ,, °°). Obviously it is

also a  C process.  (As in [5]» we say that a temporally homogeneous Markov pro-

cess   X(f) on a locally compact, second countable, Hausdorff space  fi is a  C

process if, given any  t > 0 and / £ C,  the function g(x) = E fiXit)) also belongs

to  C,  where   C denotes the class of all continuous real-valued functions  f on  H

such that, given  e > 0»  there exists a compact subset  K tot which   |/(x)| < € if

x ¿ K.)  Let A  denote the   C-infinitesimal generator and  U  the characteristic

operator of the process   Z.it A r.).  Then  A  is the restriction of   U  to the class of

all functions g £ £ç Ci C such that   tig £ C.   The space M x [O, 00) is metrizable,

and let us assume that some metric p is introduced into it.  Let  V be any open

subset of M x [*"■_,, 00)  containing   U1  such' that the closure of  V is compact and

is contained in  G.  Let   Ve denote the complement of  V in M x ['•_.« °°).  We

define

piz, Ve)

fiz) =
piz, Ve) + piz, Up

fiz)      it   Z  £ V,

\   0 if  Z  £ Ve.

Then  /e2)^n-C and í\¡ = 0.  Hence  Af = 0.  Also fiz) = fiz) tot all  z  £ U\. From

this it follows that  E    JiZ.it A »"•■)) = A*. s) for all (x, s) £ U\ and t > 0.

Clearly given ix, s) £ U\,  E^ JiZ.it A rf.)) = Es JiZir..)) tot all large  t. There-

fore, for any ix, s) £ U\,  E     /(Z(r..)) = /(x, s).  This implies that, for all (x, s) £
_ J S, X l]

U,  E   JiZiT'A)) = y(x, s),  as can be easily verified by repeated use of the strong

Markov property and conditional expectations.  Given an open set  U with compact

closure contained in G, we can find an open set U x containing the closure of  U

such that the closure of U    is a compact subset of G. Take U. containing U   and satisfy-

ing conditions (i), (ii), (iii). Then Es JiZirfi )) = fix, s) tot all (x, s) eiJj.  From

this, it then follows that E^ JiZir^) = fix, s) tot all ix, s) e U,  and / is

parabolic for  Yit) on G. Q.E.D.
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We say that a Markov process  (Y(t), £, 3^, Ps x) on a topological measurable

space is a strong Feller process if given any bounded measurable function 0 on

the state space  M,  the function  Er(x, s) = fcp(y)P(s, x; T, dy) is continuous in

(x, s) tot s < T (cf. [4]).  When   Yit) is strong Feller, the space-time process may

not be strong Feller.   However the strong Feller property of  Yit) may be exploited

to investigate properties of parabolic functions on cylinder sets (i.e., sets of the

form  V x it., tA), and these properties can then be extended to the case of para-

bolic functions on an arbitrary open subset G of M x [T, oo).

Theorem 2.   Let iYit), £, j *   P      ) be a continuous strong Feller process on

a metric space M.   Let  V be an open subset of M and Oy = inf \t > s\ Yit) 4 V\.

Suppose for any e > 0,  T > 0 aaci aay open set Y with compact closure contained

in  V,

Pis, x; t,   BÁx)) —>l    as t i s  uniformly for x eY and  s £ [O, T],

(2)
where B  ix) = \y £ M\pix, y) < el.

Then given any T > 0 and any bounded measurable function f on M x [0   oo), the

functions

FTix, s) = Es JiYiT), T)l

and ' [°V>7J

Wr(x, s) = EsxfiYio*v), °Sv)'[aSv±T]

are

!

continuous in  (x   s) for x e V and 0 < s < T   where we use  I.   to denote the

ndicator function (or commonly called the characteristic function) of the event A.

Lemma 1.   Let  Y(t),  V be the same as in Theorem 2.  Then for any c > 0,

T > 0  and any open set  Y with compact closure contained in  V,

(a) lim sup    sup   P    T       sup p(Y(t A, Y(t A) >¡\ = 0,
SlOxer 0<s<T     s,x s<Zi<í2SS+S 2

(b) lim sup    sup    P      [C < s + 8] = 0,
SlOxer 0<s<T     s,x     ~

(c) lim sup    sup    P      [erf. < s + S] = 0.
$l0xer0<s<T     s-x    V~

Proof.   The proof of (a) is similar to that of Lemma 13.2 in [5], using Lemma

6.6 in [4] in place of the estimate 3.11B in [5]. As to (b), we note that

P5,x^- s + S] = 1 - P(s, x; s + 8, M) and so (b) follows from (2).   If  V = M, then
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(c) simply reduces to (b). If  V ■/ M, we let e = piT, M - V).  Then for ail x e T,

Psx[osv<s+8]<Ps    T    sup piYit,), Yit2))>2   +Psx[(<s+8]

and (c) follows from (a) and (b).     Q.E.D.

Proof of Theorem 2. Take  s„ e [0, T), xQ £ V.   Take an open neighborhood  V

oí x„ having compact closure contained in V.  Given e > 0, by Lemma 1(c), we can

can choose 8 £ (0   T - s.) such that  P     [t/f. < s + 2z5] < e for all x e T   and
u S,X      V —

0<s<sQ +z3.  Then if x e T, s £ (sQ - 8, s 0 + S),  we obtain using the strong

Markov property

WT(x, s) = Es JiYiasy), asv)lv   g ^ +/wr(y, Sq + 8)Pis, x; sQ + 8, dy)

-Es   yTiYis0 + 8), s0 + 8)l
[vv<S0 + S]

Since   Yit) is strong Feller, J1PT(y, sQ + S)Pis, x; s . + 8, dy) is a continuous

function in (x, s) for s < s. + 8.   From this, it is then clear that 1*T  is continu-

ous at (x„, sA. The continuity of  F'     can be proved similarly.     Q.E.D.

Corollary.  Let iYit), £,JS, P      )  be a continuous strong Feller process on

a metric space such that, for any e > 0,  T > 0 and any open set T with compact

closure contained in M,  (2) holds.   Let Zit)   be the corresponding space-time

process.

(i) Let  V be an open subset of M having compact closure.   Let f: (dV x

[s x, s A) u (Vx Is, i) —> (- oo, oo)   be a bounded measurable function.   For (x, s) £

[s,, s Ay. V,  define  uix, s) = E      /(Z(r..)),  where r     is the first exit time by

Zit) from  U = V x [s., s A.  Then  u  is continuous on  U.

(ii) Let G be an open subset of M x [T, oo)  azza" f: G —> (- oo, oo)  be para-

bolic for Y(t) on G.   Then f is continuous on G.

3. Semigroups and parabolic functions associated with classical diffusions.

In this section, we consider the case of a diffusion process on R     corresponding

to continuous coefficients a - a . .ix, t),  I < i, j < d,  b = b ix, t),  I < i < d,  and

c = c(x, t) > 0. We assume that for any  T > 0, the matrix  a is uniformly positive

definite and the coefficients  a., ate bounded and Holder continuous on  R   x
ii

[0, T], while the coefficients  b. and c are bounded and satisfy a Holder condi-

tion with respect to x on R    x [0, T].  The equation

1 y    a Ax, t)----   + y b.ix, t)—-cix, t)u+ — = 0
2 .4-,    lJ dx.dx.      *-*,    l dx. dt

z,7=l Z       ;        z=l z

has a unique fundamental solution pis, x; t, y) (see Theorem 0.4 of [5]).  The
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function pis, x; t, y) defines the transition density of a normal continuous strong

Markov process   Y(t).  It can be shown that the corresponding space-time process

Zit)  is a C process.  The process   Yit) has the strong Feller property; however,

Z(t) fails to be a strong Feller process, as it is easy to give examples of bounded

measurable functions / such that  T f is discontinuous.  Because of this, various

useful properties of harmonic functions associated with strong Feller processes,

which have led to a nice characterization of the class of all harmonic functions

for a canonical diffusion (see Chapter 13 of [5]), cannot be applied here.

The (strong) C-infinitesimal generator of the space-time process  Z(t) coin-

cides with the weak   C-infinitesimal generator and is the restriction of the dif-

ferential operator  L  to the class

!, a   du      d2u      du     - ,.   . Ju\ u e C,——, -—_, — £ C (z, 7 = 1, • • • , d)\,
dx.   dx .dx .   dt \'       i    j >

where L  is given by

(3) Lu = — + -   Y"   a.ix, t)-+ Y  b.(x, t)— - c(x, t)u.
dt     2   *T.    " dx.dx.     f-,    ' dx.

!,7=i 7        ] 7=1 7

Now consider the characteristic operator  U of Zit).  Let  G be an open subset of

R    x [0, oo). Let /: G —> (- oc, oo) be continuous and

df   df       d2f j.
dt   dx .   ox .ox .

be continuous on G,  and we shall denote the set of all such functions / by

C  * (G). We assert that / £©^(G)  and 11/= Lf on G.   To prove this, let

(x0, s A eG  and   U~  be a compact neighborhood of  (xQ, sQ).   By modifying  /out-

side  UQ, we have a function g £ C  ' (R   x [0, oo)) such that g = f on  17n  and g

has compact support. Then g is in the domain of the C-infinitesimal generator

and Lg = llg.  Since / = g on  [/„, H/(x0, sQ) = lJg(x0, sQ) = Lg(xQ, sQ).

Using the estimate (0.33) in [5],  for every  T > 0,  there exist constants

cUj. > 0, MT > 0  such that

p(s. x; /, y)<MT(z-s)-d/2exp(-aT|y-x|2/a-s))

for all x, y £ Rd, 0 <s <t <T.   Therefore given e> 0,

Il        i    J(i, x; i, v)Jy < IHT ,   , ,/.exp(- a_|z|   ) dz —> 0    as  i Is:
J|x-y|>it' '      '-       >J\z\>((t_s)-l/2      r Tl    I

uniformly    for 0 < s < T - r¡.

On the other hand, it is easy to see that Pis, x; s + 8,  R  ) ] 1  uniformly for

(x, s) in every compact set as <5 J, 0.  Therefore we have proved that (2) indeed
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holds, and Theorem 2 and its corollary can be applied.  Hence if /   is parabolic for

Yit) on an open subset  G of R    y [0, oo), then / is continuous on  G.  In the case

where  Yit) is the zi-dimensional Brownian motion, this result was established by

Doob [3].  Actually Doob did not work with the space-time process Zit),  but worked

with the Brownian trajectory process Zit) = 0(Z(/)),  where  0(x, t) = (x, - t).  His

approach made use of the explicit form of the exit distribution from a rectangular

domain S   by    Zit),   so that if   (x,  s)   is an interior point of   S,   then

E[fiZirs))\ Z(0) = (x, s)] can be expressed in terms of integrals involving the

boundary function /, the Green's function for the heat equation in  S and partial

derivatives of the Green's function (cf. [6]), where rs denotes the first exit time

by  ¿it) from the rectangular domain S.

We now assert that the class of all parabolic functions on G for the diffusion

Yit) coincides with the class of all continuous solutions of  U/= 0 on G,   li being

the space-time characteristic operator. Let  V be a bounded open subset of R  .

We say that    a  £ dV (where  dV denotes the boundary of  V) is a regular point

with respect to  Yit) it, tot all s > 0,  P      [af,+ >  s] = 0, where  of.+ =
r — s,a     V V

lim   |0oA+e   (°"y+f being defined as in Theorem 2).  Omitting the details here, it

can be shown that if  V  is a bounded open subset of  R     such that  dV is regular

with respect to  Yit) and  U = V y [T, Tj),  T x> T >0, and if / is a bounded con-

tinuous function on  Rd y [T, oo),  then, for any  t > 0,  E^(x, s) = Es jiZ^it   A r^))

defines a continuous function of  (x, s) in R    y [T, oo),  where  ZAt) is the part

of Zit) on [T, oo) and ry = inf{t > 0| ZT(r) i U\. The process  Zyit A ry) is

therefore a Feller process on R    y [T, oo).  As in Theorem 13.8 of [5], we can

prove that  a £ dV is a regular point with respect to  Yit)  if dV is differentiable

at  a,  i.e., there exist a neighborhood   K of  a and a function 0(x),  differentiable

at a and having a nonzero differential, such that K O V = ix £ K\ if/ix) <0\.  Let

G be an open subset of  R    y [T, oo).  Then given any open subset  U oí R   x

[T, oo) with compact closure contained in  G,  we can find  t   > . . .  > t. > T

in > 1) and disjoint sets  U1. (z = 1, • • •, n;  7 = 1,...,«.) such that  IP. is of the—      . ' i ' j^ i   .

form  V'. x[t.   ,,/.)   just considered and the closure of   U - U" 11 )"zi U1  ls con-
; z— 1       z      ' ^■'i=IWj=1     j

tained in G, while  U contains  U.   By Theorem 1, the set of all parabolic func-

tions for Yit) on G coincides with the set of all continuous solutions of the

equation ll/(x, t) = 0, (x, /) £ G, as  we have seen that any parabolic function for

Yit) is continuous.

Let us further assume that, for any  T > 0, the coefficients  b. and  c also

satisfy a Holder condition with respect to t on R   x [0, T].  Then we assert that

the class of all parabolic functions for  Yit) on G coincides with the set of all

solutions  f £ C  ' (G)  of Lf = 0  on  G,  where  L  is the backward parabolic opera-

tor defined by (3). To see this, we shall show that any function / which is
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parabolic for  Y(t) on G belongs to C   • (G).  Take any s2 > Sj > 0 and any open

sphere  V in Rd such that V x [s ¡, s A[ C G.  (V denotes the closure of V.) Let

D = V x (sv s2), B = V x Ujl,  1 = (dV x [sv s2)) u (V x U2I). Define 0: Rd x

[0, s2] —* Rd x [0, s2] by 0(x, z) = (x, s2 - z),  and let a~ )(x, t) = a. (x, s2 - z),

¿>.(x, z) = bix, s2 - t), c(x, t) = c(x, s2 - t) and / (x, /) = f(x,  s   - t). Now /   is continu-

ous and there exists a unique solution  v of the first initial-boundary value

problem:

1 Y   2\.(x, 0-ÍÜ-+ ¿  £(x, zO — - 2vx, z)zz -— = 0    on 0[D] u 0[ß],
2 ~,     " <9x.c9x.     ^'dx. dt

7,;=1 7      ;       7=1 i

V = f       on     0[£].

Furthermore, v £ C2,1(0[D] U 0[ß]).  Let zz(x, t) = z;(x, s2 - t),  (x, t) £ 73.   Then zz

satisfies La =0 on D U ß and a £ C2'l(D Uß). Therefore u £ 3\,(V x  [s    s2)),

Uzz = Lzz = 0 = 11/ on V x[s y s2) and zz = / on 2.  This implies that u = f on

V x [.Sj, s2],  in accordance with the following lemma:

Lemma 2.  (a) Let  U  be a bounded open subset of R    x [s,, s2),   0 < s. <

s2,   of the form DUß.,   where  D  is an open subset of R    x (s., s A, whose

boundary dD  consists of a domain  Bl   lying on t = s.,   the closure of a domain

B2  lying on t = s2,   and a manifold S lying in the strip  s. < t < s2 such that S

bas the outside strong sphere property  (see p. 69 of [7]).   Then given any e > 0,

there exists h: (/—»(- oo, oo) such that 0 < h < e, h £ ÍD^(Í7) and ll¿ < 0 oa  Í7.

(b) Let  U  be as in (a).  Suppose f: U —> (- oo, oo)  is continuous,  f £d)^iu),

11/ < 0 oa (7, / > 0 oa ß-, U S.   Then f > 0 on (7.

Proof,  (a) Define  "a .., b ., c1, 0  as before.  Then there exists a unique solu-

tion g  of the first initial-boundary value problem:

1 2>..(x, t) Aj__ + Zbix, t) *&-- nx, t)g-?Z = - 1     on 0[D] u 0[ß,],
2 . .     ,; dx.dx.      i      l dx. dt

7.Z I        J ' 1

g = 0    on 0[B2] u cp[S].

Furthermore, g e C  ' (0[D] U 0[Bj]) and g is continuous on 0[D]. It follows

from the classical maximum principle that g > 0 on cp[D]. Let k(x, t) =

g(x, s2 - t), (x, t) e D. Then k e C  ' (D u ß ^), k is continuous on D, k>0 and

Lk = - 1  on D U B j = (7.   Therefore z« £ 3)^(1/) and Uzé = Lze = - 1  on (7.   Given

e > 0,  we can choose a positive constant c such that ck < e on (7.   Let h = c&.

Then ll/b = clU < 0 on  (7.

(b) Given e> 0, let ¿ be the function constructed in (a). Let /  = / + h.
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Then 11/  = U/ + \ïh < 0 on U,  f  > 0 on S2 US.   By the minimum principle for U

(the version we referred to in §2),  /   > 0 on  U.   This means that / > - e on  U.

Since  e is arbitrary, the desired conclusion follows.   Q.E.D.

Summing up, we have the following theorem.

Theorem 3.  Let  Yit)  be the diffusion on R    corresponding to diffusion coef-

ficients a Ax, t),  b ix, t),   i, j — 1, • • • , d,   and c(x, t) > 0 such that, for each

T > 0,   the matrix a  is uniformly positive definite and the coefficients  a.., b. and

c are bounded and Holder continuous on R    y [0, T\. If G is an open subset of

R    x [T, oo) (T > 0) and u: G —> (- oo, oo), then the following statements are equi-

valent:

(A) u  is continuous on  G and  Ua = 0   on G,

(B) a € C   * (G)  and Lu = 0  on G,   where  L  is the differential operator de-

fined in (3),

(C) a  is parabolic for Yit)  on  G,

(D) u  is bounded on every compact subset of G;   and if U  is any open sub-

set of R    y [T, oo) with compact closure contained in  G and r     is the first

exit  time  by  the  corresponding space-time process   Zit)   from   U,   then

uiYis + it A tA)), s + it A z-y)), / > 0, is a martingale with respect to P       ¡or all (x, s) £ G.

4. One-dimensional regular diffusions with inaccessible boundaries.  Con-

sider a conservative continuous strong Markov process  X(t) on an interval  /  with

endpoints  rQ, rx,  where - oo < r    < rx < oo,   such that all the interior points of /

are regular points.  Let  C. denote the space of all continuous functions on /  such

that  lim        fix) exists (as a finite number) for  i = 0, I.  To simplify the notation,
x—,ri

we shall, without loss of generality, assume that 0 e (rQ, rx),  s(0) = rzz(O) =

z?z(0 -) = 0,  where  s  is the scale (which is unique up to a linear transformation)

and the measure which assigns mass zzz(Z>) — zzz(a) to the interval (a, b\ for r. <

a < b < r,   is the speed measure of Xit). Define

axix) =J Qmiz)dsiz),       cüj(x) = l* siz)dmiz).

r. is called an accessible boundary if uAr.) is finite, and is said to be inacces-

sible if otherwise.  An accessible boundary  r.  is said to be regular if cú Ar)  is

finite, and is called an exit boundary if otherwise.  An inaccessible boundary  r.

is an entrance boundary if co Ar ) is finite, and is a natural boundary otherwise.

It is well known (see Chaptet 2 of [9]) that D   D  , when restricted to the class
r m    s'

F. of all functions f £ C. such that D  D f £ C,, is the strong C. -infinitesimal

generator for the process  Xit) it rQ, rx  are inaccessible boundaries.

Suppose hereafter that  r„, r,   are inaccessible boundaries.  Let Zit) be the

corresponding space-time process and  U  the characteristic operator of Zit). Let

Xq sir., r j) and  t. > 0. Let  G   be an open subset of (rQ, rj) x [0,oo) containing
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(x  , t A and /: G —♦(— oo, oo) such that df/dt is continuous at (x , t A and

f(x   t ),  D   D+f(x   t )  ate both continuous in  x for all  x in some neighborhood of
'     '     0 m    s1     '     0

x .  Then we assert that  u/(x , / ) exists and

(4) Mfix0, t0) = DmD+jix0, t0) + a/(x0, z0)M,

To prove this, let  (7    be any open rectangular neighborhood of (x_, z  )  contained

in  G  such that

|¿y(y, t)/dt - dfixQ, t0)/dt\ < e   v(y. <) e l/f

Let  (7 be any open neighborhood of (x   , t A whose closure is contained in  (7

and let r,, be the first exit time from  (7 by Zit). Write

E[fiXitQ + r„), z0 + ry)| X(z0) = xQ] - /(x0, zQ)

= E[fiXit0 + tö), z0 + ru) - /(X(z0 + tv\ tA\ X(z0) = x0]

+ E[fiXit0 + ry), z0) - /(x0, i0)| X(z0) = x0].

Since

/(X(z0 + ry), z0 + r^) - /(X(z0 + tv), tQ) = ruidf/dt)ixit0 + Ty), Z ),

where  Z lies between t, and Z. + ry, and since (X(z. + r,.), t) e U , we have

E(|/(X('0 + ry), i„ + TV) - /(X(z0 + r^), tQ) - z^/f^, zq)/c9z| |X(z0) = xQ)

EUy|X(z0) = x0)
< f.

Let /   (x) = fix, tQ). We need only prove that

E[fto(X(*0 + ry))-/   U0)|X(z0) = x0]
lim       -2-2-=D   D+/   ix).

UKxo.to) E(ry|X(í0) = x0) m   s/'0    0

The functions f, , D   D f     ate continuous on  [a, b], where  r. < a < x. < b < r,.
tQ       m    s' tQ o 0 1

Choose  x.  £ (a, />)  such that  ?zz(x.) = zzz(x   -).  Define

Jix) = /   (x) - s(x)£>7, (x.),       x £ [a, b],
IQ S   IQ Í

Then f , D   D   f   ate continuous on [a, b] and D   fix A = 0,  D   D  fix A =' 777      S' S' 1 'ZTZS'O

D   D fixn, tA. Let h = D   D f   on  [a, b]. Since h is continuous on [a, b], we
777     5'        u        U m     Í'

can extend h to a continuous function  ¿. on  / such that  h. vanishes outside

[a1, b'] with rQ < a' < a < b < b' < r y  Define

f(x) = fx   (y   hfz) dmiz) dsiy) + T(x{),       x £ I.
«7 X | J X 1

Now / is a continuous function on /, is constant outside [a , b ], and D D / =

Z>. is a continuous function on / with compact support. Therefore / £ F{. Since

D   D   f  is continuous on  [a, b], we have, for all x £ [a, b],
777      S"'

7(x)=fX   fy   D   D+JJiz)dmiz)dsiy) + J'ixA + isix)-sixA)Dl'f'ixA.
J X]J x i     m     S l I *• 1
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But DJ (x ) = 0 and so fix) = fix) for all x £ [a, b\. By the Markov property,

E[fiXit0 + ry))| X(/0) = x0] = Exo/7x(^))^ and E^X^) = xQ)= E^, where

¿A = inf [/ > 0|(X(/), f + i.) e (il.  Since / is in the domain  Ff of the infinitesimal

generator, and ¿A  is a Markov time with   E    ¿A < oo,  it follows from Dynkin's

formula that

EKxiQ) - Kx0) = eJ» DmD+JiXis))ds.
f0J0

Therefore we have

y(x(¿)/)-/(x0) yw^)) - /(x0)

lim       -r—* -      lim        -7;    J
Ul(x0,z0) E^^y Ul(xo,i0) fcx0^iJ

=       lim     (E     i.^D   D*,iXis))dsl/E    A,

= £>   D%xA = D   D^fix., t.).m    s' v   0 mí'     0      0

To complete the proof of (4), it remains  to  show that

E    siXiC,)) - sixQ)

lim-   =0.
l/l(xo.'o> £,„£,/

But this is obvious, since  s  is harmonic for  Xit).

Let  rQ< a < b < r.. Define first passage times

(5) £a = inf U > 0| Xit) = a\,    £ab = €af\Çb>

Lemma 3.   For r<a<x<b<rv   u > 0,   define

*Jà = Px^a = tab 1 «1.     *>> = Px^ = 4, < J.

PlU, b) = Px[^<b],     p2U «) = PxUa < «],    P3U, a) = Px[£afe < al.

Ticz2 for u > 0,  x    e (a, è)  «W any continuous function g: [O, u] —> (- 00, 00),

lim W (a) = ¥    (a),     lim  f%(A)a"P (A) = f"g(A)a^    (A).
x-xn    x x0 x^x0Jo° x Jo6 *0

Similar assertions hold for $ (a).  Furthermore, the functions p.ix, a),  i= I, 2, 3,

are jointly continuous in ix, a) for ix, u) £ ia, b) x (O, 00). Also lim   ., p.ix, u) =

lim   i     pAx, a) = 1,  for all a > 0.
xla   * 2 '   '

Proof.  We first prove that p.ix, u) is jointly continuous in (x, u) for (x, u) £

(r , è) x (O, 00), Consider the process  X(/) obtained from  X(/) by curtailment of

its lifetime up to rffc, i.e.,  Xit) is the part of Xit) on irQ, b). Its transition func-

tion is determined by D  D    (restricted to irQ, b)) subject to the boundary condi-

tion fib) = 0.   This transition function of  Xit) has a density  ffit, x, y) with re-

spect to speed measure and fr is  continuous on  (O, 00) x (r , b) x (r , b)  (see
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p. 149 of [6]). Now

Pj(x, u) = 1 - PjXiu) £ (r0, b)] = 1 - ¡{r fiu, x, y)midy).

Since ff is continuous in  ix, zz), it follows that p,  is continuous on ir , b) x

(0, oo).  We can prove the assertions for p2, p,  in a similar way.

By making use of the strong Markov property, it is easy to prove that

lim    „   $ (zz) = $    (zz),  zz > 0.  Obviously $ (O) = 0 for all x £ (a, />). Therefore
X    'X Q X 0 ' X

by the Helly-Bray Lemma, for any continuous function g on  [0, zz], we have

lim (UngiX)d<S> (A) = i%(A)o'$    (A).-
X  -JCQ      U X J  Q XQ

The assertions for V    can be proved similarly.

To prove that  lim  ,    pAx, u) = 1  for all  zz > 0,  we consider the matching

number e, = lim ,    E   exp (- cf ) (cf. [6]). Since the diffusion is regular,  e   = 1.

This implies that, for any  zz > 0, pAx, u) = P  [f   < zz] —> 1  as  xia.   In a similar

way, we can prove that   lim ., P [f, < u] = 1.     Q.E.D.

Lemma 4.  Eor aay compact subset  C of (r , r.) and any e > 0,

lim      sup     P     X(i)iC,       sup |X(z,)- X(z,)| >e"| = 0.
SlO xftro.rj)     XL í<íi£Z2<' + S

<ä0

Proof.   For any open set   Í7 whose closure is a compact set in  ir , r.) and

any e > 0,

lim sup Z ~ ^(z, x, (r     r A - (x - e, x + e)) = 0

"0 x£fJ

(cf. [5]). Therefore we can apply Lemma 13.2 of [5] and obtain that, for any e > 0

and any open set  (7 whose closure is a compact subset of (r_, rA,

. 1

lim sup P sup      \Xitx)-Xit2)\>e\ = 0.
ui0 xeU     X\_0<t\<t2<u -I

Let   C be a compact subset of (r , r.)  and  e > 0.  Given  r¡ > 0,  choose  S    > 0

such that

sup P sup        |X(z.)- X(z,)| > e\   <r¡.
yeC     yb<-nJ2<-h ! 2 -I

Then for x £ (rQ,   Zj),  Z > 0,  8 < 8Q,

P    |"x(z)£C,        sup |X(z )-X(z )| >c
x |_ Z<Zi<í2<í + 8 J

= f Py,,.[~      sup     |X(z )-X(z )|>e"| dPx<r¡.       Q.E.D.
J[X(z)6C]     X(/)[o<Z!<_Z2<S ! 2 j        x

Lemma 5.   Let rQ < a < b < r y   T > T l> 0 and U = ia, b) x [T y T).  Let Zit)

be the space-time process of X(z), and   Z At) be the part of Zit) on ir-, r.) x

[T., 00).  Let Ty denote the first exit time of U by ZAt).  Then the process

Z At A rA),  t > 0,  is a Feller process on (r , r A x [T., 00).
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Proof.   Let / be any continuous function on (r , r.) x [T , oo). We shall prove

that, given / > 0,  the function

Ftix, s) = E[/(ZjO A tö))\ Zj(0) = (x, s)]

is a continuous function on irQ, rx) y [T}, oo). Let Ça, tffe, ¿;ab be the first passage

times defined by (5) and write ç = ¿,.  In the case t +■ s <T, we have

Ftix, s) -J^/íxtó. / + s)¿px +J^i-Sl]te £+ ¿dpx +J[frf|aqAfc e+ *)¿px

= 7r.(x, s) + ^j(x, s) + fZj(x, s),   say.

On the other hand, if  t +■ s >T,  then

E/x, ,) = J[i>T_s]/(X(T - s), T)dPx + /[i=Afl<_T_5]A«, f+ *)rfPx

= 772(x, s) + t'2(x, s) + /t2(x, s),     say.

Making use of Lemmas 3 and 4, it is not hard to show that  lt., v. and p. (i = 1, 2)

are continuous on  U.  Hence  F   is continuous on  U.

We now prove the continuity of  F    on the boundary of  U (in the space

(t , r x) x [Tj, oo)). We first show that

/^n lim F(ix, s) = fix x, T)    for any Xj £ [a, b],

s]T
X—-X i, x e(a, b )

For s sufficiently close to  T, t + s > T and so

Ftix, s) = j/(X(£ A (T - 5)), (£+ s) A T)^

= A*- T) + Jflx(i/ycr-.))-«1*«i *AX(£ A (r - s»> (f + *) A r>- A*.  r)UPx

+/[|x(ÍAl(T-s))-xl>s]!/(X^A(T-^. (£+*) at)-/(x, Dl«^,

where  S is chosen as follows.   Given e > 0, we choose  z5 £ (O, t)  such that

\fiy, s) - fiz, T)\ < e it T - 8 < s < T and  \y - z\ < 8, z £ [a, b]. Then for x 6

(a, b) and s £ [T - 8, T],

J[|x(iA(T-s))-xUS]l/(X^A(r-^^+^A T)-A*. T)\dPx<(.

By Lemma 4, we can choose 8. £ (O, 8) such that

P    ("     sup |X(f A - X(i )| > 8~\   < f    for all  x e (a, /.).
X  |_0<ri<í2<Sl J

Therefore if x e (a, è) and s e [T - 8., -T], then

J[|x<fA(T-*))-*| >8] l/(X(f A (T - s))' (f+ *) A T) - fix.  T)\ dPx < 2||/||e.

Since limx_^x   fix, T) = fixx, T), (6) follows.  Finally, making use of Lemma 3, it

is easy to show that if T x< s   < T,   then
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lim   F ix, s) = fia, sQ)    and      lim   E((x, s) = fib, sQ).       Q.E.D.
S—SQ S-~SQ

xla x]b

Let G be an open subset of (r , r ^ x [T, oo)    (T > 0).  Then given any open sub-

set  U of (r., r.) x [T, oo) with compact closure contained in G, we can find Z^

> • • . > Z    > T and disjoint sets   Í7!  (z = 1, • • • , a;  j - 1, . . . ,n)  such that  U\ is

of the form U1, b1) x[t.   ., t.), r   < a1. < b1. < r.,  and the closure of Í7 is contained

in G, while  U contains   Í7,  where $ = U"=lU"==i ^ Let Z/^ be the part of the

space-time process  Zit) on irQ, rA x [ç_!> °°) and let r.. = inf!z > 0| Z A,t) 4 U'A.

By Lemma 5,  Z.(z Ar..) is a Feller process.  Hence Theorem 1 can be applied

and the set of all continuous parabolic functions for  X(z) on G coincides with the

set of all continuous solutions of the equation   U/(x, z) = 0,  (x, z) £ G, where   U

is the space-time characteristic operator.   In particular, if /: G —► (- oo, oo)  is con-

tinuous,  df/dt is continuous and D   D f exists and satisfies df/dt + D   D f = 0

on  G,  then  /(X(z Ar),  s + (z A  t)),  t > 0,  isa martingale with respect to  P     for

any (x, s) £ G,  where  r = inf Sz > 0 |(X(z), Z + s)   r/ (7Î and   (7 is an arbitrary open

subset of ir , r.) x [T, oo) with compact closure contained in  G.   Furthermore, it

can be shown that Theorem 2 is applicable here, and so if / is parabolic for X(z)

on  G, then it has to be continuous on G.

Let us now consider solutions of c9//c9/ + D   D f - 0 obtained by the separa-

tion of variables, viz., fix, t) = gix)hit). Such solutions have the form fix, t) =

c_twg(x), where  a is a real number and D   D g(x) = ag(x). As before, we assume

for notational convenience that s(0) = zzz(O) = ttz(0 -) = 0.  A solution of D   D p =
777      S°

0-g is given by
oo

(7) uix, a) = ^T   anunix),       x e irQ, rj,

77=0

where

zzn(x) = 1     zz    .(x)=|   |yzz U)a'?zz(z)a's(y).
0 '77+1 J qJq   n J

The functions  zz.(x), j > 1,   are everywhere nonnegative, increase for x > 0  and

decrease  for x < 0,  and since  «¿.(x) < u.ix)iulix))k~,/ik - /')!  for   j < k,  the

series S^_0 cPuJ^x) converges for all real a.  Another solution of D   D g = ag

is given by
oo

(8) v(x-   a) =   X    a"u„(*)> x € (r0.   r^,

77=0

where

v Ax) = six),     v     Ax) =f   fyiz iz) dmiz) dsiy).u "+1 J OJ 0   "

The functions z^U) are increasing on (rQ, rA, negative if x < 0,  and positive

if x > 0.  For a = 0, 1, 2, • • •,



424 T. L. LAI [January

VJx)<^{^y)drniy))n,        x>0,

\v ix)\ < Ifiîlf f°|s(y)| dmiy))" ,       x < 0.
" n\      \Jx I

Therefore the series S00... oPv ix) converges for all real  a.

Consider the solutions of

(9) DmD+sg = Xg       iX > 0).

We have seen that a(x, A), w(x, A) are solutions of (9). Since A > 0, we have   1 +

Aa.(x) < uix, X) < exp(AaAx)), and the functions

uix, A) = uix, X)\l  *=f—-—,

do) Jx Uy'A))

a   (x, A) = a(x, X)\X       ■-   V       ,
J r0 iuiy, X))¿

ate respectively positive decreasing and positive increasing solutions of (9) (cf.

[9]). As both boundaries are inaccessible, D__u+irx, X) = Dsu_irQ, X) = 0. If rl is

not an entrance boundary, then a+(rj, A) = 0, and if r. is not an entrance bound-

ary, then a_(rQ, A) = 0. The solutions a(x, A), vix, A), a+(x, A), a_(x, A) of (9) are

all continuous functions in x. By our previous result, any continuous solution of

D D f + df/dt = 0 with df/dt continuous on (rQ, r x) y [O, 00) is parabolic for

X(i). In particular, e~Xtuix, A), e~x'vix, A), e~Xtu+ix, X) and e~Xtu_ix, A) are

parabolic for Xit), and so if V    is an interval such that  V   C (r , r,) and a    de-r 7Z ZZ U 1 ZZ

notes the first exit time from  V    by  Xit), then Íexp(-A(¿ A a ))uiXit A a ), A),

/ > 0!,  etc., are martingales with respect to  P     for all  x £ (r_, r ). Now suppose

that  V   î ir., r.)  as  n Î 00.  Then  a   T 00   since the boundaries are inaccessible,
n <      0      1 zz '

and it is natural to ask if ie~ luiXit),  A),  / > 0!,  etc., are still martingales.  We

shall show below that if both boundaries are natural, then the answer to the above

question is affirmative.

Theorem 4.   Let Xit) be a conservative regular continuous strong Markov

process on an interval I with endpoints r., r.,  where - 00 < r. < rx < 00.  Let   f:

l y [O, 00) —, (- 00, 00).  For r<a<b<r.,   let tf , f , <f      be the first passage

times defined by (5).  Let x £ ir., r.). In order that fiXit), t +■ r), t > 0,  is a mar-

tingale with respect to P    for all r > 0,  it is necessary that the following condi-

tions hold for all t > 0,  r > 0,

¡\\ lim Ire      -.¡ia, t   + tf )dP   =0      if r   is inaccessible,
w a[,0 J\.5a<r\ ax U

(Ü) lim   Iri <Tif(b, t + £,)dP    =0      if rx is inaccessible,
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,..., lim   f . fiXir),  t + r)dPr = (fiy, t + r)P{r, x, dy)
V11' alT0J[$ab*r] x     Jr0

blrx

if both t., r.  are inaccessible,

(iv) i[ta<rAtb]f{a' l + QdPx +/[f^fAi-]A6. t + QdPx - 0   as flir0.   fe Î rp

if both r_,   r,  are inaccessible.

Conversely, if r., r    are both inaccessible boundaries,  f is parabolic for X(z),

and conditions (iii),  (iv) hold for all x e (r , r) and all Z > 0,  r > 0,  ZÀea

/(X(z),  Z + r),  Z > 0, z's a martingale with respect to P    for all x £ (r , r A and all

r> 0.

Proof.   Suppose /(X(z),  Z + r),  Z > 0,  is a martingale with respect  to  P    for

all  r > 0.  Let  rQ  be inaccessible.   For any  a e (r , z-j),  /(X(z A cfa),  (z A  cfa) + r),

Z > 0, is also a matringale with respect to  P    for all  r > 0.  Therefore for any  r >

0,  Z > 0,

/U  ¿) - J[^-]/(X(r)' r + tUP* +î[ia<r]f{a' t« + tUP*'

Since r    is inaccessible,  P  [lim ,     cf   = oo] = J.  Also  E /(X(r), Z + r) = /(x, z).

Therefore as  a I r ,

í[£a¿r]f{X{r)'   l + r)dPx — JAM.   * + ^Px = A*-  ')

and so (i) holds.  In a similar way, we prove (ii).

Now assume that both rQ, r    ate inaccessible.  For r.<aKb<r.,

fiXit  A cfafc), it A c;ab) + r), t > 0, is a martingale with respect to P    for all

r > 0.   Therefore for any  r > 0,   t > 0,

(11)  ^^/[^H^''*'^*

Since  rQ, rt  are both inaccessible,   Px [lim  .    .y,      Çab = oo] = 1.   Therefore

lim f .        . fiXir), t + r)dP= ffiXir), t + r) dp   = fix, t)
r0

fclrj

and

^ {ha<r^b\f{a- *a + /)¿P* + S[^<r^a/b- th + ^dPx) = °"
aiTQ \ Jr0
bhi

Conversely, suppose that r , r.  ate both inaccessible, / is parabolic for

X(z) and conditions (iii), (iv) both hold.  Since / is parabolic, for any r   < a < b
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< r.,  fiXit A (¡ab), U A fflA + r),  i > 0,  is a martingale with respect to P    for

ail  x 6 (rQ, Tj) and r > 0.  Therefore for any x e (rQ, rj),  /: > 0,  r > 0, (11) holds,

and letting alr^,   b ] rx in (11), we  obtain by (iii) and (iv) that fix, t) =

ffiy, t + r)Pir, x, dy). Hence ¡iXit),  t + r), t > 0, is a martingale with respect to

Px for all  x £ ir , r j)  and  s >0.        Q.E.D.

Lemma 6.  Assume that r , r    are natural boundaries.   I¡ g(x) is any solution

of (9),  then for any t > 0  azza" any x £ (r , r A,

(i) /|g(y)|P0, x, *y) < oo,  and /[f afca/jgU(/))¿Px — Jg(y)P(¿, x, dy) as aï

rQ  and b]rx,

(ii) lima!r   g(«)PjÇa < Ù = 0,

(iii) limWrig(fc)Px[^<i] = 0.

Proof.   Since g  is a solution of (9), there exist constants  c., c    such that

g(x) = c a+(x, A) + c  a   (x, A).  Therefore we need only prove (i), (ii) and (iii) for

a+ and a   .  We first consider a   .  Since a    > 0 on (r_, r.), the monotone con-

vergence theorem implies that

i lim,r      Its ,  ,1*_(XW> A^px « /«  Wt\ A)a-P .
air0;6Iri   ^ [<faè>rJ    ~ x      J    - x

Now  a_(X(« A £ ¿)> A)exp(- A(z" A £ab))i  l > 0,   is a martingale with respect to  P

and so

a   (x, A)> e~Xi fr,       (1a   (X(z), A)aT  .
_ J\_Çab^l\    ~ x

Therefore   fa   (y, A)P(z", x, ay) < oo and (i) is proved.  Since  a_(r , A) = 0, (ii) is

trivial.   To prove (iii),  v/e fix   a> 0 and note that, ¿»iven any   t > 0,

ujb, X)Px[Çb <t]< e(a+X)ia_(6, X) ̂  e~^^T dP J,c;b < r]

= e{a+X)tu_ib, X)u_(x, a+ X)/u_ib, a+ A),    it b > x.

Therefore we need only prove that  lim,.      a   ib, X)/u   ib, a+ A) = 0.   To prove

this, it suffices  to show that lim,,     nib, X)/uib, a + A) = 0.  Given any  8 > 0, we

can choose  zz     such that A"/(A + a)" < 8 tot all  n >n..  Then

uib  X) 2"°n A"" W
+ 8^8       as  b}rv

uib, a+ X)'   1°°       ,(a+ A)"a ib)
Z2=ZZQ+1 ZZ

The last relation above holds by Lemma 7 below.   Since  8 is arbitrary, we indeed

have lim,,     uib, X)/uib, a+ X) = 0.  In a similar way, we can prove that (i), (ii),

(iii) hold for a+.       Q.E.D.

Lemma 7.   Assume that  r^   is a natural boundary,

(i)   ("¿la (x)aVz(x) = oo for all n > 1.

(ii)  For 72 = 0,  1, 2,...,  IimHrl an+1U>) = oo,  limMrian+jQ,)/anU>) = oo.
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(iii)  For n = 0, 1, 2, • • •  and X > 0,  limèIr   u^ib)/uib, X) = 0.

Similar statements hold for r.  if it is natural.

Proof.   To prove (i), let a > 1 and r. < 0 < b < r«.  Then since  zz      .  is

continuous and positive on (0, r.) and zzz is strictly increasing, it follows that

f0un_1iz)dmiz) > 0.  Letting C = \\un_ ¿z)dmiz), we have

¡Tol unix) dmix) >  Q1 ¡x (y un_ x(z) dm(z) ds(y) dm(x)

> C(n(s(x) - s(b))dm(x) = oo.

We shall prove (ii) by induction.  Obviously (ii) is true for  a = 0  and it is easy

to show that (ii) also holds for a = 1.  Now assume that (ii) holds for n = k - 1

(k > 2).  By induction assumption,  lim,,     uAb)/u,_.(b) = oo. Hence given A > 0,

we can choose  bQ £ (O, r.)  such that  u,(b)/u,_Ab) > A  if b £ [b-, z-j).  Then for

b e(bQ, rj),

"k+lW > <0ïVbQ«k-^)dm(z)ds(y)

(12)

Uk(b) ^luk_l(z)dm(z)ds(y)

Ï!hQ°iyQ^k_liz)dmiz)dsiy)       ^fiuk_x(z)dm(z)ds(y)
+ 1

\¡bQÍybQUk-V[z)dm(z)ds(y)        flofyoUk_1(z)dm(z)ds(y)

= /±[Gl(b) + G2(b) + l]-\    say

It is easy to see that  fbl R   zz, _ Az) dm(z) ds(y) = oo,  and therefore we have

limMr GjU) = 0.  If s(rx) < oo, then

P  (b°Ui    Az)dm(z)ds(y)<~
J bQJ0      k~l

and so  lim,r    G2(b) = 0.  Suppose  s(r.) = oo.   By (i),  given any  § > 0,  we can

choose  b. e(bQ, r J  suchthat

(hl   u,    ,(x)dm(x)>8-1.
-b-

'0

Then for b £ (b., r}),

G2(b) < 8uk_l(b0)m(b0)(s(b) - s(b0))/(s(b) - s(b j))

—, 8uk_l(bQ)m(b0)       as  czîrr

Since   8   is   aribtrary,   lim,.     G Ab) = 0.   Therefore   (12)   implies   that

lim inf,       u,    Ab)/uAb) > A.  But  A is arbitrary, and so lim,,     zz,    Ab)/uAb) =

oo. Hence we have proved (ii), and (iii) is an obvious consequence of (ii).  Q.E.D.

In a similar way, we can prove the following lemma.
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Lemma 8.   Assume that rl  is a natural boundary.

(i) fl v ix) dmix) = oo for ail n > 0.

(ii) For 1 = 0,1,2,.--,  UmWfl *B+1(¿) = -, limWri "»^/«„UO = oo.

(iii)  For n = 0, 1, 2, • • •  aW A > 0,  lira,,     v ib)/vib, X) = 0.

Similar statements hold for r.  if it is natural.

Theorem 5.   Let  Xit) be a conservative regular continuous strong Markov pro-

cess on (r , rA such that the boundaries  t., r.   are natural.   Let six) be the scale

and m  the speed measure of X(f).

(i) // /: ir., r ) x [O, oo) —> (— oo, oo)  is continuous,  df/dt is also continuous

and D   D   f exists and satisfies df/dt + D   D f = 0 on ir., r,) x [0, oo), then f is
m    s ' ' ' ms' 0      1' '

parabolic for Xit). If moreover, for any  T > 0,  there exist a_ > 0 and a function

gT: irQ, rx) —. (- oo, «,) satisfying DmD*sgT = aTgT such that max0^sT |/(x, /)| =

0(|g_(x)|) as x T rx  and as x\r.,  then fiXit), t +- r), t>0,  is a martingale with

respect to P    for all x £ ir., r,) and all r>0.
r x  ' 0      1 —

(ii)  For any real number a,

DmO*g(x) = agix) for all x £ (rQ, r^

=» e~ mgiXit)), t > 0, is a martingale with respect to P    for all x £ (r , r ).

DzzzD^*) = a f°r aU   X  e (TW   rP

=» giXit)) - at,   t> 0, is a martingale with respect to P    for all x £ (r , rx).

(iii)  // fix, t) = f"0oU) + tn~l(f>xix) + ... + qbnix) satisfies D'mD+J +

df/dt = 0,   then fiXit), t + r), t>0,   is a martingale with respect to P    for all x £

ir., r A and all r > 0.

Proof.   We may without loss of generality assume that  0 £ ir., r A and  s(o) =

ztz(O) = zzz(0 -) = 0.

To prove (i), we can use Lemma 6 and the assumption that maxQ<    T |/(x, i)|

= 0(|g_(x)|)  to show that the function  / satisfies conditions (iii) and (iv) of

Theorem 4.  Hence by that theorem,   fiXit),  t + r),  t > 0,  is a martingale with re-

spect to  P     for x £ ir., r.) and  r > 0.

To prove (ii), first consider solutions of D   D g = a.   For all x £ (r , rA, we

have

gix) = auxix) + gi0) + vQix)D*gi0).

Set fix, t) = gix) - ai.  Then D   D f + df/dt = 0,  and / is continuous.  Take A >

0.  By Lemmas 7 and 8,  there exist constants  K x, K    such that ¡ZjW < Kxuix, X)

and   |fQ(x)| < K.\vix, A)|   for all  x £ (rQ, r ).  The desired conclusion then follows

from (i).

Now consider solutions D   D g = ag.   It   a> 0,    then the desired conclusion

follows from (i).  If a= 0,  then this is a special case of D   D g = a already con-
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sidered.  Let a < 0.  Then   zz(x, a) and v(x, a) are two linearly independent solu-

tions since D u(0, a) = 0,  D v(0, a) = 1 and zz(0, a) = 1. Clearly  |zz(x, a)| <

zz(x, - a),  |zz(x, a)| < |zXx, - a)|. Since - a> 0 and zz(x, - a), v(x, - a) are solu-

tions of  D   D g = (- a)g,  the desired conclusion follows from (i).

We now prove (iii).  Consider solutions of the equation D   D f + df/dt = 0 of

the form f(x, t) = t"cpQ(x) + t"~1cp1(x) + • • • + cpjx). We have for all Z > 0,  x e

ir0, rA,

t"DmD+scp0ix) + Z"' Ha0o(x) + DmD>1(x)) + ... + (0n_ ,(x) + D^cp^x)) = 0.

Therefore D   D__0 (x) = 0, and in general for  1 < i < »,   DmD^0 .(%) =

- (a-z + l)0._,(x). Hence there exist arbitrary constants  cQ, dQ, cy dy • • • , Cfl,

d    such that
77

(13a) 0o(x) = c0 + dQsix)

and for   1 < i < a,

(13b) cp.ix) = - in - i + l)ï(x (y cf>._liz)dmiz)dsiy) + c. + d.sixH.

It is easy to see by induction that  0. is a linear combination of  zzQ, • • • , zz.,

v , • • ■ , v..  Therefore by Lemmas 7 and 8, given X > 0, there exist constants K ,

K2 such that, for i = 0, • • • , a,  |0Xx)| < Kyuix, X) + K2|v(x, A)|. Hence the de-

sired conclusion follows from (i).       Q.E.D.

From (iii) of Theorem 5, it follows that z"0Q(X(z)) + t" ~ lcp j(X(z)) + • • • +

0 (X(z)),   Z > 0,  is a martingale, where  0Q, • • • , 0    are given by (13a, b).  We

shall call such martingales time-polynomial martingales, since  they are poly-

nomials of the time variable.   By first setting  c    = (- l)"/a!,   c   = . . . = c    =

dQ = • • • = d   =0,  and then setting d   = (- l)"/zz!,  d^ = ■ ■ ■ = d   = c    = • • • =

c    =0,  one obtains the two kinds of time-polynomial martingales of degree  a dis-

cussed by Arbib [l]  in the case of a regular diffusion with generator  D   D    and

natural boundaries at ± oo. Arbib's proof depends on the direct evaluation of

E  [0.(X(z))] which in turn makes use of the behavior of the positive decreasing

and increasing solutions of D   D g = ag at the boundaries + oo and - oo respec-

tively. Arbib [l] has obtained a characterization of the diffusion with generator

D   D    and natural boundaries ± oo in terms of time-polynomial martingales.  In our

present case, in order that a stochastic process  X(z), Z > 0,  taking values in

(rQ, r A be a regular diffusion with generator  D   D    and natural boundaries at  r ,

r,,  it is both necessary and sufficient that almost all sample paths of  X(z) are

continuous, and

\siXit)), t > 0!,     |jX(i)zzz(0, y]dsiy) - t,  t > o|

are both martingales.



430 T. L. LAI [January

Under certain assumptions on the  diffusion coefficients  o\x) > 0 and p.(x),  a

standard Ito process  Xi,t) on the real line can be considered as a regular diffusion

with generator  D   D    and natural boundaries at ± °o    where
& m   s

six)=   (Xe-B(y>dy,     mix)=(x2eB(y)dy,     ß(x) =   P 1ÉÙ dy.

J° J°   a2iy) ' J°oHy)

In such cases, by (ii) of Theorem 5, for any real number a,  it

a2ix) d2g        ,  . dg
-1 + pix) -^ = ag,

2    dx dx

then e~MgiXit)), t > 0,  is a martingale, while if

a2ix) d2g       . v dg
-1 + /x(x) — = a,

2      dx dx

then g(X(;)) - az1,  í > 0,  is a martingale (cf. Doob [2]).

Let us turn to the case where  r , r    ate both inaccessible, but not both

natural.  Let Xit)   be the Bessel process of order zzz > 2, i.e.,  X(/) has transition

density

pit. x, y) = /-1(xy)1-m/2ym-1/m/2_j(xyA)exp(-(x2 + y2)/2/),      t > 0, x, y > 0.

(/ (z) denotes the modified Bessel function of the first kind.) Here  0  is an en-

trance boundary and «> is a natural boundary.   In [8], it is shown that for the in-

creasing solution

gl(x) = X1-""\/2_1iy/2Ïx)

OÍ

if d2g     m - 1 dg\ , v
-(—-2+--j = CLg       (a>0),

2 Vx2 x     dx I

e~wg .(X(/)),  / > 0,   is a martingale, whereas the decreasing solution g2(x) =

x  ~ml 2K    ..    ,i\l2a x) ÍK (z) being the modified Bessel function of the second
ml 2— 1   v r °

kind) fails to give a martingale.  In the case  a< 0, the second order differential

equation above has two linearly independent solutions, one of which is  g" Ax) =

x        ' 2]    , .    ,(v/2|a| x),  where  / (z)  is the Bessel function of the first kind.   The
'ml 2— 1   v    '   ' ' r

other linearly independent solution g~2(x) is x1-m/ 2/j_m/ 2iy/2[ci\ x) it m / 2, 4,

6, ••-, and is xI-m/2ym/2_1(V2löjx) if m = 2, 4, 6, • • •, where   Y K\z) is the

Bessel function of the second kind.  It is easy to see that e~    g1 xiXit)), t > 0,  is

a martingale, while e~ ^g" AXit)),  t>0, is not a martingale.   For a=0, two

linearly independent solutions of the above  second order differential equation are

g* = 1 and
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V

x2~m        im > 2)

'*(x,
' log x (777 = 2).

Clearly g*(X(z)),  Z > 0,  is a martingale.  However gî(X(z)), Z > 0, is not a martin-

gale.  The function gï is the scale of X(z). Such a phenomenon is actually common

to all one-dimensional diffusions with an entrance boundary, as we shall show

below.

Let X(z) be a conservative regular strong Markov process on (r , r A such

that r    is an entrance boundary.  Again for notational convenience , assume that

0 £ irQ, r),  sio) = ttz(o) = zzz(0 -) = 0,  and we define  uix, a) as in (7),  vix, a) as

in (8),  zz+(x, X), zz_(x, X) tot X> 0 as in (10).  Since rQ is an entrance boundary,

zzz(r0) is finite, but  s(rQ) = - 00. Also fr \siz)\ dmiz) < 00.

Lemma 9.   Assume that r    is an  entrance boundary,   0 £ (r , rA,  s(o) = zzz(o)

= zzz(0 -) = 0.  Eor x £ (r¿, O), define ifj Ax) = - zzz(x),  and for a > 1,

Also define

and for a > 1,

if,n+lix) = ¡°J°if,niz)dsiz)dmiy).

siz) dmiz)

cu     Ax) =   I    Í   w  iz)dsiz)dmiy).

T¿ea for a > 1,  x £ (r , O),

(14) 0<[//n(x)<(((yiU))"-1/U- UTfy^x),

(15) 0<can(x)<(<u1(x))B/a!.

Furthermore,   lim  ,     iA (x),  lim  ,     cu  (x)  exz'sZ aao* are finite positive numbers.
xWq "77 xlrrj      77 ' r

Define if, ir.) = lim  ,     é ix), cú ir A = lim  ,     cù ix), a = 1, 2, • • • .   Then the
' rn    0 xiTQ Tn 77    0 xItq     n '

series S°° , a"i/>  irA, 1°° , a"aj  irA  both converge for any real a.
77=1       ' n    0 77=1 zz    0 a    1 j

Proof.   The inequality (14) clearly holds for a = 1.   Assume that it holds for

a.   Then for x £ (r_,  O),

ifrn + 1ix) < ¡0xf0icj1iz))"-ï\miz)\dsiz)dmiy)/in - l)\

< l^i (\co,iy))n- ! f° dsiz)dmiy) = ioj,ix))"if,Ax)/n\.
-(n-l)\J*   l Jy x x

Similarly we can prove (15).  Clearly the functions ifj (x), a> (x) are decreasing

for x < 0,  and so  lim  ,     ib ix),  lim  ,    a> ix) exist  and are positive.  Since (14)
' xlrQ ^n xlrQ    n r v
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holds for all  x £ (r     O),  it follows that

if/nir0) < ico j(rA)" - V j(r0)/(« - l)! < ».

Therefore S^.a </z (r ) converges for all real  a.  The assertions for &> (r.) are

proved similarly.

Lemma 10.   With the same assumptions as in Lemma 9,  and u (x), v (x) being

defined by (7), (8),  we have the following equalities for all x £ ir., O)  and n > 1:

/0 z~0if/  iy)dsiy),        v  (x) = -       cy  (y) as(y).
X     " n J x    n

Therefore u (x) < z/r (rA|s(x)|   and  \v (x)| < cú  (rAls(x)l.  As x{r.,   u ix) ^
; n        — ~ n    0  ' ' '   rz       ' —     tz    0  ' ' Ozz

z/r (rAls(x)l   and v ix) ^ co (r.)s(x).

Proof.   It is easy to see by induction that,  for n > 1,  a (x) = j"  0 (y)zs/s(y).

From this, it follows that  a ix) < ifr (r )|s(x)|.  On the other hand, given  f > 0, we

can choose aQ £ (r     0) such that, if rQ < x < aQ,  then if/J,x) > ipnirQ) - (.  For

x e(v aQ),

ix) > jax°iffn(yîdsiy) > iif/nir0) - f)(s(aA - s(x)).

Therefore  lim inf ,     a  (x)/|s(x)| > 0 ir ) - (. Since  f is arbitrary,   a (x) ~
xlrç)     n ' ' — T n    0 J '      n

iff (r )|s(x)|  as  x 1 r .   The  assertions for v (x)  can be proved similarly.   Q.E.D.

Lemma 11.   With the same assumptions as in Lemma 9, for any real number

a,   the series £°° , a?\b ir A, X°°  , a"cú ir.) are convergent, and so we can define
' zz=l       rrn     g n= 1 zz    0 ° '

(16)

Then

Hid) = £  <*>„(>-„),       K(a) = ! + Z   ^„^o''
zz=l zz=l

lim   a(x, a)/|s(x)| = /7(a),      lim   v(x, a)/s(x) = K(a).
xlr0 xlr0

Proof.  Since  2°°=1 \a\nifr ir.) converges by Lemma 9, given  e > 0,  we can

choose 72.  such that' S°° , \a\"yj ir.) < (.  By Lemma 10, for any x £ ir     0),
0 7Z=ZZ0+1  '      '     ^72      0 ' ' * 0'

a ix) < if/ (rA|s(x)|, and so
72    .      —   ^72      0    ' '

oo

(17s £      a."unix)   < e|s(x)|.

7z=zzrj +1

Moreover, Lemma 10 implies

"0

/18) lim (1 + aaj(x) + ... + a"°un (x))/|s(x)| = £   a""/,n(r0^
xlro „=1
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Since  /7(a) - e < S"°j d^ifj^r^) < Hid) + e, it follows from (17) and (18) that

,.i \     _      .. tiix, d)     ,.     .  ,   a(x. a)     .,, ,
Hid) +2e> lim sup -¡-/-rr > lim mi   --2—-> /7(a) - 2f.

xlr0 |s(x)| x{r0        \s(x)\

But e is arbitrary, and so lim ,     zz(x, a)/|s(x)| = Hid). The proof for vix, a) is
xirQ

similar.    Q.E.D.

Lemma 12.   With the same assumptions as in Lemma 9,  if X > 0,  then //(A) >

0 aao" as a j r.,

|s(a)| -v a+(a, JL\)(n      ̂     V

Proof.  Since  i/V (r.) > 0 for all a, it is obvious that if X > 0, then //(A) > 0.

By Lemma 11,  uia, X) ~ /7(A)|s(a)|  as a j r     Since f1 dsiy)/iuiy, A))   < oo, the
r0

desired conclusion follows.    Q.E.D.

Lemma 13.   With the same assumptions as in Lemma 9,

(i) // fia) = oU(a))  as  a 1 r ,   then given any x £ (r , r.) and t > 0,

lim   fca)P  [Ç   < t] = 0.
alr0

(ii) Given any x £ (r , rA, there exists t > 0 szzc¿ that

lim sup |s(a)|P [cf   < z] > 0.
ajr0

Proof,  (i) We fix X > 0 and note that, given any Z > 0, x £ (r , Tj),

IA«)|PX[£8< fl < eXWlJ>-Xr¿Pxtf8 < r]

= ex'|/(a)|zz+(x, A)/zz+(a, A)        if a < x.

Since  fia) = oU(a))  and  s(a) = 0(zz+(a, A)),   (i) follows immediately,

(ii) Given  x e (r , rA, we take any  A > 0  and define

Ea(z)=|s(a)|JVXra-Px[cja<r],       Z>0.

E    is a continuous increasing function on  [0, oo) with  F (O) = 0.  By Lemma 12,

there   exist   a constant   c > 0   and   a    £ (r , x A 0)   such that   |s(a)| <

czz+(a, A)/zz+(x, A) for all a £ (rQ, aQ). Now if a £ (r , aQ),

rdF   =\sia)\uÁx'X)<c
Jo      -     '        'z7+(a, A)"

and so   F    defines a measure on  [O, oo) with total mass  < c.   By the Helly-Bray

Lemma,
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lim   E(f) = 0    Vi1 £ [0,oo)     =»lim   re-^dF it) = 0    Va>0.
alr0     " alr0 J ° *

Take any  a> 0.   For a £ (r ,   a ),

a ,(x, a + A)
re-atdF it) m \sia)\-L-_

Jo a u+ia, a+X)

u.ix, a + A)/]//(a + A)f'» -iîkL_\    as a 1
/\ J'0(a(y, a+A))2/

A-

The last relation follows from Lemma 12.  Since  F (o) = 0 for all a,  we can there-
a *

fore find  tQ £ (O, 00) such that  F it.) does not converge to  0 as  a 1 r      i.e.,

lim  supalr()  FaitQ) > 0.   But   Fait0) < \sia)\Px[£a < tQ]   and   so

lim supalr() \sia)\Px[£a < tQ] > 0.    Q.E.D.

Theorem 6.   Lei"  X(/)  be a conservative regular continuous strong Markov

process on an interval I whose endpoints are r , r ,   where — 00 < r    < r    < 00. Let

six) be the scale and m the speed measure of Xit).

(i) Suppose r., r.  are inaccessible.   If f: (r , r ) y [o, 00) —, (- 00, 00) is con-

tinuous,   df/dt   is also continuous and  D   D   f  exists and satisfies df/dt +

D   D f = 0 on ir , r.) x [O, 00), then f is parabolic for X(i). Suppose furthermore

that for i = 0, 1  and any  T > 0,

(a) max.      T |/(x, i)| = o(s(x)) as x—>r.,   if r. is an entrance boundary and

(b) there exists aT > 0 and a function gT: ir., r A —> (- 00, 00) satisfying

D   D g_ = a_gT  such that max.       _ |/(x, t)\ = 0(|g_(x)|)  as x —> r.,   if r.  is a

natural boundary.

Then fiXit),  t + r),  t > 0,   is a martingale with respect to  P    for all x £

ir., r A  and all r > 0.

(ii) // rn  is an entrance boundary and g  is a positive decreasing solution of

D   D g = Ag with A > 0,  then lim .     g(x)/|s(x)|  exists and is positive, and

\siXit)), t > Ol,  \e~XtgiXit)),  t > 0\ are not martingales with respect to  P    for

any x £ ir., r.). A similar assertion ireplacing 'positive drecreasing solution' in

the above by 'positive increasing solution') holds if r.   is an entrance boundary.

iiii) Suppose  ra  is an entrance boundary and rx   is a natural boundary.   If h

is a positive increasing solution of D   D h = Xh with A > 0,  then e~   lhiXit)),

t > 0,  is a martingale with respect to  P    for all x e (r , rA.  Let a < 0.   For

notational convenience, assume 0 £ ir., r ),  sio) = miO) = miO -) = 0,  aW define

Hid),  Kia) by (16).  // //(a) and K(a) are not both zero, then the vector space of

all solutions g of D   D g = ag saci that e~ <ug(X(i)), t > 0,  is a martingale with

respect to P    for any x £Ír., rx) has dimension 1.  // //(a) and Kia) are both

equal to zero, then, for any solution g  of D   D g = ag, e ~atgiXit)),   t > 0,   is a
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martingale with respect to  P    for any x £ (r„, rA.

Proof.  We may without loss of generality assume throughout that  0 £ (rQ, rA,

s(0) = zzz(O) = 7zz(0 -) = 0.

(i) Suppose   r„, r,   are both inaccessible.  If /: (rQ, r.) x [0, oo) —, (— oo, oo)  is

continuous,  df/dt  is also continuous and  D   D f exists and satisfies  df/dt +

D   D f = 0 on irQ, rAx [0, oo), then we have already proved that / is parabolic

for X(z). Let r > 0, z > 0.  If r„ is an entrance boundary, then it follows from con-

dition (a) and Lemma 13(i) that, for x £ (rQ, rA,  rQ<a<b<rl,

ha<r^b\ IA*.' +Wx<  (0<^IA«. °)\)Pxlta<r]^0    as  alrQ.

If rQ  is a natural boundary, then it follows from condition (b) and Lemma 6 that

S[^rAib] IA*  < + W"x < C\ST^\  ■ PxK <*-*Q     aS   «K

Similarly we can prove that, under conditions (a) and (b),

¡^WaíjIA^-' + VI*.-0-

Take any Z > 0, r > 0 and A > 0.  By Lemma 11, six) = 0(zz(x, A)) as x —> r. if

r. is an entrance boundary. Therefore conditions (a) and (b) imply that there exist

K   such that   |/(x,   Z + r)\  < Kuix,  X)   for all   x £ (rQ,  rj).   Now   zz(x,   A) >

e~  rJuiy, A)P(r, x, dy). Therefore ¡\fiy, t + r)|P(r, x, ciy) < oo, and by the dominated

convergence theorem,

, lim„      frí   ,  rl AX^r)' * + r">dPx = (fa. t + r)Pir, x, dy).
alrQ, b\r\  Jl>ab>Tl x      J

Hence by Theorem 4, /(X(z), t + r),  t > 0, is a martingale with respect to  P    for

all x £ (rQ, r.) and  r > 0.

(ii) Since  g is a positive decreasing solution of D   D g = Xg,  g(x) =

CjZz+U, A) + Cjzz_(x, A) with c¡ > 0. (Note that c2  must vanish if r,   is also an

inaccessible boundary.)  Therefore by Lemma 12,

lim   g(x)/|s(x)| = lim CyU+ix, A)/|s(x)|
xir0 xItq

indeed exists and is positive.

Take any x £ (rQ, rA.  By Lemma 13, there exists  Z„ > 0 such that

lim sup j     |s(a)|P  [cfa < zQ] > 0. Therefore we also have lim sup ,    gia)P [cj   < ZQ]

> 0.  Apply Theorem 4 with fiz, t) equal to s(z) or e~  'g(z).  Then condition (i) of

that theorem is violated and therefore  js(X(z)), / >0j and <e~A'g(X(z)), Z > 0¡ can-

not be martingales with respect to P   .
x +

(iii) If h  is a positive increasing solution of D   D h = Xh with A > 0, then
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fix, t) = e~Xthix) satisfies conditions (a), (b) of (i),   and so e~XthiXit)), t>0, is

a martingale with respect to  P     for all  x £ (r„, rA.

Take  a<0. Suppose //(a) / 0,  By Lemma 11, a(a, a) ^ /7(a)|s(a)|  as a[ rQ.

Therefore   given   x £ irn,   rx),   there exists   tn   >   0   such   that

lim sup   |a(a, o^Ej^ < ¿A > 0,

alr0

and  e~at a(X(i), a),  / > 0,  is not a martingale with respect to P    for any x £ (rn, r ).

Assume for definiteness that //(a) > 0. (The case //(a) < 0 is treated similar-

ly.) Then a(a, a.) ~ z7(a)|s(a)|  as  a | rQ.  Therefore we can choose  c > 0  and

xQ < 0  such that  a(y, a) > c|s(y)|   on (rQ, xA.  We can then define  u(a): irQ, x A

—> i— oo , oo) by

a(a)(x) = a(x, a) J'
dsiy)

r° My. a))2

It can be proved that D D^.^ix) = aa,ix), x 6 (rQ, xQ) (cf. pp. 27-28 of [9]).

Since a(x, a), vix, a) ate two linearly independent solutions of D D g = ag on

(rQ, xQ), there exist unique constants  Cj, c2  such that

a(a)(x) = c xuix, a) + c2vix, a),       x £ (rQ, xQ).

Let zzv(x) = c ja(x, a) + c2vix, a), x £ (rQ, rj). Then D D w = aw on (rQ, rj). It

is easy to see that

lim tzz(x) = lim a. Ax) = I/Hid).
xlz-o xlro

From this, it is clear that  a(x, a)  and   uz(x)  are linearly independent.  Also the

function  e~a wix) satisfies conditions (a), (b) of (i)  and so  e~     wiXit)),  t > 0,

is a martingale with respect to  P     fot all  x £ ir., rx).

Let  g be any solution of  D   D  g = ag  such that  e~a giXit)),  t > 0,   is a

martingale with respect to P    for any x e (rQ, rx).  Then g(x) = Kxuix, a) +

K2wix).  If Kj / 0, limxlr   g(x)/|s(x)| = Kj//(a) / 0, and so e_a'g(X(i)), t > 0,

cannot be a martingale with respect to P     for any x e (rQ, rj), contradicting the

assumption on g.   Therefore  /A = 0 and g  is a scalar multiple of w.

The case  Kid) I 0  can be treated in an analogous way.

Now suppose that //(a) = 0 and  K(a) = 0.  Then by Lemma 11,  a(a, a) =

oisia)) as a 1 rQ  and via, a) = oMa)) as  a [ rQ. Therefore for any solution g of

D   D g = ag,  gia) = oisia)) as a J, rQ. Hence the function fix, t) = e~   'g(x) satis-

fies conditions (à), (b)   of (i) and so e~XtgiXit)),  t > 0,  is a martingale with re-

spect to  P    for all x £ (rQ, r x).       Q.E.D.

5. Application to boundary crossing probabilities.  Let (V(r),   £, JA,  P^ x)

be a continuous normal strong Markov process on a locally compact, second count-
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able, Hausdorff space M.  Let  Zit) be the corresponding space-time process.

For any open subset G of M x [0, oo), set

i/>(x, s) = Ps x[(Y(z), t) 4 G for some  s < t < £].

The function (Zz is parabolic for  7(z) on G.   In particular, let us consider the case

where  V(z) is the diffusion in Theorem 3. Then by that theorem, i/> belongs to

C  ' (G) and satisfies the partial differential equation Lift = 0 on G,  where L  is

the backward parabolic operator defined in (3).

Now suppose that X(z) is a regular conservative continuous strong Markov

process on (rQ( r.) with speed measure  m  and scale function s  such that the

boundaries  r„, r,   are both inaccessible  (- oo < r„ < r, < oo).  For A > 0,  let /    '

be a positive decreasing solution and let /       be a positive increasing solution of

D   D j = Xf.   Let F. (z = 0, 1) be a nontrivial measure on (0, oo) such that

0 (x, t) < oo for all x £ (r„, rA, where we define

<p.(x, t)=¡°°oe-Xtf¿)ix)dFiiX).

It rn, r,   ate both natural boundaries, then since  lim ,     /;    (x) = oo and
0      1 x]r \ ' X

lim |     f.  \x) = 0, therefore given e > 0, we have a unique solution x = B At,  e),

with  rQ < x < r,,  of the equation 0¡(x, z) = e for any  t > r.  By our results in §4,

0t(X(z), z),  t >t,  is a martingale with respect to  P    for any  x £ (rQ, Tj).  If

0j(X(z), z) converges to 0  in probability as  Z —> oo  on the event [sup   r0j(X(z), z)

< t], then it follows from [10] that

P  [X(z)> ß,(z, e) for some   Z> t]
(19) x '

= Px[X(r)>ß1(r,f)]+Ij;j[X(r)<ßi(^)]e^7x1)(X(r))c7Pxc7E1(A).

Likewise given any  e > 0,  there exists a unique solution  x = ßQ(z, e)  of the equa-

tion 0o(x, z) = e tot  t > r.   Also  0Q(X(z),   z),  t >r,  is a martingale with respect to

P    tot any  x £ (r0, r,).  If  0Q(X(z),   z)  converges to 0 in probability on

[sup    j. 0o(X(z), z) < i], then again it follows from [10] that

P [X(z) < B0(t, e) tot some  Z > r]

(20) = Px[X(r) < B0(t, e)] + ÍJ7/[x(r)>B0(r,í)] ^^/^^(^^^o^-

When the boundaries are both inaccessible, but not both natural, we still

have  lim        f[   (x) = oo,  z = 0, 1.  But  lim ^     f^   (x)  may not be zero if  rQ  is not

natural.  However, given any e > 0!^, T), we still have a unique solution x =

ßj(z, e) of the equation 0j(x, t) = e for any Z > r.  If ^  is not natural, then

e~    'X   (^('))' / > 0, fails to be a martingale. However, the function 0t(x, z) is

parabolic   for   X(z).   Let   e > cp Ar , r).   Take   any   e'> f  and   define   o =

inf ¡Z > r| 0j(X(z),  z) > e'j. Then 0j(X(z A a),  Z A a),  Z > r,  is a martingale with
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respect to P    for any x e (rQ, rx).  Therefore if 0j(X(/), t) converges to 0  in prob-

ability as  t —► oo on [sup       0j(X(z),  t) <(], then it follows from [10] that

P  [Xit) > Bj(f, e) tot some  t > t]

= P [0j(X(i A a),  t A  a) >c tot some í > r]

= 'J™ > B¿r, M + ̂ /tx(r)<ß l(r.e)] e-XtoVP^EjU).

In the case where  z?z(r j) < oo  and  mir A > - oo,  the transition probabilities

Pit, x, •)  converge weakly to a probability distribution on (rn, rj) whose distribu-

tion function  Giy)  is  (z?z(y) - 7?z(r0))(z7z(rj) - ?7z(r0))-     as   t —» oo (cf. [9]).  It is

obvious in this case that, for  i' = 0, 1, the martingale  e~  '/^   (X(/)) converges to

zero in probability (and therefore almost surely by the martingale convergence

theorem) as  t —,00 for any initial state x.   Suppose  E . is any finite measure with

bounded support on (0, 00). Then it easily follows that qb.iXit), t) converges to

zero almost surely as  / —> 00 for any initial state x, and so (19), (20) and (21) can

be applied to give the probability that X(z:) would ever cross certain moving

boundaries.
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