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PURELY INSEPARABLE, MODULAR EXTENSIONS
OF UNBOUNDED EXPONENT

BY

LINDA ALMGREN KIME

ABSTRACT. Let K be a purely inseparable extension of a field k of char-
acteristic p # 0. Sweedler has shown in [2, p. 403] that if K over k is of
finite exponent, then K is modular over k if and only if K can be written as the
tensor product of simple extensions of k. This paper grew out of an attempt to
find an analogue to this theorem if K is of unbounded exponent over k. The
definition of a simple extension is extended to include extensions of the form
klx, x1/0, xl/Pz,- . J[x1/6%]. If K is the tensor product of simple exten-
sions, then K is modular. The converse, however, is not true, as several
counterexamples in §4 illustrate. Even if we restrict [k : kp] < oo, the converse
is still shown to be false. )

Given K over k modular, we construct a fieldn:o_lkl(pl ®M (= Q) that

always imbeds in K where M is the tensor product of simple extensions in the
old sense. In general K = Q. For K to be the tensor product of simple exten-

sions, we need K = Q, andnzlkl(pi = k(n:lll(pl)o If for some finite JV, kaN

= kaNﬂ, then we have (by Theorem 11) that K = Q. This finiteness condition
guarantees that M is of finite exponent. Should n?:l EkK?P® = k, then we would
have the condition of Sweedler’s original theorem.

The counterexamples in §4 will hopefully be useful to others interested in
unbounded exponent extensions. Of more general interest are two side theorems
on modularity. These state that any purely inseparable field extension has a
unique minimal modular closure, and that the intersection of modular extensions
is again modular.

1. Modular extensions. All fields under consideration will be purely insepa-
‘rable extensions of a common ground field k. They are to be viewed as contained
in a common algebraically closed field (e.g. the algebraic closure of k). If two
fields are said to be linearly disjoint, we mean that they are linearly disjoint over
their intersection. A field extension K of k is said to be modular if K?* and &
are linearly disjoint for all positive i. K is of exponent n over k if n is the
minimal positive number such that K?” C k. If no such n exists, then K is of
unbounded or infinite exponent over k. Unless otherwise indicated, the intersec-

tion and unions throughout are taken from i (or ) = 1 to .
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Lemma 1. Let {M,} be a set of fields such that, for any Ma,, Ma, € M4,
there exists an Ma3 €{M} such that both My and M, lie in M, If each M,
and Q are linearly disjoint, then \J M

o and Q are linearly disjoint.

Proof. Given any set {xl, coey, xn} C Ua Mg, there exists an a, such that

fx,- 2 }C Mg, € Mg}, If {x,.--, x_} is linearly dependent over 0

<

then by
the linear disjointness of Mao and 0, {xl, ceey, xn} is linearly dependent over
Ma0 N 0. Hence {xl, ceey xni is linear dependent over |J, M, N Q0 O Ma0 N Q).
Q.E.D.

Lemma 2. Let {Ma} be as in Lemma 1. If each M, is modular over k, then
U, Mg is modular over k.

Proof. We must show that (U M)?" (= U, ME™) and k are linearly disjoint
for all »> 1. Given any {xl, cen, xs} CU. M‘;n there exists an a; such that
{xl, v, x 4 C Mg(;l. It {xl, -++, x_} is linearly independent over k£ N (U, Mgn),
it is linearly independent over &£ N M‘;g. The modularity of Ma0 over k guaran-
tees that {xl, cee, xs§ is linearly independent over £. Q.E.D.

Proposition 3. K is modular over k e k" 0 K is modular over k for all

positive n.

Proof. Assume K modular over & We want to show that (k1’2" N K)?* and
k are linearly disjoint for all positive i.

Case l. n> 1. (kl,/p" N K)pi = kl/pn_i N Kpi. If {xl,. . xn} Ck is
linearly independent over Kpi N k= (kl’/pn—i N Kpi) N k, by the modularity of K
over k, {x,+++, x } is linearly independent over K"i, hence over k10770 KP*.

Case 2. n< i (107" K)pi = kpi_n N Kpi. Since /epi_n N sz‘ Nk-=
kpi_n N K"i, (k170" n K)pi and k are trivially linearly disjoint.

Conversely, if k1™ A K is modular over & for any positive n, then
Uk/?2™ N K) = K is modular over k£ by Lemma 2. Q.E.D.

Sweedler has shown in [2, p. 408] that any purely inseparable extension K
over k of finite exponent is contained in a unique minimal field extension L,
where L is modular over k. L is called the modular closure of K over k., We

now extend this definition to the infinite exponent case.

Theorem 4. Let K be a purely inseparable field extension of k.

(1) There exists a unique minimal field extension L D K where L is modular
over k.

(2) L is purely inseparable over k.

(3) If K is of exponent n, then L has exponent n over k.
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Proof. Since kl/"iﬁ K has exponent pi over k, by [2, p. 408] k”"iﬁ K
has a corresponding modular closure L. satisfying (1)-(3). The minimality of
each L; guarantees that L, CL, CL, C .. By Lemma 2, UL = L is modular
over k. L clearly contains K since /el/p NKCL, and K = U(kl/"l N K).
Any field extension of K that is modular over & must contain all the L . (by the
minimality of each Li)‘ Thus L must be the unique minimal such field. Q.E.D.

Naturally L is called the modular closure of K cver k.

Corollary 5. Let {M,} he a set of fields such that eack M, is modular over
a common ground field k. Then () M, is modular over k.

Proof. Let N be the modular closure of ﬂam M, By minimality, NCM,
forall a € A. Hence N C naMa. Q.E.D.

2. A structure theorem for field extensions of unbounded exponent.

Lemma.6. If K over k is modular, then k(kl/"i N K? = k1/0} N kK? for
any pesitive i.

Proof. K= U/?" A K) = kP = k12 A KP) = kk? = Uk(k!/?" 0 KP).

If {x } is a p-basis for RVP" A KP over k172771 K?, {x 1 is p-indepen-
dent over k1" A kK o {x2"" " is p-independent over kN kot ke,
{xf’zn_li (C (/2 A KP") C K?™) is by assumption p-independent over
(kl/!’""1 N Kt')"n_I ~ kN KP" so by the linear disjointness of k and Ke",
{xﬁ"_li is p-independent over &, hence p-independent over kNk? m-lgem s, {xni is p-
independent over k2"~ 1\ kKP. We also have that fxﬁf((kﬁKp)[{xl},ixZ},. ctx,
Ck[{xl¥,- . ,{x”_lu where each {x | is a p-basis for k1P KP over k1PN A kP,

P UkRYP A KPY kLt e ]

: -
where each {x } € k1" A kKP is p-independent over £1/P'T " N kKP,

) C At L, 1o by

= each {xi is a p-basis for R1/0T A kKP over k172171 A kKE

Y LA Y I A P R D PR

_kl(k A KONExy b, e, x4 = k[RV/2T 0 KP). QELD.

Proposition 7. If K over k is a modular extension then kKP™ is modular
over k for any positive n.

Proof. Let iy}, {y,}+«+, ly;4,} be a modular basis for k7P’ YA K over
ke, 17PN A K klty 1@ klly,]1® - @ klly,, 1] where, for each y; €

{y}.}, y; has exponent j over k. Then
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B8 A b K? = k[k1/?' A K] (by Lemma 6)
“RIEPT A K0P = AL, - b2 )
=kliyl ® ... @ kliy?, 1l
= kl/pl N kK? is modular over k for any i > 0,

= (by Proposition 3) that kK? is modular over k.

Now replacing K by kK?, we have that k(kKP)? = EK?? is modular over k,
hence in general that EKP" is modular over k. Q.E.D.

Lemma 8. If K is relatively perfect over k, i.e. K = kKP = kKP' for all posi-
tive i, and K is modular over k, then k1P A K = EYP A RKPT Z k[RY/P A K27

for any positive n.

Prqof. Since K is modular over k, we have from Lemma 6 that pl/0? N kK? =
E[k1/?" A KP] for any i > 0. Using this and the fact that K = EKP™ for any n>0,

we have that
RVP A K= kY2 kK = k(RPN KP]
_ RG22~ kKPP k. RPLRD)PT 0 k27RO < kLR 0 K2
Applying this argument repeatedly we get that £!/? N K = k!/? n kK?” =
k[£!/? A KP"]. Q.E.D.
Proposition 9. If K over k is a modular extension then the relatwely per-

fect subfzeld N kK?" is modular over k. If {x} is a p-basis for kl/"n N
(YK over V2™ A (MY kKPY), then (xP™} is a p-basis for kP 0 (MEK?” Y over k.

Proof. Apply Corollary 5 and Proposition 7 to obtain modularity. For sim-
plicity denote N kK?* by L. The modularity of L over k = {x?"} is p-indepen-

dent over k.
RV A L=k? A kL?" - k[RY/? N LP"] (by Lemma 6)

I TLIL AR LAY (1224 2 AN 1771 Lad

~k(k N LPM[(x?™}) = [1x*™}).  Q.E.D.
We note that a relatively perfect field extension K over & (K= kK? <(VEK?Y)

is not necessarily modular, as the following example shows.
Let k=7 (xp ?, 26%), x, y, z indeterminates. Denote any set

{w, wl’?, wl/p } by wl/?” Set K = k(21707 (xz+y)1/p 1. kl/pzﬂ K

over k has d1agtam

z, X2 + Y
2P

(cf.[2, p. 402]) = L1/0% A K over k is not a modularextension. By Proposition

3, K is not modular over k.
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Lemma 10. If A, B are field extensions of k, such that A is modular over
k and kP 0 A, B are linearly disjoint over k, then A, B are linearly disjoint

over k.

Proof. If {x } is a p-basis for V2"V A over k127 A, then {x } is
p-independent over (k12" N A)(B). Otherwise {xzn} (C &Y/? A A), which is p-
independent over k, would be p-dependent over (k N AP™)(B?™) C B, contradicting
the linear disjointness of kP A and B. So the basis for A over k consisting
of monomials of finite products of the x_ is a basis for A - B over B = A ®,B
= AB = A, B are linearly disjoint over k. Q.E.D.

Theorem 11. Any modular field extension K over k, where for some finite
+ .
N, kKoY - ke 1, is isomorphic to [V kK?' ® M where M is a modular subfield

of K of finite exponent.

Proof. Let {x} be a p-basis for k8% A K over k1/? A K. By modularity
{x‘l’} is p-independent/k. Let A be a completion of {x‘l’i to a p-basis for
kP NK over k. A, is not unique, but the choice of A, is independent of the
choice of {x }, since A, is precisely a p-basis for kl/p N K over k[k!/? A K?)
(which equals EVP ka by Lemma 6). Hence k2 n K = (k'/? 1 kK?) ®
k[A) = kK? ® k[A|]1 & K (by Lemma 10).

Let {x,} be a p-basis for k10 A K over k122 A K. {x"} is p- mdependent
over /2 A K. Choose A, as any completion of {x"} to a p-basis for R0 A K
over kP A K, ie., a p-basxs for k1722 A K over (kl/" n K) (k2% A KP).
k[{x‘z’zﬂ ~R[RYVP A KPR kY2 A BKPE so B2 A K= (k1P M kKPY) @ k[A2)
®kl4,] = kK?’® k[4,] @ k[4,] & K.

In general, we let A_ be a p-basis for EL/P" N K over
k07T KIY2" A KP). R AK = k12 A KPY) @ k1A 1@ - @ kLA ]
=*ka"® kA)®---@klA; 1 & K. So for any finite =, EKP" and
k[A CUA ] are linearly disjoint over k== N kal and k[A U - U An]
are lmearly dls]omt over k. By Lemma 1, U &[4, U ... U A ] = k[A VA U]
and () kK?' are linearly disjoint over %, i.e. nkK"IQ k[A UAU- ]
imbeds in K.

. . .. oN pN‘*’l

By assumption, there exists a finite N such kK" = kK ys0 A, =g for
all i>N. Set M=k[A, U...UAy). M is modular since k[A U - uA N =
kA 1®k[A)®-. @k[A 1 (cf. §3) We assert that K = ﬂkK" ® . Lec
{x;,+++, x;} be a p-basis for kU0 A K over kPP A K, where i> N. Then
EVP K= /e[x"l, eee, xi]@k[A"V ]® ®k[A ], where x% L, xi are
p-independent over k. Elx?' ..., xP 0= k[rl/? r\K"] kPN leK"z kNP

(N kk?’ ) (since i > N). Proposition 9 says that we may assume that {x,, .., x_}
C kY27 A (M kKPY). QED.
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Remark 12. Either condition that [k'/? N K: k] < e or [k:k?] < ce implies
that, for some N, Ek?N _ ek®V' . Since if (k12 A K:k] <oo (note [k :EP] < o
implies that [k1/? N K:kl < o), then Ay = g for some N = Y AT A

With only the restriction that K over k is modular we always have that
Nkk?’ ® k(4 VA U -] imbeds in K. Since there may be infinitely many non-
empty A's, le[A1 udu e -] is not, in general, of finite exponent. We can
describe k[A, U A, U-..] as being of locally finite exponent.

Definition. K/k, a purely inseparable extension, is said to be of locally
finite exponent if, for any field L, £ C L C K, where (kP ~L:k) < oo, then L
has finite exponent over k.

k[AI VA, U-- .] is easily seen to be of locally finite exponent. Given any
intermediate field L, such that [k!/? N L : k] < =, there must exist a finite 7
such that LCklA y A, u---UA UAP, U Aziz ...] = L is of exponent n
over k. .

Though we have MkK?'® kA, U A, U ;] G K, counterexample (d) in S4
shows that we need not have nkai ® k[Al U A2 U -+« = K. We do have the

following:

Proposition 13. Given K over k modular, set Q = N kK"i® k[Alu AZU"']-
Then K is modular and relatively perfect over Q (i.e., K = N oK?Y).

Proof. Let {xn} be a p-basis for V2" N O over g1/l Q. {x_} is p-
independent over k12" 1 A K (since Q is a modular subfield of K). If {y } is
a completion of {x_} toa p-basis for EV2" A K over g1/ A K, then {yf’z} is
a possible choice for {y__,} for all positive » and hence {y }u b ulysdue.
is a modular basis for K over Q. Q.E.D.

Counterexample (e) in $4 shows that Theorem 11 cannot be refined by
“‘tensoring off’’ R[N K?"] from N kK?'.

3. A generalization of simple extensions and a tensor product theorem.
Sweedler has shown in [2, p. 403] that any purely inseparable extension K over
k of finite exponent is modular if and only if it is isomorphic to the tensor pro-
duct (over k) of simple extensions of k. In this section we will study the problem
as to whether this theorem has an analogue in the infinite exponent case. We must
first extend our definition of a simple extension to include those of the form
Elx, x1/? xl/"z, .+.1 = k[x1/?™]. We may now ask whether a modular extension
of infinite exponent is modular if and only if it is isomorphic to the tensor product
of simple extensions of k.

The following theorem gives us the implication in one direction.
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Theorem 14. If K is isomorphic to the tensor product of simple extensions
(of k), then K is modular over k.

Proof. By assumption K = (&, k[xl/poo])Q (®ﬁk[y,3]) To prove that K
is modular we need to show that K?” and k are linearly disjoint for all positive
n. Given any {z,---, 2} CK {z},-.+, 2 }C [(®f=I k[xll./pu]) ® (®;.=lk[y,.])](=Q)
for some finite s, ¢t and ». Q is modular since it is the tensor product of simple
(in the old sense) extensions. Hence if {z‘l’n, cee, ani C KP" is linearly depen-
dent over &, then, by the linear disjointness of 0P" and &, {ztl’", cee, zf"} is
linearly dependent over Q?” N k, and hence over K" N k (O Q?" N k). Thus K?"
and k are linearly disjoint. Q.E.D.

It is not true, however, that if K is modular, that it is the tensor product of
simple extensions, as counterexamples (a) and (e) of $4 demonstrate. Counter-
examples (b) and (c) show that even with the added restriction that [&: k%] < o,

K may still not be the tensor product of simple extenswns

If we restrict K over & suchthat KP" = kk®" "' for some N

[kl/p N K:k] < oo or Lk:EP] < o) by Theorem 11 we know that K%"nkK"i
® M, where M is modular (and of finite exponent). Hence M is the tensor product
of simple extensions. Since N l:cK"i is modular, the following structure theorem
shows that if (&K?" = k[N K?'] then M kKP" is the tensor product of simple
extensions. Thus K will be the tensor product of simple extensions.

Theorem 15. Given a field extension K over k, if E[Nk?* ] is modular, then
EINKP) = @ k[21/2°] for some {z 4 C MKP'.

Proof. Let {z } C N K’ be a p-basis for k17 n ELNK?"] over k. Then
{z}/?™} must be p-independent over k172" K[NK?' X {z}/2™} were not a
p-basis for ko™ A RINKPY over k17 A k[nKpi], then the modularity of
k[nKpi] would imply that {z,} was not a p-basis for EYe A kINK?'] over k.
Hence £1/2" A R[NP = @ k(zL/?" 1 = k[N KP = @ k[=1/#™1. QED.

Theorem 16. Given K over k a modular extension, K is the tensor product
of simple extensions of k if and only if (in the terminology of Theorem 11) K =

Nik?' @ k[A, U A, U---1 and NMEK?' = k[N KP.
1 2

Proof. “‘<'". The remarks preceding Theorem 15 showed that if K &
[N k2] ®k[A; U A, U -], then K is the tensor product of simple extensions.
‘=", Assume that K & (®ak[x(11/p°°])® (®ﬁk[y/3]). Since each y4 has
finite exponent over k, k[MKP'1 C MK?' & @ k[xL/?*1 Ck[NKPY, ie.
Nek?’ - k[N K.
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By Proposition 13 we have that

k=N (ﬂ kK @ R[A, U AU ]) ((?k[x;“""]) ® (? k[yﬁl» o

n i
= (n EKP @ k[A, U Ay U - ]) (®k[x}l/"°‘])
i a
-Nkkt'e kla,ua,u..
i

(since ®,k[xL/?™] C k[N, k?') C N, kk?"). Q.E.D.

We have shown (Remark 12) that if ek~ k2 for some finite N, or
k12 n Kkl < o0, or [k:kP] < oo, then we will have K= Nik?'® k[AluAZU...].
The following theorem gives some conditions under which n kKP' = k[n K?'.

Theorem 17. Let K'over k be a modular extension. )
(1) If K over Nk?* is [initely generated as a field, then Nkek?’ = k[NK?7.

(2) If there exists a enerating set for K over KP that generates K over
g 3 g

Nk’ then NEK?’ = RINKP.

Proof. (1) Assume K = (ni Kpi) (xpyeee, xm). There exists a finite # such
that xi.’n €k, i=1, ..., m. Hence Kpj = (ﬂi Kpi) (xqj RN xfn]) C k(ﬂ,. Kpi) for
any j>n = kaj = k(n Kpi) for any j> n. Therefore n kai = k(n Kpi).

(2) Assume that {x} is a generating set for K over Kp such that K =
(n K?* )({x}) For any positive n, kK?" = k[(n K? )[{xpn}]] Hence if a €
nn EK?", a e N (R[N, K? Y™ = kLN, KP’I. Q.E.D.

4. Some counterexamples. (a) The following counterexample illustrates that
a modular field extension of unbounded exponent need not be a tensor product of
simple extensions. In particular we will construct a modular relatively perfect
field extension K over k (i.e. K = nka) where K # k[nK"]

Let Zp be the prime field of characteristic p, and x,, x,, x;,+-+ be
indeterminates.

Let

k=Zp(x1; lex “)
BV A K= k217

kl/"z N K= k[x{/pzx;/p]

30"

-1
p1/0" A K =k[x}/p"x§/p" ...x:z/p]
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It is easy to verify that K is of the form N EK?'. We claim that K £ k[nK"i],
in particular that (VK?* C k. ‘

' Assume not. Then there exists a y € [VK?* where y € k - kP (set difference).

Then y will be in all of the following fields:

anP Z(X , g-oo)

p2 _ b 02 b2
k NK _.Zp(xlx2 x, x5, «f yees)
_ 1 . .
kE NK —Z (x x xP' I, xt;l , xgl, xgl, )
2 -1
n(anp)CZ(x 2: xP ,"'),SO)/EZP(’C p""’xﬁn )(=F) fOI'SOme
+1 ~1.pn n ntl ntl
finite 7. yeanP" =y€Z(x xl’...x?” xpﬂ,x‘:,xiz’ ,...,xzﬂ)

+1 +1
(= G).. We claim that FN G = Z (xpxp xpfl' "I;n’ ‘2’" see, xf.n ). So

y € Fn G C kP, which contradxcts our hypothesxs that y € k — kP,

Consider the following diagram for Zp(xl, xh e, xfln_ ' "5’,31) as a field

extension of Zp(xtl’n, xg"ﬂ,... ”‘f,nﬂ' xfl’:zl)
(68 o x?" T o
(2 xzn_l)p’ A{:Z xé’z
. xl;j xf,f
f o
g "'5’1—1)1{1_!""3" "gn xf,’n xzil

We want to describe F and G usmg the above diagram. Recall that the
+1 + +
ground field for this diagram is Z (x , x‘z’" R ,xfl" 1, x :11) If we deleted
+
n+1 from the diagram and restucted the ground field to Zp(xil’n, x‘z’n t xznﬂ)

cee

b

the above would be a diagram for F.
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The elements of G are those in the span of monomials in
n-1 ; -1p\i ,
((xlxg ce xz 1 ). xfz'il)’ and ((xlxg xﬁn )?) where i= 0,000, p—1,
j=0y00e, p" =1,
Dy -1 .

Hence F N G can be described as polynomials in (x %8 ... x2" )? with

. . + +1, .
coefficients in Zp(x‘;", xg" S ee xs" ), i.e.

’

+1 +1
xpn, xpn g e, pn ) QED

n 1

- b,.b2 pn
FnG_Zﬂ(xle ee. xPT

(b) The following argument shows that even with the restriction that
[k:kP]1 < o, a modular extension may not always be a tensor product of simple
extensions.

Let k be any field of characteristic p # 0 such that [k:£?] > p. k by assump-
tion is not perfect, hence in particular |k| is infinite. Assume that |k| = X, and
let L be the perfect closure of k.

A well-known theorem from Galois theory states that, given any field exten-
sion K over k, K is primitive over k& < there are a finite number of intermediate
fields. In the case when K is purely inseparable over & and of exponent one,
there are a finite number of intermediate fields = [K:k]l = p

Lemma 18, Any purely inseparable extension K over k of the form nkai,
+
where (kY2 1A K k12" 0 K] = b, is modular.

Proof. Any such K is of the form k[x, x,,-..] where x, has exponent i
over k and xf € k[xl, ceey X l]' V2"~ K = k[xl, Xoyeee, xn] = k[xn] is
modular by [2, p. 403]. By Proposition 3, K is modular over &. Q.E.D.

Lemma 19. There are at most |k| = X purely inseparable modular extensions

K of the form k[nKpi], where (k1P N K:k] = p (i.e., of the form k[z1/2%)).

Proof. Trivial, since we may associate any field of the form E[z1/27)(z €k)
with z. Q.E.D.

Theorem 20. There exist 2Xo purely inseparable modular [ield extensions of

the form nkK"i, where [k N K:k) = p and [k:kP] > p.

Proof. The field extensions under consideration are of the form
P Xy X ..) where [klx]:kl = p" and x? eklx),oeeyx,_, 1

leen any x, €(k® N L) - k, there exists a y € (k1”2 L) - & such that
x, and y are p-mdependent over k (since [k:kP] > p). Consider Ml = k[xl/p, yl
as a field extension of k[x ). Since M§ C k[x ) and [M:k[x 11 = p%, by an

earlier remark there are an 1nf1mte number of 1ntermed1ate fxelds all of which

klx

(excepting k[xl, y]) have exponent 2 over k. We associate with each such field
N, an o such that N = (k[x,D[al = klal. For any given a, [k[a]:£]) = p*, and
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if ad, klx, al=klal £ kla'] = klx, o]. Clearly the a’s provide an infinite
number of candidates for an x,.

Having chosen an x,, we consider M, = klx,, x;/", yl as a field extension
of k[xl, xZ]. Mg c k[xl, xz], [M2 :k[xl, x2]] = p?, so there exist an infinite num-
ber of intermediate fields of degree p over k[xl, "2] and exponent 3 over k.
Each of these provides a candidate for x5, such that if x; # x;, then k[xl,xz, xs]
# k[xl, Xy, x;]

We proceed in the above manner to choose an x,, x5, etc. For each x, there
exist an infinite number of ch}?ices §uch that, if x; # x'l, k[;cl,- ey xl.] £ k[xl, ...,x'l.].
Hence there exist at least N 0~ 27% choices for modular field extensions K/k
of the form MVEK?’, where [k1/? A K:kl = p and [k:%?]1>p. Q.E.D.

(c) In the following example, we will explicitly construct a modular field
extension K over k, where K = (EK?" £ k[N K?"] and [k :k?] < ce.

Let & = Zp(x, y, z{/poo' z;/pw, -++) where x, y, z,, z,,+- are indetermi-
nates (note [k :k?] = p?).
Let

kl/p N K=k[x1/p]
R1/0%n g k[xl/p2 + Zlyl/p]

3 2
kl/p3 A K=k[x1/p _'_z%/pyl/p +zzy1/p]

RV/P7 A K=k[xl/pn+z{/"n—2yl/pn_l+ 1/2]

...+zn_ly

Assume that K = E[NK?"]. Then there exists an o € k — k? such that a €
M KP*. a will lie in all of the following fields.

kN KP - Zp(x, yP, zi/‘m. z;/ﬂ“,...)

2 2 2 00 Lol
kL N KP =Zp(x+z‘1’ yP, y? ’z%/p 'z;/p yees)

. ) Y v -
kr\Kpl=Zp(x+z‘{ y1’+...+zz?ilypl ,ypl,z%/p ,z;/p yeee)

1
pnt2 2. p nt2  p+1 nt2 /500 o0
?utG)a also ek N K = Zp(x+z1 Sl RETE R AP Y St zl/p ) z;/ﬂ )
Consider the following diagram for Zp(x, y, z%/poo' z;/pw’ «++) as a field

. +1 +2 00 00 +
e b7 1/p 1/p pn¥3 _1/p°
extension of Zp(x .y L TTERT Sl G LA S N

There exists a finite n such that a € ZP(X, ¥, Z1/0% ye oo ,Zrll/pw) (= F).

9
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2
(x~Z?ypy~-~-.7 yp)P

n rl

We would like to use the above dlagram to descnbe F and G. If we deleted

the left-ha?d column (i.e. all pth roots of z? +l ) and restricted the ground field
1

to Z (x‘"” ,yP" e *2 l/p l/p ) the above would be a diagram for F.

G consists of the span of monomxals in {((zpn+2)l/” )4,
((x + 2% 200 4y zfl" Lem (z"'j,12y”n+l)] and ((x + 2§ 2P gy Zflnﬂy"")")k
where 7, j=0,--c, p—1, k=0y¢-+, p_ - 1. Hence F NG can be described as
polynomials in (x + z‘l’zy" et zfz"ﬂy"")p with coefficients in
VA (xp"ﬂ, ypn+2’ z}/p“’ .o, z:l/p""), ie., FNG = Zp((x + 21172}[? oeee zﬁ" +1ypn)t"
2™ ot 10 L, 21 /0% C kP - a € kP, Contradiction.

(d) The next counterexample shows (using the terminology of Theorem 11)
that in general for a modular extension K over &, nkal ®M#£K.

2
Set k=12 (x ab, ab”, a§3, .) where x, a

EVP A K=k[x/? 4

s @9+« are indeterminates. Set

» ag, ag’z,...]
1/p2 _ a1/, 170 b 02
k N K=klx a,’®, ay, a,, a3, a4,...]

3 . 3 2 2
EV/2° A K= k[xl/P a{/P a;/ﬂ’ a, a,, a,, ai, aé’ yeesl

K is modular since

n 1/pn-1 a1/ b
BYPT A K= kL0l T T ey, ag, e g,

- le[xl/""a}/"""1 .o a‘n/_"I] ®kla 1 ®kla)®.. - ®@kla | @k, 10 ..

2
at? ..

We will show that [ kK?’ = k. Using the terminology of Theorem 11, we set
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A, ={a}. Hence we will have (NEK?) ® k[Al UA U J= k[“l’ @y, J4£K
agz, .++} to a p-basis
for k12 N K over &, and since (&K? is modular (by Proposition 9), if
NkK?" ¢ k, then MK?" = klx,,
xz? € k[xl, e, X _1]. Consider K as lying in the perfect closure L of k. x, €

1/p b ... b7
Elxl/?, a, ab,..., a0

+
ek A D/ g

ntl  1/pn 1/p2
/o G a0 aP+2,a+3, ) (= F).

Since it takes only one element to complete {a,, ab,

Xy, .. where x; has exponent i over k, and

1 ..
] for some finite n, so

1/pn*l 1/p7
1 72

9

1 2
xn+2 & ]
+2
= Zp(xl/pn ’ I

We also have that

+2
x +2€k1/p" N K

n
1/pn%2_1/pn*1 1/p7 1/p2 1/p
= Zp(x al a2 . an+l,
@y, Ayyeee,d s, d +3, .9 (=G6).
. . . +2 t1
Consider the following diagram of Zp(xl/"n , ai/p" , a;/i’",. . a’ll/" , 'llfj{,

2
b, b bl ..
@, 4y a0 45 ) over Zp(x, a, a,, @by Brbyr Artss ).

, 1 2
xl‘/pn’zal’p’”. L alp
1 n
2 5, 1 2 n+l
(170"t a}/p'” cal/tye a{/"
: 1 n
17p"% p 1/p
. (a ) 2
1 n+l
1/ n+2 n+l 1/p2\p"* 17/p b 1/p 1/p b
( 14 1 /b -..an ) (al ) 2 an+l’an+2’ an+3’

The above would be for a diagram for F if we deleted the far right-hand box

ini 1/p SN
(containing a 48, a .., ab 5, .-2).

+2 +1
pnt2 et

. . 2 ]
G consists of the span of monomials in ((x arll/p ) . al/P),

ntl
. . + + ]
@y (@8 ) oo and (/07 7al/0 0L al/0%)PY where i= 0,...,p~ 1 and
+2 +1 2 .
i=0 .“’p,,ﬂ 1.So FNG = Z ((xl/pn 1/pn . a:z/p )P' ay, ay.-t,
a ., aly, a +3,”-) [FNG:kl= P = [k[xn+2] 'k] < p™*!, with contradicts

our initial assumption that [k[x_,,]: k] =t

(e) This final counterexample shows that in general tlNk? ] does not have
a tensor complement over £ in N kK’ (K over k a modular extension).

We let k= Zp(x, y, z
Let

z,,-++) where x, y, z,, z,,+++ are indeterminates.
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RV A K= k[{z’.l/"}, x1/2]
kl/pz N K=k[{zl.l/"2}, x1/02 +zi/pyl/"]

2 2
L1703 A K=k[{z}/l’3§, xl/p3+z}/p Y1/ +z;/py1/p]

Clearly k[{z}/"m}] C k[nKpi]. We assert that k[{z}/"“}] has no tensor
complement in [V kK?®. This will imply that k[{z}/"“}] = k[NK?", and in partic-
ular be another counterexample showing that in general Nkk?* £ k[NKPT.

Assume that there exists an M C K such that M ®, k[{z;/"wil =~ K. Since
it takes only one element to complete {z}/p"} to a p-basis for k2" A K over
p1/em-1 N K, M must be of the form k[xl, Xy -] where x; has exponent i
over k, and xf € k[xl, e, X, 1].

x, € Zp(xl/", ¥, zi/l’,. vy zrll/") for some finite 7= x ,, €

+2 +1 +2 +2
Zp(xl/pn f yl/p" , Z}/p" PR 2711/1)’7 ) (= F). But
2 € K10 K- Zp(xl/""+z + Zi/pnﬂyl/p”ﬂ +oee

Xn,‘_

1/p,1/p

1/pn*2 1/pn"‘2 .
+tZ,+1Y 22

,}’,Z] H ’

)

s

+2 ntl ntl
— >/ (xl/p" +zl/p yl/p
nt2 b 1

. _1/pnt2 1/pnt2 1/ B
+ zrlz‘/i'liyl/p’ ) z‘_/p 1ttt 2, b ’ zn"’q) (= G).

. . . /pnt2 +1 +2 +2 /
Consider the following diagram of Z (1727, yl/pn ) Zi/pn yuoe ,zrll/pn ) Zrll;‘l’)

1/pn+2 l/p"+2
over Zp(x, ¥ 23 ety 2, D Z )
n42 n. n+t. L2 ;2
P AL A 2l pTylp
1
1 n+
y P
coan+2 o4l n+! 2 02 n+l
ip 1p b . L'p" 1 p7yp 1 p 1 p
(x T2y ¥ T Zn Y ) b Zn?

. +2 i +2 . .
F consists of the Zp(x, ¥, z%/P" Jeee, z’ll/pn ) span of monomials in

which (in terms of the above modular basis) no power of z'llill’ occurs. G consists

. . +2 +1 +1 2 2 i
of polynomials in [(x1/277% 4 z1/877 ) 1/07"0 o Ly Z1/0%)1/0%) | p1l0, 1/0)i

i (. +2 *1 +1 2 2\ pej

(zrlzig)z (z:O,---,p- 1) and (xl/pn +zi/t.m yl/pn +”_+zrll/p yl/p .)PJ
(j=0,..., p"*1 —1). Hence
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i/pnt + +1 2 2
Fnc"'zp((x‘/"q Z*Zi/p" et +z,1,/p yl/ee,

1/pnt2 1/pnt2
zl/" ,...,zn/p ).

s
Then

+1
o7 r1/p o 1/p 1/ 1/p}
x> 4o €kiz P e, 2z, ]=»x1€k[zl P,-.-,zn 1= x €k,

-
which contradicts our assumption that [k(xl) k) = p.
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