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ON WEIGHTED NORM INEQUALITIES
FOR THE LUSIN AREA INTEGRAL

BY

CARLOS SEGOVIA AND RICHARD L. WHEEDEN(!)

ABSTRACT. It is shown that the Lusin area integral for the unit circle is a
bounded operator on any weighted L? space, 1 < p < o0, on which the conjugate

function is a bounded operator. Results are also proved for the case 0<p<1.

1. Introduction. The purpose of this paper is to derive several weighted norm
inequalities for the Lusin area integral. Specifically, let f(z), z = rei¢, be a

function which is either harmonic or analytic in the disc |z| < 1, and let

S()(6) = < /S |<V/><re"¢>|2rdrd¢>”2,

r6)
where I'(6) =T"(0, 8), 0 <8 < 1, is the open conical region bounded by the two
tangents from ¢'? to |z| =& and the more distant arc of |z| =8 between the
points of contact. If / is analytic and belongs to the Hardy space H?, 0< p < o,
then by [11]

(fzﬂS(/)"(G) df)) e <c <f§"|/(9)|pd9>”",

where f(6) denotes the boundary value of [ at ¢ and c is a constant indepen-
dent of . For a real-valued harmonic f(z) which is the Poisson integral of [(6),
the same inequality holds for 1 < p < = and there is of course a weak-type result
when p=1.

For harmonic f and 1 < p < =, we will be interested in deriving the inequality

(L.1) (fi”s(/)p(e)w(e) d6) e c<f§"|/(e)|pw(e) d0>”"

for a large class of nonnegative periodic weight functions w. We will also give

related results when 0 < p < 1. Some problems of this kind for very special
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104 CARLOS SEGOVIA AND R. L. WHEEDEN [February

weights w have already been studied in [8] and [10].

In order to give a better description of the class of weight functions that we
will consider, let us briefly recall the results proved in [7] and [13] for the con-
jugate function. Let f(#), 0 < 6 < 27, be periodic and integrable over (0, 27),
and let

e /(6 - ¢)
0) =
s '[ -7 2 tan(¢'/2) “

be its conjugate function. In [7], H. Helson and G. Szegé proved the remarkable
result that

(fimi7on s ) < <f ) utoas )

with ¢ independent of [ if and only if w = ¢“*” where u is a bounded function
and v is the conjugate (normalized as above) of a bounded function v satisfy-
ing ||v||, <@/ 2 (strict inequality). Whenever a weight function w satisfies this
condition we shall say that it has the Helson-Szegé form.

In [13] it is shown that w has the Helson-Szegé form if and only if

<i T J,w (6)d0)<l 'fw(e)-ld(a) <e

for every inteval I which has length less than or equal to 27 and center in
(0, 27), with ¢ independent of I. Moreover, it is shown that a necessary and

sufficient condition for the inequality

~ /
S <f(2," |/ (6)|? w(6) a’0>l ?< C(ﬁ)ﬂ 17(0)|? w(6) d()) 1/p

for a given p, 1< p < oo, is that w satisfy the condition

A, ( fw( )d0><| lfw(e)—l/(p—l)‘m)ﬂ—lsc,

with ¢ independent of I, for intervals I of the kind described above.

A simple application of Hélder’s inequality shows that if w satisfies A
for a given p then it also satisfies A for any g with p <g <oo. In parucular,
if w satisfies A (C ) for some p < 2 then it satisfies A, (C,), and so has
the Helson- Szego form

It is simple to check that w satisfies A for some p, 1 <p < oo, if and
only if w -p=-1) satlsflesA /0 +1/p! —1 Thus if w satisfies A (C )
for some p > 2, then since p’ <2, w=1®=1 has the Helson-Szegs form

A certain weak-type result C, for p =1 is also derived in [13], the nec-

essary and sufficient condition then being
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Ay w*(9) < cul(h),

where

1
wXf) =  Sup — f w( ) dop
136;|1]< 27 [1] 71
is the Hardy-Littlewood maximal function of w
In the case p > 1, our main result is that any weight which satisfies Cp

also satisfies (1.1). In fact we shall prove the following theorem.

Theorem 1. Let 1 <p <. If w satisfies C, and [ is a harmonic function

which satisfies

. ) /
(1.2) Sup <f(2)"|/(m'9)|pw(e)de?)1 ? M <o,

O<r<1

then

1/p

< [ str)6)ut6) d0> <cM
with ¢ independent of |.

As we shall show in Lemma 6 below, hypothesis (1.2) for a w satisfying A actual-

ly amounts to assuming that f(re’ %) is the Poisson integral of a function f(6) satxsfymg

e M g( [ 1 @yew (e)de)”" o M.

We prove the case p > 2 of Theorem 1 in $3. In §4, we prove the case 1
<p <2 as well as state and derive several related results and corollaries for
0<p<l. §2 contains various known facts and lemmas that we will need in
the later sections.

This paper is intended as a step in finding weighted versions of Littlewood-
Paley theorems. It leaves open several interesting problems, such as non-
periodic versions, extensions to higher dimensions and the validity of an inequal-
ity opposite to that given in Theorem 1. These questions will be treated in a
sequel to this paper. We are indebted to Professor B. Muckenhoupt and Professors
C. Fefferman and E. M. Stein for making preprints of their papers [12] and (4] available to us.

2. Preliminaries. We begin by observing that if w satisfies condition Ap,

1 <p < oo, then

1 -(p-1)
2.1) 0)do ~ (— 6)-1/?-Ddp :
i Jie@do (G o )A
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by which we mean that there exist positive constants ¢, and c, such that

1 1 e p—1
c15<-m f’w(G)d6> (m f,w(G) 1/ Ddo) <e,

for all relevant intervals I. The right-hand inequality is just Ap; and the left-
hand inequality with ¢, =1 follows by applying Hélder’s inequality to 1 =
[1]=1 f,w(o)l/l’w(o)-”!’ df with exponents p and p', 1/p +1/p' = 1.

v (9) where v(0) is a bound-

Suppose now that w has the special form w(f) = e
ed function. With such a function w we shall associate the analytic function
W(z) = e;(Z)’i”(Z), where 1(z) and v(z) denote the Poisson and conjugate
Poisson integrals of v(). (See also [7].) Thus
(2.2 [W(z)| = e¥®) has boundary values V) _ w(6).

If, in addition, ||v|| < #/2 (strict inequality) then w is integrable over (0,
27). (In fact, by [14, p. 254], w is integrable to a power p, > 1.) In this case,
let w(z) denote the Poisson integral of w. Since v(z) is the Poisson integral
of logw(#), it follows easily from Jensen’s inequality for convex functions that
|W(z)| < w(z). In particular, W € HY. Since |1(2)| < c <a/2, |W(z)| & Re[W(2)].
(See [6] and [7, p. 131].) Since the harmonic function Re[W(z)]Nis the Poisson
integral of its boundary values, and these boundary values are e O cos ) =

w(6) cos (0) ~ w(h), we have
(2.3) W)~ wiz) if wl@®) = e”® with vl < 7/2.

~
In particular, if we denote w(@)~1 = V(O by w1(0) and observe that w,
has the same form as w, we see that its Poisson integral w (2) a |W(2)~ 1.
Thus,

(2.4) w(z)wl(z) ~1  if w(d)= O gich ol < =/2.

Lemma 1. I/ w(f) = O with lvll,, <7/2 then w satisfies A, and

i0 1
(2.5) w(re )%1—:—; f|9_¢l<1_' w(¢)d¢'

Simple estimates on the Poisson kernel P(r, 6) show that P(7, 6) &
1/(1 = #) for |f] <1 - r. Thus for any Poisson integral g(re'e) =
fzﬂg(e - ¢) P(r, $p)dp with g > (, we have

i6 ¢ —¢)dd.
g2 15 [y, 60 - 9V
Therefore, by (2.4),

12 we o, (e > cwtre (L [ wl@rdg).
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which in turn implies that

ey 2 (= [ g, w048) (= [ oy, w7 d8).

This inequality shows that w satisfies A, for all intervals I of length less than
1. But since w and w™ ! are integrable, the condition for 1 < |I| < 27 is immedi-
ate. Thus w satisfies A,. But then the former inequality together with (2.1) for
p =2 gives ‘
ify__ ¢ d
wire') < f19—¢l<x—r w(gp)de.

The following two important properties of weights w satisfying Ap are proved
in [12].

Lemma 2. Let [*(0) = Sup,se'|,152ﬂ|1|'1f1|f(¢)|d¢ be the Hardy-Littlewood max-
imal function of f. Then a necessary and sufficient condition for the inequality

TRECONE (31 @rweran )

for some p, 1 < p < oo, is that w satisfy Ap.

A weak-type version of Lemma 2 for p = 1 was obtained earlier by C. Feffer-
man and E. M. Stein [5].

It follows easily from Hélder’s inequality that a weight w which satisfies
Ap also satisfies Aq for all ¢ > p. The next lemma states essentially that w

also satisfies Ap—e for sufficiently small ¢ > 0.

Lemma 3. If w satisfies Ap for some p, 1< p< oo, there exists p, > 1
such that w1 satisfies Ap and

() o5

for all 1

The next lemma states some useful known relations between Poisson inte-

grals and Hardy-Littlewood maximal functions.

Lemma 4. Let g(z) be the Poisson integral of a nonnegative function g and
let T(re'®) be the conical region bounded by the tangents from re’? to |z| =6 and

the more distant arc of |z| = & between the points of contact. Then

1
Sup 8@)>¢c sup - f g0 + $)dg.
i6 € Jld|<e

F(re'") l-r<€<m

Moreover, there is a constant y which depends on & such that
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Sup gl)<c  sup L f . g0+@)ds.
l‘(reie) Y(l—r)<€<m € |¢‘<e

Recalling that (1 - 7)|VP(r, 0)| < cP(r, 6) for |6] < 7 we obtain as a special
corollary of Lemma 4 that (1 - r)]Vg(rewﬂ is majorized by a constant times the
Hardy-Littlewood maximal function g*(6) of g.

The following lemma, which is due to L. Carleson [3], and some of its var-

iants play an important role in what follows.

Lemma 5. Let u(z) be a nonnegative measure in |z| < 1 which satisfies
w(S) < cl for all sets S of the form S = {re'%; r>1-16,<0<0,+1,0<I<1.
Then there is a constant A depending only on p so that

< [J s * < acton,

|z|< 1
forall G € H?, p> 0.
This lemma has been generalized and given simpler proofs in [9] and [5]. We
will need the lemma as stated as well as in an analogous form for special sub-

domains of |z| < 1. The simple proof given in [5] is especially helpful in obtain-

ing this.

Lemma 6. Suppose that w satisfies Atz for some p, 1< p<oo, and let
/(reie) be barmonic in |z| <1. Then

(2.6) Sup UE" |/(rei9)|f’w(0)do>”” M <o

O<r<l

if and only if /(reia) is the Poisson integral of a function [(0) satisfying

@7 ([ @1Puto)do) ' /* < =
Moreover, ([g” |7(0)|? w(6) daoyl’r o, M.

First we note that any function g(6) for which [ g”|g(0)|p uAf) df < o necessarily
belongs to L?1 for some p,> 1. Infact, choosing 1 < p, <p, we have from
Holder’s inequality that

/ —b,/p
[0 1w @ - wie) " o

w by/p w -/, -1 " >1-p /b
< (f : Ig(e)lf'w(a)w) ! (f @) L ag) T

But (p/p1 -n-! converges to 1/(p — 1) from above as p,— 1 and wl*€ sat-

p
[2 g a0

isfies AIJ (Lemma 3). Therefore the second integral on the right is finite for p,

sufficiently close to 1.
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Thus if [ satisfies (2.6), then

14 1/

sup (f2717e®)"1ap )1 < o
0<r<1

for some p, > 1. Since { is harmonic it must then be the Poisson integral of a

function f(f). Hence f(re’ % converges to f(f) almost everywhere as r — 1, and

it follows from (2.6) and Fatou’s lemma that

(f27 1 @1Puiord0)'"” < m.

Conversely, if /(reigﬁ is the Poisson integral of a function () satisfying
(2.7) then

([ ee®iruieran)'? <o ([ )Pl )

where [* is the Hardy-Littlewood maximal function of f(6). (2.6) now follows from

Lemma 2.

3. The case 2 < p <. In this section we will prove Theorem 1 for p > 2.
Thus let w(f) satisfy condition Cp, p > 2. As was noted in the introduction,
this is the same as supposing that w satisfies AP and implies that w~1/(#=1

is of Helson-Szegs form. For such w and any analytic function F satisfying

(3.1) Sup <f§”|F(rei9)|Pw(0)d0>l/p <

O0<r<1

we will show that

6o ([T swrowedn) sc([iIre P00 ).

Here F(eie) = lim _, F(rei% exists almost everywhere since FF € H? 1, py>1
(see the proof of Lemma 6).

This fact together with Lemma 6 and the hypothesis that w satisfies C
will prove Theorem 1 for p > 2. Of course, if [ is the conjugate of a harmoruc

function [ and F is the analytic function F = f + zf then S(F)(0) = 25(1)(O).

-1/(p~1) u v

Since w is of Helson-Szegs form, we may write w=e where

u and v are bounded and |v|| < (p - 1)n/2. Since e is bounded above and
also below away from zero, we may assume that z = O—that is, that w = e".
If W(z)= eV )-iv(z) is the analytic function associated with w then

W(z)~'2=1) is the one associated with w™ /=D,

-1/(p=-1)

Since w > 0, Harnack’s

principle applied to (2.5) for w and its Poisson integral, wl(reie),

gives
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wl(reie) n L

-1/(0-1) gy,
1-r fy|e_¢|<1_,w(¢) ¢

The constants giving this equivalence of course depend on y. Combining this
with (2.3) we obtain

(W(rei®) =1/~ s 1

-1/(0~-1) 4
- f‘y|9-q§|<1_,w(¢) .

Hence by (2.1),

(3.3) |W(rei9)| R _1

d.
1—r f7|9_¢|<1_, w(g)dd

Since p/2 > 1, (3.2) will follow from proving that there exists a constant ¢

such that
[275(F) (6)2u(®)*/?h(6)d6 < ( [ |F(ef9)|f’w(o>do)” b

for every nonnegative b € LO/D i “b"(p/Z)’ <1. When p = 2 we will always
assume, as we may, that b = 1.

Substituting

S(F)(0)? = ff lF'(rei¢)|zrdrd¢,
re

and then changing the order of integration, we find it is enough to show that

(3.4) [ ke, dIECer ) 2rdrag < o ([ 2T 1R Puig)dg)
l=|<1
where

K(r, ¢) = w2/2()b(6)d6,

I7l9—¢‘<l-r

y being a constant depending on 8. Here we have used the fact that there is a

constant ¢ so that

'@ < o [2TIFE O Putgdg ) forall [z <5,

In fact, it follows easily from Cauchy’s integral formula for the derivative of an
analytic function that |F'(z)| < cfgﬂlF(ei¢)|d¢) for |z| <8. Then by Hélder’s
plp _ -1

inequality and the fact that w is integrable,

@) < o [27IFE D Pui@g ) for 2] <2,

as claimed.
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Let I=1(r, $) =10: y|0 — | <1 -7} and let s = (p/2)(1 + ¢) for a small
€ > 0 to be chosen. By Hélder’s inequality,

K(r, ¢) < |1| (ﬁ fl w2s/(9) d0)1/$<-|—11—‘ LbS'(o)de)”s'.

/

If we now choose ¢ sufficiently small and apply Lemma 3, we find that

K(r,¢) < c|1|<|—;I flw(e)d0>2/"<_|% Lbs'((,w)us'.

By (3.3) and the definition of I,
K(r, ¢) < cl - 12)|W(rei¢)|Z/t’g(reiqs)l/s’,

where g denotes the Poisson integral of ps'. Of course, s' <(p/2)’, and there-
fore b is integrable to a power strictly larger than 1. The expression on the

left in (3.4) is therefore at most a constant times
ff {1- Tz)g(rei¢)l/s'|w(rei¢)l /pF'(rei¢)|zrdrd¢.
|z|< 1

Since (W!PF) = w/PF' L (1/p)W!?=1W'F, it is enough to show the bound in

question for both
(3.5) [ @- g |twee ) PR (e )Y | 2rdrdgp
lz]<1
and
6o [ W= gl e )P W e PR 2 dr .
|z|<l

We recall that g=h =1 when p = 2.
We will estimate (3.5) first. As we easily obtain from changing the order

of integration, (3.5) is majorized by a constant times

f;ﬂ [ fJ‘ 8(rei¢)l/S'HW(reiqs)F(reid))}'l2rdrdq_‘>] do.
r(6)

Denoting g*(6) = Sup 4, g(re™®), we see this is at most

f(z)ﬂg*(e)l o [r{g) |{wl/p(rei¢)F(rei¢)}'| zrdrdq&]de

= [2Tex@1 /=" sw!/PF) (6)? d6.
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To this expression we apply Hélder’s inequality with exponents (p/2)' and p/2,
.. 1/ 1
obtaining the bound "8*"@72) r(1ysty ISV /pF)"
Since g is the Poisson integral of 5" and (p/2) (1/s"h>1,
sy 1/s’ b
P AT BT

Moreover, the analytic function W!/?F € H?—for by [14, p. 273], and by (2.2)
f(z)"IW(reie)l/pF(rei6)|pd9 < [ wO)FE®)|Pdb < o,

Hence, applying the unweighted version of the area integral theorem, we get

ISP )| 2 < c|w(ei®)!/PF(e®))2 = c(ﬁ"w(eff’)vw(o)de) 2/p,

This completes the estimate for (3.5).

To estimate (3.6), it will be convenient to let G denote the analytic function
g+ ig. Since b >0 and is not identically zero, g(reid’) > 0, so that powers of
G are well defined and analytic. Moreover, gl/s' < |G|1/$I = |Gl/5'| and there-

fore (3.6) is at most
[f a-rwt/e=tw6l/ 25"k 2 drag,
|z|<l

Since |W'| = |W| |2 - iv)'| = |W||Vo| by the Cauchy-Riemann equations, we may

rewrite the expression above as
[f Wwr/eG1/2s'F |20 - 1) Vo 2rdrdg.
|z|<l

We claim that the measure dp = (1 - 2)|Vu|? rdrdg satisfies the condition
of Lemma 5. Thus by applying that lemma to the analytic function wlegl/es! F,

we see the last integral is at most a constant times
f(z)”|G(ei9)|l/5'|F(ei9)|2w(0)2/"d0.

By Hélder’s inequality, this is at most

1/s’ 2m iO\p )2/p
1G5/ 2y7c1 /5" )Uo [Fle™)|Pw(@)d )"

When p = 2, G = 1 and this is the desired estimate of (3. 6). When p > 2 then

1 <(p/2)'(1/s') < =, and since the real part of G on |z| =1 is s’ , we obtam

from well-known norm inequalities for the conjugate function that G| 1/ (p/2) (1/s")

< c||b||(p/2), <c. This will complete the estimation of (3.6).
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To show that a’y(rei¢) =(1- r2)|vv(rei¢)|2 rdrdg satisfies the condition
of Lemma 5, let S be a region of the kind described there. Then

u(s) = ff a- r2)| v v(rei¢)|2rdrd¢ = % ff(l - A vz(rei¢)rdrd¢».
S

N

We want to apply Green’s theorem to this expression. Thus let §,, k=1,2,...,
be an increasing sequence of approximating domains for S—that is, the §, C§,
have closures contained in |z| <1 and have smooth boundaries dS, whose
lengths are uniformly bounded by a multiple of the length of dS. Since A(l - r)?

= -4 is negative,

JI 1-r2) sz(rei¢')rdrd¢
S
k
<[ -
I,

i UZ(rei¢ )
ank

dok +f Uz(fei¢)
6Sk

i 1-r?) dok,
an,

where 9/dn, denotes differentiation along the normal to 05, and do, denotes
the element of arc length along 9S,. The second integral on the right is clearly
bounded by a constant times ||v||°2° (length of 95,) < c||v||3°l. Moreover, since
(1-7% ‘VU(re’d’)l < cv*(¢), where v* is the Hardy-Littlewood maximal function

of v, and fju*|| < |v|l., the first integral on the right is

i¢‘)

d
— v(re
ank

< chHzo (length of ask) < C"U"il-

zf [w(ret®)|(1=r2) do,
6Sk

4. The case 0 < p < 2. In this section we will complete the proof of
Theorem 1 in the remaining case 1 < p < 2 and prove results for harmonic (an-
alytic) functions for 0 < p < 2. The basic outline of the proof we will use is
that given by C. Fefferman and E. M. Stein [4] in generalizing results of D. L. Burk-
holder, R. F. Gundy and M. L. Silverstein [1].

To fix the notation, let f(re’®) be harmonic in |z| <1 and let

(4.1 S()0) = <H|v/(,ei¢)|z,d,d¢>m,
ro)

where T'(0) = (9, 8). Fora &, > 39, let I",(6) = I'(6, 8,) so that I'() C r,0).

Now let

[*6) = Sup |f(re'?)].
(4.2) NG | |
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The main result of this section is then the following theorem.

Theorem 2. Let w(f) satisfy A, and let /(rei¢) be harmonic in |z| < 1.
Then for o> 0,

1 2
(4.3) f {6 5(0y-ap YO0 <€ [fw:/*(é’»a}w(e) 40+ ?I 6.7 @t O w(e)da] '

The constant c is independent of { and a.

The same result for w = 1 is proved in [4]. The proof of Theorem 2 con-

stitutes the main part of this section. As a corollary we obtain

Theorem 3. Let [ be a harmonic function and let w satisfy A,. Then for
0<p<2,

( f g"S(/)(o)Pw(o)de )” P c< f f)” f*(0)"w(0)d0>1/ 2,

Moreover, if F is an analytic function whose real part is [ then
([isEpom@rds )'* <c( [T7@r u@ran) .

This will complete the probf of Theorem 1. For if 1 <p <2 and w satis-
fies Ap (which implies that w satisfies A,) then by Lemmas 4 and 2,

< i *(0)"w(0)d0)” ? c< [ (0)|Pw(6)d0>1/ e,

It is not hard to prove Theorem 3 using Theorem 2. Since S(F) 0) =
25(f)(@) for F = f + if , it is enough to show the version for harmonic /. But

-2 2 _ -2 a 5 _2 a
a f{/‘sa}/* wdf =- a fotd)\(z)ga fom(,)d,,

where A(2) = f{f'»}w(e) df is the distribution function of f* with respect to the
measure w(@)df. Thus by Theorem 2,

f{S(/)> " wdf < c [A(a) +a”? fot)\(z)dz].

Since the left side is the value at a of the distribution function of S(f) with

respect to w(0)df, we obtain that for p >0,

[ s r@wierdo<p [ 7 ar! [A(a) cam2f ;‘m(t)dt]da

= pf: aP=I\(a)da + pf: tA(2) [f:oa"'3da]dt.
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If p <2, this is just a constant depending on p times
p [P A e = f f)"/*(e)Pw(e)de.

As a final corollary of Theorem 2 we also obtain the following weak-type

result for p = 1.

Theorem 4. Let w be any weight which satisfies A|. Suppose [(0) satis-
fies f§"|f(0)|w(0)d0 < oo, and let f(reig) denote the Poisson integral of [. Then
for a>0,

c (2w
'[{9:5(/)(9)>a} w(6)do < Efo |/ (0)|w(6)d6

with ¢ independent of [ and .

To see this, we first observe that w is bounded below by a positive constant.
Indeed, by condition A, cw(¢) > (1/2n) [Iw(0) d9 for all ¢ € (0, 27). From

this it follows that [ is integrable. From Theorem 2,

/

where A(2) = f{/t>,}w(0) df. By [5 (cf. Lemmas 4 and 2)] condition A, implies
that tA(¢) < ¢ fg" |f(0)|w(6) d6. Theorem 4 follows immediately.

We now turn to the proof of Theorem 2, beginning with some additional no-
tation. With a> 0 fixed, denote B = {f*> a} and E = {/*< a}. Write the open

5y sal w(0)do < c[)\(a) + a'zfgt)\(l)dt]

set B as the union B = |J.B, of open intervals B, on |z| = 1. Then if Q =
Ugeg [(0), Q is the complement in |z| <1 of “triangular’’ regions with bases
B, If (6Q)! is the part of 9Q in |z| <1, then (9Q)! is the union of the tops
C, of the triangular regions with bases B.

From the fact that I' CI'| it follows that |f| < & in Q—moreover, each point
of C. is the center of a circle in which |f| < a whose radius is proportional to
the distance from the point to |z| = 1. From this and the mean-value property
of harmonic functions, it follows easily that (1 — r2)|V/| <ca on 0Q)!. (See
also the remark following Lemma 4.)

For convenience, we will now make several assumptions about [ and w.
These will be dropped later. We will assume that { is smooth up to and includ-
ing || = 1, and that it is the Poisson integral of its boundary values /(6).

(u(0)+07(0)

Since w is a Helson-Szegé weight, it can be written w(f) = where

u is bounded and |v| < c < 7/2. We may clearly assume without loss of general-
- ~N

ity that # =0. Thus w() = D and we will suppose that v(6) and () are

smooth functions on (0, 27).
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Since

wdf < do do,
f{w)w} - I{S(/ba}ﬂE v wa

it is enough to prove an estimate of the kind (4.3) for I{S(/) ~a}NE wdf. By
Tschebyshev’s inequality,

wd =2 2(g\w
ffS(/»a}nE f<a fES(/) (6)w(6)d6.

Substituting
S0 = [[ 19/¢ei®)|?rardg

()
and changing the order of integration, we obtain

f{S(/)>a}(\Ewd0 < ca~? ff - rz)w(reiflS )|V/(fei¢)|21drd¢,
: 2

Here we have used the facts that Q = Uy , g[16) and that f'y|9.q5| 1w
<e(l - 7) w(reiqb) (cf. also Lemma 1).
By (2.3),

2
°* fiS(f»a}ﬁEw‘Io
(4.4)

IN

I @ = weei®) |9/ et 2rdr de
Q

]

ff a- rz)e?;(’eid))Afz(rei¢)rdrd¢.

Q

Since A(e"ylz) = /ZAe"y+ e?"A(/z) +2Ve . V(f?), the last expression (4.4) equals
If (1- rz)A(egllz)rdrdq,') - ff (1- r2)/2 A e?rdrdcﬁ
Q Q

-2 ff - rz)Ve"y- V‘(/Z)rdrdqs =141+ Il
Q

Here Il is negative, so we simply drop it. (We could estimate Il directly
and in fact will essentially do this when we estimate [Il.) For I, we use

Green’s theorem(2), observe that A(l - 7?) = — 4 <0 and obtain
a ~ a ~

1- Q| < vs2 2 (1- 2 vy2 d

Isfw[< A5 |+ | T A=) | do

(A= ) | |19 + @ = D) | Tolf? + ef2)do,

+

S s

since |V2| = |Vu| by the Cauchy-Riemann equations. Write the last integral as
the sum of two, one extended over E = 9@ N{|z| = 1} and the other over COR

(2) Here we meet the usual technical problems caused by the fact that 42 is not
smooth. These can easily be overcome by using appropriate approximating domains
and passing to the limit, keeping in mind that all functions are smooth up to |z| =1.
The method is standard, and we will not give the details.



1973] NORM INEQUALITIES FOR THE LUSIN AREA INTEGRAL 117

Since all functions are smooth on |z| <1 and r=1 on E, the part over E is at

most
* (6 #
[ rr@re®ds = [ *20w(6)do.

For the part over (9Q)!, we recall that |/| < a on (8Q)!. Moreover,
(1 —7%) |Vf| <caon (0Q)}, and since v is bounded, (1 - r2) |[Vo| < c. Thus the

part extended over (6Q)! is at most a constant times

azf e”)’(""i(b)do.

(am!
By (2-3)7
azf v('e )do<caf w(re"e)a'a=ca2 Z fC w(reie)do.
(am! (am! i i

The lemma which follows shows that there exists a constant ¢ independent of
7 such that fC w(re'®) do <c fB w(0) d. Adding over j and recalling that B

is the disjoint umon of the B we obtain the required estimate
“s) < c[fE/*(G)zw(O)d0+ o f u0)a0).

Lemma 7. Let B be an interval on |z| =1 and let C denote the two line
segments which form the top of the standard '‘triangular’’ region with base B.
Let I be an interval lying along one side of C whose length is at least propor-
tional to its distance from |z| = 1; that is, if se'®1 is the center of I, then ||
> c(l = s) for some constant c.(3) Let (a, b) denote the projection of I onto
|z| = 1. Then for any w satisfying (2.5) and condition Ap for some p, 1 <p < oo,

J‘Iw(re"t9 Ydo < c fzw(e)de.

Proof. We may assume without loss of generality that B = (0, ¢) and (g, b)
(0, ¢/2). By (2.5)

w(reid)) 29

1
1-7r f[@- I l—ru/((ﬁ)dd).

For rei’ €1, 1+ a; 0 so that by the equivalence above and Harnack’s principle,

fl w(reie) do~ J‘Z {Iy f;ew(¢)d¢}d0

< ﬁbw(@{ :/2 0 } ¢ = fu’ () log% 3.

Applying Hélder’s inequality with exponents p,>1 and p}, we obtain

f,w(rei¢)d056<f w(¢)pld¢,)”” (J‘zb[ ]”ld¢)‘/”".

(3) Here c denotes positive constants independent of [ and B.
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Here

o [ ] a0 [3 o 3] 0y

Thus

. 1/
flw(re’¢)doscplb<lz fzbw(¢)pld¢) e, [P uig)dg

by Lemma 3, choosing p, sufficiently close to 1. The interval (0, 2b) of inte-
gration contains (a, b). Moreover, since the length of I exceeds a constant
times its distance from |z| = 1, the length of (a, b) exceeds a constant times
that of (0, 2b). But then it follows immediately from (2.5) and Harnack’s princi-
ple that gb w(ep) dp a fz w(¢) d¢p, completing the proof.

It remains to estimate III, which is somewhat more involved. Since |Ve
e"ylvm,

~
“l

me< [fa-2ev| )| |v/lrdrdg,
Q
which by Schwarz’s inequality is at most
(f’f(l — )eVfur |y 2rdrd¢>1/2 <ff(1 - 72)e7|V/|2r,drd¢) 1/2,
Q Q
Denote
_ DU A (42 B %2 2
X = v!;f (1 -r%)e? A(f)rdrdp, Y= fE/ wdf + a wadG,

and
Z = ff (1- rz)e")] A'z\/“|2f 2ra'rah:j).
Q

Since |V/|2 = Y% A(f?), we obtain from (4.4), (4.5) and the estimate above for III
that X < c(Y + X% Z%). If we show that Z <cY we will have X <c(Y + X%Y")
and therefore X < cY, which will establish Theorem 2. The rest of this section
is devoted to proving that Z < cY.

Write

(4.6) Z=ff/2d#
Q
where, since Ae¥ = e”lvmz,

. ~ i¢
(4.7) du(rei®) = 1 - r)Ae¥ "¢ rdrdg.

The idea of the proof is to find an analogue of Lemma 5 for {}. One complica-
tion is that Y is an integration over |z| = 1 with respect to Lebesgue measure,

rather than one over d{) with respect to harmonic measure.
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As always we identify ¢ = ¢'® and let P = re’® denote the point on dQ

whose projection onto |z| =1 is ¢. Let

[($), @€E,
(¢, ¢ €B.

Thus /—is a continuous function defined on |z| = 1. Let Rreiqb) denote the

(¢) =

Poisson integral of /—and let

T*(¢) = Sup [(re’®)

r(¢)
where I') CT'. We claim there exist constants ¢ and c, such that for every
B >0,
(4.8) y{reiq"’ € : |[(rei¢)| > Bi< cf{/_,,x 4 w(p)de.
1

Taking this inequality for distribution functions temporarily for granted, let

us show that it implies Z < cY. In fact, we obtain immediately from (4.8) that

JNiredpse [Tiitwds,  p>o.

Q
Taking p = 2 and recalling that w satisfies A,, we get from Lemma 2 that

Z= |f12duce [ THpu(®)ds
Q
- [fromards s [, i)
<c [fE/*zwqu +a? waqu] =cY.

We will prove (4.8) in two steps. We assume without loss of generality that

f> 0 and define for ¢’ € dQ the function

f**(p") = Sup /(reie),
r,(¢"

Thus /™ is defined on dQ. Let G' ={¢' €90 [™(¢') > B} sothat G' is
the disjoint union of ‘‘intervals’’ I, along Q. Then fre’® € Q: f(re'®) > Bic
U, T, where T, are the “triangular’’ regions with bases I, which form the
complement in @ of (Jyi 4 g/ I',(¢"). Thus

plre® € Q: f(re'®) > B < 3 W(T)),

and our first step in proving (4.8) will be showing that
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(4.9) T uT)<c [ uig) dg,

where G C{|z| = 1} is the projection onto |z| =1 of {¢' €9Q: /™(¢") > c, B
0< c, <L

Now wT) = ffT (1-r% Ae rdrdg. If we apply Green’s theorem as in § 3
and observe that A(1 - r?) = — 4 <0, then

CRE I | FX
n

Since e¥ < cw, |d(1 - r2)/6n| e"yf cw and (1 - r2)|8e3/817| <cw(l - r2)|V'17| =
cu(l - 12)|Vv| < cw. Thus

dJ

— e"\’J ]da.

Vi)
e + r aTI

(4.10) wry<ef o wei®)do,

For any T, whose base I, lies entirely on |z| = 1 we have from (4.10) and

Lemma 7 that
WT)<e f,i w(g)dgp.

Adding over i and noting that the union of such I is a subset of both lz| = 1
and G', and therefore, is a subset of G, we obtain (4.9) for such Ti‘

Consider next any T, whose base I, lies entirely on one side of the top
C of the triangular region whose base B] is an interval of B. If the length of
I, exceeds a fixed constant multiple of its distance to |z| = 1, we can again
use Lemma 7 (for each side of T ) and argue as above. Let us then suppose,
on the other hand, that the length of I is small compared to its distance from
|z| = 1. Letting ¢ denote the center of I,, we have by the definition of G'
that [(z,) > B for some point z, €T’ (q‘) ). Since { is positive and harmonic
in |z| < 1, there exists by Hamack’s pnncxple a positive constant ¢, indepen-
dent of i such that f(z) > ¢ B forall z ina circle with center z, and radius
c, times the distance from z, to |z| = 1. From this it follows immediately'that
f**(¢") >c B for an interval l of points ¢’ on C, containing I which has the
property of Lemma 7. We now replace all those I, in I by I 1tself and all
the corresponding T, by the similar triangle thh base I Applymg Lemma 7
and noting that the projection of I onto |z| =1 lies in G, we obtain (4.9)
in this case.

The remaining cases of (1) those Tl. whose bases contain points from both

sides of a top C]., and (2) those T, whose bases contain points of both the tops
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Cj and the circle |z| =1 can be dealt with by combining the arguments above.
This completes the proof of (4.9).

Our final step in proving (4.8) will be showing that G lies in {7*> cBl.
When combined with (4.9), this will prove (4.8). Showing that G C {7*> cﬁ} is

of course the same as showing that
(4.11) [**($") < e[ ().

Since [™(¢') = Supr (¢! )/(re % and / (:;{:')_Supr (¢)f(re ) it follows from
Lemma 4 that

(4.12) Mg < gy 116+ 0140

v|e- ¢ﬁ)< e<m

and

T*@)>c Sup ¢! f|9| 7(6 + 6)d6.
O<esm <€

Suppose that ¢ € B, so that ¢’ lies on a top C Then by (4.12), the only

values of € required to determine [™(¢') are those values ¢ > y|¢ - ¢'|, and

therefore the integration in (4.12) is always extended over an interval around

¢ whose length is at least proportional to the distance from ¢ to E. We now

need the following simple lemma.

Lemma 8. Let B]. = (u]., vj) be an interval of B and let (a, b) be a sub-
interval of B, whose length exceeds a constant times its distance to the comple-

ment of B]., ie. b—a>c, min{a — uy v~ b}. Then
[ 16)d8 < c [*T(6)d8
a a

with ¢ independent of (a, b) and ;.

Proof. By definition of /) fb7(0) do = fb (") dO. For the proof we will
assume @ - u, < v, - b. For convenience, take (u 7 ) = (0, 2A). Then a < A.

Case 1. b < A. Then the complex variable 6', whose argument is 6, has
distance from |z| =1 equivalent to §. Thus by simple estimates on the Poisson
kernel ([14, Vol. I, p. 96], and |sin u| < clu|)

0

—_— dy.
62 + (0 - y)?

' g b
1602 cf7 1) - 54 e 116

6
2,0-y

Therefore
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[Tz cft i ][t 2L,

202 4+ (0-9)?

>e [0 [loashayz e[ 101ay,

since by hypothesis there exists a constant ¢, satisfying 0 <c, <1 and c;b
> a

Case 2. b> A. If for a fixed ¢, 1 <c <2, b>cA then since a—uj§v].—b
both subintervals (a, A) and (A, b) of (4, b) are of the type considered in Case
1. The result follows by adding. If b < cA, then since [ is nonnegative we
have by Harnack’s principle that f(6") for A <0< b is proportional to the value of [ at
the point whose argument is € and whose distance from |z| =1 is 6. Thus we have,
forall a<0<b,

1027 1) = &y,

62 + (0 - y)?
and we may continue the argument as in Case 1. This completes the proof of
Lemma 8.

The claim (4.11) follows easily from Lemma 8 and the expressions above for
f"ek and -/_* In fact, if ¢» € B we have already noted that the integration in
(4.12) is always over an interval whose length is at least proportional to the
distance from & to E. Thus for € > y|¢ - ¢'|,

f|9|<e /(& +6)df = JARI * fR2+ fR3

where R, is the part of the interval of B containing ¢ in (p-¢ & +6€), R,

is the rest of (¢ — ¢, @ +¢) in B, and R, is the part of (p-e, d+¢) in E.
Since R, is the type of interval (a, b) of Lemma 8, we have fR fdo < ch 7d6.
Since (qS -6 ¢ + ¢ is a whole interval, Lemma 8 also implies the same mequal~

ity with R, replaced by R,. Finally, since = / in E, fR [do = fR fd0 Thus
f‘9|<€/(¢+0)d05 cfl9‘<€/(q5 + 0)df

for such ¢, and (4.11) follows.

In case ¢ € E, we must consider f|91<€/(¢; +0)dO for all €>0. In this
case, however, the integral splits into parts of kind R, and R, only, and
(4.11) follows as above.

The proof of Theorem 2 is now complete in the case that f, v and 7 are

smooth in |z| < 1. It is not difficult to remove these assumptions by approximation
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arguments. Let U(O) be any function satisfying |v(6)| < c <7/2 and let w(f) =
(8). Then |v(pe’ )] <c <w/2, and as functions of 6 for fixed p <1, both

v(pe’e) and its conjugate u(peZ % have Poisson integrals which are smooth in

|z| <1. Thus w (0) e?1Pe™) satisfies the conclusion (4.3) of Theorem 2.

(We are still assuming [ is smooth in |z| <1.) But wp(6) a w(pe’ % by (2.3), and

(4.3) for w follows from the L -convergence of u/(pe '9) to w(f). Finally, we

can remove the assumption that f be smooth in |z| <1 by using /4 (rei%) =

f(pre? %). For (4.3) holds for /p’ and / 7/% and S(f) /7 S(f) as p / 1. Thus

(4.3) for [ follows without difficulty from the monotone convergence theorem.
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