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ABSTRACT. The principal problem considered is the determination of all non-
negative functions W(x) with period 27 such that

[ apemade<c f_"n F(6)]|PW(6) do

where 1<p <oo, f has period 27, C is a constant independent of f, and ?' is
the conjugate function defined by

1 f f(6—#)de

J(O) = lim, 7 Jeloler Zeam a2 -

€—0

The main resule is that W(x) is such a function if and only if

1 1 Ry -1
[|_1| fl W(e)de][l—l—‘f’[u/(&)] Ve ”da] <K

where [ is any interval, |1l denotes the length of / and K is a constant indepen-
dent of I.

Various related problems are also considered. These include weak type
results, the nonperiodic case, the discrete case, an application to weighted mean
convergence of Fourier series, and an estimate for one of the functions in the
Fefferman and Stein decomposition of functions of bounded mean oscillation.

1. Introduction. The natural weighted norm inequality problem for the conju-
gate function is the characterization of those finite nonnegative Borel measures

m on [-m, nl for which

T ~ 1/ T 1/
(1.1) [f_,, I/(O)I"dm(G)] * < C[f_" |/(9)|”dm(~0)] ’

for a given p, 1 < p < oo, with C independent of /. In order for such a norm
inequality to hold, however, it is necessary that m be absolutely continuous with

respect to Lebesgue measure; see [7] and [4, p. 373]. Thus we may express
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dm(0) = W(0)dO where W is non negative and rewrite (1.1) as

m 1/ m
(1.2) [ [ |7(0)|"w(0)d6] . CU_” |/<e)|ﬂw<a)de]l/p.

The problem of characterizing those weight functions W for which (1.2)
holds with p = 2 was solved by H. Helson and G. Szego in [7]. Their remarkable
result is that W satisfies (1.2) with p = 2 if and only if W(6) = exp (U(8) + (6))
where U and V are bounded functions and the strict inequality || V|| < #/2 holds.
It is a relatively simple matter to prove the sufficiency of this condition by
adapting the classical M. Riesz proof of the L? boundedness of the conjugate
function; see Lemma G below and [S]. The proof of the necessity is more difficult
and is based in part on a duality argument for the Hardy space H1.

For p # 2 Forelli in [4] obtained a necessary and sufficient condition for W
to satisfy (1.2) but the condition is difficult to apply. Other sufficient conditions
have been given in [1], [4], [5], and [12].

Our solution to the problem has several interesting features. Our condition is
simple to state, it is a necessary and sufficient condition for both strong and weak
type inequalities, and it is the same as the condition for norm inequalities of the
Hardy-Littlewood maximal function as proved in [9].

To state our main result we will use the following notation. For an interval
I, || is the length of I. For functions [ with period 27,

L[ M-
7 Jes|plsr 2 tan /2|

T/(0) = su%

€ >

D, is the subset of [-m, 7l where |7(6)| >a and E is the subset of [-7, 7]

where Tf(6) > a. For p=1,
p-1
=1/(p-1)
(J teton-vo-»)

will be taken to mean ess supgg, 1/]g(8)|, and O - « will be taken to be 0. To
avoid complications in one pathological case, f(6) and T/(6) will be assigned
the value o if f is not integrable. The theorem we will prove in the periodic

case is the following.

Theorem 1. If W(0) is nonnegative and has period 2m and 1 < p < oo, then the
following statements are equivalent; if p =1 statements (a), (d), and (e) are
equivalent.

(a) There is a constant C, independent of I, such that for every interval I,

1 , L ru(oy1-1o =D ]p'l
[m f: w(e)de][m j, (w(@)1-Y® =D gg <cC.

(b) There is a constant C, independent of [, such that for every [ of period
27,
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[T rorweas<c [T 11@we do.

-1
(c) There is a constant C, independent of {, such that for every [ of period
27,

[" tryenrwerdo < c [ 1101 words.

(d) There is a constant C, independent of { and a, such that for every [ of
period 2m and every a > 0,

jDa ey < ca? [ 1/0)?W(0) do.

(e) There is a constant C, independent of { and a, such that for every f of
period 2 and every a > 0,

fEa werdo < ca=® [T |1(6)|Pw() do.

Condition (a) in Theorem 1 was used in an equivalent form by Rosenblum in
[14] to characterize weight functions which give norm inequalities for the Poisson
integral. It was also used in [9] to characterize weight functions for the Hardy-
Littlewood maximal function.

It should be noted that if W(6) satisfies statement (a) and for some
I [, W(6) df = eo, then Iy (WO =1/®=1)30 — 0 for every interval ]. Therefore,
W(6) = eo for almost every €. Similarly, if [, WO1-1/®-1 g - o for some I,
then W(6) = 0 for almost every 6. Except for these two pathological cases a W
that satisfies statement (a) satisfies 0 < W(6) < = almost everywhere and w(o)
and W(9)]-1/®-1) are integrable on [-7, 7).

An application of Theorem 1 to mean convergence of Fourier series is given
in §6. Results like Theorem 1 are true for the Hilbert transform and the discrete
Hilbert transform. The exact statements and sketches of their proofs are given in
§$7 and 8.

The various equivalences in Theorem 1 are particularly interesting for p = 2
for then statement (a) has a particularly simple form and expresses a condition
equivalent to the one given by Helson and Szego. There are other interesting

formulations in this case. To state these the notation
1 7 (1-r)gl0-¢p)d
P(g, Ty 0) = 2— f g ¢ i)
T 7= 1-2rcos¢+r

will be used for the Poisson integral. These formulations are as follows.

Theorem 2. If W(0) is nonnegative and has period 2m, then the following
statements are equivalent.

(a) There is a constant C, independent of I, such that for every interval I,

1 1 [ 40
[m f W(O)de][l” [, W(e)] <c
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(b) There are bounded functions U(O) and V(O) of period 2m with V()| <
7/2 such that W(6) = exp[U(O) + V(9)] or W(0) = 0 almost everywhere or W(6) = oo
almost everywhere.

(c) There is a constant C, independent of r and 0, such that for all 0 and
0<r<1, PW, r, OP(1/W, r, 6) < C.

(d) There is a constant C, such that for all 0 and 0<r<1, P(W, r, 6) <
C exp[P(log W, 7, O] and P(1/W, r, 0) < C exp[P(-log W, r, O)].

(e) There is a constant C, independent of I, such that for all intervals I,

1
i f, expl|log W(6) - D|1df < C

for some D, depending on 1 or W(§) = 0 almost everywhere or W(§) = = almost

everywbhere.

Another interesting consequence of Theorem 1 is that it gives information
concerning the size of one of the functions in the Fefferman and Stein decomposi-

tion of functions of bounded mean oscillation.

Theorem 3. Assume that (0) has period 2 and is of bounded mean oscilla-
tion. Let A be the least upper bound of all real numbers, a, such that W(9) =
exp af(0) satisfies statement (a) of Theorem 2. Let B be the greatest lower
bound of all b such that f(0) can be written in the form U(O) + V(6) with U(6)
bounded and V()| < b. Then B = rn/2A.

Theorems 1-3 are consolidations of various results in §§2-5. In $2 various
properties are proved for functions satisfying the condition in part (a) of Theo-
rem 1. In §3 these results are used to prove that for p > 1 statement (a) in Theo-
rem 1 implies statements (b) and (c); these implications are called Theorems 4
and 5. Their proofs are based on three main points: the Calderon-Zygmund decom-
position; the fact from [9] that if W satisfies statement (a) for a p > 1 it also
satisfies it for a smaller value of p; and finally results from [3] characterizing
functions of bounded mean oscillation.

In Theorem 1 the implications (c) = (e), (e)=(d), and (b)=>(d) are trivial. There-
fore, the proof of Theorem 1 for p > 1 can be completed by proving that (d) =(a).
This is relatively simple and is done in §5. For p = 1 Theorem 1 is proved by
showing that (a) implies (e) and (d) implies (a) since (e) trivially implies (d).
The proof that (a) implies (e) is given in §4 while the proof that (e) implies (a)
isin $5.

Theorem 2 is largely a by-product of the proof of Theorem 1. The equivalence
of parts (a) and (b) follows from the equivalence of part (a) with part (b) of
Theorem 1 for p = 2 and the Helson-Szego result mentioned above. Lemma 3

shows that (a) implies (c) while the converse is trivial. Lemma 4 is the proof
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that (a) is equivalent to (e). Part (c) implies part (d) by use of the fact, obtained
from Jensen’s inequality, that the opposite inequalities in (d) are true for any
function. Part (d) implies (c) trivially.

Theorem 3 is a simple consequence of Theorem 2. If A > 0 then given a
satisfying 0 < @ < A there is an a, > a such that exp a,/() satisfies statement
(a) of Theorem 2. By statement (b) there are bounded functions U() and V(6)
such that |V()||, < /2 and a f(6) = U(O) + V(0) for almost all §. Then B <
77/2al < 7/2a, and it follows that B < n/2A. This is also true for A = 0. Con-
versely, if B <o, given b > B there are bounded functions U(6) and V(0) such
that /(6) = U(O) + V(0) and ||V(O)|,, < b. Then nf(0)/2b satisfies statement (b)
of Theorem 2. Since it also must satisfy statement (a), 7/2b < A. It follows that
7/2B < A; this is also true for B = «. This completes the proof of Theorem 3.

Throughout this paper C will denote a constant not necessarily the same at

each occurrence.

2. Facts about the Ap condition. A function W(x) will be said to satisfy the
Ap condition with constant C, if W(x) is nonnegative, 0 < W(x) < o on a set of
positive measure, C <o and for every interval I,

1 1 Ry p-1
2.1 [I_I_I f: W(x)dx][m fl [w(x)]-Vo Da’x] <C.

For p =1 the convention stated before Theorem 1 makes (2.1) equivalent to the
statement W*(x) < CW(x) where

(2.2) W*(x) = sup
y#x

y__xf: W(o) dt
is the Hardy-Littlewood maximal function of W(x).

Two simple observations about the Ap condition will be used repeatedly. If
W(x) satisfies the condition Ap with constant C for some p > 1, then for every
r> p Holder’s inequality shows that W(x) satisfies condition A with constant C.
It also follows directly from the definition that if W(x) satisfies the Ap condition

with constant C for some p > 1, then [W(x)1~1/®-1

satisfies the condition Ap,
with constant C!/®=1) where 1/p + 1/p' = 1. The following result from [9] will

also be needed.

Lemma A. If 1 < p<oo and W(x) satisfies condition Ap with constant C,
then there are constants r and K, depending only on p and C, such that 1 <r<p

and W(x) satisfies condition A with constant K.

This is essentially Lemma 5 of [9]; for a proof see [9].
The following result of Stein and Fefferman concerning functions of bounded

mean oscillation will also be needed. As usual, a function f(x) will be defined



232 R. HUNT, B. MUCKENHOUPT AND R. WHEEDEN [Febmary

to be of bounded mean oscillation if there is a constant K such that for every

interval I,

l_;—l [ 176 - Aldx < K

for some A depending on I.

Lemma B. If h(0) is of bounded mean oscillation and has period 2m, then
there exist bounded functions u(6), v(0) with period 2rn such that h(0) = u(6) +
v'(0) for almost every 6.

This result was announced in [2] and proved in [3] for the nonperiodic case.
The proof for the periodic case is the same.

The following lemmas will be needed in $3 to prove that AP is a sufficient
condition for a function to be a weight function. Some have been stated in a

stronger form than needed when the result was interesting and the proof was simple.

Lemma 1. If 1< p< o and W(x) satisfies the Ap condition with constant C,

then there is a constant K, depending only on p and C, suck that for every inter-

val 1,

12~ 'W(x)dx K [
2.3) 1P~ W) dx < — | Wx) dx,
( fx¢1 |x - “,Ip = 1) JI

where a; denotes the center of I.

By Lemma A there are constants r and D, depending only on p and C, such
that 1 <7< p and W(x) satisfies condition Ar with constant D . We will show
that (2.3) holds with K =Dp/(p — ). Without loss of generality we may take I to
have the form [~ 5, bl; it will then be sufficient to show that

Dpb~? b
- [ W) ax.

Since W(x) satisfies condition Ar with constant D, for every y.> 0,

r-1
f;/ W(x) dx [f:[W(x)]'I/("D dx] < Dy".

This immediately implies that for y > b,

i r—1
(2.5) y=? 7 [ W dx] [ [ [W(x)]"l/("l)dx] <DyPL,

By Holder’s inequality applied to f’(’) (WG Y/ TTw( =17 dx we obtain

-1 -1
b -0, | N
..fo [w(x)] dx] >h [fo W(x) dx] .
Using this in (2.5) leads to

(2.4) f: x"PW(x) dx <
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(2.6) y~b-l f: W(x) dx < Db~Ty" P! f: W(x) dx.

Now integrate (2.6) in y from b to . Interchanging the order of integration on

the left and performing the integration on the right leads immediately to (2.4).

Lemma 2. If 1 < p <o, Wx) satisfies the A, condition and [ |{(x)|? W(x) dx
< oo, then [ |7 ()1 + |x|) 7 dx < o

By Hélder’s inequality if p > 1, the integral in the conclusion of Lemma 2 is
bounded by

@.7) [f” 1/(x)|t’w(x>dx]”"[ - w]w'
. - sl TINEINITIN B

The first part of (2.7) is finite by hypothesis. It was observed above that if W(x)
satisfies the Ap condition then W(x)~ 1/(6-1) gatisfies the condition Ap,. Then
using Lemma 1 shows that the second integral in (2.7) is bounded by a constant
times f_l_l W)=/ ®=Ddx, This last integral is finite since the pathological
case that would make it infinite was ruled out in the definition of Ap. This

completes the proof of Lemma 2 for p > 1. If p=1,

C
1+ |x|

W(x) > CW (x) > f_‘l W(y) dy.

Since jil W(y) dy > 0, the conclusion also follows in this case.

Lemma 3. If 1 < p <2 and W(x) satisfies the Ap condition with constant C,
then there is a constant K, depending only on p and C such that for every inter-

val 1,

J. l_l_lw_(x)_d_’fS_K_ W(x) dx
x¢l (x—al)z lin

where a, denotes the center of I

This follows immediately from Lemma 1 since if W(x) satisfies such an Ap

condition, it also satisfies Az'

Lemma 4. W(x) satisfies the A, condition if and only if there is a constant

K, such that for every interval I,
(2.8) —I—}T JI expl|log W(x) - log A|ldx < K
for some A > 0 depending on I.

If W(x) satisfies the A2 condition with constant C, fix I and let A =
|Il'1 f, W(x)dx. The left side of (2.8) is then bounded by
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(2.9) J’ W(x) dx 1 Adx

11 TN
Substituting in the value of A shows that the first term of (2.9) is 1 and by the
A, condition the second term is bounded by C. This proves (2.8) with K= C + 1.

If (2.8) is true, fix an | and observe that

(2.10) 1 W(X) dx 1 Adx

G — <1
A T e =
and the right side of (2.10) is bounded by K + 1 for some A. The value of A

that minimizes the left side of (2.10) is

[f W0 d/[ W(x)]%

so the left side of (2.10) must be bounded by K + 1 for this value of A. This

immediately gives condition A, with constant (K + 1)2/4.

1
+ m fl expl|log W(x) - log Al|l dx,

Lemma 5. If 1< p <o, Wx) satisfies the condition Ap then log W(x) is of

bounded mean oscillation.

If p=2, Lemma 4 asserts that (2.8) is true. An application of Jensen’s

inequality to (2.8) then shows that

exp f |log W(x) - log Al dx < K
for some A > 0. Then log W(x) is of bounded mean oscillation by the definition.
If 1 <p<2, W(x) satisfies A, by Holder’s inequality so the previous applies.

If 2<p<oo, [W(x)]- 1/6=1) satisfies condition Ap,; this again implies that

log W(x) is of bounded mean oscillation.

3. Periodic sufficiency results for p > 1. This section will be devoted to

proving the following theorems.

Theorem 4. If 1 < p <o and W(O) has period 2n and satisfies the A, condi-

tion, then there is a constant C, independent of f, such that
~ m
[ Monrwera<c 2 11enewo) ao
for every function [ with period 2m.

Theorem 5. If 1 < p<oo and W(O) has period 2n and satisfies the A, condi-

tion then there is a constant C, independent of [, such that

[" tmenwera<c [T |/oNrwe
for every function [ with period 2z.

These theorems will be proved by establishing a series of lemmas.
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A function W(0) will be said to satisfy the Helson-Szego condition if it is
nonnegative, has period 27 and there exist functions U() and V(6) of period 27
such that U() is bounded, V(6) is bounded by a constant less than 7/2 and
w(0) = expLU(O) + V()] for almost every 6. The first lemma, Lemma 6, is a Riesz
type proof that the Helson-Szego condition is sufficient to insure that W is a
weight function for L?. This is, of course, a consequence of the proof in [7]; it
is also contained in [5]. The proof given here is a special case of the one given

in [5]; it is included here since it is simpler than the proofs in either [5] or [7].
Lemma 6. If W(0) satisfies the Helson-Szego condition, then there is a con-
stant C, independent of f, such that for every f(9) of period 2m,
m m
[" renzwaras<c [*116)2w0) a.

Since exp U() is bounded above and also below away from zero, we may
assume from the beginning that W(6) = exp V(6). By [13, Vol. I, p. 254], W(9) is
integrable on [-7, #]. Let W(z), V(z), and ’V(z), z = reie, denote the Poisson
integrals of W, V, and V respectively. The function w(z) = exp[V(2) - iV(2)] is
analytic and satisfies |w(z)| < W(z) by Jensen’s inequality. Therefore, w(z) belongs
to the Hardy space H!. Its boundary values w(e'?) are W(6)[cos V(6) - i sin V(H)]
and since |V||,, < 7/2, there is a positive constant C, depending only on [|V]_,
such that CW(6) < Re w(e?®) < W(6) and Clw(em)l <Re wle'?) < |uwle?9)].

Let f(0) be any trigonometric polynomial and let F(z) be the bounded ana-
lytic function which is the Poisson integral of f(6) + i7(9). Since [F(2)12w(2) is

harmonic, we have for 0<r<1,

st 7 RGN 2utre®) d6 = [F0)]2(0).
LT J-n

Letting r — 17, we obtain

3.1 o [T 1O + 1002w ®) db = [F0) 2w o).

Here [F(0)1% = [(1/27) ) df1? is real and nonnegative and Re w(0) =
cos [(1/2m) [T V(6)d] is positive. Hence taking real parts in (3.1) we have

[T W60 - (71617 Re w(ei®) - 2/(0)](0) Im w(e*)] a0 2 0,

or since all integrals are finite,
J'j (71912 Re w(ei?)db < J.:r [/(0)]2 Re w(ei?)dh - 2 Ji:r f(OTO) Im wl(e®) 6.

By our remarks above there is a positive constant C such that

J2, rentvarao< c(f” tronwera« [ |@T@Iwe) ds).
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If we apply Schwarz’s inequality to the second term on the right and denote
m ~,
a2 (" (TO’weIds and BZ= [T [/(0))W6)db,
-1 -

we obtain A2 < c(B?+ AB) or (A/B)? < Cl(A/B) + 1]. Therefore, there is a Cy
depending only on C, such that A/B < C,. Since W is integrable on [~m, #l,
trigonometric polynomials are dense in the space of functions with norm

or. [/(6)12W(6) d6)” <  and the lemma follows.

Lemma 7. Let p satisfy 1< p<2, let W0) satisfy the A, condition and
the Helson-Szego condition. Then there is a constant C independent of [ such
that

-v (" »
fDa Moo < ca [* /(0P o) b

for all a> 0 and all functions { with period 2m.

If the integral on the right side of the conclusion is infinite, the lemma is
immediate. We may, therefore, exclude this case; Lemma 2 then shows that [ is
integrable on [-7, 7] and 7(9) exists for almost every 0.

Fix an @ > 0 and /(@) for which the right side of the conclusion is finite. If

I™. 1/(0)| d6 > 2ma,
f,,a o< [ W00 [2}7_ [ do]‘i

Holder’s inequality shows that the right side of this inequality is bounded by

a2 (7 wo) d0>< " [w(o)]'W-Dda')p-l( [ 1rerwe) d6>,

and a use of the Ap condition shows that this has the desired bound.

If [T, |/(0)]df < 2na, the usual Calderon-Zygmund decomposition (Theorem
4, p. 17 of [11]) can be applied to f(f) considered as a function defined only on
[-#, #l. Using [-7, 7] as the initial interval, this will give a sequence of inter-
vals I, with disjoint interiors such that |/(0)] < a for almost every 6 that is in

[-7, 7] but not in UI E and
1

(3.2) a< — |/(6)] 49 < 2a.
|Ik| J.Ik.

Define g(6) = f(0) for 0 in [~7, 7l -UI,, &(6) = (1/]1,]) [1, /(@) dgp for 6 in
I, and define it outside [~ 7, 7] so that it will have period 27. Define &(6) =
() — g(6). Let G, be the subset of (-7, 7] where |¥(0)| > a/2 and let B be
the subset of [~m, 7l where |5(6)| > a/2. Then since D, C B, U G, it will be

sufficient to show that

(33) [, vorao<ca [T |1@)Pw6)d
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and
(3.4) jG& wo)do < ca=® [ 17(6)|Pw(6) do

where the C is independent of f.

To prove (3.3) first define I to be the mterval with the same center as I,
but which is three times as long Let H, be the union of I with the two inter-
vals obtained by translating I by 27 and let A=[-mnl- UH A is defined
this way so that the periodic extension of A does not intersect any f,: Then
fBa W(0) d0 is bounded by the sum of

(3.5) w(6) 6
Z/e: I H
and
2 ~
(3.6) 2, (56)|w(6) db.

Because of (3.2), (3.5) is bounded by

(3.7) < f 170)] d0> 3f W(6) d6.
all,|

Using Holder’s inequality shows that this is bounded by 3 times

p-1
(3.8) Z( ) f,k |/(0)|”W(6)d0< f, k [W(G)]'l/“"l)d0> f, W(0) db.

lkl k

Now enlarging the interval of integration in the middle integral to l: and using

the Ap condition shows that (3.8) is bounded above by

I1\e
> c<|-£l> [ 110 we) do.
1
k || k
Since (|IZ |/|1k|) = 3, this shows that (3.5) is bounded by the right side of (3.3)
with a suitable C.
To show that (3.5) also has the desired bound, write it in the form

2 G R Y
(3.9 f W) I, 2tan(6 - $)/2
This is bounded by

2 b(0)d6
(3.10) 2 Z)ve fzk Zean6- 72 | Y

Now let ¢, be the center of I, and let ], be the complement of f; in [-7 + b
m+ ¢'k]' Because the inner integral in (3.10) is a periodic function of 6 and
A N H, is empty (3.10) is bounded above by



238 R. HUNT, B. MUCKENHOUPT AND R. WHEEDEN [Febmary

f b(¢)de

(3.11) = Zf w(6) Ttan@- /2| °

By its definition f, b(¢)dp = 0 so (3.11) equals

f o) )
I, 2tan(6 - qS)/Z 2tan(6 - ¢,)/2

Now |I,| < so that |0 — ¢| < 37/4 and clearly |0 - ¢,|/2 < n/2. Therefore,
there is a constant C, such that

1 _ 1 clr
2tn@-¢)/2 2wan@-6)/217 (9-¢)7

Now taking the absolute value sign inside the inner integral in (3.12), inter-

do.

(.12) %Zf ) d
k

(3.13)

changing the order of integration and using (3.13) then shows that (3.12) is

bounded above by
C W(O)llkl do
-2 b(¢) — | d
a I j;k I ¢ I Lk (0 _ ¢k)2

Now Lemma 3 shows that this is bounded by

(3.14) - Z(f |6(g)] d¢><
k
By its definition

1 .
K)| dep = ) - — (0) d6
J;, 1u1as f,klﬂqs i Sy 1

f w(6) d6> .

1] =1

ap<2 [ /@) dp.
k
Substituting this into (3.14) shows that (3.14) is bounded above by

(3.15) Z “ | (f |f(<;5)|ar<;s><flle w(e)do).

Now (3.2) shows that (3.15) is bounded by

- Z(I i J, '/(¢)'d¢>p<fzk w(e)ao).

This can now be shown to be bounded by the right side of (3.3) in the same way
that this was shown for (3.7). This completes the proof of (3.3).
To prove (3.4), start with the fact that the left side of (3.4) is bounded by

(3.16) 1a? [ 10120 b,

Since W satisfies the Helson-Szego condition, Lemma 6 shows that (3.16) is
bounded by
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(3.17) ca? [ 1g(0)w() .

By its definition |g(6)| < 2a for almost all 6; therefore, since p <2 (3.17) is
bounded by

(3.18) ca=? [ |g0)]*w(6) .

Now (3.18) can be written in the form
- b
Ca™? f[_n’ﬂ]_wk |1(6)|2W(6) db
(3.19) rar T, [“ -, |/(¢)ld¢] W) do.

The second term can now be estimated in the way that (3.7) was. This completes
the proof of Lemma 7.

Lemma 8. Let p satisfy 1< p<2, let W) satisfy the A, condition and
the Helson-Szego condition. Then there is a constant C, independent of [, such
that

[T Terwera<c [ 116)ewe d

for every [ with period 2nm.

By Lemma A there is an r satisfying 1 <7< p such that W(0) satisfies the
condition A . By Lemma 7 there is a constant C, independent of f, such that for
a>0,

fDa We)do < ca= [T |1(O)] W) do.

By Lemma 6 there is also a constant C such that for a > 0,
| w@ras<ca? [T 1102w e) ab.
Da -m

The conclusion of Lemma 8 then follows immediately from the Marcinkiewicz
interpolation theorem, [13, vol. 11, p- 112l

The following lemma from [4] will be needed.

Lemma C. Assume.that 1 < p <o and there is a K, independent of f, such-
that

|7 nenewera <k [T \@)Pwio)ds

for every [ with period 2m. Then there is a constant C depending only on p and
K such that
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~ ! B
f" /()2 we)~Ve-Dag < C f” /@) o)~ ® =D gg
- .
where f is any function of period 2m and 1/p + 1/p = 1.
This is Lemma 3, p. 376 of [4]; it is proved by a simple duality argument.

Lemma 9. Let p satisfy 1< p<2 and let W(O) satisfy the A, condition.
Then there is a constant C, independent of [ and a, such that

-p w »
fDa WO do < ca™® [ |/(0)PWO) db
for a> 0 and functions [ with period 2am.

This lemma is the same as Lemma 7 except that the requirement that W
satisfy the Helson-Szego condition has been dropped. The proof of Lemma 7 can
be repeated through the end of the proof of (3.3) since this part of the proof did
not use the Helson-Szego condition. The proof of Lemma 9, therefore, can be
completed by proving that (3.4) is true with the hypotheses of Lemma 9.

To do this apply Lemma 5 and Lemma B to W(6). This shows that there are
bounded functions U(6) and V(6) with period 27 such that W(8) = exp[U(6) + V(6)]
for almost every 6. Choose an r so that 7> 2 and [V(6)|/(r — 1) is bounded by
7/4. Then [W(0)]1=1/C=1) satisfies the Helson-Szego condition. Furthermore,
since 1/(r - 1) < 1/(p - 1), Holder’s inequality shows that [W(@)]=1/=1) saris-
fies the condition A ,. Since 1 <r' <2, Lemma 8 can be applied to show that

there is a constant C, independent of b, such that

f_"ﬂ l;’;’(o)'r' w(@)~Ve=D g9 <cC f_”,, |b(6)|r'w(9)—l/(r—l) 46

for every function h(6) with period 27. Lemma C then implies the existence of a

constant C, independent of b, such that
(3.20) f " X6)| W) db < C f " |b(6)|"W(6) 46
- -

for every function A(6) with period 27.
Now to prove (3.4) start with the fact that the left side of (3.4) is bounded

above by
T
(3.21) a7 " 1R0) W6 do.
-
Applying (3.20) shows that (3.21) is bounded by
(3.22) ca [" 1gl6)|"w(0) db.
-
Since |g(0)| < 2a for almost every 6, (3.22) is bounded by

(3.23) ca=? [T 1g0)|2w(H) 6.

-
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Since (3.23) is the same as (3.18), the proof that (3.23) is bounded by the right
side of (3.4) is the same as the proof that (3.18) has that bound. This completes
the proof of Lemma 9.

The proof of Theorem 4 for 1 < p <2 follows from Lemma 9 in the same way
that Lemma 8 followed from Lemmas 7 and 6. For p > 2 the result follows from
Lemma C and the result for 1 <p <2. For p =2 use Lemma A to obtain an 7,

1 <r<2, such that W satisfies the condition A . By the first case proved in this

theorem, there is a C such that

[* norwea<c [T 1/©rwe de.

Since W also satisfies the condition A, by the second case proved in this theo-

rem there is a C such that
[C 170l wera<c [ 116)we)ds.
The Marcinkiewicz interpolation theorem then implies that there is a C such that
[T 1Torwerd<c 7 116w .
- -
To prove Theorem 5 use will be made of the fact that
(3.24) T1(6) < Cl7*6) + (0]

where * denotes the Hardy-Littlewood maximal function operator defined in (2.2).
Inequality (3.24) can be proved by combining the proof of Theorem 7.38, p. 279,
Vol. I of [13] with Lemma 7.1, p. 154, Vol. I of [13]. By Corollary 4 of [9]
there is a constant C, independent of g, such that

(3.25) [T l@Pwad<c [T |g6)]we

-

for every g with period 27 since W satisfies the Ap condition. Theorem 5 fol-

lows immediately by using (3.24) and (3.25) and then applying Theorem 4.
4. A weak type result for p = 1.

Theorem 6. If W(0) has period 2n and satisfies the A condition, a >0 and
f(O) bas period 2m, then there is a constant C, independent of { and a, such that

fEa Werdo < cat [T 11(0)|w(o) do.

To prove Theorem 6, follow the proof of Lemma 7 through the decomposition
of [(6) into the sum of the functions () and g(6). Let B, be the subset of
[-7, 7] where TH6) > a/2 and let G, be the subset of [~7, 7] where Tg(6) > a/2.
It will be sufficient to prove that
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(4.1) fB WO)do < ca=t |7 1/(6)|m6) db
and
(4.2) f( W) do < Ca™ f_”ﬂ |/(6)|W(6) 40

where the C is independent of [ and a.
To prove (4.1) we will first prove that if 6 € A, then

b(¢) dp

__nelap b*(0
Jeato- tler Tamt— gz | SO X

k

f b(gp) dp |
I, 2tan(6 - ¢)/2

(4.3) sug

where A is defined as in Lemma 7 and 5%(6) is the maximal function of b as
defined in (2.2).

To prove (4.3) fix € > 0 and let Q be the union of [6—¢ 0+ el and the two
intervals obtained from this interval by translating by 27. Let R be the set of k’s
such that Q intersects I, and let S be the set of the other k’s. Because of the

<

periodicity of the integrand

(4.4) L _ Uldp

<|6-dl<r 2 tan(6 - qS)/Z

f () dep
[~mn]-0 2 can(6- ¢)/2|

and this is bounded by the sum of

b(p) dip
(4.5) kgR f'k—Q 2 tan(6 = ¢)/2

and
b(e) dp
(4.6) . f,k Zwan0-$)/2 |

Now let 0 be the union of [0 — 2¢, 0 + 2¢l and its two translates by 2.
Givena k in R, since 6 is not in H, and Q intersects I}, I, is a subset of 0%
Therefore, (4.5) is bounded by

()
(4.7) ff<| o-d|<2¢ | 0=

It is immediate that (4.7) is bounded by 126™(). It is also immediate that (4.6)
is bounded by the second term on the right side of (4.3); this completes the proof
of (4.3).

Now let B, be UHk’ let B, be the subset of [=m, 7] where 5%(6) > a/48,
and let Ba3 be the subset of A where

dp.
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a

b(p) dp
I

Ik 2 tan (6 - ¢tk)/2
Then B, CB_, U B,, VU Ba3 and the proof of (4.1) will consist of verifying (4.1)

with B_ replaced by each of the B_,. To prove it for B, use (3.2) to show
that

(4.8) J, wora< S f 1/(6)] 4o f W(6) df.

al

The right side of (4.8) is bounded by

3
ZalTkl f |£(6)|W(6) 46 [ess sup (0)] f w(9) do.

The A1 condition shows that this has the desired bound.

The estimation for B, follows immediately from Theorem 1 of [9]. For Bas

start with the fact that

f () dp

—— | 4f.
1,2 tan(6 - ¢)/2

(4.9) [, wora<aa [ wo z

a3

The procedure used to estimate (3.9) can now be repeated to show that (4.9) is
bounded by (3.15). The procedure used to estimate (4.8) can then be repeated to
complete this part. This completes the proof of (4.1).

To prove (4.2) start with the fact that

(4.10) [ woras<a? f_ (Tg()12W(6) db.

By Hélder’s inequality W(6) satisfies the A, condition so Theorem 5 asserts
that the right side of (4.10) is bounded above by

(4.11) Ca™2 f_"n | g(6)2W(6) do
and since |g(6)| < 2a for almost every 6, (4.11) is bounded by
(4.12) Ca™! f" |g(0)|W(6) d6.

-

The fact that this is bounded by the right side of (4.2) follows in the same way
that it was shown that (3.18) was bounded by the right side of (3.4).

5. Necessity for the periodic case.

Theorem 7. Let W(0) be nonnegative and have period 2m and assume that
1 < p <o and that there is a C, independent of a and [, such that

(5.1) [, woras<ca? [7 170)°w6)do
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where [(0) is a function of period 2m and a > 0. Then W(0) satisfies the Ap
condition or W(0) = 0 for almost all 6 or W(0) = e for almost all 6.

Fix an interval [ with 0 < |I| < #/4. We will show that

(5.2) (f, W(())dt‘))(fl [w(g)]~ V- d0)p_lsC|Il"

where C is independent of I. This is sufficient to show that W(6) satisfies one
of the asserted conditions because of the periodicity of W.

Assume that p > 1 and define A = [, [W(O)]~1/®=Ddg. 1f A=0, (5.2) is
true because of the convention 0« = = 0.

If A=oo, then [W(6)]~1/? is not in L? on I Therefore, there is a periodic
function g(6) that is 0 outside I and its periodic images such that g is in L?
on I and [ W=1/2gdf = w. Let f(0) = [W(0)]~1/2g(6) and let | be one of the
two intt:,\fvals with |J| = |I| and exactly one end point in common with I. Then

since |[f(0)| = e on ], ] C D, for every a and
f] We)db < ca™® [ /0)PW@)do = Ca™ [ [0 o

for every a > 0. Therefore, fJ Wd6 = 0 and this implies that f] w-1/0-1D gh - o
The argument can then be repeated to show that f, Wdf = 0 and this implies (5.2).
If 0< A <o, let f(6) = [WOI™!/®=D on I and its periodic images and 0

elsewhere. For 6 in ]|,
~ /(¢) CA
/O] >C ) ———dp>—
J; 6 - | e
Then let @ = CA/|I| in (5.1) and use the fact that D D ]. This gives
(5.3) f W(6) do < C|1|PAl-?,

If f Ww=1/®=1) 40 = w, the reasoning used for the case A = oo would pro-
duce the contradxcuon A=oo. If f w=1/@=Dgo - 0, W(6) =  almost every-

where in J; this contradicts (5.3). Therefore

G-4) 0< [ o)V ag < .
Then repeating the reasoning used to obtain (5.3) shows that
p-1
=/(p-1 b
(5.5) [ J we de] [ f/ (W) de] < e,

Now multiply (5.3) by AP-1 and multiply the resulting inequality by (5.5).
This gives

-1
(5.6) [f] w(e)de] [f] [W(6)]"1/(""1)d0]p [f, w(e)de]AP-lgcuw.
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Because of (5.3) and (5.4) 0 < W() < e for almost every € in J. Therefore, by
Hélder’s inequality the product of the first two terms in (5.6) is bounded below by
[1]?. This proves (5.2) in this case.

If p=1 and ess infy,, W(0) = oo, then (5.2) is true for all C. Otherwise,
given ¢ > 0, there is a subset E of | such that |E| >0 and W(6) <€+
ess infy W(¢) for all 6 m E. Define f(6) =1 on E and its periodic images
and 0 elsewhere. Then |/(0)| > ClE|/|1} on ] and (5.1) implies that

f w(6) db < Cl" f w(6) db < C|1] [€+ ess inf w(¢>)].

pel
Since this is true for every € > 0, it follows that
(5.7) f W(6) d6 < C|I| ess inf W(eh).
el

The reasoning that led from (5.3) to (5.2) can now be used to show that (5.7)
implies (5.2).

6. Weighted mean convergence of Fourier series. In this section sn(f, 0 will
be used to denote the nth partial sum of f’s Fourier series. To avoid complica-
tions, sn(/, 0) will be assigned the value o if f is not integrable. The result to

be proved is the following.

Theorem 8. If W(0) is nonnegative and has period 2m and 1 < p < =, then
the following statements are equivalent.

(a) There is a constant C, independent of I, such that for every interval I,

1 1 MY L
6.1) [!ll le(O)a’G][m S oy dt9] <c.

(b) There is a constant C, independent of [ such that for every [ of period
2m,

[1 Is,. 01Pw@rds < c [T 110]Pwe) do.
(c) If [(O) has period 2m and [T |[(O)|PW(O) d6 < o, then

lim :’“ 1/(0) - s _(f, 0)|2W(&) db = o.

The proof that (a) implies (b) and (b) implies (c) is essentially the proof
given for Theorem 6.4, p. 266, Vol. I of [13]. With the notation gn(e) = {(0) cos nf
and b _(6) = f(6) sin 70 and s: (f, 9 = gn(e) sin nf - 'l;n(e) cos 70,

1 m
IS5/, 0) = 5,(f, O] < f.,, |/(#)] dp.
Then
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15,06 01 < 5= [ 1@ dp + [,0)] + |5, 6.

Holder’s inequality and the condition in statement (a) can be used on the first
term and Theorem 1 can be used on the second and third terms to show that state-
ment (a) implies statement (b).

If W(6) =« almost everywhere then statement (c) is trivial. If W(f) < on
a set of positive measure, then statement (b) implies that [T W(6)df < e, and,
therefore, trigonometric polynomials are dense in the set of functions with norm
(f':” |7(8)|2w(6) dO)1/? < . Statement (c) then follows from statement (b) in the
same way that this implication is shown in the proof of Theorem 6.4, Vol. I, p. 266
of [13].

To prove that statement (c) implies statement (b), observe first that if
W(0) = 0 almost everywhere or W(6) = o almost everywhere, then statement (b) is
true. To prove that (c) implies (b) for other W’s it will first be shown that

1/(p-1)

statement (c) implies that W~ and W are integrable on [-#, =

To show that W= 1/(®=1) is integrable on [, #] if statement (c) holds and

1/ is not

w-l/p

W(6) > 0 on a set of positive measure, assume the contrary. Then W~
in L? on [-#, w). Therefore, there is a g in L? on [-#, #] such that g
isnotin L! on [-m, #l. Let f=gW™ 1/ Then [ satisfies the first part of state-
ment (c) but not the second since the fact that [ is not in L! implies that for
every n |s _(f, 6)] = o for almost every 6. This contradiction proves that
w-1/®=1) is integrable on [, al.

To prove that W is integrable on [-7, 7l if statement (c) holds and W(6) < =
on a set of positive measure, a simple duality argument suffices. It is easy to see

that if statement (c) is true and g”IW" 1/(=-1) jg integrable on [~m, 7], then
4 1
. B b ~Up=1) g _
lim [ 1s,(e )= g®)1” WO d6 = 0.

The proof in the last paragraph then shows that W(6)~ 17(6=1) raised to the power
—1/(p' - 1) is integrable on [~7, 7}. This power of W is equalto W.

Now since |s (f, O)| <(n+1) [T |/(¢)| d¢p Hélder’s inequality and the two
integrability facts just proved show that for each n the mapping from f to s (/)
is a bounded operator in the space with norm (7 |/|de6)l/p. The Banach-
Steinhaus theorem can then be applied to statement (c) to get statement (b).

There remains only the proof that statement (b) implies statement (a). To do
this fix an I with |I| < 7/4 and let n be the greatest integer less than or equal
to n/4|l|. Let f(6) be nonnegative on I and its periodic images and 0 elsewhere.
Then for 6 in I,

ls, (/,6)] = \7_17 J @) sin (n+ %0~ )

1 ( |f($)| sin 37/8
2 R

2 sin(6 - ¢)/2 d w/4n -
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Using this in statement (b) shows that for any nonnegative f,

s [f uena] [f o] < f v .

Let A= [, W=/ @-Ddg 1f A -0, (6.1) is immediate. If 0< A <eo, let
(@) = W(P]~1/®=D i (6.2); this leads to (6.1) after dividing by |I|PA. If
A=, W)~ is not in L?" on I Then there is a g(¢) such that g(¢) is in
L? on I and g(¢)W(¢o)'l/p isnotin L' on I. Let /() = g(@)W()]~ /2, so
f(¢) is not in L' on I Using this { in (6.2) shows that [, W(¢)d¢ =0 and (6.1)

follows in this case also. This completes the proof of Theorem 8.

7. Hilbert transform results. In this section we will use the following notation:

1 /(y)
(7.1) Hf(x) = (1:0(;){ - f|x_y|>( pa— dy,
7 516 s |1 fi 1 £59]
and
1 1 M]
(7.3) K/(3) = tim, 2 Lx_yl>( /(y)[x_y e

where k(y) =1 for |y| > 1 and is 0 for |y| < 1. As before, to avoid problems with
one pathological case Hf and Sf will be defined to be + o when f(x)/(1 + |x]) is

not integrable.

Theorem 9. If 1 < p< oo and W(x) is nonnegative, then the following state-
ments are equivalent; if p =1, statements (a), (d), and (e) are equivalent.
(a) There is ¢ constant C, independent of 1, such that for cvery interval |,

1 1 y-up-n 5177
[|l| ’W(x)dx][l—l—l fl W(x) ~HP dx] <C.

(b) There is a constant (., independent of [, such that
[7 W ds < ¢ 7 1/G1PWE) dx.

(c) There is a constant C, indcpendent of [, such that
f_:, |S/GPW dx < ¢ [ 1/ (PWG) d.

(d) There is a constant (., independent of [ and a, such that for a > 0,
Jiins oy M0 < ™ 1P

(e) There is a constant C, independent of [ and a, such that for a > 0,
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f{S/>a} W(x) dx < Ca™? J;ZV(X)'?W(,C) dx.

As in the case of Theorem 1, the hardest part of the proof consists of showing
that (a) implies (b). There are two possible approaches to this proof. One is to
use Theorem 4. This requires the fact that there is a C depending only on p and
the AIJ constant of W for which the conclusion of Theorem 4 holds. This is true
but the proof is long and quite technical. It is easier to prove the following ver-

sion of Lemma 6.

Lemma 10. Let W(x) satisfy the A, condition and assume that W(x) =
exp [U(x) + KV(x)] where U and V are bounded and ||V < n/2. Then there is a
constant C, independent of f, such that

[ 1H@PW@ dx < € 7|76 W) d.

With Lemma 10 to replace Lemma 6 the rest of the proof of Theorem 9 is like
the proof of Theorem 1 with some obvious modifications. Consequently, the only
part of the proof of Theorem 9 that will be discussed here is the proof of Lemma
10. Since the proof of Lemma 10 is similar to that of Lemma 6, we will only
sketch the main points.

As in Lemma 6, we may assume that W(x) = exp KV(x). Let W(x, ), V(x, 1),
and KV(x, t) denote the Poisson integrals of W, V, and KV respectivelyz. By
Lemma 3 W(x, 1) exists and satisfies W(x, £) < Ct~! flx—-y|<t Ww(y) dy since W
satisfies the A, condition.- KV(x, #) exists; this is stated in [2] and proved in
[3]. By verifying the Cauchy-Riemann equations we see that KV(x, ) - iV(x, t)
is analytic for ¢ > 0, and therefore, the function w(x + it) = exp[KV(x, 1) - iV(x, 9]

is analytic for ¢> 0. Since ||V||_ < 7/2, there is a positive constant C, such that
Clw(x + it)] < Re wlx+it) < |wlx+ it)|

and, therefore, since lim, o|w(x + it)| = W(x) almost everywhere, CW(x) <

Re w(x) < W(x). Moreover, since |w(x + it)| < W(x, £} by Jensen’s inequality,
. -1
< 4 .
|w(x + it)] < ct flx-y|<t (y) dy
Let /(x) be any infinitely differentiable function with compact support and let

F(Z)=.Lf°° ____f(y) dy, z=x+ it
im J-oy-z
F is analytic in ¢> 0 and is the Poisson integral of [+ iHf. Since f+ iH[ is
bounded, F is bounded and since [ has compact support, |F(2)| = 0(|z|=1) as
ol

We claim the analytic function F2w is in H'. For t>0,
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0 L \12 .
f | Flx + it)| 2w (x + i)| dx
- 00

cofm ey ot L g
T 14x2442 = (14 22 4+ 1) Jlx=yl<t
Changing the order of integration in this last expression and making a simple

estimation of the size of the resulting inner integral, we obtain

foo |F(x + i) 2|w(x + it)| dx < C foo W) dy
-00 - -0 2
l+y
for t>0. By Lemma 3, F?w is in HL.
If Tp, R>0, denotes the isosceles triangle whose base is the interval
(=R, R) of the x-axis and whose altitude is R, it then follows from Cauchy’s
theorem that

(7.4) LT [F(2)]%w(2) dz = 0.
R

The part of F?wdz extended over the side of T, in the first quadrant is in
p ITR R !

absolute value at most a constant independent of R times
R™2 ff |w(x + iR - x))| dx.

Replacing w(x + iR — ix) by its upper bound
C
R-x J|x-y|<(R-x)/

, W(y) dy

and changing the order of integration we obtain at most a constant times
2 (R AR-y) dx d -2 (R
—_ < CR Wiy) dy.
R f_R w(y) [ AR-sy3 x| DS f-R (y) dy
The last expression tends to zero as R — o« since [~ [w(y)/(1 + yz)] dy < e,
Since the same argument can be used for the side of T in the second quadrant
we obtain from (7.4) the fact that

{7 U + iHf () 2wl dx = o.

The rest of the proof of Lemma 10 for functions which are infinitely differen-
tiable with compact support is the same as the proof in Lemma 6 for trigonometric
polynomials. Since W is integrable on any compact set, infinitely differentiable
functions with compact support are dense in the space of all f with norm
=, W dx)” < . The lemma follows immediately from these two facts.

8. The discrete case. Given a sequence bn, —00 < 1 < oo, define

b

A
> =—1;
n-m

|n-m|zk

~ b
b =) "'m and Tb = sup

nzm k>0
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'l\;n and Tb, will be taken as oo if the defining sums do not converge. The
analogue of Theorem 9 is then true and can be stated as follows.

Theorem 10. If 1 < p< oo and w, > 0, then the following statements are
equivalent; if p =1 statements (a), (d), and (e) are equivalent.

(a) There is a C such that for every pair of integers m, n, with m < n,

n n -1
[ > wk][ > (wk)—l/(p_l)]p <Cln-m+ 1)?,
k=m k=m

(b) There is a constant C, such that for every sequence by, XF° |Z’ |Pw,
<CEY_ |bk|pwk.

(c) There is a constant C, such that for every sequence b, D |Tbk|”wk
SCEY_ |6 |Pw,.

(d) There is a constant C, such that for every sequence bk and a> 0,
2|?k|>“ w, < Ca™? 2‘:2_“ |bk|pwk'

(e) There is a constant C, such that for every sequence b, and a> 0,

g b I 14
2'I'bk.>a Wy <Ca 2k=_°g lbk| Wy

It is sufficient to prove that (a) implies (c) for p > 1, (a) implies (e) for
p=1 and (d) implies (a) for p > 1. The proof that (d) implies (a) is the same
as the proof of Theorem 7. The proof that (a) implies (e) for p =1 will be
omitted since it is like the proof that (a) implies (c) for p > 1. Therefore, all
that will be proved here is that (a) implies (c) for p > 1.

To do this, fix sequences bk and w,, define W(x) to be wy for k- Y% <
x < k+Y% and linear between, and define f(x) to be b, for k - Y% <x<k+Y% and
0 between. Then it is routine to verify that W(x) satisfies the condition in part

(a) of Theorem 9. It is also simple to show that

J‘ 2160, a
|x - yl>n+l/z X -y )/ lk—§>n f— k

provided that k- Y% < x < k + Y. It follows immediately that if k- % < x < k+ %,

then

21/,
Sfl/("‘ vl (x- y)2

SN

(8.1) Th, < S/(x) + 2 f el oy )2
xX=y

Now either by integrating by parts or using Corollary 2, p. 233 of [10], it is clear

that the second term on the right side of (8.1) is bounded by 4/*(x) where [*(x)

is the Hardy-Littlewood maximal function as defined in (2.2). Therefore,

(8.2) i |Tbk|pw < Z 2]““ |Sf(x) + 4/%(x)|?W(x) dx.

- 00

The right-hand side of (8.2) is bounded by
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(8.3) 20*1 J:O |S7(x)|? W(x) dx + PELAR fj:o |/*(x)|pW(x)dx.

Now use Theorem 9 on the first term of (8.3) and Theorem 2 of [9] on the second

term. This shows that (8.3) is bounded by
(8.4) C f_°; |£(0)|2 W(x) dx.

The integral in (8.4) is equalto % < [bklpwk; this completes the proof that (a)

implies (c) in Theorem 10.
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