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ABSTRACT. The notion of ‘“‘monad’’ is generalized to infinite (i.e. non-near-
standard) points in arbitrary nonstandard models of completely regular topological
spaces. The behaviour of several such monad systems in finite product spaces
is investigated and we prove that for paracompact spaces X such that X x X is
normal, the covering monad i satisfies Mx, y)= x) x {y) whenever x and y
have the same “‘order of magnitude.”” Finally, monad systems, in particular non-
standard models of the real line, R, are studied and we show that in a minimal
nonstandard model of R exactly one monad system exists and, in fact, Mx) = {x}
if x is infinite.

0. Introduction. One of the most intuitive applications of nonstandard
analysis is the description of a topology on a set using the very natural idea of

’

“infinitely close.”” In [14] Abraham Robinson defines the monad u(x) of a stand-
ard point x in a nonstandard model of a metric space to be the set of all points
whose distance from x is infinitesimal. A point y in the nonstandard model is
said to be near-standard if it is in the monad of some standard point. Two such
near-standard points are said to be infinitely close if they are in the monad of

the same standard point x. In this setting the standard continuous functions are
precisely those standard functions which preserve the relationship “‘infinitely

”»

close.”” When one looks at infinite (i.e. non-near-standard) points it is no longer
so obvious what should be meant by “infinitely close.”” For example in the non-
standard reals, the most immediate relationship, x is infinitely close to y if and
only if x —y is infinitesimal, is not preserved by the continuous function f(x)=x°.
In [19] we began an investigation of this problem and described several
possible ways of extending the notion of ‘‘infinitely close’’ to infinite points in
a nonstandard model of a topological space. The most intuitive of these exten-
sions, the covering monad, was limited to paracompact spaces. In the first half
of this paper we continue this investigation and generalize the results of [19]

in several important ways. First, we describe a series of extensions of the
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notion of “‘infinitely close’’ to infinite points in nonstandard models of completely
regular spaces. In particular, the covering monad generalizes nicely. Second,
except for one or two examples all of our present results are obtained in arbitrary
nonstandard models as opposed to the highly saturated ([1], [7], [8], [9], [13])
models which were necessary for the proofs in [19]. In the third section of this
paper we investigate the behaviour of monads in the product of two spaces. In the
final section we make some observations about monad systems in nonstandard
models of the reals.

Throughout this paper we will deal only with Hausdorff spaces. When we are
working with several topological spaces X, Y, and Z, their extensions will all be
taken in a single nonstandard model *M. That is, we let T be the complete higher
order structure on X UY U Z and let *M be a higher order elementary extension
of M ((10], [14]). The sets *X, *Y, and *Z will then all live in *N. If P denotes
an object in M then the corresponding object in *M will be denoted by *P. Ex-
cept where explicitly stated, we make no assumptions about *M other than that it
is a proper elementary extension of M. We assume the axiom of choice throughout
and the generalized continuum hypothesis or Martin’s axiom only when necessary

to obtain particular kinds of models.

1. Generalities on extensions of monad systems. For convenience we recall
some definitions from [14] and [19].

Definition 1.1. Suppose that T is a topological space (Hausdorff by conven-
tion) and that *T is a nonstandard model of T. For each standard point ¢ € T, we

define the monad of t, u(t), by

ple) = ﬂ *U, where U ranges over standard open sets.
tel

A point x € *T is said to be near-standard if it belongs to the monad of some
standard point. Two near-standard points x and y are said to be infinitely close
(denoted by x ® y) provided they belong to the monad of the same standard point.
These monads have the following properties.

(a) If x and y are two distinct points of T then p(x) N ply) = &.

(b) A standard function f: X — Y is continuous if and only if, for each
x € X, *f(u)) C p(f(x)).

Property (a) implies that each near-standard point x lies in the monad of a
unique standard point which we denote St(x). Hence, for each near-standard
point we can define pu(x) = u(St(x)). In general, for any point x, u(x) is an external
subset of *T. In fact, p(x) is internal if and only if x is a discrete point [10].
In [14] Robinson shows that if a Hausdorff space T is compact then every point

*ore .
of " T is near-standard.
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Definition 1.2. Suppose that J is a class of topological spaces. A (total)
monad system, m, for the class J is a partition of each nonstandard model of a
space in J, which satisfies conditions (a) and (b) below. If x € *Tand T €J
then we denote by m(x) the equivalence class of the partition given by m of *T
which contains x.

(a) For each near-standard point x, m(x) = p(x).

(b) For each X, Y €J and each standard continuous function f: X — Y, for
every x € *X, *f(m(x)) C m(*/(x))

In particular, we recall the following monad systems defined in [19].

Examples 1.3. (i) Let J be the class of all Hausdorff spaces and define

the discrete monad system ¢ for J by

#x) = u(x) if x is near-standard,
={x} otherwise.
(ii) Let T be the class of all metric spaces and define the metric monad

system m for J by

m(x) = {y s.t. for every standard continuous

function f: T — (0, 1), *d(x, y) < *1(0}

(ii1) Let 9 be the class of all normal spaces and define the coarse monad

system c for J by

*
cx)= N . U, where F ranges over standard closed sets
xe Fc'U i
and U ranges over standard open sets.

(iv) Let J be the class of all normal spaces. We define the covering monad
k for J as follows:

First, a locally finite family of pairs U= {(U, F M, .q is a collection of
pairs (U, F,) such that

(a) Each F is closed and U, is openand F, C U,

(b) For every point t € T there is an open neighborhood of ¢ which intersects
only finitely many Us.

A quasi-standard pair (q.s.p.) is a pair (U, F) which occurs in the nonstandard
extension U= {(Ug F )lqe*y of some locally finite family of pairs, U

Finally, we define %k by

k(x) = n U, where (U, F) ranges over q.s.p.’s.
xeFCU

In [19] the covering monad was only defined for paracompact spaces since

.. *
we were unable to show that {k(x)} was a partition of T for nonparacompact T.
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Also, in [19] it is shown that the coarse monad is the coarsest possible monad
system for normal spaces and that for metric spaces the metric monads and cover-

ing monads are identical.

2. Induced monad systems.

Definition 2.1. A prototype for a monad system is a topological space A in
which the unit interval [0, 1] is embedded together with a partition of *A into
equivalence classes such that if the equivalence class containing x is denoted
by p(x), then for each standard point x € A, p(x) = p(x).

Examples 2.2. In this paper A will always be one of the following spaces.

(i) The unit interval I=1{0, 1].

(ii) The real line R.

(iii) If A is any cardinal we denote by R* the set of all finitely nonzero
functions f: A — R. This set is given the metric, d(f, g) = sup ,//(2) - g(a)].

The partition p will always be one of the monad systems of Examples 1.3 or
the partition:

plx) =iy s.t. *d(x, y) < *¢ for every standard € < 0},

Definition 2.3. Suppose that (A, p) is a prototype for a monad system. Then
we define the induced monad system p* on the class of all completely regular

spaces by
pH(x) = {y s.t. tor every standard continuous function f: T — A, */(y) e p(*7(N

=N */"l(p( *f(x))) where [ ranges over standard continuous functions [: T — A.

Proposition 2.4. (i) In the situation above p* is a monad system.

(ii) If, in addition, property (#) below is satisfied, then, for each a € A,
p*(a) = pla).

(#) For every standard continuous function [: A — A and for every a € *A,

*1(pla)) C p(*f(a)).

Proof. (i) Clearly p* is a partition of *T for any completely regular T. We
must show that for each standard point @ € T that p*(a) = pla). Since T is com-
pletely regular, for every open set U containing a there is a standard continuous
function f: T — I CA such that f(a) =1 and, for each x outside U, f(x)=0.
Therefore x ¢ U implies x ¢ p*(a) and hence p*(a)gp(a). Conversely, since a
is standard, for each standard continuous function f: T — 4, @) C plf(a)) =
p(/(@)). Hence, p(a)C p*(a).

Finally, if f: X — Y is a standard continuous function and x € *X, then, for
any y € p*(x) and for any standard continuous h: X — A, *b(y) € p(*h(x)). In
particular, for every standard continuous function kY — A, TG € p(*k*/(x)).
Therefore *f(y) € p*(*/(x)).
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(ii) The identity map is continuous and hence p*(a) C pla). Property (#)
implies p(a) C p*(@). This completes the proof.

Proposition 2.5. Let p be the usual (and only) prototype for a monad system
on the unit interval 1. Then
(i) p* is the coarsest possible monad system on the class of all completely
regular spaces.
(ii) On normal spaces #* is the coarse monad c.

Proof. (i) is clear since I is completely regular and compact.

(ii) Let T be any normal space. Suppose first that x, y € *T and x ¢ p*(y).
Then there is a standard continuous function f: T — I such that *f(x) ¢ pu(*f(y)).
We may assume without loss of generality that *f(y) < *f(x). Let H be the internal
set, H=1{a €[0,1] s.t. a < (*/(x) = */(y))}. H is an internal interval which con-
tains every infinitesimal and hence must also contain some standard ¢ > 0. There-
fore there are standard points @ and S such that */(y) < a < B < */(x). Let
F =770, al) and U = /~1([0, B)). Then y € *F but x ¢ *U. Hence x ¢ c(y)
and we have shown c(y) C u*(y)-

Conversely, if x ¢ c(y) there is a standard open set U and a standard closed
set F such that y € *F and x ¢ *U. Then, since T is normal there is a standard
continuous function f: T — [0, 1] which is 0 on F and 1 off U. Hence, */(y) =
0 and */(x) =1 ¢ p0). So x ¢ u*(y).

The obvious next step is to investigate the monad system induced by the
prototype (R, k) = (R, m). One might expect that this prototype would induce a
very natural monad system on the class of all completely regular spaces. However,
the following proposition shows that even the much finer prototype (R, t) induces

a monad system which is intuitively much too coarse even for metric spaces.

Proposition 2.6. Consider the prototype (R, t) and the space R*. If *R®

is an enlargement of R then
(i) For every standard t € [0, ) there are points x, y € *R® such that

*d(x, y) =t and x €*(y).

(ii) Hence, the monad system t* is neither [iner nor coarser than the monad
system m = k. Thus, in general, the set of monad systems is no: linearly ordered.

(iii) Also, on *R® the monad system m = k is strictly finer than the monad
system m™ = k*, induced from (R, k) = (R, m).

Proof. (i) Consider the following relation: R(/, (a, b)) = [ is a continuous
function R“ =R and (a, b) is a pair of points such that f(a) = f(b) and d(a, b)=1.
It is sufficient to show that the relation R is concurrent (i.e. finitely satisfiable).
Let /,, /2, cee, /k be continuous functions R” — R and define [: R¥*1 — R by
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[(CFE PYIREH "k+1)
= (f)(ep, 2y 00 "ku)’ [x), %peees "’k+1)’ Tt /k(xl’ Tyt X))

Let Sk C RE+! be the sphere of diameter ¢ with center at the origin. By the
Borsuk-Ulam Theorem [18] there is a point x € S* such that f(x) = {( - x). Hence,
(x, — x) is the desired pair.

(ii) By (i) t*(x) is, in general, not contained in m(x). But clearly m(x) is
not, in general, contained in t*(x) since, if R is embedded in R® in the obvious
way, t"(x) N R = {x} but m(x) N R £ {x}.

(iii) Immediate.

The preceding proposition shows that the prototype, (R, m), is not large
enough to give us an intuitively reasonable monad system on the class of all com-
pletely regular spaces. Hence, we will consider the prototypes (R}, p)‘) and
(RA, m,) where m) will denote the metric monad on R* and p, will denote the

partition of R* given by

pk(x) = 1{y s.t. *d(x, y) <€ for every standard positive €}
The following lemmas show that if the cardinal A is large enough then these
prototypes induce intuitively reasonable monad systems.

Lemma 2.7. Suppose that T is normal and that X is any cardinal number
such that A > T. Then for every x € *T, k(x) = p:(x) = m*;(x) Hence, k is a

monad system for the class of normal spaces.

Proof. (i) First we show that pi(x) C k(x). Suppose that y ¢ k(x). Then
there is a locally finite family of pairs U ={(U_, F )l qeq such that, for some
WU, F, e *U, x € F,and y ¢ U_ Since U is locally finite, T < T <A. Let
ir§ =\ be any injection and define f: T — R by

(€)= g () if &= ila),

=0 otherwise,

where the functions ¢, are chosen (since T is normal) so that
¢ =0 if t¢ U,
=1 if teF;

then / is a standard continuous function and “d(*f(x), ¥(y)) =1. Hence y ¢ p:(x).
(ii) The proof is completed by showing that k(x) C m*(x). This follows
immediately from the following two results from [19]. The proofs of these results

are completely straightforward and are valid in any elementary extension. In ad-
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dition the proof of the first result does not use paracompactness. Hence the re-
sults apply in the current situation.

(1) For every standard continuous function f: X — Y between two normal
spaces, for every x € *X, *f(k(x)) C k(*/(x)).

(2) For metric spaces, k(x)= m(x).

Lemma 2.8. Suppose that T is a completely regular space and that A and «
are two cardinals such that A, k > T and X\, k>?2 0. Then for each t € *, p)‘(t)_

PK(t) =m (t) = m;:(t).

Proof. We may assume that A < k so there is an obvious inclusion R* C R¥
and clearly p,t(l) C pi(l). Now given any standard continuous function f: T — RX,
for each t € T, f(¢) has only finitely many nonzero coordinates. Hence if A =
{€ex: 3t eTINE) £ 0}, then A < A. Thus we can think of [ as a function
T — R* and hence p,\(x) < pK(x) completing the proof of the first equality. The
other equalities follow since RA= X, so by Lemma 2.7 on RA px_ m, and by
Proposition 2.4 m}=m. Thus on T, px(l)g my(). But trivially, m)(t) C 3,
completing the proof.

In view of Lemmas 2.7 and 2.8 and the intuitive feeling that the covering and
metric monads are the ‘‘right’”’ monads, we make the following definition. The
main positive results of this section are then summarized by Theorem 2.10.

Definition 2.9. Suppose that J is the class of completely regular spaces.
Then we define the monad system p on I by ple) = P;;(l), for each t € *T, where
X is any cardinal such that A > T.

Theorem 2.10. (i) For near-standard points t € *T, ple) is the usual monad.
Hence, our notation is consistent.

(ii) For metric spaces, u(t) = m(t) = k(t).

(iii) For normal spaces, u(t) = k(z).

(iv) p is a monad system on the class of completely regular spaces.

The work in this section leaves us in the somewhat unsettling position of
having a plethora of monad systems on the class of completely regular spaces. It
would be of some interest to attempt to classify such monad systems or perhaps
to study the partially ordered set of all such monad systems. In this connection
it is interesting to note that Proposition 2.6 shows that the partial order is not
linear and also that with the following definitions this set is actually a lattice.

(i) @ <b if, for every completely regular space T and every ¢ € *T,
a(t) C b(2).
(ii) (@ A b)x) = a(x) N b(x).
(iii) (@ V b)(x) = {y s.t. there are points X, x,,--+,%_ such that x = x

0,
y=x%,and x, ; €alx)U blx) for i=0,1,2, ..., n—1}.
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However, there are also a number of reasons for believing that the monad
system g is the “‘right’’ one.

(1) For metric spaces the metric monad, m, certainly seems very natural and
p is the same as the metric monad on metric spaces. Similarly the covering monad
seems very natural, at least for paracompact spaces, and again the monad p is
the same as the covering monad on normal spaces.

(2) At least for paracompact spaces local properties hold even for infinite
points. For example if T is paracompact and locally convex then pu(x) is convex
for every x € *T,

(3) The monad system p is the coarsest monad system consistent with the
obvious partition p(x) of Examples 2.2.

In the next section we shall obtain some more evidence that the monad system

p is the most appropriate one to use.

3. Monads in finite products. In this section we would like to investigate the
following question. Suppose that @ is a monad system and that (x, y) € *(X x Y).
Then under what circumstances is a(x, y) = a(x) x a(y)? The following observation

is immediate,

Proposition 3.1. Suppose that a is a monad system on the class J and that
the spaces X, Y, and X x Y are all in J. Then for every x € *X and y € *Y,
alx, y) Calx) x aly).

Proof. The projection maps p,(#, v) =« and p,(, v) = v are continuous.
Hence, alx, y) C p7 Ha(x)) N p3 Ha(y)) = alx) x a(y).

However, the following example shows that, in general, equality does not hold.

Example 3.2. If x is a standard point in R and y is an infinite point in *R
then plx, y) £ pux) x u(y).

Proof. Clear.

The following proposition shows that for many monad systems even a(x, x) £
a(x) x a(x).

Proposition 3.3. Suppose that X and X x X are paracompact and that x €*X.
Then c(x, x) N({x} x *X) C {x} x plx).

Proof. Suppose that y ¢ p(x). Then there is a locally finite family of pairs
K-, Fo)llaeqsuch that for some (U, F.), x € F., and y ¢ U,,. Consider
K uix, X)I. This is a locally finite covering of X by pairs. By Lemma 2.15 of
(19] there is another locally finite covering of X by pairs {(Vﬁ, Hﬁﬂﬁeg such
that, for every #, v € X and every B € Y; u, v € V,B implies that for every (U,, F,)
if u€F_ then v € U, Hence, there is no V g such that both x, y € Vﬁ. Now let
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F=A=1{(u ) e Xx X}, U= U V,BXV,B'
Bed
Then, (x, x) € *F and (x, y) ¢ *U, so that (x, y) ¢ c(x, x) which completes the

proof.

Corollary 3.4. Suppose a is a monad system which is defined for paracompact
spaces and that X and X x X are paracompact. Then a(x, x) N ({x} x *X) C

(x} x p(x)).

Proof. Since ¢ is the coarsest possible monad system for normal spaces
a(x, x) C clx, x).

Although many monad systems behave badly for products, the trivial monad
system trivially behaves well, and the covering monad system behaves well at

least for paracompact spaces.

Proposition 3.5. If X and Y are any topological spaces and x is an infinite
point of *X and y is an infinite point of *Y then t(x, y) = t(x) x t(y).

Proof. Trivial.

Theorem 3.6. Suppose that X is paracompact and that X x X is normal.
Let x be any element of *X. Then p(x, x) = p(x) x p(x).

Proof. (i) By Proposition 3.1, p(x, x) C pulx) x p(x).

(ii) Suppose that (z, v) ¢ p(x, x). We must show that either z ¢ pu(x) or
v ¢ plx). Let U={(U,, F )} eq be a locally finite family of pairs such that, for
some (U/ , F,B) e*U, (x, x) € Fﬁ and (v, v) ¢ U,B‘ By adding the pair (X x X, X x X),
if necessary we may assume that U is a covering of X. Let A ={(t, ) € X x X}.
We will produce a locally finite covering of X by pairs by breaking each
(U, N A, F,n A) up into a locally finite family as follows.

For each @ such that F,NA £ &, for each (¢, ) € F there is an open sub-
set At'a C X such that (¢, ¢) € A,,a X A,,a C U,. Since X is paracompact so is
H,=1{t € X: (1, 1) € F;}. Hence, Mz, o} can be refined to a locally finite covering
{B,},.a} of H,. Since X is normal we can find closed sets Cy.aC B, 4 such tha

C'y,a= H,. Let [ {(B,},,a, C,),'a)}a’,y. Clearly, Qisa locally finite cover-
ing of X by pairs. Since (x, x) € Fg and (4, v) ¢ Ug, there is a y such that
(x, x) € CypxCypC B, g x B, g CUg. Therefore x € C, p but either u ¢
By gorvd B., g and hence either u ¢ p(x) or v ¢ p(x) which completes the
proof.

In view of Example 3.2, whether or not pu(x, y) = u(x) x u(y) depends strongly
on the relative “‘sizes’’ of u(x) and p(y) or, as we shall see, on the relative
“orders of magnitude’’ of x and y. In order to make this precise we proceed as
follows.
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Definition 3.7. Suppose that X is a topological space and that K C *X. K
is said to be a quasi-standard compact subset of *X if there is a standard locally
finite family of compact subsets of X, K ={K_,} such that K € *K.

If x, y € *X we say that x and y are of the same order (written o(x) = o(y))
if either

(i) x=y or

(ii) there is some quasi-standard compact set K such that {x, y} C K.

We say x is of finite order (written o(x) = 0) if there is some standard point
y such that o(x) = o(y).

Clause (i) is necessary in the definition above since a straightforward en-
largement argument shows that if X is not locally compact there are (near-standard)

points in X which belong to no quasi-standard compact subsets of ~X.

Lemma 3.8. Suppose that K is a standard compact subset of X and that
{C,} is a standard locally finite family of subsets of X. Then there is a neighbor-
hood of K which intersects only finitely many C.'s.

Proof. For each x € K there is an open set U _ containing x which intersects
only finitely many C,’s. Since K is compact, K is contained in the union of

finitely many Ux’s.
Proposition 3.9. o(x) = o(y) is an equivalence relation.

Proof. Symmetry and reflexivity are clear. Now suppose that o(x) = o(y) and
that o(y) = o(z). We must show that o(x) = o(z). There are locally finite families
of compact sets K ={K,} and C = {C gt such that {x, y}C C € *C. Let £ be the
family {K, U Cz:K, NCpg#0} We claim that £ is a locally finite family of
compact sets. Let v be an arbitrary element of X. Since X and C are locally
finite there is an open neighborhood W of v which intersects only finitely many
K,’s and Cp’s. But by Lemma 3.8 each Cp intersects only finitely many K,'s
and each Kg intersects only finitely many C,’s. So altogether W intersects only
finitely many elements of £ Therefore £ is locally finite and o(x) = o(z) since
KNC#@ and {x, z§C KU C.

Proposition 3.10. (i) If x and y are standard points in x, then o(x) = o(y).
(ii) If o(x) =0, then x is near-standard.

(iii) If X is locally compact, then o(x) =0 if and only if x is near-standard.

Proof. (i) {x, y} is compact and hence quasi-standard compact.
(ii) If {x, y} C K, K is quasi-standard and y is standard, then K must also
be standard and compact. Hence, since x is an element of a standard compact

set x must be near-standard [14].
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(iii) If x is near-standard let K be a standard compact neighborhood of St(x).
Hence, x € *K and o(x) = o(St(x)) = 0

In general, order is not preserved by standard continuous functions as can
easily be seen from consideration of the function f: R — R given by f(x) =x sin x.

However, we do have the following partial result.

Proposition 3.11. Suppose that [: X — Y is a standard homeomorphism into
(that is, as a function X — [(X), [ is a homeomorphism); then for every x, y € *X,
olx) = oly) implies o(*/(x)) = o(*{(y)). Furthermore, if {(X) is a closed subset of
Y then for every x, y € *X, o(*/(x)) = o(*/(y)) implies o(x) = o(y).

Proof. (i) If K=1{K,} is a locally finite family of compact sets of X such
that {x, y}C K € *K, then {*/(X), *f()’)} C *1(K) € *(f(K)) = *{/(Ka)} and, clearly,
f(X) is a locally finite family of compact subsets of Y.

(ii) Suppose that K ={K } is a locally finite family of compact subsets of
Y such that {*/(x), */(y)} C K € *K. Then X' = {K, N f(X)} is also a locally
finite family of compact sets since f(X) is closed and {*f(x), */(y)} C K n */(X) €
K'. Then, {x, y} C /71K 0 */(X)) € *(/=1)(K') which is a locally finite family of
compact subsets of X.

Before proving the main result of this section we need three lemmas.

Lemma 3.12. Suppose that K is a compact subset of X and that V is an
open subset of X x X such that K x K CV. Then there is an open subset W of
X such that KCW and W x W CV.

Proof. (i) Fix x € K. For each y € K there are open subsets of X, A, B
such that (x, y) € A, x B CV. Since K is compact there is a finite subcover
Byl By2 cen, BYk of K Therefore {x}x KCU(A , % B, )C V. In fact, if we let

=nAyiandT UBiwehave U, xT, CV

(ii) U, is an open cover of K and, hence, there is a finite subcover le,

xyrttoUy o Let W= (UUxi) N (nTxl,); then clearly W is the set we want.

Lemma 3.13. Suppose that X is normal and that F is a compact subset of
X x X. Suppose, further, that A, Ay een, An, and B,,B,, -, B, are open
subsets of X such that F C U(A,' X Bi)' Then there are open subsets of X, C,
Cpvv+yCoand D, Dy, .., D such that CigfigAi, Digl_)l.gBi and
F C U(Ci X Di)'

Proof. Let H=F - U:.’=2 (Ai X Bl.). H is compact and H CA; x B,. Let
py: X x X — X and p,: X x X — X denote the projection maps on the first and

second factors, respectively. Then p,(H) is compact and p,(H) is contained in
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A, so by normality there is an open set C, such that p,(H)C C, C El CcA,.
Similarly there is an open set D, such that p,(H)C D, CD, CB,. Hence HC
C,xDyand FC(C;xD,)u(U?,A, xB,). The remainder of the proof is

similar.

Lemma 3.14. Suppose that X is paracompact and that {K } is a locally
finite family of compact subsets of X. Then there are open sets U, D K, such
that the family {U,} is locally finite.,

Proof. By Lemma 3.8 there are open sets S, D K, such that each S, inter-
sects only finitely many K’B’s. Since {K,} is a locally finite family of closed
sets UK, is closed and X - UK, is open. Thus, & = (S, 0utx - UK} is
an open cover of X. Since X is paracompact there is a locally finite refinement
{TIB} of Q.

For each K, there is a finite subcollection Tﬁl' Tﬁz’ cee, Tﬁk such that
K,C Tﬁl U T/32 U--eeu Tﬁk' We may assume each of these Tﬂi’s has a non-
empty intersection with K, . Let U, = TB1 U T,Bz U U Tﬁk' Clearly K,C U,
We claim that {U,} is locally finite and, hence, the family we seek. First, notice
that each T,B occurs in only finitely many U,’s since, if it has a nonvoid inter-
section with some K, then it is not contained in X — UKa and hence must be
contained in some S,. But by the choice of the S,’s, each one intersects only
finitely many K;’s. Now if x € X, since {Tg} is a locally finite family, there is
a neighborhood W of x which intersects only finitely many Tg’s and hence only
finitely many U,’s, since each Ty is contained in only finitely many U,’s. This
completes the proof.

We are now ready to prove the main result of this section.

Theorem 3.15. Suppose that X is paracompact and that X x X is normal.
If x,y €*X and o(x) = o(y) then p(x, y) = u(x) x p(y).

Proof. By Theorem 3.6 if x =y, p(x, y) = p(x) x p(y). So we may assume
that there is a standard locally finite family of compact subsets of X, K = K4
such that there is a K, € *K such that {x, y} C K,. By Proposition 3.1, u(x, y) C
p(x) x ply).

Now suppose that (z, v) ¢ p(x, y) and that U ={(U,, F,)} is a locally finite
family of pairs such that, for some (Uﬁ’ F,B) e*U, (x, y) € Fg and (w, v) ¢ Ug.
By Lemma 3.14 there are open sets S, D K., such that the collection {S.yi is
locally finite. Since each K,y is compact, so is K,y X K,y, and by Lemma 3.8
and Lemma 3.12 there are neighborhoods W., of each K, such that K,CcWw,C
S., and each W, x W, intersects only finitely many Fg’s.

For each ¢ € Fg N (K, x K,)) we can find open sets A, 5, and B, 5.y
such that t €4, 5, xB, 5. C Ug N (W.y x W,y). Since each K, x K, is com-



1973] MONADS OF INFINITE POINTS AND FINITE PRODUCT SPACES 363

pact we can find a finite subcover of each Fﬁ a (K.y X K.},), Atl,ﬁ,'y X le,ﬁ,'y’

Azz,ﬁ,'y x Btz,,@,'Y’ Tt Atk(/_?,'y),ﬁ,?' x Btk_(,B,'y),,B,y‘ —
open sets Cti,ﬁ,?’ and Dt,’.ﬁ,’y such that Cz,«,ﬁ,y C Az,-,,B,’y and Dti”@'y C Bzi,ﬁ,'y
and Fg N(Ky x K )CU(C, 5, xD, 5.).

Since each K,y x K,y intersects only finitely many FIB’S, for each K,y we

71,7 Ctnyy) 20
). Since each of these sets is contained

By Lemma 3.13 we can find

get two finite collections of pairs (4, . E” W)y eee, (A
By iy (Btn(y) v’ Dtn(y) 4
in the corresponding S, and the collection 1S} is locally finite, the two collec-
tions of pairs {(At By —z B ,),)5 and {(B[ B, ,),, LBy )} are locally finite.

Now consider (x y) € F,B and (z, v) ¢ Ug. Smce fx, YICK, € *XK we have
(x, y) €Fg N (K, x K,) and hence, for some i, (x, y) €C[ B % D LB but since
(u, v) ¢ U, (u, v) ¢Al ,Bprt .3 and hence either u ¢At Br or v ¢Bt B
but since x EC LB and y € D LB this means that either u ¢ p(x) or v ¢
p(y), which is what we had to show

The remainder of this section will be concerned with metric spaces and the
metric monad system, p. Intuitively, if x is a standard point and y is an infinite

’y

point in *R then u(x) is “‘larger’ than p(y). In fact, we can directly compare

them by noticing that p(y) + (x — y) is properly contained in p(x). In general, we
make the following definition to capture this notion of the “‘size’’ of u(x).
Definition 3.16. Suppose that X is a metric space and that x, y € *X. Then
we say that u(x) and p(y) have the same size, provided that for every standard
continuous function [: X — (0, «) there is a standard continuous function g: X

— (0, =) such that *g(y) < *f(x), and "g(x) < */(y).

Theorem 3.17. Suppose that X is a metric space, that x, y € "X and that
olx) = oly). Then u(x) and ply) have the same size.

Proof. Let X ={K_}, 4 be a locally finite family of compact subsets of X
such that, for some Ky € *K, {x, yiC K. Assume that f: X = (0, =) is a stan-
dard continuous function. The idea of the proof is to define g: UKa —(0, )
such that gl < Min (/lKa)' Then, since {K,} is locally finite UKa is closed,
so by the Tietze Extension Theorem g can be extended to all of X. This exten-
sion is then the function we want. In order to define g on UKa we assume that
the index set § is an ordinal and proceed by induction on @ €4, By Lemma 3.14
there are open sets U, D K, such that the collection {U} is locally finite. We
define functions g g Ua<ﬁ K, —(0, ) as follows:

(1) g,: Ky — (0, =) is given by g,(x) =m where m =Min{f(x): x € K }.

(2) Given gg: Ua<ﬁ Ko —(0, =) we define gg,,: Ua<3+1 K, — (0, ) as
follows: Let
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m = Min ({f(x): x € Kﬁ} U {gﬁ(x): x € (LJB K, n Kﬁ)}).

For each x € Ua<,8+1 Kg, let

a(x) = d(x, U «,- Uﬁ>, b(x) = d(x, Kp).
a<f
Define gﬁ“(x) = (b(x)gﬁ(x) + alx)m)/(ax) + b(x)). Notice if x ¢ Ug then al(x) =0
and g’3+1 (x) = gﬁ(x).
(3) For limit ordinals A and in particular for sup § let g,x) = Minﬁqgﬁ(x).
It is straightforward to verify that g(x) = g o ¢(x) is the function we want and is
continuous since {U,} is locally finite so in a neighborhood of any point there are

only finitely many changes in gg-.

N % . .
4. Some remarks about monads in "R. In this section we make a few obser-
vations about the work of the preceding sections when it is particularized to the

*
nonstandard reals, "R.

Theorem 4.1. Suppose x, y € ¥R and |x| < |y| then the following are equiv-
alent:
(i) x and y have the same size;
(i) p&) = py) + (x - y);
(iii) there is a standard continuous function [: [0, «) — [0, «) such that
| < ly| < *fx);
(iv) olx) = o(y).

Proof. We may assume 0 < x <y since all the conclusions are easily sym-
metric in X, — X, y and - y.

(i) is immediately equivalent to (ii) since the map T(t) = + (x — y) is an
isometry.

(ii) implies (iii). Suppose that p(x) = p(y) + (x — y). Clearly, y +1/y € puly)
and, hence, x +1/y ¢ p(x). Thus, there is a standard continuous function h:

R — (0, ) such that *h(x) < 1/y. Let g(t) = Min{h(s): 0 <s < t}/2. Then g is
also standard continuous and g is monotone decreasing. Notice *g(x) <1l/y.
Define f(t) =1/g(t) for 0 <t < . Then [ is standard, continuous and monotone
increasing and *f(x) >y which completes the proof of (ii) implies (iii).

(iii) implies (iv). Suppose [: [0, ) — [0, =) is a standard continuous
function such that x <y < *f(x). For each positive integer n, let K = [n, f(n +1)].
We may assume Y is infinite since otherwise the theorem is trivial, and we may
also assume by the proof of (ii) implies (iii) that [ is monotone increasing. Hence,
Lim f(x) = 0, and this implies that the family {K } is locally finite. Let v

X — 00

be the (infinite) integer such that v <x <v + 1. Then {x, y} C K,.
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(iv) implies (i) by Theorem 3.17.

This completes the proof of Theorem 4.1.

It is easy to show that if *R is an enlargement then, for every infinite x €
*R, p(x) £ {x}. However, for countable ultrapowers this is false. In fact, we have

the following proposition.

Proposition 4.2. Suppose that D :is an ultrafilter on w and that *R =
D-Prod R. Let v be the infinite integer represented by the identity map. Then x > v
implies p(x) = {x}.

Proof. Suppose that y £ x and y € p(x). Then since v < x it is easy to show
that |y — x| + v € u(v). Let k be any integer such that £>1/|y —x|. Let k be
represented by the function g: @ — w. Then *g(v) = k. We can assume g is non-
zero since it is already nonzero on some set A €D. Thus, |y - x| >1/%g(v), and
hence |y — x| ¢ p(v), which is a contradiction.

This proposition raises the disturbing possibility that for countable ultra-
powers 'R of R, for every infinite x, p(x) = {x}. In fact, we will show that this
occurs if and only if the underlying ultrafilter is a P-point. P-points have been
investigated under various names by Rudin [16], Rudin [17], Choquet ([s1, 6D,
Booth [4], Blass ([2], [3]) and others. We recall the definition:

Definition 4.3. Suppose that D is an ultrafilter on @. Then D is said to be
a P-point if and only if for every function f: @ — w there is a set A € D such
that f|, is either constant or finite-to-one.

There are lots of P-points if either the Continuum Hypothesis [16] or Martin’s
Axiom ([2], 3], [4]) holds.

Theorem 4.4. Suppose that D is an ultrafilter on @ and *R = D-ProdR.
Then the following are equivalent:
(i) D is a P-point.
(ii) For every infinite x € *R, plx) = {x}.

Proof. (i) implies (ii). Let x be an infinite point in *R. We may assume x
is positive. If x > v we are done by Proposition 4.2. Hence we may assume
x <v. Let k be the (infinite) integer such that k< x <k +1. Let k be repre-
sented by the function f: @ — w. Then since D is a P-point there is aset A € D
such that /|, is finite-to-one. We can assume that f is the identity on w - A
without loss of generality. Thus, f is finite-to-one on all of w. Define g: w —-w
by g(n)=max{i: {(:) = n}. Then gf(i)> i for each i € w. Hence, *g(k) > v. We
can extend g continuously to R and define A(t) = Max {g(s): s < t}. Thus, *h(k)
2 v, and since b is monotone increasing, *h(x) > v. This implies p(x) = p(v) +
(x = v) = {x} by Theorem 4.1 and Proposition 4.2.
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(ii) implies (i). Suppose D is not a P-point. Then there is a function f:
® —  such that [ is not finite-to-one on any set A € D. Let k be the infinite
integer represented by f. We claim for every standard function g: @ — w, *g(k) <v.
Hence, by Proposition 4.2 and Theorem 4.1, p(k) £ p(v) + (k - v) = {&}.

Proof of claim. Suppose that *g(k) > v then let A ={i: gf(i) > i}. Since
*g(k) > v, A € D. Hence, there are a j € » and an infinite subset B C A such that,
for every r € B, [(r) = j, which implies gf(r) = g(/). But since B is infinite there
is an r € B such that 7 > g(j). Hence gf(r) = g(j) <7, which is a contradiction.
This completes the proof.

It is perhaps even more surprising that the coarse monad of a point can be
discrete. In fact, we will show that for minimal ulerafilters D, if *R = D-ProdR
then for every infinite point x € *R, c(x) = {x}. Before proving results for the
coarse monad analogous to those for the monad, pu, we need some well-known def-
initions and results.

Definition 4.5. Suppose that “ is a nonstandard model of the natural numbers
and that & is an infinite integer in *w. Let D, ={A Cw: k € *A}. Then D, is an
ultrafilter on w.

Definition 4.6. Suppose that D is an ultrafilter on @ and /: @ — @ is any

function. Let
f(D) = {A Cw: [~1(A) €D}.
Then [(D) is an ultrafilter.
Proposition 4.7. In the situation above [(D) =D if and only if {i: {(i) = i} € D,

Proof. This result was obtained independently by several investigators. See,

for example, [21, 3], or [4].

Proposition 4.8. Suppose that D is an ultrafilter on w and *© = D-Prod w.
Suppose a € *w - w, and that, as usual, v is the element of *o represented by
the identity map w — w. Then

(i) D, =D.
(ii) D = f(D ).

*(a)
Proof. (i) A eD, o ve Ao {iiicAleD e Ac€D.

(ii) Let a be represented by the function b: @ — w.

A€Dx, e *fla) €A iz fh(i) € A} €D

*f(a)
—liz () e fHA eD o [HA eD 4 ef(D).

Proposition 4.9. Suppose that D is an ultrafilter on w and *R = D-ProdR.
Then c(v) = {vl.
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Proof. For each k& € *w — w there is a function [: ® — @ such that k= *f(v).
If k#v by Proposition 4.7, f(D) £ D and, hence, D, =D # D,. Thus, there
is a set A Cw such that v € A but k& ¢ A.

Now suppose that [: R — (0, =) is any standard continuous function and A
is any subset of w. Define U(A, f) = {y: 3k € *A, *d(k, y) < */(k)}. Then c()C

N

*(v)

vera ;UA, ) = p(v) = tv}, which completes the proof.

Definition 4.10. Suppose that D is an ultrafilter on w. Then D is said to be
minimal provided for every function f: @ — @ there is a set A €D such that f|,
is either constant or one-to-one.

Notice that every minimal ultrafilter is a P-point. Minimal ultrafilters have
been investigated by many of the same people who worked on P-points. If either
the Continuum Hypothesis or Martin’s Axiom holds there are many minimal ultra-

filters.

Theorem 4.11. Suppose that D is a minimal ultrafilter on  and that *R =
D-Prod R. Then for every infinite x € *R, c(x) = {x}.

Proof. (i) First we show that for every infinite integer, k, in *R, c(k) = {k}.
Suppose that a, b are two infinite integers in *R, represented respectively by
{40 @ = o and fb' ® — . Since D is minimal there is a set A € D such that
f 'A is one-to-one. By a Straxghtforward argument we may assume that [, is act-
ually bijective. Let g = /bf’ . Then b = g(a) and the argument of Proposition
4.9 shows that, for every infinite integer k € *R, c(k) = {k}.

(ii) Now assume that % is any infinite element of *R. We will show that
c(x) = plx), hence by Theorem 4.4 c(x) = {x}. Suppose that f: R — (0, =) is any
standard continuous function. We will construct two standard continuous functions
h,g: R = (0, = such that either g(x) or h(x) is an integer and g~ 1(g(x)) C
{y: *d(x, y) < */(x)} and b~ 1(h(x)) Ciy: *d(x, y) < *f(x)}. By (i) this implies that
fy: *d(x, y) < */(x)} D cl(x) which implies c(x) = p(x) = {x}.

For each positive integer 7 let e =Min{f(t): 0 < |t| <n}. Let & be any
integer such that 1/k <e_ . Let t, ;= (n-1)+i/k , for i=0,1,2, ..., k.
Let j(n, )=1 + i+ EZ;II k,. Now suppose y € R. We may assume y is positive,
since g, b will be defined so that g( —y) = - g(y) and (- y) = - b(y). Then

there is a unique 7 and 7 such that

Now let
b(y) = j(n, i) if j(n, 1) is even,

=(j(n, i+ 2)(y - t, )+ i, -k if j(n, i) is odd;

n,i+1
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gy = jln, i) if j(n, i) is odd,

=Gl i+ Dy -2, N+, e, - Dk, if j(n, i) is even.

i+l
These functions are the ones we want and they complete the proof.
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