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EMBEDDING RINGS WITH A MAXIMAL CONE AND RINGS

WITH AN INVOLUTION IN QUATERNION ALGEBRAS

BY

CARL W. KOHLS AND WILLIAM H. REYNOLDS

ABSTRACT. Sufficient conditions are given for an algebra over a totally

ordered field  F to be isomorphic to a subring of the algebra of quaternions over

the real closure of F.   These conditions include either the requirement that the

nonnegative scalars form a maximal cone in the algebra, or that the algebra have

an involution such that the scalars are the only symmetric elements.   For many

matrix algebras, the cone requirement alone is imposed.

1. Introduction.  In [5], it was shown that the presence of a certain type of

maximal cone in a commutative ring ensures that it is isomorphic to a subring of

the complex numbers, and under certain restrictions any ring with such a cone is

embeddable in the real quaternions.  The present investigation began as an

attempt to determine whether the restrictions could be removed in rings of real

matrices.   The general question is still open, but we have obtained an embedding

for a large class of matrix rings, assuming the existence of a maximal cone that

is restricted only with respect to its position in the ring.   This depends upon a

result about algebras with an involution, a special case of which is the following:

A selfadjoint algebra of operators on a real inner product space in which the only

symmetric elements are the scalars is isomorphic to a subring of the real quater-

nions.  The general theorem does not assume a norm, however.  Other embedding

results, involving a maximal cone or the existence of elements satisfying a qua-

dratic equation, are obtained from the same basic lemmas.

The proofs of some of the lemmas are variations on the proof by R. S. Palais

of the classical Frobenius theorem on real division algebras  [4l. A vital fact in

the proof of that theorem is that the complex field is algebraically closed; this of

course is equivalent to the fact that the real field is real closed.  We work with

algebras over any totally ordered field, and simply use the fact that such a field

has a real closure.

2. Preliminaries.   A (positive) cone in a ring A is a subsemiring  P con-

taining 0 such that if   a £ P and -a £ P, then a = 0.  If A  is a partially ordered

ring, then \a £ A: a > 0} is a cone; and if  P is a cone in a ring A, then A is a
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partially ordered rino, with the order defined by a > b if and only if a - b e P.  A

maximal cone in A  is a cone that is maximal in the family of cones in A (ordered

by set inclusion).  By Zorn's lemma, every cone is contained in a maximal cone.

Any cone P in A corresponding to a total order (so that either fl£Por-fl£P

for all a £ A) is a maximal cone.  If a maximal cone M in a ring A with identity 1

is contained in the center of A  and   1 £ M, then for any a / M, there is a finite

sequence  mQ, mv ■ • ■, mn of elements in  M, not all zero, such that  mQ +

2"      m.fl>'=0.
; -i    j

Recall that a real closed field is a field that is maximal in the family of

totally ordered algebraic extensions of a totally ordered field (ordered by set

inclusion).   Afield   R  is real closed if and only if  R(t/- l)   is algebraically closed,

which occurs if and only if the following two conditions hold:

(i) every positive element in  R has a square root in  R;

(ii) every polynomial of odd degree over  R has a root in  R.

A  demiring in a ring A  with identity  1   is a subsemiring  D of A  such that

1  £ D  and - 1 é D.  A  hemiring is a maximal demiring.  A  conic demiring is a

demiring that is also a cone. We observe that every conic hemiring is a maximal

cone.   But the converse is false.   For example, let  R be the real field with the

usual order and let  A = R © R.  It is easy to see that  \(r, s) £ A: r > 0, s > 0! is

a maximal cone in  A.   But {(r, s) £ A: s > 0!  is a demiring that contains it prop-

erly, so it is not a hemiring.

D. K. Harrison has proved the following statement [l, Corollary 1.8].  Let A

be a ring with identity 1.  If A  contains a conic hemiring  H with the properties

(B) for each  h £ H there is a positive integer  ra  such that  ral - h £ H, and

(G) A = H - H,
then there exists a monomorphism of  A  into the real field taking   H to the non-

negative numbers in the image of   A.

The nonnegative real numbers in the complex field or in the algebra of real

quaternions also form a conic hemiring  H, but having only property (B).  (See,

e.g., [5, Theorem 3] for proof.) The first author conjectured that if a ring A with

identity contains a conic hemiring  H with property (B), then there exists a mono-

morphism of A  into the algebra of real quaternions taking  H to the nonnegative

real numbers in the image of A.  (Presumably one would be able to characterize

when the image is contained in the real or complex fields.) In [5], the second

author used Harrison's theorem on the subring   77 - H to prove the following

results.   If  A  is commutative, there is such a monomorphism into the complex

field.   If  H is isomorphic to the nonnegative real numbers and if

(N)    for each h e H and a £ A, there exists h' £ 77   such that ah = ha,
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then there is such a monomorphism into the real quaternions.

If (N) holds, there is always a monomorphism into a division algebra that is

algebraic over a subfield of the real field.

The present paper began as an attempt to prove the conjecture for matrix rings

over the real field.  However, we were unable to exploit Harrison's result, and so

changed the hypotheses by postulating only the existence of a maximal cone in a

ring of « x « matrices over any real closed field, but requiring that this cone be

the set of nonnegative scalar matrices in the ring.  With the additional requirement

that the ring be closed under transposition when  « is even and  « > 2, we obtain

the desired monomorphism.   The investigation led to several other results, not

always involving a maximal cone.

Let F denote a totally ordered field, R its real closure, C its algebraic

closure  (so that  C = R(\J— l)), and 0 the algebra of quaternions over  R.  (In

Lemmas 9 and 10 and in Theorem 3, R  simply means any real closed field.)

Given an  F-algebra  A with identity, there is no loss of generality in assuming

that  A  is a subring of an   R-algebra with the same identity, since, if A  is identi-

fied with an isomorphic copy, A ® ,, R is such an algebra.   Let   1   be the identity

of  A  and  r E R; we shall write  r for  rl, and   F for frl £ A: r £ F],   For any  x £ A,

let  C(x) = CA(x) = \y £ A: yx = xy] and  C~(x) = CAx) = \y £ A: yx = ~xy].  Note

that  C(x) and  C~(x) ate subspaces of the  F-space  A.  We denote the subalgebra

of  A  generated by   1   and  x by   Fix],

An   F-algebra  A  with identity that has an involution, i.e., a nonsingular lin-

ear transformation  a ,—. a*  of period  2  such that  (ab)   = b a    for all  a, b £ A,

will be called an   F  -algebra.  An element  a oí an   F  -algebra is  symmetric if

a   =a and  skew if a   - - a.  Note that the scalars are symmetric elements, as are

elements of the form  aa  .

The symbol   R    denotes the   R-algebra of all  « x « matrices over   R.  A sub-

ring of  R     that contains the transpose of each of its elements will be called  self-

adjoint.   Note that any  «-dimensional   R-space has an inner product, so that any

subring of  R     is a ring of operators on an   «-dimensional   P-space with an inner

product.

3.  Maximal cones and quadratic polynomials.   In this section, A  always

denotes an   F-algebra with identity.   The basic lemmas are proved here, and some

applications made.   Further applications will be given in the last section.

Lemma 1.   Let x £ A  satisfy an irreducible quadratic polynomial over F, and

let a £ F[x], with  a ¿ F.   Assume that b £ C(x), and

(1)  both  b and ab satisfy quadratic polynomials over  P.

Then b £ F[x\.
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Proof.  Suppose not.  Note that  b e C(a), and that  F[x] is a field, whence   a

is a unit in   F[x\.  Since   b é F, b does not satisfy a linear polynomial over  F;

neither does  ab, because   F[a~  ] C F[x] and  b / F[x\.   Hence for some  r, s, I,

u £ F, we have  a b   + rab + s = 0 and  b   + tb + u = 0.  Then  a (- tb - u) + r«¿> +

s = 0, so that  (r - ta)b £ F[x].  Since  a </ F, r - ta is a unit in   F[x], and thus

b £ F[x\, a contradiction.

Lemma 2.   LeZ  x £ A   satisfy x   + t = 0, where  t £ F and I 4 0.   T7>era A   z's

r¿e direct sum of the   F-spaces C(x) and C~(x).

Proof.   For any  a £ A, V2(a - t~  xax) £ C(x), l/2(a + t~ lxax) £ C~(x), and

a = V2(a - t~ lxax) + V2(a + t~ lxax).  Thus A = C(x) + C~(x).  It b £ C(x) O C~(x),

then xb = -xb, so that 2tb = -2x b = 0, whence  è = 0.

Lemma 3.   Let z £ A   satisfy z   + s = 0, where  s £ F and s 4 0.   Asst/raze

/ifl/ C(z) = F[z].   7/ y £ C~(z), /Aera y2 + / = 0 /or some i £ F.

Proof.   Clearly we may assume that  y 4 0.  Since  y    £ C(z) = F[zl, and  z   =

-s, we have  y    = — / + rz, where  r, t £ F.   Thus  y(- ; + rz) = (—í + rzly, whence

2rzy = 0, and  2rsy = -2rz y = 0.  It follows that  r -. 0, so that  y    + r - 0.

Note that Lemma 1  remains valid if   F is replaced by any field, and Lemmas

2 and  3 remain valid if  F is replaced by any field with characteristic different

from   2.

Lemma 4.   Let  x £ A  satisfy  x   + s = 0, where  s £ F and s > 0.   Assume

that

(2)  For this x, there exists  a £ F[x], with a é F, such that C(x) has an

F-basis of elements  b satisfying (1).

Then  C(x) = F[x].   Furthermore, if A   is commutative, then it is  F-isomorphic

to a subfield of C; and if there exists y £ C~(x)  such that y   + t = 0, where

t £ F and t > 0, then A   is  F-isomorphic to an  F-subalgebra of Q.

Proof.  Since   s > 0, x satisfies an irreducible quadratic polynomial over   F,

and   F[x]  is   F-isomorphic to a subfield of   C.   By Lemma 1, F[x]  contains an

F-basis of  C(x), whence   F[x\ = C(x).  Thus, if A   is commutative, we have  A =

C(x), and  A  is   F-isomorphic to a subfield of  C.

Now assume there exists  y £ C~(x) such that  y    + t - 0, where   t £ F and

/ > 0.  It is easily seen that right multiplication by y is a nonsingular linear

transformation mapping   C(x) onto   C~(x).  But 11, x\ is an  F-basis for  C(x), so

that |y, xyl is an  F-basis for  C~(x).  Consequently, from Lemma 2, ¡1, x, y, xy\

is an   F-basis for  A.   Since  (xy)   + st = 0, where  st > 0, and  xy £ C~(x) n C~(y),

it follows that the mapping   Tj + r2x + r,y + r^xy \—> rj + r2\Jsi + r^yjt j + r^Jst k

is a monomorphism of  A  into  Q.
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Lemma 5.   Let M = \r £ F: r > 0}  be a maximal cone in A, and let A  be an

R-algebra containing A  with the same identity.   Then A  has no left zero divisor

of the form a - r, where a £ A  and r £ R.

Proof.   Let  a £ A  and   r £ R.   If  a £ F, it is clear that  a - r cannot be a left

zero divisor in  A.   Assume that  a g- F, and  (a - r)x = 0 for some x £ A. Since

-a é F and  (a + 1) fL F, we may assume that  r > 0.  Maximality of  M implies that

for some sequence  m„, ■ • ■ , m    of elements in  M, not all zero, we have   mQ +

2"   , m .a1 - 0.  Now  ax = rx, so that  (mn + S"   , m. r7)* = (ztz„ + 2"   , m .a/)x = 0.
7=1; . ' 0 ; =1       j 0 ; =1       ;

Since  m„ + X?   , m.r' > 0, we have x = 0.

Lena 6.   Le/ Sr £ F: r> 0}   ¿>e a maximal cone in A.   Then  A   is a division

algebra that is algebraic over  F.

Proof.   It suffices to consider  a ¿ F.   Then for some sequence   r„, • • • , r    oft 0' '    n

elements in   F, not all zero, we have  2."   , r.a1 + rn = 0.  Since  a is not a left

zero divisor, by Lemma 5, we may assume that   r„ / 0.   Thus  a  is a unit, with

a-l = -r-lCZn   , r.aj-l + r,).
0       ; -2   j i

Lemma 7.   Let M ~ \r £ F: r > 0}   be a maximal cone in A, and let z E A, with

z iL F.   If z   + s — 0, for some s £ F, then s > 0.

Proof.   By Lemma 6, A is a division algebra, so that  s / 0.  Suppose  s < 0.

Since  z i F, we have   z?z0 + 2"   t m.z1 = 0 for some sequence   m„, • • ■, m    of ele-

ments in  M, not all zero.   Replacing  z    by - s £ M in this equation, we obtain

qQ + q jZ = 0 for some   qQ, q. £ M, with  q, / 0.   But then  z - - q7 qQ £ F, a contra-

diction.  Thus   s > 0.

Proposition 1.   Let M = \r E F: r > Oi   be a maximal cone in A.   Assume that

there exists x £ A, with x <¿ F, satisfying a quadratic polynomial over F, and that

(2) holds.   Then A   is  F -isomorphic to an  F -subalgebra of Q; and if A  is commu-

tative it is  F -isomorphic to a subfield of C.

Proof.  Since  x ¿ F, it satisfies a monic quadratic polynomial over  F, whence

(x + r)2 + s = 0 fot some   r, s £ F.   Let  z = x + r.  Since  z & F, we have  s > 0 by

Lemma 7.   Thus   F[zl = F[x], C(z) = C(x), and  z   + s - 0 with  s > 0, so that z

satisfies the hypotheses of Lemma 4; hence   C(z) = F[z].  If A  is not commutative,

then, since   C(z) is commutative, A / C(z).   By Lemma 2, there exists a nonzero

y £ C~(z).  From Lemma 3, y   + t = 0, where  / £ F.  Since  y fL F, we have  t > 0 by

Lemma 7.  Lemma 4 now implies the conclusions.

Lemma 8.   Let A = A ®     R.   If a £ A  and x = r.a + r-, where  r., r2 £ R  and

r. / 0, then the set C Act)  is an  R-generating set for C_(x)_
A
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Proof.   Let  y £ C-(x), and write  y = 2"   , a . ® s., where   s ,,-•■, s    £ R  ate
A 1 = '     ! 1 1 n

linearly independent over  F, and  a , ■ ■ ■ , a    £ A.  Since  y £ C-(a), we have

2"   , (flfl.) ® s. = 2"   . (« .a) ® s., so that 2?   , («a . - a . a) ® s . = 0, whence
7 =1 J t 7=1        7 1 1 = 1 1 J 1 '

aa  j- a.« = 0 (/ = 1, • • •, «) [3, p. 21].  Thus, ar • • •, a    £ CA(a).

Proposition 2.   Let A = A ®     R.   Assume that there exists a £ A, with  a i F',

such that (a + r)    £ R  and (a + r)    < 0 for some  r £ R, and that each element of

C Aa) satisfies a quadratic polynomial over R.   If A   is commutative, then A   is

isomorphic to  C.   If A   is noncommutative and A  has no nonzero nilpotent ele-

ments, then A   is isomorphic to  Q.

Proof.   Let  (a + r)    + s = 0, where  s £ R and  s > 0; set  x = a + r, so that

x   + s = 0.  Clearly a £ R[x] and  a 4 R.  By Lemma 8, C Ja) is an  R-generating

set for  C-(x); and the elements of  CA(a) satisfy (1) with  F = R.  From Lemma 4,

C-(x) = R[x\.  Now A  is commutative if and only if A  is commutative; so if A  is
/\ _

noncommutative, then  A / C-(x), and by Lemma 2 there is a nonzero  y  in   C-(x).

From Lemma 3, y   + t = 0 for some  t £ R, and here we have  t 4 0.  If  r1 < 0, then

there are nonzero  q ., a, £ F  such that - t ~ q    and  s - q  , whence  (a,x + q2y)

= —tx   + sy    -. 0; but   ajX + a2y / 0, by Lemma 2, a contradiction.  Hence   £ > 0.

Lemma 4 now gives the monomorphisms, and from its proof it is clear that they

are epimorphisms.

Theorem 1.   Let A = A ® „ R, and let  M = \r £ F: r > O!   be a maximal cone

in A.   Assume that there exists a £ A, with a ¿ F, such that A  has no zero

divisor of the form  b   + sb + t, where  b £ CAa), and s, t £ R.   If A   is commuta-

tive, then A   is isomorphic to  C.   If A   is noncommutative and A  has no nonzero

nilpotent elements, then A   is isomorphic to  Q.

Proof.   By Lemmas 5  and  6, A  is algebraic over   F and   Ä has no left zero

divisor of the form a - a, where  a £ A  and  q £ R.   If  b £ C Ja), then  b  satisfies

a polynomial over   R, which factors over  R  into quadratic and linear polynomials.

It follows that   b satisfies a quadratic polynomial over  R.   In particular, we have

(a + r)    + s = 0 for some   r, s £ R.   If s < 0, then there exists   t e R  such that

-s = t  , whence  (a + r - t)(a + r + t) = 0; but the maximality of  M implies that

A n R - F, so that a + r - t 4 0 and  a + r + t 4 Q, which is impossible in  A.

Hence   s > 0.   The conclusions now follow from Proposition 2.

4. Algebras with an involution and matrix rings. In this section we obtain

further embeddings, using the same tools, but starting with somewhat different

hypotheses.  We assume throughout that the ring  A  has an identity.

Theorem 2.   Let A   be an  F  -algebra such that the only symmetric elements

are the scalars*   Assume that for each nonzero skew a € A, we have aa    > 0  in  F.
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Then there exists an  F-algebra monomorphism e¿  of A   into  0 such that cfkA) C R

if and only if A = F, and cp(A) C C  if and only if A   is commutative.

Proof.   Each  a c A  is the sum of the scalar (a t- a )/2 and the skew element

(a - a )/2.  If  0  is the only skew element of  A, then  A = /•", so that  oS exists and

</>(A) C R.  We now assume that some skew  x £ A   is nonzero.   Then  xx   = s for a

positive  s £ 7% so that x   + s = 0.  For  è £ C(x), write  b = r + z/, where  r £ F and

z/ £ A  is skew.  Now  d   + q - 0 for some   i? £ /;, so that   (?   - 2rè + r   + ^ = 0.

Thus, (2) holds with a = x.

We now assume that there exists a nonzero  y £ C~(x).  Since  x is skew, it is

easy to see that  y* £ C~(x), whence  y - y* £ C~(x); and  y - y* / 0, for otherwise

y would be a scalar, which is impossible.  So we may assume that  y is skew.   As

before  y    + t - 0, where   Z £ /T  and   / > 0.   The existence of a monomorphism  </>

such that  ç5(A) C C if  A  is commutative now follows from Lemma 4.

It is obvious that  </>(A) C C implies that  A  is commutative.   Furthermore, it

is clear from the proof of Lemma 4 that if some skew element of A  is nonzero,

then  cfAA) j¿ R.   Hence  ç6(A) C R implies that the only skew element is zero,

whence  A — F.

Corollary.   Let A   be an  F  -algebra of linear operators on an R-space  V with

an inner product (•, •), such that for v, w £ V and b £ A, we have (bv, w) =

(v, b w).   Assume that the only symmetric elements are the scalars.   Then there

exists an  F-algebra monomorphism cp of A   into  Q  such that <fi(A) C R   if and only

if A = F, and c6(A) C C  if and only if A   is commutative.   If, in addition, n =

dim V < <», then cp(A) C R   if n  is odd, and cp(A) Ç C  if « = 2.

Proof.  Let  a £ A  be a nonzero skew element, and choose  v £ V such that

av / 0.  Ii aa   = r £ F, then  0 < \\a v\    - (a  v, a  v) = (aa v, v) ~ r(v, v) = r^v\   ,

whence   r > 0.  Thus, Theorem 2  applies.  Now assume that  « < no.  We can repre-

sent A  by a subring of   R     so that the involution on  A  corresponds to transposi-

tion in   R  .
n

If «  is odd, every skew matrix in   R     is singular.   But if  b £ A  is skew and

b / 0, then   b    - q fot some nonzero  q £ F, and  b(q~   b) = (q~   b)b = 1, whence   b

is a unit.  Hence in this case  0  is the only skew element of A, so that, from the

proof of Theorem 2, we have  cf>(Á) C R.

If « = 2, the skew element x used in the proof of Theorem 2 is represented

by a skew matrix in   Ry.   For any  y £ C~(x), a   calculation  shows that  yx - — xy

implies that the matrix representing  y is symmetric with zero trace, so that  y = 0.

It was shown in the proof of Theorem 2  that the hypotheses of Lemma 4 hold.

Hence by Lemmas 2 and 4, A = C(x) = p[x].  Thus A  is commutative, and </>(A)CC.

If  F - 7^, the assumption in Theorem 2  that  aa   > 0 for each nonzero skew
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a £ A  is implied by the familiar assumptions that A has no nonzero nilpotent

elements and that  A  is   "symmetric", i.e., that   bb   + I  is a unit for all   b £ A.

For in that case, if a is a nonzero skew element, aa   = 0 implies that a2 = 0,

while  aa   = r < 0 implies that  bb   +1 = 0, where  b = (\/-r)_   a.

For other results about algebras with an involution in which conditions are

imposed on the symmetric elements, see the opening paragraph and the theorems

in  [2].

From now on, R  denotes an arbitrary real closed field.

Lemma 9.   Let A  be a subring of R     with the same identity as  R  , such

that A C\ R  is a field F and M = \r £ F: r > 0|  is a maximal cone in A.   If a £ A

and a has a characteristic root in  R, then a £ F.   7/ ra  is odd, then A = F.

Proof.   Let  r £ R be a characteristic root of a £ A.   If  a 4 r, then fl - r is a

left zero divisor in  R   , which is impossible by Lemma 5.   Hence  fl = r, so that

a £ A C\ R = F.   If ra is odd, then every polynomial over R of degree ra has a root

in  R, so that a £ F for every  a £ A.

Lemma 10.   Let A  be a subring of R     such that every matrix in A  with a

characteristic root in  R   is a scalar matrix.   Then there exists a scalar-preserving

monomorphism (p  of A   into  C such that cp(A) C R   if and only if A C R.

Proof.   If every element of A  has a characteristic root in  R, then A C R, and

hence  A  is isomorphic to a subring of  R.

Otherwise, let  a £ A  have characteristic roots   r + si, where  r, s £ R, and

s 4 0.  Then there is a scalar-preserving monomorphism of A   into   R    taking  a to

(  r  s), since the two matrices have the same invariant factors and hence are

similar; so we may assume that  a is this matrix.   For any

in  A, we find that
'V  + u w - t

ab - ba = s (
v — w

C ")\ V     w I

(V   + u

w - t

has characteristic roots  ±s((v + u)2 + (w - t)2) 2.  Since  s / 0, we have  v- -u

and w = t, so that

c. ;>
The existence of a scalar-preserving monomorphism çS of A  into  G is now clear,

and we  have neither A C R nor cp(A) Ç R.

Theorem 3. Let A  be a subring of R     with the same identity as  R , and let

M = {r £ A n R: r> 0\  be a maximal cone in A.   Assume that A   is selfadjoint if
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«  is even and « > 2.   Then there exists a monomorphism   cp  of A   into  Q  such

that ço(A) C R  if and only if A C R, and cp(A) C C if and only if A  is commutative.

Furthermore, </>(A) C R  if n is odd and cp(A) ÇC  if « = 2.

Proof.   Let   F be the field of quotients of A Pi P.   It is easy to verify that

B = ira £ R   : a £ A, r £ F] is a subrine of  R     with the same identity as   R     such
n ° n J n

that  B O R = F, that  B  is selfadjoint if «  is even and  « > 2, and that \r E F:

r > 0}  is a maximal cone in   B.  By Lemma 9, any matrix in   B with a characteris-

tic root in   R  (in particular, any symmetric matrix in   B)  is a scalar matrix, and if

«  is odd, there is a monomorphism of  B into   R with the required properties.

Lemma 10 gives the result for   B  if  « - 2, and the corollary to Theorem 2  applies

if  « is even and  « > 2, because transposition is an automorphism making   B into

an   F -algebra of the required type.  Since the conclusions hold for   B, and in each

case  cp"  preserves scalars, they also hold for  A.
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