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ABSTRACT. It is shown that every infinite dimensional Banach space X
contains a basic sequence (xn) having biorthogonal functionals (f ) C X* such
that (f) is also basic. If [f _l norms [xn] then (f) is necessanly basic. If
[f ] norms [x ] then [x ] norms [f ] In order that [f] norms [x ] it is neces-
sary and sufﬁcxent that the operators S &= E"f (x)x be umformly bounded.

If [f ] norms [x ] then X* has a complemented subspace isomorphic to [x ] .
Examples are given to show that (f ) need not be basic and, if (f ) is basnc,
still [f ] need not norm [x ]

0. Notation, definitions and introduction. In this paper, we let E denote a
Banach space. E™ is the Banach space of all continuous linear functionals on
E. If U is a subspace of E, then U = {f€ E* [(x)= 0 for all x in U}. Simi-
larly, if V is a subspace of E* then V,={x€E:f(x)=0 forall { in V}. Let
/ be a mapping on E and U be a subset of E, then /|U is the restriction of f
to U. In particular, if f€ E* and (x ,) is a sequence in E, then 71, =
1y 1 g 3201 = 9P 117G x e Lo L el =1 e

(x,) CE, then [xn] is the closed linear subspace spanned by (x ) and span (x )

n+l Fny2

is the linear subspace spanned by (xn). For other notations and terminology
concerning basic sequences, we refer to the book of I. Singer [21].

The concept of a norming set or norming M-basis or norming basic sequence
in a Banach space has been studied by several authors (e.g. [2], [4], [9], [12])
because the existence of such systems implies much about the structure of the
space.

If U is a subspace of a Banach space E and if V is a subspace of E* say
that U norms V if there is a C > 0 such that

suptflx): x € U, |Ix]| <1} > C|/|

for every f in V (thatis, | /|, > C||/|| for all { in V). The largest C satis-
fying the above inequality is called the characteristic of U over V. Again, if U
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is a subspace of E and V is a subspace of E* say that V norms U if V norms
the natural embedding of U in E**

Let (x ) be a sequence in a Banach space E and (f) be a sequence in E*
Say that (x_; f ) is a bibasic system in E if it is a biorthogonal system and
both (x ) and (/) are basic in E, E * respectively. We show that every Banach
space contains a bibasic system (x ; f ) such that sup [lx [-|f [l <+ ce.

If (x,;(,) is a basis system for X (i.e., [xn] = X and (x,) is basic), then
(f,) is basic and [/n] norms [xn]. It is seen by way of examples that (x ) basic
does not promise that (f ) is basic and if (x_; /n) is bibasic we cannot conclude
that [/n] norms [xn].

Say that a basic sequence (xn) is shrinking in a Banach space E if

. 1 . ES .

lim _ _|lf |["n il tmazeee] Il =0 for every f in E™ and that a basic sequence
(/,) is boundedly complete in E* if, whenever (a,) is a sequence such that
H=r_, a A, . 1,2,... 18 bounded, one has that {27_ a,f _ 1,2,

verges [21]. We shall see in $3 that, if (x,) is shrinking and if [/n] norms [xn],

, con-

then there is a natural projection of E** onto a subspace isomorphic to (E70

If (xn; /n) is a biorthogonal system with (x ) CE and (f ) C E*, the follow-
ing questions arise in a natural way.

1. If (xn) is a basic sequence, must (/n) be basic? Indeed, if (xn) is a
basis for all of E, the answer is yes [21], but if [x ] is a proper subspace we
shall see that the answer is no.

2. If (x,) and (f,) are both basic, must (f) be equivalent to the coefficient
functionals (¢,) C [xn]*? We shall see in §3 that this question has an affirma-
tive solution if and only if [/n] norms [xn]. Does a bibasic system with
llx NI/l < M <o for all » have [[n] norming [x 1?7 We show that both have
negative solutions below.

3. Suppose that (x ;[ ) is a bibasic system and that (x ) is shrinking
(resp., boundedly complete); is (f) boundedly complete (resp. shrinking)? Once
again we shall show by examples that this question has a negative answer.

The examples of $1 are the motivation for the rest of this paper. The remain-
der of the paper is a study of conditions that yield positive answers to some of
the questions above. The structure of the space is then explored in light of
these conditions.

In $2 we show that bibasic systems (x_; { ) exist in every infinite dimen-
sional Banach E space and that they can always be chosen with (/) failing to
norm (x ). If E* is separable the system may be chosen so that (x ) is shrink-
ing and (f ) boundedly complete. In $3 norming subspaces are studied and the
results applied to norming bibasic systems. In particular, it is shown that [/, ]

norms [x ] if and only if [x ] norms [f ). Finally in $4 the theorem that 7,1
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norms [xn] if and only if the operators Snx = 2’1' [i(x)xi are uniformly bounded
is proved. In this case [xn]* is naturally embedded as a complemented subspace
of E™ (Theorem S below).

1. Examples.
Example 1. Let R denote the reals and in /,® R, let x = (5 , 0), f,=
(8,, ). Then (x_; [ ) is a biorthogonal system with sup,, {2, I - If |l <o and

(£o)

(x,) basic but (/) is not basic:

2
=n+n?,

n 2
£
j=1

but
n 2n 2 n 2n 2
- 4l = (Z 5= 2 8,0 =2n
i=1 i=n+1 \j=1 j=n+l

Thus

bk

i= i=n+1

i g ”/Z/“ <n+1>%—»0 as 1 — oo,

Thus the natural projections of [/n] onto [/1, cee, fk] fail to be uniformly bounded,
so (f,) cannot be basic. Thus, we have the negative solution to the first question.
Example 2. Let (e ,,) denote the standard unit vector basis in l (1<p<

g <o) and (¢ ) the unit vector basis in I, Let 1/p+ /p'=1= l/q +1/q' a

let (b ) (resp (r] )) denote the standard umt vector basis in I + (resp. l .
Now, in l Gl let x, _(e 0) and in (l @ l )*let/ —(b M, ) sothat
CO is a bounded bxbasm system. Smce p'>q' it is easy to see that (/f,) is
equivalent to (7 ). It can be computed directly, but follows immediately from Re-
mark 3 below, that [f ] fails to norm [x ] This answers question 2.

Remark 1. Let (5 /,) and (y; gn) be basis systems in Banach spaces X
and Y, respectively. In X®Y let z, = (x Y ) and suppose that (x ) and (y )
are not equivalent. Then either (z ) faxls to be equivalent to (x ) or to (y ). In
the first case let b = (f 0), so that by Remark 3 below, [5 ] cannot norm [z ]

Example 3. In ¢, denote the standard unit vector ba31s by (e,) and in L
let the standard unit vector basis be (b ) In ¢ 0Py let x, = (e w €1t €yt
+e )andm I ®l _(c ® c ) let _(b O) Then (xn,f ) is boundedbl-
basxc and (/n) is boundedly complete However, (x,) is not shrinking since,
letting g = X 277 (0, hn), we have g(xk) = 2;:1 277 — 1. From this we see that

the restriction of g to [x x -++] has norm = 1 for each » which forces

n+l” "n42
(xn) to be nonshrinking.
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From this example we conclude that for (xn; /n) bibasic, (fn) boundedly com-
plete does not imply that (x ) is shrinking. By interchanging the roles of (x )
and (f)) in the above, we also see that (x ) boundedly complete does not force
(f,)) to be shrinking. This gives the negative solution to half of Question 3 above.

Example 4. In c let the unit vector basis be (e ); in I,, (b ); in 1, (3 ).
Inc ®1,lecx =(e,27"3) f = (0, 2"3). Again, it is easy to see that
(x,; f,) is bibasic. Further [/n] =(0)® I,, so (f) is shrinking. However,
Eanxn converges if and only if a,— 0, that is (xn) is equivalent to the stan-
dard unit vector basis of (co). It is, therefore, not boundedly complete.

With this we see that (f,) may be shrinking without having (x) boundedly
complete. Once again, we may interchange the roles of (x ) and (f) to see that
(x,) may be shrinking and have (f ) fail to be boundedly complete. This com-
pletes the negative solution to question 3.

From Theorem 4 of [2] as well as Remark 3 below it would follow that every
Banach space E with basis would have a direct sum decomposition E = F®G,
with both F and G infinite dimensional, if for every basic system (xn; /n) there
is an infinite-coinfinite (nk) such that (xnk: /"k) is a norming bibasic system.
The next example shows that this is not in general possible. (2)

The reader will see that the basis (xn) has a block basic subsequence

(¢x

- 1—%,)) which is unconditional.

Example 5. In colet x =e +...re and [ =h -h in=12 ...,
n 1 n n n n+1

For every subsequence (nk) of the integers, (xnk) is equivalent to (xn), but if

(n,; ) is infinite, (/nk) cannot be equivalent to (f ): Let p <p,<... be chosen

so that, for each j, b; € (n,) but bi 1 £ (np). Set P, =0 for convenience.

Let I = [p]._ A SRR pi] N (n,) and F.= l/;1i ¢ I].]. Then (2‘.1:'].)11 isa

natural unconditional decomposition for [/'nk], but [f ] admits no such (natural)

decomposition.

2. Existence of bibasic systems. Here we see that every infinite dimension-
al Banach space has a bounded bibasic system. We also see that every space
has such a system which fails to be norming. The first theorem is a generaliza-
tion of the technique for constructing basic sequences which is due to Day, Gel-
baum and Mazur (see, e.g. [1], [6], [9], [14], [15]). A shorter proof quoting re-
sults from [1] and [14] is possible, but this proof allows the extension of Remark
S below.

Theorem 1. Every infinite dimensional Banach space has a bounded bibasic
system.

Proof. Let E be the space, || x| = ||/, =/,(x) = 1. Choose z, ---, a1

(2) The authors wish to thank A. Pelczyfski for pointing out this fact for us.
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in E sothat U =[x 2z qu] has the property that

rott

(1) B < suptf@): flull = 1, e U 3.

Next choose Byttt &p, in E* such that V= [/1, 8yt gpl] has the proper-
ty that

(2) Yllull < suptb(a): ||bll =1, b e Vlg.

Now choose X, to be any norm 1 element in (V in E so that (1) forces
d(x U ) > 1/3. The Hahn-Banach theorem nowguarantees the ex1stence of /2
mE W1th 17,0 <3, f,(x;)) =1 and /,(U,)) = 0. (Thatxs,/zeU .) We now

notice that the natural projections of Ul & (Vl)l onto Ul and [fl] ® U'l" onto

[/1] have norm < 2. Now suppose we have {/l, cee, / 5, igl, v, gp i, {xl, CEIN
xnz and {z e }andU —[x "':xny Zly"'; ] v _[/l’“.‘/n’
Byt 8y ] Wlth the properties that for b in [/1, ,/ ] xin U,

(3) Y16 < maxihla): ull =1, weU },

(4) %llxll < maxlglx): llgll =1, g€V}

(3) and (4) imply that the natural projections of U, @ (V ), onto U, and Uy
[ l® U‘L onto [/1’ cee, /n] have norm < 2. Thus, if x| is any norm 1 element
of (V) ,dx, U ) > 1/3, so there is, by Hahn-Banach, [, 41 of norm <3

in U:‘ such that /n @, ) = 1. Now choose Zgp el T Fq g SO that

v, satisfies (3) for [[l cee, / ] Next choose 8ppsv T gpn+1 so that

b

+1
(4) holds for Vn T The resulting system (x ; / ) is bounded and bibasic..

The previous result was obtained independently by W. Johnson and H. Rosen-
thal [8]. There they have also shown that if E* is separable, then E* contains
a boundedly complete basic sequence. This corollary is, in a sense, dual to that
result. On the other hand, it has been proved by Dean, Singer and Sternbach [3]

that every Banach space with separable dual contains a shrinking basic sequence.

Corollary 1. If E* is separable then E contains a bounded bibasic (x5 1)
for which (x ) is shrinking.

Proof. Let (yn, gn) be a bounded bibasic sequence in E. Since E*is sep-
arable, a subsequence (z,) of (v,) is weakly Cauchy, say zZ, =Yy, o Set b,
gnk Then (zk, k) is bounded bibasic. lLet (co ) be dense in E ™ and € > 0
with X% - 1€ <+ =. Choose &k, l‘suchthatk<l <k].+l,]_l,2,
and |o, (z )-w,; (2 )| <¢; forall z<] and p, g9 > l

Now, 1f X;=2Zp =%, then fx b ) is bounded bibasic and if x =

i
a;x; where m > i, ||x|]—1 then

o0
j=m 41

lw ()] < Z lofe, <2k(K + D 32

j=m+1 j=m+1
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where K is the basis constant of (x]. ). Thus “C"il[x .. ]" — 0 as

m+1ls Xm 420 °
m— oo for each i, so (x.) is shrinking.

Remark 2. In [8] it is shown that a bounded biorthogonal system (xn; /n) may
be constructed so that (/) is boundedly complete whenever E*is separable.
Using the technique of Corollary 1, one may find (y , g,) bounded bibasic with

(y,) shrinking and (g ) boundedly complete whenever E™ is separable.
n n y p P

Proposition 1. Every infinite dimensional Banach space has a bounded bi-

basic system (zn, bn) with [bn] failing to norm [zn].

Proof. If (z,, b,) is bounded bibasic, [zn] CE, (bn) CE®* and if (bn) does
not norm (zn) then we are done.

If (bn) does norm (zn) we use Theorem S5 below as follows. There is an
isomorphism Q of [zn]* into E™* such that Qf(x) = [(x) for every [ in [zn]’I<
and x in [zn]. Let (xn) be a normalized conditional basis of [zn] with biorthog-
onal functionals (/n). If (Q/nk) norms (xnk) then (/"k) in [Zn]* norms (xnk) in
[z, ). Then, again by Theorem 5 below, the operators

k
P, (x) = > /ni(x)xni
i=1
. < . g
are uniformly bounded on A[xn]. For x =X a x,, lim Pk (x) = 21. -1 /"k (x)xni
exists and is a continuous projection onto [xn,]. If such a projection exists for
1

every sequence (xni) (since llmkﬁmkai= 0ifjg (nz.)) then (x ) is uncon-
ditional. This contradiction shows that for some sequence (x"k)’ (/"k) does not

norm (xnk) whence (Q/"k) does not norm (xnk). Q.E.D.

3. Norming subspaces. In [4], Dixmier showed that a total subspace V of
E*is norming if and only if vVt + E is closed in E**. The first result of this
section is a generalization of his result to the situation **V C E* norms UCE.”
The rest of the section is devoted to extending other known results concerning
norming subspace to this situation and to the application of these to bibasic
systems. For subspaces U in E and V in E¥ say that V is a total over U if
V, N U=1{0}. Similarly, say that U is total over V if UtNV ={0}.

Theorem 2. Let U be a subspace in E and V be a subspace in E* If 1]
is total over V, then the following are equivalent:

(1) U norms V.

(2) Ut+V is closed in E*

(3) The natural mapping from V to U* is an isomorphism.

Proof. Let I: U— E be the embedding. Then I™ is the natural mapping

from E*onto U* Given { in V, then
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17l = inf ||f + gl = supil/(x)l: x €U, |x|| = 1}
gev
Hence U norms V if and only if I* is an isomorphism. Thus (1) and (3) are
equivalent,

By the closed graph theorem, Ut+ V is closed if and only if the natural pro-
jection from UL+ V to V is continuous which is equivalent to saying that there exists a
¢ >0 such that inf_ ) I/+gll>cllf| forall { in V. Thus (2) and (3) are
equivalent.

It is well known that every total subspace of the dual of a quasi-reflexive
space (i.e. E satisfies dim (E**/ E) <) is norming ([17], [19]). Theorem 2
allows the following generalization of that result. Let U be a quasi-reflexive
subspace of a Banach space E and let V be a subspace in E * which is total
over U. If U norms V then V norms U.

A space E is called pseudo-reflexive if E* DV such that the natural map
of E to V*isan isomorphism onto [20]. In [11], [20] it is shown that E is
pseudo-reflexive if E* contains a subspace W which is minimal with respect to

the property of being total over E.

Proposition 2 Let U be a subspace in a Banach space E. If V is a mini-
mal subspace in E™ with respect to the property of being total over U, then V

norms U and U is isomorphic onto V™ under the natural mapping.

Proof. Suppose V does not norm U. Then V* + U is not closed in E**,
Thus V%is a quasi-complement of U but not a complement in V4 + U. Hence
there exists a quasi-complement A of U in VI U suchthat V'is a proper sub-
space of A [13]. Then A, is a proper subspace of V which is total over U. Thus
V is not minimal.

Let ¢: U— V™ be the natural mapping, that is ¢ (x) (/) = /(x) for all x in
U and { in V. Since V norms U, ¢ is an isomorphism on U. Given v*4 0 in
V¥ let F={/eV:v*(/)=0}. Then F is a proper subspace of V and so is not
total over U. Let 0# x€ U such that f(x) = 0 for all { in F. Then ¢(x)=av™
for some a # 0. Thus ¢(U) = v

It is easy to see that if W is a total nonnorming subspace of E* then W
must have infinite codimension in E * (this is immediate from the Dixmier charac-
terization of norming mentioned above). In fact, let U be a subspace of a Banach
space E and let V be a subspace in E* which norms U. If F is a subspace in
V with finite codimension and F is total over U then F norms U.

The next proposition provides the key to the study of norming bibasic systems..

Proposition 3. Let (x,; [,) be a biorthogonal system in a Banach space E.
Then [xn] norms [/n] if and only if [/n] + [xn]l is closed in E* If, in addition,
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that (xn) is basic, then [xn] norms [/n] implies that [/n] norms [x"].

Proof. The first statement is a direct consequence of Theorem 2. Suppose
[xn] norms [fn]. The natural mapping I*is an isomorphism from [/n] to [xn] *
Now l*[/n] = [l*/n] is the coefficient space of (x ) in [xn] *. Thus [I */n] norms
[xn] and [fn] norms [xn].

Remark 3. If, in Theorem 2, we let U = [xn] (resp. [/n]) and V = [fn] (resp..
[xn]), then the proposition yields the equivalence of the six statements obtainable
from the two cases. As one special case of this, we have the following result due
to Milman [12]: If (xn, /n) is complemented (in E) in the natural way (i.e. u —

2 f,@x,) if and only if [f ] norms [x ). It also follows that question 3 of S1
has this affirmative solution when (x , f ) is a bibasic system: If [/ ] norms
[xn], then (xn) is shrinking (resp. boundedly complete) if and only if (/n) is
boundedly complete (resp. shrinking).

Let (x ) be basic, and define V = {f€ E A 71, = ||/|[x ]||—> 0}.

I is the embeddmg of [x ] into E, then I *(V) is the span of the coeffxcxent func--

tionals in [xn] *

Theorem 3. Let (x,) be a basic sequence in a Banach space E. Then for
any (f ) in E™ such that (xn; f,) is biorthogonal, [xn]J‘ + [/n] =V, and V norms
E.

Proof. It is clear that V is closed. Let / be an element in V. Define
n
= f)f, forall m=1,2,...
.=1

i
Then g, isin [f ] forall n=1,2, ... and |I*g, I*/H-—*O as n— . Since
Ihr* g, *l = inf e[y ¢ lg,-/+ b” choose b € [x, 1+ such that le,-7+ 2|
<|r* g, -1 *fll + 1/n for each n=1,2 . Thus /e[x JE )

To see that V norms E, let x: € [xn]* such that (x ; xn) is biorthogonal,
and A > 0 be the characteristic of [x:] Define |x |, =sup {|/(0)]: feV, |f] = 1}
for x in E. We claim that |x|, > A/4 forall |x| =1 in E.

(Case a) d(x, [x ])> V2

By Hahn-Banach theorem there exists f in E* suchthat ||f|| =1, felx ]‘L
and f(x)> A/4. Then f€V and f(x)> A/4. Thus |x|v_>_ A/ 4.

(Case b) d(x, [xn]) <A/ 4.

Let y € [x ] such that ||x—y | <A/4. Let x*e[x*] suchthat |x*|| =1 and
x*(3) > Ally|l. Let f be any extension of x* in E™* with | /|| = 1. Then f€V
and f() = fO) & [G=y) 2 Ally ] = Ix=3 | > AC % = x—y ) = A/4 > A(L-A/4) -
AA4>N/2.

Remark 4. Using Theorem 3, one makes the following observations. If (x )
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is a shrinking basic sequence in E and if (/,) is any sequence of coefficient
functionals in E ¥ then [xn]‘L n [f, ) =10l If, further,[x ] norms [/ ], [/, ]+
[acn]l is a direct sum decomposition of E* Next, if [xn] norms [/n] and (xn)
is boundedly complete, (/) is shrinking so that [xn] + [/n]J' is a direct sum de-
composition of E™* In fact , this decomposition of E** is equivalent to the
boundedly-completeness of (x ).

The final result of this section also appears in [8].

Proposition 4. Let (x, f,) be a bibasic system. If [/n] is w*-closed in E*
then (f ) is boundedly complete.
Proof. Suppose sup | E;.”: 1 @; /|| <eo. Let [ bea weak " cluster point of
S"a.f. in E*. Since (/) is basic and [f,] is weak™closed, [ = Sflx )], It

follows that a, = f(xn) for all =.

4. On norming subspaces and norming bibasic sequences. Let (x ) be a
basic sequence in a Banach space E. If [xn] is complemented in E, then it is
easy to pick (/n) in E* such that (xn; /n) is biorthogonal, (/n) is basic and

[/n] norms [x n] .

Proposition 5. Let (xn) be a basic sequence in a Banach space E. If
Codimg [x ] <+ o, then [f ) norms [x ] for any (f ) in E* such that (5 1,)

is biorthogonal.

Proof. Let G be a finite dimensional subspace in E such that E =[x | ® G.
Let P be the continuous projection from E onto [x ] such that P(G) = 0. Then
P*isa projection from E* onto G1 which we identify with [xn] *. Let P*/n =
g, forall n=1,2,.... [g ] is the coefficient space of [x ] in [xn]* and thus
[gn] norms [xn] We consider two cases:

@ [, )4 0 [7,)-0.

Then since [xn] L is finite dimensional, [xn]i+ [fn] is closed and the re-
sult follows from Theorem 2.

®) [x 1+ n[/,]# tol.

Since [xn]"" is finite dimensional, [xn]lﬁ[/n] is finite dimensional. Let
F be a closed subspace in E™ such that [/n] =F® (lxn]l N [/n]). P*(F) is
total over [x ] and is a subspace of finite codimension in [g ] which norms
[xn]. Thus P *(F) norms [xn]. Now F N [xn]l = {0} and, so by case (a), F
norms [xn]. Hence [/n] norms [xn].

In [10], Karlin showed that, for a basic sequence (xn) in a Banach space
E, [xn] is complemented in E if and only if coefficient functionals (/,) can be
chosen so that = /n (u) x  converges for every u in E. It is clear that the bi-

basic system (x_; f ) so obtained will be a bounded norming system. The
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following result shows that a partial converse to this last statement is possible.

Theorem 4. Let (x; f,) be a biorthogonal system in a Banach space E with
(f,) basic. Foreach n=1,2, ..., define S (x) = Z:‘; ([, x; forall x in E.
If [/n] norms [x ), then {S } is uniformly bounded on E.

Conversely, if (x ;[ ) isa biorthogonal system on E such that {Sn} is
uniformly bounded on E, then (x ;[ ) is bibasic and [f ] norms [x ]

Proof. Foreach n=1,2, ..., define R : E—[f, ---, [ 1" by R (x) =
27_,[;x) X, for each x in E where 9?1.=xl.l[/1' AL
Let I : [/, -+ f]— E* be the embedding. Then ||I_|| =1, and R_=1)]p.
Hence |R || = I gl < Wl =1 foreach n=1,2, ...
. * —
Define T : [f, ---, [, 7= Eby T (27 _,ax,)=27_,|

$,=T,° R . To show that {Sn} is uniformly bounded, it suffices to show that

a;x;. Then

{T,} is uniformly bounded.

Since [/n] norms [x ], let A >0 be the characteristic of l/,) over [x ).
Given x in [x, --+, x ) with [|x|| =1, lec f=27_,a,f, inspan (f,) such
that ||/]l =1 and f(x) > A/2. Let K be the basis constant of (/) and g =
2;’= 1% f;- Then lgll < K and g(x)=/(x)>A/2. Hence (T:z 1) (g) = g(x) >
A/2 and |lg|| < K. Thus inf || T;l" > A/2K and so sup [T || <e.

Conversely, let (x_; [ ) be biorthogonal and ||S_|| < K forall m=1, 2, --..

Clearly, (x,) is basic with basis constant less than or equal to K.
Now §*f(x) = f(27_, [;)x)= (27 _ | [(x,)];) (%), so that S:/ =
37 G IST 1<K and so, as S, 5% - Srst st s
(f,) is basic.
Let xelx ) |lxf| =1, |27_, fi(x)xi—xﬂ <e. Thenif ||/l =1, [(x) > 1-¢

one has

we have that

<€,

/(Z fi(x)xl.)— f(x)

i=1

< > /(xi)/i> (x) - /()

i=1

and [(27_ (G| =|SH/@ < IS,/ < Kand [(R7_,/()7) ()] >
1-2¢. Hence supf{|g()|: |gll < K gelf, 13> 1. Hence supl|g(®): |gl <
L,gel/ 1> 1/K. Thus [/,] norms [x, ).

Remark 5. Let E be an infinite dimensional Banach space and let k& =
3% j=mn(n+1)/2. Using a result of Dvoretzky [5] and the technique of proof of
Theorem 1 one may construct subspaces E_ in E with the following properties.

Each E_ is e-isometric to [ If {xk ,vee, X } denotes the basis
n ntl kyyi

2,n41°
of E_ corresponding to the usual basis of I, . under the e-isometry then the
’

natural projectionof E, @ ... @ E_onto E & --- ® E_ has norm no greater

]

than 3 and so the natural projection of [x Pt X, 1] onto [xj, e, X
+

Tm+ 1
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has norm no greater than 3(1 + ¢). Thus (/n) may be constructed biorthogonal to
(x,,) such that |lx || I/, < 6(1+¢€) 2,

If [/n] norms [x"] then the projections § - S, are uniformly bounded
n

kn 41

projections from E onto En. In this case each space F,= [/kn FEURRRF /kn 1

is §-isometric to [, | with & independent of n.

Conversely, if (x_; f ) exists such that E_ and F_ are k-isometric to /
n’'n n n 2,n+1

in the natural way then the projections
kpal

[n(x).—_' Z /l.(x)xz.

i=k,+1

are uniformly bounded from E onto E ol To see this consider the mappings

R T, s
X —n—>F*——n->l'2""1 —LEn where R x (f) = f(x) for every x in X, [ in F s
and T and S, are the ¢-isometries of /7 +1 with F_ and E  respectively such

that /. =Te_, x, = Se, for where [ekn FETIRREFISY 1] is the usual basis for

n 4+
12',“_1. Then
kal
*
S TR (x)= > [lox,
i:kn+1

%
and 15, TR < IS, 1T, 1R, < (1462

Corollary 2. Let (x_; [ ) be a bibasic system in a Banach space E. If
[/n] norms [xn], then B={/e E*: [ = w*-z:: . /(xl.)/l,} is closed in E*.

Proof. Since (x; /) is bibasic and [f,] norms [x_], thus [x ] norms [/ J.
For [ in E¥ let S: [=Z27_, [(x,)f,, then {S:} is uniformly bounded on E*
*
by Theorem S,an sup, [ S || <K
Given f€ B, let g, € B suchthat ||g; - /| — 0 as i — co. Then for each x
in B S5/ ~ [ < IS /G)=5% g, ()| + [5* g, (0)=g, ()| + |g, )=/ ()]
<K x ) W=g;ll+ 15 8;0)-g,6) | + g~/ Il For large i, che first and
third terms are small, and for fixed i and large », the middle term is small. Thus
[ = w*lim S¥f = w2 of(x ) .
n i=1
Theorem 5. Let (x; {) be a bibasic system in a Banach space E. If [f ]
norms [xn], then there exists a projection T on E* such that T(E*) DB =
{feE™ [= w*-zlef(xi)fi} and the natural mapping 17 maps T(E™) iso-
morpbically onto [xn] *. Furthermore, T™ is a projection on E™* such that

T*(e ™) = x ** for all x ** in [xn]‘L +,

Proof. For [ in E¥ let S:/=Z;’=1f(xi)/i foreach n =1, 2, ... Then

{S: } is uniformly bounded on E* Hence there exists a subnet {S: a} and a
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continuous operator T from E* to E* such that T = w*-lim S: <

It is clear that T/ ={ forall f{ in B. Thus B = T(B) C T(E™). Note that
T(E *) is closed since T is continuous.

Let fe E* and T(f)=g. Then

na
g =w*lim S (/) = w*-lim 3" G ).
i:l
Hence f(x)=g(x,) forall i=1,2,+++. Thus I*(T) =I*(/). Forany x™€
[x 1% let fe E* such that I*f=x" Then g =T(f)e T(E™) and 1*(/) = I"(T{)
=1%(g) = x*. Thus I*(T(E*)) = [xn]*. Now, if 1*(g) = 0 for some g = T(f) in
T(E™), then f(x,) = g(x,) =0 forall i=1,2, ... Hence
na
g = w*-lim ) /(xi)/l. = 0.
i:l
This shows that I* is an isomorphism from T (E™*) onto [x,] ¥,
Given g = T(f) in T(E™), then g(x,) = f(x,) forall i=1,2,--- and so
* *
Sna/=Snag for all a.

nq

T = T(TN = T(g) = w*-lim 2 g(x),

i=1

= w*-lim igl [Ge ;= T().

Thus T2 =T and T is a projection on E*

Finally, let x**¢ [xn]J'l = I**([xn] **), then x ** = I**(y**) for some
y**e [xn]**. Forany [ in E*, we have T*(x**) (f) = T*(**y*™) = 1™ *),
that is, T *(x**) = x** for all x** in [xn]ll .

Remark 6. As in the proof of Theorem 5, {S:*¥ has a w *-convergent subnet
converging to a projection in E™** onto the w*-span of [xn] in E* If [xn] is
reflexive, then a subnet of {S_} will converge to a projection from E onto [x ].
In this way, it is easy to find basic sequences in certain spaces (e.g. c (o, 11y»
such that no biorthogonal sequence (/n) in E* will norm (xn).

The existence of norming bibasic systems finally does give direct sum de -
compositions in E* In fact, one will easily see that E*-F® G with F and
G both infinite dimensional if E has a norming bibasic system (x ; [, ) where

codimg ([xn]) = oo,

5. Problem. Most of this paper has been concerned with norming bibasic
systems (x_; [ ) and the consequences of their existence in a space. The main
problem left open by this work is:

Problem. Does every infinite dimensional Banach space admit a norming bi-

basic system? This problem is likely to be quite difficult as is indicated by the
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following considerations. First, it is a long unsolved problem whether or not each
infinite dimensional Banach space E contains closed infinite dimensional sub--
spaces A and B suchthat A + B is closed in E. The existence of a norming bi~
basic system having dim ('[/n]-l-) = o in E would give an affirmative solution to
this question according to Remark 3.

Further, related to the approximation problem, it is not known whether or not
an infinite dimensional Banach space E contains finite dimensional subspaces U
of arbitrarily large dimension and complemented with uniformly bounded projections
in E. The existence of norming bibasic systems gives an affirmative solution to

this problem according to Theorem 4 above.
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