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A NECESSARY AND SUFFICIENT CONDITION FOR A “‘SPHERE”’
TO SEPARATE POINTS IN EUCLIDEAN, HYPERBOLIC, OR
SPHERICAL SPACE

BY

J. E. VALENTINE AND S. G. WAYMENT

ABSTRACT. The purpose of this paper is to give conditions wholly and ex-
plicitly in terms of the mutual distances of n + 3 points in n-space which are
necessary and sufficient for two of the points to lie in the same or different
components of the space determined by the sphere which is determined by
n t1 of the points. Thus in euclidean space we prove that if the cofactor
[pipl.z] of the element pl.p].2 (i #j) in the determinant |pl.p].2| (,j=0,1,

n +2) is nonzero then Py P; lie in the same or different components of En -

Q (where Q@ denotes the sphere or hyperplane containing the remaining n +

1 points) if and only if sgn [p P 21=(-1)? or (-1)"*, respectively. In hyper-
bolic space the result is: if the cofactor [sinh? PP /2] of the element sinh? P;P; /2
(i #j) in the determinant ‘smh2 Pp; /2[(1,] =0,1, ..., n +1) is non-

zero then Pi>Pj lie in the same or dlfferent components of Hn - Q (where @
denotes the hyperplane sphere, horosphere, or one branch of an equidistant
surface containing the remaining n + 1 points) if and only if sgn [smh2 Pp; /2]
=(=1)" or (- 1)1, respectively. For spherical space we obtain: if the co-
factor [sm p p /2] of the element sm2 Pipj/2 (i # ) in the determinant

'sm P;P; /2 | (; j=0,1, <+, n +2) is nonzero then Pi» P; lie in the same or
dxfferent components of S =~ @ (where @ denotes the sphere containing the re-
maining n +1 points which may be an (n ~ 1) dimensional subspace) if and only if
sgn [sin? pz.p]./Z] =(- 1)" or (-1)** respectively.

1. Introduction and notation. The symmetric determinants
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have long played a fundamental role in the study of euclidean geometry. Cayley
[4], for example, established anew the fact known to Lagrange that
D(po, by by b3 pé) vanishes for any five points p, p;, p,, p3, P4 of 3-dimen-
sional euclidean space E;. In an elegant article Darboux [5] gave the complete
geometric equivalents of the minors of D(p, py, p,, p3) for pgy, by, Py, b3 points
of E; and he very nearly obtained our result in E ;. In this paper we proceed along
the lines of [3], where Blumenthal and Gillam gave necessary and sufficient condi-
tions for two points ?, | 2 of n-dimensional euclidean space En to lie on the
same or opposite sides of the hyperplane of E  determined by the points pg, p,,
*+, b,_1- Their principal tool was D(pg, b15 "> Pn+1)’ which vanishes for n +
2 points of E . We, like Blumenthal and Gillam, obtain our results without the use
of coordinates. We will be concerned in the euclidean case with the unbordered
principal minor C(p, py, -+, pn+2) of D(py, by, -+ +, Pn+2)’ which vanishes for
n + 3 points of E_, while C(p, py, --+, pn+1) vanishes for n + 2‘points of E_ if
and only if the 7 + 2 points lie on a sphere or hyperplane and C(p, py, =+, pn“)
has sign (- 1)*+! otherwise.

Blumenthal [2] and [1] used the determinants

1 Cos pop; €OS pop, -++ €OS Ppup,
cos pyp, 1 cos pyp, - €os pip,
Apgs pyse-sby) = | €°° pob, cos pyp, 1 <+ cos p,p,
Cos pop, COS Py, COS pypy -+ 1
and 1 cosh pyp; cosh pop, --- cosh pyp,
cosh pyp, 1 cosh pyp, --- cosh p; p,
Ay Dyt ) =| cosh pob, cosh pyp, 1 -+« cosh p,p,
cosh pyp, cosh p,p, cosh p,p, -+ 1

to characterize spherical and hyperbolic space with space constants 1 and -1,
respectively.
Haantjes [6], while studying when the local property of vanishing curvature im-

plies an arc in certain metric spaces is a geodesic, intoduced the determinants
Ybgs 0y Dy b3) = Isinzpip]./2| (i, j=0,1,2,3)
and

K(pgs py» by 3) = Isinh?pp. /2| (i, j=0,1,2,3)
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where p, py, p,, p; are quadruples of points in the spherical and hyperbolic
planes, respectively.

These determinants arise from the respective determinants A(po, Py, by, 03)
and A(po, Py, by, b3) by bordering these respective determinants with a first row
and column with ‘‘intersecting’’ element — 1, and the remaining elements of the
first column one and the remaining elements in the first row zero. Upon subtract-

ing the first column from the remaining columns one obtains the determinants

-1 1

IA(pO'pl'pZ'p3)= . (l,]:O,l,Z,_’))
1 . -2 sinzp.p,/Z

tty
and

1 1

IA(pos Pl: pzt P3)= e ‘ ot (i,j:O,I,Z, 3)‘
1 .2 sinh2pipl. /2

The determinants ¥(p, p,, p,, p3) and K(pg, py, b,, p3) are within a con-
stant of being principal minors of 14(p, 0y, p,, p3) and I ,(pg, 0y, Dy P3)-
Valentine [10] showed that four points, by, Py, Py, b3, of the hyperbolic plane lie
on a line, circle, horocycle, or one branch of an equidistant curve if and only if
K(py, by, s p3) = 0. Andalafte and Valentine [11] extended this result to show
that » + 2 points p,, p, -, b, ,, of n-dimensional hyperbolic space lie on a
hyperplane, (n — 1)-dimensional sphere, (n — 1)-dimensional horosphere, or one

sheet of an (n — 1)-dimensional equidistant surface if and only if K(p,, py, -+, pn+l)

= | sinh? pl.pj/2| vanishes (i, j=0,1, --+, n +1). They showed, moreover, that
sgn K(py, by, +++, p,) =(D* (i, j=0,1,..., k) in the event that Kpgs byre-+s0p)
#0 (k=1,2,+-++,n+1) and K(pg, by, <+, p) =0 if & >n + 2. Valentine

[9] showed that four points Py» Py, Py, b5 of the spherical plane lie on a circle if
and only if ¥(p,, p,, 0, p3) = 0. From [11] it is clear that the analogous properties
of the determinants Mp, p,, -+, p,) are valid in n-dimensional spherical space.
An (7 — 1)-dimensional hyperplane and an (» - 1)-dimensional sphere separate
n-dimensional euclidean space into two components. In n-dimensional hyperbolic
space an (n — 1)-dimensional hyperplane, an (n — 1)-dimensional sphere, an
(n - 1)-dimensional horosphere, and one sheet of an (n — 1)- dimensional equidistant
surface separate the space into two components. While in n-dimensional spherical
spaces the (n — 1)-dimensional spheres separate the space into two components.

t

With the exception of the hyperplanes in the respective spaces, the ‘‘spheres”’
are determined by 7 + 1 independent points in the respective n-dimensional spaces,
while the (n —1)-dimensional hyperplanes are determined by n independent points.

It is often desirable to know when two points are in the same or different components.
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In this paper we give necessary and sufficient conditions for points |

‘sphere’’ determined by independent

to lie in the same or different components of a *

points pg, py, -+-, p, of n-dimensional euclidean, hyperbolic, or spherical space.
We give the same characterizations for points b,.1» b, relative to (n — 1)-dimen-
sional hyperplanes containing points p, p;, ++ -, p,, which contain an independent
n-tuple. In the process we give the geometrical significance of the signs of the non-
principal minors of the determinants C(p,, p,, - - -, b2 Koo, b1y ooy by o),
and )’(PO, | ST S ). Throughout this paper we will adhere to the notation we
have introduced here.

2. Cofactors of C(p, p,, -+, i) where p, p,, -+ are points in

S
n-dimensional euclidean space E . We are concered here with cofactors [Pi pJZ]

of elements pip]? (i £7), of Clg 015+ p, ,2)- Ve will select the cofactor of

| p721+2 as typical. Since hyperplanes and spheres are equivalent under the

group generated by inversions and this group preserves components, we first show

that sgn [pn+l p3+2] is an inversive invariant, where [pn+1 p3+2] denotes the cofactor

2
n+2

our result it then suffices to give the geometrical significance of sgn [p

of the element bpab in the determinant C(p,, py, -+, pn+2). In order to obtain

2
n+l prz +2 ]
when po, p;, --+, p, is an independent (n + 1)-tuple which determines a sphere §.

Theorem 2.1. Let po, py, -+, 0,5
euclidean space E . Then sgn [p

be an (n + 3)-tuple in n-dimensional

p2 .1 is an inversive invariant.
n+l Un42

. . . ' . . .
Proof. From the formula for inversion, points x, x' are inverse points with

respect to a circle with center o and radius  if and only if ox - ox' = 2.

If x', y' are inverse points of x, y, respectively, then the two triangles oxy
and ox'y’ have the same angle at o. It follows from the euclidean law of cosines

that

1) (ox? + oy? — xy?)/Qox -+ 0y) = (ox 2 L oy'? —x'y'2)/Qox" . oy').

Replacing ox' and oy’ in (1) by r2/ox and r?/oy, respectively, and solving the

resulting equation for x'y’ we obtain
) x'y' = (r%/ox? . 0y?) . xy?.
Application of (2) to all pairs of pg, p;, - -+, D2 yields
(3) pl.'p,.'z = (r*/op? - opf) . pipf (G, j=0,1, ..., n+2).
Consequently

(b, 10,250 = 1¢*/op? < op?) - ;7]

(4)
(G, j=0,1,cc,n+2;ifdn+l;jén+2)
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Factoring rz/op2 from the ithrow (i = 0,1, -+-, n) and rz/op , from the
(n + 1)st row and factoring r* /op2 from the jth column (j = 0, 1 ,n+1) of
the determinant on the right side of the equality sign in (4) ylelds

lo/p/ V= aG*/op} - opp, 97| ((=0,1, o, mym+257=0,1, -+, n+1)
and the proof is complete.

Theorem 2.2. Let [P,,+1 bys2

by, +++, b, lie onan (n —1)-dimensional hyperplane and not on an (n - 2)-dimen-

1 be different from zero. Then (1) the points p,,

sional hyperplane or po, p,, ---, p, determine an (n ~ 1)-dimensional sphere and
@) t,,, and p, , are in the same or different components of E_—Q (where Q
denotes the hyperplane or sphere containing p, py, -, p,) if and only if

sgn [pn+1 p‘:“ 1=(=1)" or (~1)"t, respectively.

Proof. Since C(p, py, -, P,,2) =0, from an expansion theorem for deter-
minants (see [6, p. 372]) we have

C(po’ pl’ ceey pn, pn+l) . C(po, pl’ ey pn, pn+2) - [P"+1p721+2]2
(5)
= Cpgs bys v Dyyn) - Clogs by 25 0,)=0

The nonvanishing of [p ] implies that neither Clpy, 01, ** P, pn+1)

z
n+l prz+2
nor C(p, py, *+, b, Pn+2) vanishes, and hence the points p,, p;, -++, p, are
inan E__,, notinan E_ _,, or py, py, *++, p, atenot inan E__, and they deter-
mine an (7 — 1)-dimensional sphete S(p, py, +-+, p,)-

Case 1. The points p, p;, +++, p, determine an (n — 1)-dimensional sphere
S(Po) pl; ) P,,)-

Replacing p  , in (5) by any point x of E_, it is seen that [pn“xz] vanishes

if and only if x is a point of S and hence sgn [p x?] = sgn [pn+ly2] for any

1
two points x, y in the same component of E - §. "
Ifp, 1 and p, , are in the same component of E, —S, then sgn [pn“p“z 1=
sgn [pn+1pn+l] Since [pn+l pn+1] C(pO’ Pycees pn+l) for points Pri1r Pryo2
in the same component sgn [pn+1 pn”] =(-1)".
On the other hand, suppose p ., and p __, are in different components of
malt Then

sgn [pn+l b, +2] = sgn [p"+1 pn+1] Inspection of the vanishing determinant
*
C(p()y plv tt pn+17 pn+1) glves

E,—-S and denote the inverse point of p sl in § by p*

[pn+lpn+l] = {(r4/0p722+1) . C(pol pl, ) pﬂ‘l'I)

(6)
+ [Pn”P:“(’Z/OPi“)] : C(Pot Pyscees Pn»

where 7 denotes the radius of S and o denotes the center of S. From (5),
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*2 72 4 2 2
[le Pn“] =(r /oan) C (po, bys e, pn+l) It follows that [Pnu pn+1] =
(rz/opn+1) < Clpgy, bys +* s b,,1) and hence sgn [pru»l pX% 1= (~1)**!. Thus for
pn+1 and .2 in different components of Erz -5, sgn [pn+1 p"+2] = (- 1)n+1.

2
n+l pn+2] =
(- 1), then b,, and b,,, are in the same component of E_ —~S. This is

n+1
To establish the converse it suffices to show that if sgn[p

trivial, for then sgn [pn+1 pn+2] # sgn [pn+1 p ] and hence pn+1, b,,, are not
in the same components of E_~S§. Since none of the points Ppytr Pryas Prpt
lies on S, it follows that pn+1 and ?, 42 are in the same component of En )
and Case 1 of the theorem is proved.
Case 2. The points pg, p,, -+, p, lie in an (n — 1)-dimensional hyperplanc.
The hyperplane H containing p, p;, -, p, may be mapped onto an (n-1)-
dimensional sphere § by an inversion. If p('), pl', cee, p;l 42 are the inverse points
of po, b1y *++, b, thensince C(py, py, -o+, p,,) # 0, we have

(I(pé, pl'., ey p:Hl) # 0 and it follows that p('), pll, e, p’ determines §.
Applying Case 1 to the points p('), |2 r'z+1’ we see p’ AT p,”z lie in the same
or different components of E  — § if and only if sgn [p '2 ] =(-1)" or

(= 1)+ respectively. Smce sgn [p ] is an inversive invariant and components

+1 pn +2
of E_ — § are preserved under inversions, if S is mapped back on the hyperplanc
H containing p, p,, -+, p,, we see that b, pn , are in the same or different

components of E—H if and only if sgn [pn+1 b2 ] = (1) or (~1)7+!,

n+2
respectively.
3. Cofactors of K(pg, py, -++, b,,,) where py, py, .-+, p ) are points in
n-dimensional hyperbolic space H_ with space constant 1 In this section we are
concerned with cofactors [sinh?p ib; /2] of elements sinh? p;0; /2 (i #j) of
n+2/2 as
typical. Since hyperplanes, spheres, horospheres, and sheets of equidistant sur-

Kpg, 015+ pn+2) Once again we select the cofactor of smh PP

faces are equivalent under the group generated by hyperbolic inversions and this
n+2/2] is an
inversive invariant. In order to obtain our result, it then suffices to give the
n+2/2] when pg, py, +--, b, is an in-
dependent (n + 1)-tuple which determines a sphere S.

. .2
group preserves components, we first show that sgn [sinh |2
. . )
geometric interpretation of sgn [sinh Py P

Theorem 3.1. Let Po» P1s v+ s Pny2 be an (n + 3)-tuple of points in n-dimen-

sional bhyperbolic space H,. Then sgn [sinh? p /2] is an inversive invari-

n+1pn+2

ant, where [sinh’ Pyl /2] denotes the cofactor of the element

n+2

sinh? 0,10, +2/2 in the determinant K(py, py, +++, b, ,,)-

Proof. From the hyperbolic formula for inversion [8, p. 242] points x, x' are
inverse points with respect to a sphere with center o and radius 7 if and only if

tanh ox/2 - tanh ox'/2 = tanh’r/2.
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If x',y' are the inverse points of x, y, respectively, then the two triangles
oxy and ox'y’ have the same angle at o. It follows from the hyperbolic law of

cosines that
[cosh ox cosh oy — cosh xy]/[sinh ox sinh oy]
.
) = [cosh ox' cosh oy’ ~cosh x'y'}/[sinh ox’ sinh oy'l.
Let X =tanh ox/2, Y = tanh oy/2, and R = tanh? r/2. Then tanh ox'/2 = R/X,
and consequently,
cosh ox = [1 + X2)/[1 - X?],  sinh ox = 2X/[1 — X?2],
(8) cosh ox'=[X2+R2]/[X2—-R2],
sinh ox ' =2XR/[X? = R?], 1+2sinh?xy/2 = cosh xy.
Substituting the values of (8) together with the same identities when x, X are

replaced by y, Y, respectively, in (7) and solving the new equation for sinh x'y’/2,

we obtain
(9) sinh x'y'/2 = RI(1 = X2)/(X2 = ROIA[A = Y2)/(Y2 - RH)% . sinh xy/2.

Application of (9) to all pairs of Porbysevsb,, , vields

(10) sinh®p,/p /2 = R*[(A = PP/ (P} = RONW - P1/(P? = RD)] - sinh?p,p. /2.

Thus
[sinthr:“p,:n]
1y = [RM - PY/(P] - RONA - P2Y/(PE = R?)sinh?p,p. /2|

(G, j=0,1, - ,n+2;idn+1;j£n+2).
Factoring RI(1 - PZ)/(P2 R?] from the ith row (i=0,1,-++,n) and
RI(1 - P2 )/(P2 2" Rz)] from the (n + 1)st row and factoring R[(1 — 2)/(P2 R?)]
from the ]th column (G=0,1,-+-,7+ 1) of the determinant on the nght side of
the equality sign in (11) yields

[sinh?p/p//2] = aR?(1 = P))/(P} — RIA - P7)/(P? - R)Wsinh’p, p. /2]

(i=0,1,...,7,n+2;j=0,1,...,2+1)
and the proof is complete.

Theorem 3.2. Let [sinh? pz.p]./Z] be different from zero. Then (1) the points
pgrDyse b, lie onan (n — 1)-dimensional hyperplane and not in an (n — 2)-
dimensional hyperplane or po, p,---,p_ determine an (n — 1)-dimensional spbere,

horosphere, or one sheet of an equzdzstant surface and (2) b,, and v,
in the same or different components of H - Q (where Q denotes the byperplane,
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sphere, horosphere, or one sheet of an equidistant surface containing p , pyrveesb,

if and only if sgnlsinh® p_1p /20 = (= 1" or (= "+, respectively.

Proof. Since K(po, | ZTRRREY 2) = 0, from an expansiontheorem for determi-

nants (see [6, p. 372]) we have
K(pgs Dys v v Opr Dpyr) * Kooy 015+ 00 2,,5) = [sinh?p, 0, /22
1
(12) =K(p0, P1""’Pn+z)'K(p0’ pl,...,pn)zo

The nonvanishing of [sinh? Dby 2/2] implies that neither K(po, Dy obys by, l)
nor K(po, ppoecsbp by, 2) vanishes, and thus the points Dys Pys=++» b, are in an
H, _, notinan H _, or py, py5--+,p are notinan H _, and they lie on an
(n — 1)-dimensional sphere or horosphere or they lie on one sheet of an (n — 1)-
dimensional equidistant surface.

Case 1. The points po, ps--- »p, determine an (7 — 1)-dimensional sphere
S(pos pl,’ .. 7[7").

Replacing p in (12) by any point x of H , it is seen that [sinh2 n x/2]
vanishes if and only if x is a point of § (see [8]) and hence sgn [sinh? Pps x/2] =
sgn [sinh? ?, l)//2] for any two points x, y in the same component of H - S.

If p, +1 and b, are in the same component of H -, then sgn [sinh? pn+1pn+2]
= sgn [smh Py 1Pns l/2] Since [sinh? Dy 1Py l/2] = K(po, Dyrrtab,, 1)
for points in the same component sgn [smh2 Ppiiby, /21 =1

Now suppose p__, and p _, are in different components of H — S, and
denote the inverse pomt of p. .1 by pn+ ;- Then sgn [sinh? Ppi1ln, /2l =
sgn [smh2

gives

bn, 1[7’”_ v 2]. Inspection of the vanishing determinant K(p bty 1 p:+ 1)
[sinthn+lp:+l/2] = - {RlQ - P:il)/(P:il - Rz)]K(po, Brr s by
net/DRA =% /(X2 - R)]

(13) +(sinh®p, 10,
K([JO, pp M) Pn)}

n+l

where o is the center of S, 2 tanh™!(R)” is the radius of S, and as in the proof
of Theorem 3.1, p* . = tanh op* ,/2. From (12)
n+l n+l ’

*2 .,
[sinh s, 10, ,1/212 = RPUA= P /(P2 R - K2py, py, <o, 0, )

It follows that

n+l

[sinh?p, . p* . /21 <RI - P¥2)/(P¥2 — ROV . K(pg, pys -+ -, P

and hence sgn[sinh? p /2) = (= )"+ Thus for pp,1 2nd p , in dif-

/2] = (- 1)"+1

n+1pn+l

ferent components of H - S, sgn [sinh? |2 lpn+2
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/2) =
(- 1)", then | 2 and p_ _, are in the s.amtz component of H —§. This* is clear,
for then sgn [sinh? Ppi1lns 2/2] # sgn[sinh bn, lp:+ l/2] and hence D10 Pny2
are not in the same component of H — S. Since none of the points Ppo1r Opy

To establish the converse it suffices to show that if sgn [sinh? by b

p:+l lies on §, it follows that |2 and b,,, are in the same component of §
and Case 1 of the theorem is proved.

Case 2. The points p, p,,+++,p, lie in an (n — 1)-dimensional hyperplane,
(n — 1)-dimensional horosphere, or on one branch of an (n — 1)-dimensional equi-
distant surface.

Let  denote the surface containing p g, p s+ »0,- Now Q may be mapped
onto an (n — 1)-dimensional sphere § by a hyperbolic inversion. If pé s p; seee,
p; 42 are the inverse points of p, ps-++5p,  ,, then since K(p, bystesb,, )
£ 0, we have K(p('), pl',- .. ,p':“) # 0, and it follows that pé, p{ gree ,pr: deter-

mine S. Applying Case 1 to the points p(;, pl' geee ,p': .27 We see p! !

n+1’pn+2

lie in the same or different components of H —§ if and only if sgn[sinh? p7:+ IP,;+2/ZJ

1 . . c 12 ' . . .
= (= )" or (= 1)"*, respectively. Since sgn [sinh Py 1l +2/2] is an inversive
invariant and components of H —§ are preserved under hyperbolic inversions, if
§ is mapped back onto the surface Q) containing bor byt sp,> We see that | 2
and p are in the same or different components of H — Q if and only if
nt2 n

sgn [sinh ? Diiibn, /21 =(= 1" or (- 1)"* L respectively.

4. Cofactors of Yoo oo+ . ,) where Do Pysct*sb,, , are points in n-
dimensional spherical space S, of radius 1. Here we are concerned with cofactors
[sin? pip]./Z] of elements sin? b; p]./2 (i £7) of oo pyseee b, ,)- Ve again con-
sider the cofactor of sin’ bpiibn, 2/2 as typical.

Theorem 4.1. Let Do by eob,, be an (n + 3)-tuple in n-dimensional spher-
ical space S 1f [sin? Ppiibn, 2/2] # 0, then (1) the points Dorbypeeesp, lie
on an (n — 1)-dimensional subspace and not on an (n — 2)-dimensional subspace
O Py byt ab, determine an (n — 1)-dimensional sphere and (2) | and |2
are in the same or different components of S, —Q (where Q denotes the (n — 1)-
dimensz}zmal subspace or the sphere containing Porbyreet ,pn) if and only if
sgn[sin | T /2= (= 1" or (- 1"+ respectively.

Proof. Since oo pse+ 50, ,,) =0, we again have
)/(PO, pla MY pno P”+1)Y(P0, [71, ceey, pn, pn+2) - [Sinzpn+1pn+2/2]2

(14)
= y(p()’ pl9 Tty Pn+2)y(p0, pl’ ey, pn)= 0

(see [6, p. 372]). Part (1) of the theorem follows as in the proofs of Theorem 2.2
and 3.2.
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Case 1. The points pg, p»*+> p, determine an (n — 1)-dimensional sphere S.

That sgn [sin? o, 1[7,“&2/2] = (= 1)" for points bpy17 by, , in the same com-
ponent of S — S follows as in Case 1 of Theorems 2.2 and 3.2.

Suppose then that p , and p ., are in different components of § — S. Let
r denote the radius of S and let o denote the center of S. Choose the point p:+1
such that tan op \/2-tan op:+l/2 =tan® r/2 and so that by, 1 is ona great circle
joining o and Doy The triangles PP, 1 and opip:+l (i=0,1,2,--+,n) have

the same angle at o. It follows from the spherical law of cosines that

as) (cos op;cos op | —cos pipn“)/(sin op, sin opn*l)
= (cos op, cos opy ., -~ cos pl.p:“)/(sin op, sin op:“).

Letting P, = tan op, /2 (i~0,1,--+,n), P%,, tan op* /2 and R “tan’ 1/2, we

have
cos op, - (1- l’i2 )/ (1 I’f),
sin op; =2P /(14 Pf) (i-0,1,---,n)
cos opt 1 = (PX2 = RO/(P;2 + RY),
(16)

sin opy g = 2P, R/PLL, + RY),

1-2 sinzpipnn/z = Cos pib s
1 .2 Sinzl)i/):+x/2 cos /,ip:“ (i 0,1,---,mn).

Substituting the values of (16) in (15) and solving the new equation for

sin? p;b, /2, we obtain
(17) sin?p,pl /2 - R+ P2L )/ (PR2 e RDsin?pyp, /2 (=01, n).

From the way p’;+l was chosen, [T [7:+ , are in different components of

§ =, and so sgn [sin? Pyt /2] - sgnlsin® bpirbn, /2. Inspection of the

n+2
vanishing determinant y(po, Ppctab,, v pﬁ+ l), with the aid of (17), gives

*2

[sin2p, , 0 ,1/2) - IR P22+ RO g - by )
(18) esin?p pr 2AR(W P2 /(PR RY))
Wpge bys s b
From (14),

[sinzp"“p:”/Z]Z <R P:il)/(’):il . RZ)]Z)/Z({?O. Pis s [J"H).
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It follows that

[sin®p, 105 ,1/20 = RIQ+ P32 )/(PY2 + ROW - Hpg pys o0 0,40

and hence sgn[sin? Dpi1bm, /2= (=1 1. Thus for p,,1 and p,, in different
components of S — S, sgn [sin? Ppiiln, /2] =1 L

The converse follows as in Theorems 2.2 and 3.2.

Case 2. The points Por Pyt lie on a (» — 1)-dimensional subspace.

The argument here is similar to Case 1. The main difference being that when

| and p,,, are in different components of § — Q, the point p:+1 is just the
reflection of p_; in Q. Then pp, 1= pl.p:+ 1 (i=0,1,--+,n) and the argument is

much simpler.
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