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CODOMINANT DIMENSION OF RINGS AND MODULES
BY

GARY L. EERKES(1)

ABSTRACT. Expanding Nakayama’s original concept of dominant dimension,
Tachikawa, Muller and Kato have obtained a number of results pertaining to
finite dimensional algebras and more generally, rings and their modules. The
purpose of this paper is to introduce and examine a categorically dual notion,
namely, codominant dimension. Special attention is given to the question of the
relation between the codominant and dominant dimensions of a ring. In par-
ticular, we show that the two dimensions are equivalent for artinian rings.
This follows from our main result that for a left perfect ring R the dominant
dimension of each projective left R-module is greater than or equal to n if
and only if the codominant dimension of each injective left R-module is greater
than or equal to n. Finally, for computations, we consider generalized uni-
serial rings and show that the codominant dimension, or equivalently, dom-
inant dimension, is a strict function of the ring’s Kupisch sequence.

1. Preliminaries. Throughout this paper we shall assume that all rings are
associative and have an identity and that all modules are unital. The category
of all unital left R-modules of a ring R will be denoted by Rm while | will be
used to indicate the Jacobson radical of R. Further, if M is a module over R,
E (M) will denote the injective hull of M and Soc(M) the socle of M.

Let M be an R-module with minimal projective resolution

o) ?;
..._,Pn__4)” « .. ;Pl M — 0,

.., ¢i-: P.—Xerd, | is a projective cover of Ker¢p, | for i=1,2,-..

The codominant dimension of M, denoted codom dim M, is defined to be

min{i: Pi+1 is not injective} where we follow the convention of setting min & = o.
So as to be assured of the existence of projective covers and therefore co-

dominant dimension we will usually restrict our attention to perfect rings. In any

case, whenever defined the codominant dimension of a module is well defined, as

projective covers are unique to within an isomorphism,
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Example 1.1. A ring with modules of arbitrary codominant dimension. Let
R be an algebra over a field F with basis fe;, e, -+ U fx;, 2, 5o U {1}
where multiplication is defined by elz. =e, exe. =%, 1 isatwo-sided iden-
tity, all other products zero. Then the R-module Rei/]el. has codominant di-
mension i — 1. (This ring is given in [19, p. 379] as an example of a ring for
which WR possesses a noninjective cogenerator with no chain conditions on
direct summands.)

We will need the following observation concerning codominant dimension’s

behavior over direct sums.

Proposition 1.2, Let R be a left artinian ring. If M = ®2a€aMa, then
codom dimM = min {codom dimM: a € Q}. Further, for finite Q we can relax

artinian to perfect.

Proof. This is immediate, for if we take a direct sum of the minimal pro-
jective resolutions of the M,’s we obtain a minimal projective resolution of M.

Although we make no use of it, we also note a dual to a result of Tachikawa

[21].

Proposition 1.3. If proj dimM < codom dimM, then M is injective and

projective.

Proof. In such a case any minimal projective resolution of M would nec-
essarily be split exact.

Next we recall the definition of dominant dimension and note some results
we need later,

Let M be an R-module with minimal injective resolution

l’l’l "Iiz+1
0 —M—"0DE —> - -—»En———)- e,

ie., E = ER(Ei-I/Im (,bi_l)- The dominant dimension of M, denoted dom dim M,
is defined to be minf{i : E,,, is not projective}. We define the left dominant
dimension of R, denoted /-dom dim R, to be dom dim RR.

As (1.2)’s dual, we have:

Proposition 1.4. Let R be left noetherian and M = ®2a€9Ma. Then,
dom dim M = min{dom dimM,: @ € Q}. Also, R can be arbitrary if Q is [inite.

Proof. By a result of Matlis [11, p. 514],
B (@ 3 Ma> @Y EM).
aef asQ

Thus, by taking a direct sum of the minimal injective resolutions of the M/’s

we obtain a minimal injective resolution of M.
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This means, in the case of a left perfect ring, that /-dom dim R > n if and
only if dom dim P >n for each indecomposable projective pP. For R left

artinian, we can drop indecomposable.,

Proposition 1.5. Let R be left artinian. Then the left dominant dimension
of R is greater than or equal to n if and only if the dominant dimension of each

projective left R-module is greater than or equal to n.

Proof. This follows from (1.4) and the characterization of projective left
R-modules over left perfect rings as direct sums of indecomposable projectives,
i.e., of Re’s, e a primitive idempotent.

To this point we have not defined the codominant dimension of the ring it-
self, Further, we observe that imitating the procedure used for dominant di-
mension, using the dimension of the left regular module R, would be absurd.
To motivate this promised but still unstated definition we make a few additional
observations about its dual. .

A projective generator P is a minimal projective generator for R?R pro-

. . . ! . . .
vided that for every other projective generator gP ', there exists an epimorphism
PP— P —50,

i.e., P is isomorphic to a direct summand of every other projective generator.
Since R is always a projective generator for Rm’ it is immediate that if a
minimal projective generator exists it must be isomorphic to Re for some idem-
potent e £ R,
Example 1.6. A ring without minimal projective generators. Let R =
N7_, M (D), D a division ring, and e? € M _(D) with all entries zero excepting
the i, jth whichis 1 €D. Then R*(ej »+-yef), 1,5+ 1,++2) = P is a pro-
jective generator for n =1, 2, --- . Suppose that ,P is a minimal projective
generator. In this case, for each n there exists an epimorphism @, Pn — P,

But P is a generator and ,R is cyclic, so there exists an epimorphism
S PP— 3 D — 0
for some m, where P” - @ ZZ"ZIP. Hence, for each 7 there exists an epimorphism
P’:"—) R——>1.

This is impossible if n > m. Therefore, R;‘-H has no minimal projective generator.
In the case of semiperfect rings, however, minimal projective generators do
exist. In particular, if e, .- »e is a basic set of idempotents for such a ring,
then Re, ®...0 Re  is precisely such a module. Moreover, as we now show,
minimal projective generators are unique to within an isomorphism for such rings.

. . ! P . .
That is, if P and P are minimal projective generators for Rm’ then
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P~P'®P, P =~P@®P,and P=P ®P ®P,. But then

P/JP =(P & P ®P)/(JP & JP, ®]P,) = P/]JP & P/]P & P,/]P,

where P/JP is artinian. Thus, P, /JP, ® P,/]P, = 0 from which we have P| =
P,=0and PP’

We now note a categorical characterization of the left dominant dimension
of R,

Proposition 1.7. If P is a minimal projective generator for Rm, then
l-dom dim R = dom dim P.

Proof. This follows directly from (1.4).

Dualizing, we say that an injective cogenerator is a minimal injective co-
generator for Rm in case for every other injective cogenerator pE there exists
a monomorphism

0 —’RU —-——»RE,

ise., pU is isomorphic to a direct summand of every other injective cogenerator.
We define the left codominant dimension of R, denoted I-codom dim R, to be
codom dim pU where pU is a minimal injective cogenerator for Rm’

So as to settle questions concerning whether this definition is well defined,

we give the following characterization of a minimal injective cogenerator.

Proposition 1.8. Let RS = ® Eaeﬂsa where {S : a € Y is a complete set
of pairwise nonisomorphic representatives of the simple modules in Rm’ Then,

RU = ER(S) if and only if U is a minimal injective cogenerator for Rm°

Proof. It is well known (e.g., see Osofsky [19, p. 374]) that a module rM
is a cogenerator if and only if M contains an injective hull of every simple
module in Rm. Consequently, ER(S) is necessarily a minimal injective co-
generator,

Conversely, if sU is a minimal injective cogenerator, then ER(S) =RU
®N for some pN. Let this isomorphism be given by ¢. If N # 0, then Soc (N)
# 0 since ¢(S) is essential in U ® N. This is impossible as S is isomorphic to
a submodule of U while S = Soc (E,(S)) has simple homogeneous components.

Corollary 1.9. Let R be left perfect with basic set of idempotents e, «++ e .
Then the left codominant dimension of R is equal to the minimum of
codom dimE(Re /Je ) for i=1,+-+, n.

Next, we note the existence of rings of arbitrary codominant dimension.



1973] CODOMINANT DIMENSION OF RINGS AND MODULES 129

Example 1.10. Let R be the ring of upper triangular n x n matrices over a
division ring. The Jacobson radical | of R is the ideal of all strictly upper tri-
angular matrices in R. Further, if e denotes the matrix in R all of whose

entries are zero excepting for the i, jth which is 1, then

R D -+ D Re (43) Renn 3] Renn/]enn

€22 n-1,n-1
is seen to be a minimal injective cogenerator for the ring R/]z. It follows that
I-codom dim R/J? = codom dim Re'm/]emz =n-1,

Over a right perfect ring R every left module has a nonzero socle (see Bass
[1, Theorem P]). It follows that every indecomposable injective left R-module
is of the form ER(S) for oS is a simple R-module. Hence, the left codominant
dimension of a right perfect ring is greater than or equal to n if and only if
codom dim pE > n for each indecomposable injective left R-module E. Fora

left artinian ring one can drop the indecomposable restriction in this equivalence.

Proposition 1.11. Let R be left artinian. Then the left codominant dimension
of R is greater than or equal to m if and only if the codominant dimension of each

injective left R-module is greater than or equal to m.

Proof. Since R is left artinian, for an arbitrary injective R-module rE we
have pE = ®2a€nE(Sa) where each S, is simple. By (1.2),

codom dim R E = min {codom dim ER(Sa): aeQ

> min {codom dim E(Re,/Je,): i=1,+++, n} = l-codom dim R

where e, ,-++ ;e _ is a basic set of idempotents for R.

2, Relating codominant dimension to dominant dimension. We now give our
main result, which reflects the dual nature of codominant dimension to dominant
dimension. It might be noted that this generalizes a theorem of Fuller [4] which
states that a left artinian ring is QF-3 if and only if each of its injective left

modules has an injective projective cover.
Theorem 2.1, Let R be left perfect. Then, codom dim rE > n for each in-

jective pE if and only if dom dim {P > n for each projective rP:

Proof. (=). We shall induct on n. Assuming that codom dim RrE>1 for

every injective pE we let ,P be projective and consider
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1
f -
0 —P——E(P)/
| l
0
where P’ is a projective cover of ER(P)- Since P is projective, the diagram
can be completed with a homomorphism [ such that ¢/ = j. But now, using the
injectivity of P', there exists a homomorphism g: Eo(P)—P " with gj = /.

Furthermore, g is monic since [ is and Im j is essential in ER(P)- Hence,

ER(P) is isomorphic to a direct summand of P’ and is projective.

/’/‘ TN
. O &, Pret
e . lf/l HAN
e - - \
. // /_/’ / 1k\ °k*"l\\
k+|/ ’/‘ 0/__.. Pk \
" 7 -7 l R, '
/ -7 .~ \\\ \
e T /'/ : “\ I\
/I // ,/’ l \\\ \
. e —_
’/ 7 /, '/2) 5\1’ \\‘ ||
. . Ve LS N
R _ rz/, \KV o [\
. . _ - [
s 7 gy /1'\1 \‘ '\\ '
% % S A R
// / / - 4, 'l! I
,/J //' /,, . 4 . @, I;’ /:
0 > P o E 1, & ees E, k-1, g k, g I,l:
1 k: Ik kel ,///
:/ TN J1\ \ /' Tk\ /& hk/;’l
[ L, ' L1\ /Lk 11/
v SN SONGS O\
N ~ O NGy o ~ o_.%,
AN ~o t S~ ~—':///
S \\\1~ ——— . ’;{‘///
‘\~\h‘ ——— - —_ -
Figure 1

As the induction hypothesis we assume that codom dim E > k + 1 for each
injective F and that dom dim RP' ~ k for all projective RP' . We then let
rP be projective and consider Figure 1. In this diagram the row is a minimal
injective resolution of P and the column is a minimal projective resolution of

E with the L _’s and K_’s being the naturally associated cokernels and
k+1? m m
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kernels respectively. Thatis, L =E /Imj _, and K =Ker ¢ while the
m m m m m
maps 7 _, ] _, 5m, and i are the obvious ones.
To complete the proof we must show that the left R-module E, , is projec-
tive. This will be done by reducing the situation to the setting where n =1,

That is, we will establish the existence of a commutative diagram

{ ¢,

Ig -
0——E/Imy, | —=E, = Ep(E,/Imy, )

from which it will follow that E = P, is projective. In short, the remainder

k+l
of the proof consists of constructing the map [ indicated above. This will be
done in two steps.

Claim 1. There exist maps f : Epoq_, P, 1 ir <k+1,g:E,_ —K,
1 <7 <k, such that 8’_1[' =g, 1 ir‘gr = /,(,bk_r where we set EO = P, (//0 = ]’0,

50'= ¢1 and g, = l,llk.

Proof. Since E, is projective, we can complete

with a homomorphism /,. Hitting the exact sequence
2 )
0 —K,——> P —>E, ,—0

with the functor HomR(Ek_l, ), which is exact because by the induction hypoth-
esis E, | is projective, gives the exact sequence

Hom (l,il)

K,) ———— Homy (E, |, P))

O——>HomR(E p1 Py

k-1’

Hom (1,,)

————— Homp (E, |, E,, ) —0.

Noting that /%), | € Homp(E, |, P) while ¢, /¢, , =¥ ¥, | =0, we have
that there exists g; € Homg(E, |, K,) such that i, g, = f,¥,

that f, g, have been defined for 1 <7< s<k suchthat [:E, ,_ —P,

g E,_, —K, and 6, _1f,=¢g,_1»i,8,=[¥,_, whete we set E, =P, 4 =,

_1+ Now assume
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30 =¢, and g, = tﬁk. Since Ek—s is projective we can complete

E
k-s
/
fs+1 /
/ Es
g

Ps+1_8_+Ks —0.
S

And for s <k, by applying Homy (Ek—s—l’ ) to

i 5

s+1 s

0 ;Ks+l ;Ps+1 »K.——0
we have the exact sequence
Hom (L,i_, )
0 —— Homp (Ek—s—l’ LS Hom, (Ek-—s-—l’ Ps+1)
Hom (1, 8 )
— Hom,, (Ek—s—l’ Ks)—* 0.

Since f_ ¥, €Homp(E, __ |, P_ ) while

isss/sﬂl/lk-s—l = isgs‘ﬁk.—s—l = /sl/’k-swk—s—l =0,

where i_ is monic, we have that o_f

Y
s's+l"kh—s—
€ Hom, (E Ks+l) such that i

, = 0. But then there exists 8s 41

E—s—1’ Y, __,- This completes the

verification of our first claim. Observe that by combining the two relations in-
M ? b
volving the f’s and g's we get ¢ [ = /r—ll‘[,k—n-l'
Claim 2. There exist maps b:E — P, , 1<r<k and t:L, =P,
1<r<k-1, suchthat b j =t |, t7 = [hs1-7— Pry2_,P, Where we set

s+lgs+l = /s+l

ty=1lp,1-
Proof. Since P, is injective, we can complete
Io
0——P 5 E,
/

fk+1l //,,1
"4

Ple+1

Also, since by hypothesis P, is injective, by applying HomR( , Pk) to

io 71
0— P05 E —1s L, —>0,

we get the exact sequence

Hom (7., 1) 'r[om(jo,l)
0 —— Hom (Ll’ Pk) _ HomR(El, Pk) ————— Homyp, (P, Pk) — 0.
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Further, by observing that [, = ¢, b, € Homp (E, P,) and that
Uy = Prs1Pio = fo = Psifeer = fafo = Teig =0

we have a homomorphism ¢, € HomR(Ll, Pk) such that t,7, = f, - ¢k+1bl' Now
by assuming that b, t_have been defined for 1 <7<s <k -1 such that b :
Er - Pk+2—r’ tr: Lr—' Pk+l-r’ hrjr-l = tr-—l’ and trrr = /k+1-r - ¢k+2—rbr

(where we set ¢ = fk+l), we define bs+1 by completing

J
0 — L —9E
s s+1

k+l-s

On the other hand, if s <k -2 we define ¢__, by first hitting
< s+

T
s+1

]
0——L 2, E — L — 0
s 's+l s+1
with the exact functor HomR( , Pk_s), to get
Hom (7, 1)
0 — Hom(L_,, P,_) = Hom(E_,,, P,_)
Hom(]'s,l)

———— Hom(L_, P,_ ) —0,

S

and then observing that f, _ _~¢, | b, €Homp(E_ , P, ) and that

(/k—s - ¢k+l-sbs+l)jsrs = /k-s¢s - ¢k+1—stsrs

= fk—sl’bs - ¢k+1-s(/k+1-s‘“ ¢k+2—sbs)= /k-s‘/’s - ¢k+1-sfk+1..s
= /k—s‘/]s - /k—S('bS =0

where 7_ is epic. Thus, (f, __- qSk“_Sbs“)jS = 0 and so there exists 1, €
Homp (L _ ., P, ) suchthat t_ 7. =/ _- B4 41-sPs 41+ This completes
the verification of our second claim.

We are now ready to construct the map / indicated in the first part of the
proof. We first consider [y = ®,b,: E, = P,. We note that Im Teo1 S
Ker (/l - ¢2bk) since, as seen in the proof of the second claim, (/l - ¢2bk)jk—
= 0. On the other hand, if (fl - ¢2bk) (x) = 0 for some x € E,, then (/Ik(x) =
¢I¢2bk(x) =0, ice., x €Ker ¢, = Im T4-1- Therefore, Ker(/lA - qubZ) =Imj, ..
But then /; - ¢,b, induces a map E,/Imj, , — P,. This is our map /. Now
consider

1
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00— Ek/lm jk—l

It is easy to check that this diagram is commutative. This is exactly the sit-
uation we had when n = 1. It follows that E, i is isomorphic to P, and so, is
projective. This completes the proof of the sufficiency part of (2.1). Observe
that since E, , is projective the column in Figure 1 is trivial for all but E,,
and P,.

(=). This half of the proof is the dual of the first.

1

Corollary 2.2. Let R be a left artinian ring. Then, l-dom dim R > n if
and only if Il-codom dim R > n.

Proof. This follows immediately from (1.5) and (1.11).

Corollary 2.3. If R is artinian, then the left codominant dimension of R is

equal to the right codominant dimension of R.

Proof. Miller [14, Theorem 10] has proved that for R perfect, r-dom dim R > 0
and /-dom dim R > 0 implies /-dom dim R = r-dom dim R. On the other hand,
Harada [S] has shown that if R is artinian, then [-dom dim R > 0 if and only if
r-dom dim R > 0.

Theorem 2.4. Let R be semiperfect and left noetherian. Then the following
are equivalent:
(a) I-dom dim R > n;
(b) dom dim P >n for each finitely generated projective =P
(c) dom dim rP 2 n for each [initely generated indecomposable projective
P;
(d) codom dim Q >n for each [initely generated injective rQ and each

R

[initely generated projective rP has a minimum injective resolution whose first
n terms are finitely generated,

(e) codom dim ,Q >n for each finitely generated indecomposable injective
rQ and each [initely generated indecomposable projective rP has a minimum

injective resolution whose first n terms are finitely generated.

Proof. By (1.2) and the characterization of finitely generated projective
modules over semiperfect rings, we have that (a), (b) and (c) are equivalent. The
equivalence of (d) and (e) is immediate from (1.4).

To show that (b) is sufficient for (d) it will suffice to indicate how the suf-



1973] CODOMINANT DIMENSION OF RINGS AND MODULES 135

ficiency proof of (2.1) can be applied. Let ,Q be finitely generated injective

with minimum projective resolution
. e e ———-)Pn — e e .-——+PI—.Q — 0,

The module P, is finitely generated since ,Q is. Further, the kernel of

P, — Q is finitely generated since R is left noetherian. But then P, is
finitely generated. By induction, Py, .-, P_ are all finitely generated. So, by
hypothesis dom dim P_ > 7 and it is straightforward to see that the same induc-
tive proof as used in the sufficiency proof of (2.1) may be applied to obtain
codom dim pQ > n

For P finitely generated projective with minimum injective resolution

O—-—,P——;EI————). . .——)En_—». .,

we note that (see Miller [14, Lemma 1]) £ is finitely generated by a result of
Faith and Walker (2, Proposition 2.4] since it is projective. By induction we get
that E,, ..., E are all finitely generated.
n
Finally, we assume (d) and let rP be finitely generated with minimum in-

jective resolution

O—-)P——-)EI_———b. . .——vEn—). .« e

Since E_ is finitely generated by hypothesis, codom dim E  >n and one shows
inductively as in the necessity proof of (2.1) that E  is projective. Hence, (b)

is equivalent to (d).

3. Codominant dimension of generalized uniserial rings. Recall that a gen-
eralized uniserial ring R is an artinian ring for which each primitive one-sided
ideal (i.e., each Re and eR where e is a primitive idempotent) has a unique
composition series. In the case where the ring is indecomposable, one can re-

late these indecomposable projectives in the following manner.

Theorem 3.1 (Kupisch [10)). If R is an indecomposable generalized uni-
serial ring, then any basic set of primitive idempotents e
be indexed so that

~ 2 ; ~

(a) Re,/]e, =Iei+l/] e ,p fori=1,-+v,n-1; and Ren/]en=]el/]2e]

unless Je, = 0;

cee ., @
T e for R can

(b) the composition length of Re, = C(Rez.) >2, for i=2,.e0,m
(c) c(Rel.H) ScRe)+1 for i=1,.ev,n-1;
(d) c(Rel) < c(Ren) + 1.

In this setting, Rel, ey, Ren is called a left Kupisch series for R and

c, =c(Rel), sreh,c = c(Ren) is referred to as the corresponding admissible
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Kupisch sequence for R. Observe that in general ¢, -+, ¢ is unique to within
an n-cycle. We say that Re, is a chain end provided c(Re[z.+1]) < c(Re ), where
[i] denotes the least strictly positive remainder of i modulo 7. It can be shown
that the chain ends are precisely the indecomposable injective projective R-modules
(see Jans [6, p. 1107]).

In light of the work done by Kupisch, Murase, and Fuller with a generalized
uniserial ring’s Kupisch series, it is natural to attempt to compute the codominant
dimension (or equivalently the dominant dimension) of such a ring from its Kupisch
sequence. Indeed, Fuller showed how this sequence of integers characterizes the
global dimension of the ring. In this section we prove a similar characterization
for codominant dimension.

First we state a somewhat technical but useful result due to Kupisch [10]
and Fuller [3].

Lemma 3.2. Let R be an indecomposable generalized uniserial ring with
Kupisch series Rey,---, Re and ]kei £0. Then,

(a) ]ke = Rey, k]/]Ci—k " CLi—kl

(b) J*e,/*+le, = Ref,_ w/ Jewy

(c) E(Re /e, ) = Re(; q._ 1]/] " elipd 1]
where d; = c(elR)

Proposition 3.3. The codominant dimension of an indecomposable generalized

uniserial ring is completely determined by the ring’'s Kupisch sequence.

Proof. Let Re,,---,Re bea Kupisch series for R and c;5 -+, ¢, its
corresponding Kupisch sequence of integers. In light of (1.9) it will suffice to
show that codom dimE(Re ./ Je ) is completely determined by ¢, ---, c_ for
i=1,.,n

With this in mind, we fix i, set Q = infij: Rek. is not a chain end}, and

inductively define two sequences {s 1 {k } by settmg

= c(el.R), ko= [:4 So - 1]

and

We shall show that codom dim E(Rel./]ez.) is equal to « or . depending on

whether or not s, < 0 for some j< ().
Fix m <. By (3.2)

Ep(Re,/]e,) = Reko/fso

and
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S . S.l
J7+.e, =Re, /]t e

] j+1 k

j+l

provided Sig1” 0. Moreover, in this case Re,k,‘].+1 is a projective cover for

] €k;j+ Hence, assuming that sA> 0 for j=1,2,.-4,m,

ﬁPe

\/

k

m-1

5 ER(Rei/]ei) S—— )

K/

0

affords the first m + 1 terms of a minimal projective resolution of ER(Rei/]ei).
Since Rek]. is a chain end for j=0,1,..., m and so, injective,
codom dim ER(Rel./]ei) >m + 1, Consequently, codom dim ER(Rel./]el.) >Q.

Now if codom dimE p(Re;/Je)> Q. and s;> 0 for each j <Q, then by
considering the above minimal projective resolution of ER(ReZ./]ei) we see that
Rekﬂi must be injective and hence, a chain end. This is impossible, however,
so we conclude that codom dimE p(Re;/Je ) =Q

Finally, if s;<0 for some j<Q, then it is immediate that
codom dim ER(Rel./]ei) = oo,

Lemma 3.4, Let Ry, R, be left perfect rings and M, € le, M, € Rz)ﬂ.
Then M| and M, are naturally R, ® R,-modules and

codom dim R ®R 2M1 D M2 = z‘r__n;rlz codom dim R, Mi'

Proof. Let

.. .——+Pn—->- . -———*Pl———-»Ml——-ao
and
e e .___,Iil,__)o . .——;P{——-.)Mz_-)o

be minimal projective resolutions of RlMl and R2M2 respectively. Then,
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. ._._,PnQP';_—-)- . .___,PIeP;_—»MIeMZ—»o

is a minimal projective resolution of M, ® M, € RIQRZ')R, where each summand
is now considered as an R;® R,-module. Further, P & Pi, is Ry® R, injec-

tive if and only if P is R, injective and Pz.' is R, injective.

Proposition 3.5. Let R, and R, be left perfect rings. Then,
l-codom dim R; & R, = min__, , [-codom dim R ..

Proof. Each simple left R, @ R,-module can be obtained from a simple
Ri-module, say p S, for either 7=1,0r 2, by considering § as an R, @ R,-mod-

1
ule. Also, Er, @ RZ(S) =r,0 Rz(ERi(S)) where we consider ERi(S) as an

R, ® R,-module. But then, by (3.4)
codom dim Ej op (§) = codom dim E, ($).
1 2 i

The desired result now follows from (1.9).

Corollary 3.6. The codominant dimension of a generalized uniserial ring is
completely determined by the admissible sequences of its indecomposable direct

summands.
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