TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 176, February 1973

INFINITE COMPOSITIONS OF MOBIUS TRANSFORMATIONS(!)
BY
JOHN GILL

ABSTRACT. A sequence of Mdbius transformations {tn};":l, which converges
to a parabolic or elliptic transformation ¢, may be employed to generate a second
sequence {Tn};.f:l by setting Tn =t SERR) t . The convergence behavior of
{Tn} is investigated and the ensuing results are shown to apply to continued

fractions which are periodic in the limit.

This paper treats the convergence behavior of sequences of Mdbius transfor-
mations {Tn(z)} which are generated in the following way:

Let t (2) =(a z+ b )/(c z +d), where t=lim¢  is either parabolic or el-
liptic. Set T,(z) = 1,(2), Tn(z) = Tn_l(tn(z)), n=2,3,.--,

Our approach is essentially the same as that of Magnus and Mandell [1], who
investigated the cases in which the 7 and t are hyperbolic or loxodromic, and in
which the ¢ and ¢ are all elliptic. They established conditions on the fixed
points {u }and {v,} of { } that insure behavior of {T (2)} very much like that ob-
served in the special case ¢ =t for all » [2]. Convergence is in the extended
plane, so that divergence is of an oscillatory nature only.

The present paper consists of results concerning the two remaining possible
combinations of ¢ and ¢:

(1) ¢, any type and ¢ parabolic, and (2) ¢_ elliptic or loxodromic and ¢ ellip-
tic. The principal result obtained in the investigation of case (2) is an extension

and sharpening of the main theorem in [1].

The parabolic case. First consider the case in which ¢ = lim t, is parabolic,
with a finite fixed point v. Some conditions on the rates at which u, and v, ap-
proach v are necessary, as the following example illustrates.

Example 1. Let t, = [n/(n + )I°z + 1, where s =1+ iy, y#0. Then t =

z + 1, which is parabolic with fixed point v = . We have
Tn(z) =z/(n+1)° + gn(S),

where {n(s) is the truncated Riemann-Zeta function.
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It can be shown, [3, p. 235], that Cn(s) oscillates finitely as n — o for the
prescribed values of s.

Set X(z)=z/(z - 1). Then X~lo t, o X(z) = t:‘l(z) and tn(z) are the same
type of transformation [1], and = X~1 o 0 X has the fixed point v*= 1. Obvi-
ously

T2 = oeee 0t (2)=X"1oT oX(2)
n 1 n n

has the same convergence behavior as Tn(z).

Theorem 1. Let {tn} be a sequence of Mobius transformations converging to
a parabolic transformation t, having a finite fixed point v. If there exists an or-
dering of u, and v, the fixed points of t, such that Zlu, - v | andZnlv, - |
both converge, then the sequence {Tn(z)} converges in the extended plane for

every 2.

Proof. Assume the tn’s and ¢ have been normalized so that andn - bncn =
ad - bc =1, and that a +d = 2.

First observe that any ¢ may be written implicitly

1) 1 _ k, .
( t(-v z2-v, T
where
k,=1 if t, is parabolic,
=(a,-cou)/a, ~c,v) if t isnonparabolic
and

4, = ¢, if t is parabolic,
=(k, - 1)/(v, - u) if t is nonparabolic.

It may easily be shown that limk =1 and limg =c £ 0.
Next, set

Yn(Z) =1/(z - vn), Kn(Z) =k, 2z Qn(z) =q,+ 2
Then
1 (2)=Y"100Q oK oY /().
Set
wn(z)= Qn OKn [¢] Yno Y;:l(z), Sn(z)—_- Qn OKn ° Yn(z), n= by b+ 1:"'9

where b will be chosen later. Thus

Tn(z)= Tb_lon—lowb Oues ownoSn(z).
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Direct computation shows that wn(z) = (pnz + qn)/(rnz + 1) where 7 = Vot n
and p =k, +4q,r,.

Set Wz(z) =wy O:ee0 wn(z ), and consider the convergence behavior of
{W:’l o Sn(z)}:=b+1 for a fixed value of A.

Let Wﬁ(z): (Aﬁz + Bfl)/(Cflz+ D’;), where

@ \ A2=pn’42-1+’n3f1-1’
(3) L L L
@ Cf,=PnC',’,_1+’nD',i-p
2 sz=qncfz—~l+sz—l'

It follows from (2) and (3) that

A2=HP1-+Z<HP,-)% AEDI § VAR AN
! 1k P RyTky Ry
6)
+"°+Z(Hpi)qk1'k2"'qk r

2j-1%2f

where h<k, <.e.<k;<h+m=n,1< 1 < 2j. The g- and r-factors alternate, and
(Ilp,) designates finite p-products with i > h.

Lemma 1. Suppose {r

b+k.}5‘=1 are the r-factors in a term of Aﬁ, Then there

are no more than s terms having this specific set of r-factors in A:, where s <
n_ k.
i=1"1

Proof. The proof is by induction on the auxiliary recurrence relations:

Ab Ak

]
h+m btm~17T rb+mB

bem-1 and Bp = A7+ B}

b+m b
We observe that

b=+ =1+ (v, —u)g; + 47,

so that, by hypothesis, le. converges, and there exists a positive number M such
that both |lIp | and |q,| are less than M for 7 greater than some b.
Fix €¢> 0 and choose b so large that the following conditions are met, in ad-
dition to those described above: IHZp. - 1| < ¢2, for n> b, and P ymlr, |
7 - m= h+m
< I/M, where [ < min{l, M, & (2M + €)}.

Consequently, by the preceding remarks and Lemma I,

AZ -I}:I p,\ SZ |(nPi)qklszl toeer t Z I(Hpi)qkl e rij

< M2(I/M) + oo v+ WHII/MY < /2.
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Hence |Az— <7 p, - 1]+ ¢/2<e.
In an entirely similar manner it may be shown that |C£| < ¢, for a sufficient-
ly large b.
(2) and (3) give
b b b b
Aptm = FptmBpam 1= Doam b emPem-1" TotmBpam- 1>

from which we obtain

1)AP B

b b
™ A -4 =(k btm=11 ThamChem:

bh+m bh+m~ bh+m

Summing both sides of (7),
“ b
®) b+m - }; b+j I)A pei-17 z ’b+, b+7
Upon summing, (3) gives
©) b 3 b
Byim =1p* Zl TpeiAp4i-1°
I:
Combine (8) and (9) to obtain
10) A=ty Zl (k,,, - DA o1 Zl "hej <qb + ZI qb+iAb+i>‘
ji= j= =
Thus, from (10), if |, | < Mand |42] <3,

|AP | <3|k ~ 1]+ My, 01+ 3(m + 2)]

b+m+1 "~ b+m hb+m+1

< 3llky, ey — 1+ Mim+ N7y ymarlde

Therefore

b
|Ab+m+n b+m‘ < Z |Ab+m+7 - Ab+m+j-1|

7 n
< 3M[Z |Ub+m+i— ub+m+i| * Z (m+j+ Z)lrh+rn+i|]'
j=1 j=1

The last expression on the right may be made arbitrarily small by choosing m

sufficiently large and n a positive integer. The Cauchy criterion is satisfied and

we have

(11) lim A= K4, b)) =1
n —o00

Similarly,

a2) 'fi_inoo ch = KC, b =o.

It is obvious, from (9), that

n—00
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Also,

n=2 n-~2 n-2
b nh b b b
APD) — B, C> = det W) = r;,l (det w].) = I};I /e]. = I;I [1+ q].(v]. - u].)].

The hypothesis implies the convergence of this product to some number close to

one, as n — o, Hence

(14) lim (D%/B)=1, = o.

n-—00

It is now possible to complete the proof of Theorem 1 for z £ v. We have,
from (11), (12), (13), and (14),

b/ npb
(A7/B7)S (2) + 1

1
lim W2 oS (2)]= lim ==
oo MM oo (ch/BPYS (2) + (DP/BP) Ly
Thus, lim, T, (z)=T,_,° Yb(l/lb)’ z £ v,
We divide numerator and denominator of W:’z °§ )by S (v) and find, after

some computation, that

Lim TW=T,_ oY, (1/L).
Corollary 1. Let {¢ } be a sequence of normalized Mdbius transformations
converging to t, which is parabolic and has a finite fixed point. If t (z)=
(a,z + bn)/ (c,z +d,), then the convergence of the following four series imply the conver-
gence of {T (2)} for every z: Zn] \[[(an+1 +d,, I)2 -4]), Enla'2
2n|cn+ 1= cnl, 2n|dn+ 1= dn|.

+1 -anl’

The following example shows that the hypotheses of Theorem 1, although
sufficient, are not necessary.

Example 2. Let
t(2) = (v +1)z- vi]/[z +(1-v)],

-1 .
where v, = 0and v, = 2:2 (= 1)%/k for n> 2. Then limv, =v=-log2, and
both t and ¢ are parabolic. An intricate investigation, somewhat similar to the

proof of Theorem 1, shows that {Tn(z)} converges for every z £ v.
The elliptic case. We next consider the case in which ¢ = lim¢_ is elliptic.

Theorem 2. Let it } be a sequence of Mdbius transformations having fixed
points {u } and tv }, chosen so that |k | <1. Let t =limt  be an elliptic trans-
formation having finite fixed points u and v.

Q) If 2lu, - u,_,| <eo, v, —v, _ | <o, and Nk, — 0, then {T (2)} con-
verges for every z except perbaps z = v.

(1) If Zlu, = u,_,| <eo,Zfv_~v__ | <o, and Mk, | converges, then
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{T (z)} diverges by oscillation for z # u, v and converges to distinct values for

z=wuand z =v.

Proof. Set Y (2)=(z - un)/(z -v,), K (z)=kz, w, _(z)= K"“,l °Y, 1
Y71z), S, (z)= K_°Y (2), and Wa(z) = wy o+ e0w _(z) = (A2z +BE)/(Chz + DD).
Then

tn(z) = Yn" s K, o Yn(Z)’
and

_ ~1 b
T()=T, _ oY, oW oS (2).

As before, w (2) = (pnz + qn)/(rnz + 1), where p, = le."(vn+1 - un)'/(v'z —u,, 1
etc.

We choose a positive € and find an b such that IAfl -1 p].| < €and |Cz| <e€
for n> b. Thus lim__ ., B”=1(B, b) = Oand lim_ D% = 1D, b) = 1.

The following formula is established by induction:

n n-2 7
b b ]
(15) An=IbI[7]~+ Z <H1 P]) rm+le+ ran—-l'

m=h \m4¢

— 20

We observe that ﬂZIp}.l = HZ|k’.| . HZ (1 +s,), where 2|5j| < o, Therefore, in

. n .
case (i), l'lb|p].| — 0, as n — . The three terms in (15) tend to zero, as n — ~.

Hence, lim _ AP = 0. In similar fashion, lim ch=o.
—" n 7n -— 00 n
Consequently,
. — -1 . b -1 l(B, b)
lim T(2)=T,_,°Y, ° lim WalS,(2)) = T,y oY ogpiy

for z # v.
The hypotheses of case (ii), and the observed behavior of the coefficients of

WZ provide a straightforward proof of the next lemma.

Lemma 2. For a fixed z £ v, there exist [inite numbers M and b, such that
h>hg,n>h,m>h~1imply|S (2) <M and ITZ(Z) v | > lu~ ]| /40 + M).
Using (1) and the fact that

1 1 Yy ™ Vntit

IS S P BT VRN ¢ BT R O I

n4l n n+1

the following formula may be established by induction on n:

n -
1 kuj n-1 m > U'n Vot l

- S (1T

Thz) v, 2% men N b TR o NI — )

-1 m km+l~—1
N
1\ v u

m=h - m+l T %mel

16)

R

where HZ- 1 k].

il
—
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We may rewrite (16) in the form

1 (HZ/ej)(z - un)

Tz(z) -y, B (z - vn)(vn - un)

v ——
m Um+1

n-1 m
a7 + 2 <H’€>
5 \'p ! (T:”l(z)—vm)(T,:”“(z)— vt

n-1 m v -V 4+ U ~u k, -1 k
+ Z (nk]> m+1 m m m+1 + b _ b .
a1 \'p (vm-um)(vm+1—um+l) Up T Uy Uher T ¥4

Set

r:ka = exp(!é 01‘>I:IIk,~I,

F=F(z)=(z-u)/(z - v)(v-u), R=|F|sin(|0'|/4), where argk = 6= 0" (mod 27),
16| < a.
We choose b so large that the following conditions are satisfied, in addition

to previous stipulations:

R z-u,

(18) |/, <7, where F+ [ = ————,

(z=v Mo, —u)

R k, -1 k 1
19) |/, <=, where —£ - b =f + s
26 Vp = Uy Uppp Uy 0 U=V
n

(20) |/3| <min{l, R/6|F|}, where rbllkjl =1+,

Rlv - u|?
an 5 oy - o) < Rlemel

T 06(1 4 M)?

R - 2
@) %l - 1) < L2l
(23) |v —ul>—|—li~—ul, m>h-1,

m m 2 -
Then, from (17), we obtain
n
1
(24) -_’;__l__= | F| exp[i <arg F+ 29].)] +u_U+H(h, n),
Tn(Z)—vb )

where |H(b, n)| <R.
The sum of the first two terms of (24) is a point on a circle C with center
1/(u - v) and radius |F|. Hence 1/(Tfl(z)— v,) lies in a disc U(h, m) at radius

R with center g on C. R has been chosen so that three tangent discs of radius
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R with centers on C can be constructed if the centers of the two end discs are
separated by a central angle of 6.

Clearly, the sequence {I/(Tz(z) - vb)ic::b diverges by oscillation, so that
{T:(z)}rz , must do likewise. The pattern of divergence bears a close resemblence
to that observed when ¢, = ¢ for all n. In this special case

1
— = |F ] F
Ty |F|expli(arg F + n0)] + ——
Convergence at z = u is easily established, since § (z) — 0. We return to
the beginning of the proof of case (ii) and interchange the z ’s and v ’s, in order
to show convergence at z = v. The development in [1] can be paraphrased to show
that lim T _(u) # lim T, ().

Corollary 2. If the transformations t_ converge to the elliptic transformation
t, where a d -b c =ad-bc=1and 3a -a, .|, Zb,-b, s Zlc, -c
and ZIdn -d,_,| all converge, then {T (=)}

(i) converges for z £ v, if Ik, — 0,

n=11?

(ii) diverges for z # u, v, and converges to distinct values at u and v, if

Hlknl converges.

Continued fractions may be interpreted as compositions of M8bius transfor-
mations, and may be written so as to display the fixed points. Set ¢ (z)=
- unvn/ (- (un + vn) + z), to obtain

—u vy —U,

(25)

“luy+v) =y +vy) +eee,

whose nth approximant is T, (0).
The following two examples are applications of Theorems 1 and 2 to contin-
ued fractions which are periodic in the limit.

Example 3. Let u_ = |u, |exp(if ), v, = lv_lexp(i, ), where lim|u | =
limlv | =c #0, lim6_ =0, limp, =, 0 # ¢ (mod 27). Then

limk = limiun/vn\exp[i(ﬁn - ¢ ) = k=expli(d - $)],

so that ¢ is elliptic. Theorem 2, case (i) guarantees the convergence of (25), pro-
vided |un| and |vnl are chosen so that HIun/vnl — 0, (e.g., lun| =1-1/n2,
lv | =1+1/n).

Example 4. Let u =c+¢,v,=c+ 8, where l.im €,=limd = Q, c#0,
E|en - 3,,[ < oo, Enlﬁn“ - 8n| < oo, (e.g., u, =~ Y~ i/n?, v, =- Y% + i/n%). Then
t is parabolic, and Theorem 1 insures the convergence of (25).
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