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ABSTRACT. The inversion of the classical Hankel transform is considered
from three viewpoints. The first approach is direct, and a theorem is given which
allows inversion in the (C, 1) sense under fairly weak hypotheses. The second
approach is via Abel summability, and it is shown that inversion is possible if it
is known that the Hankel transform is Abel summable and if certain critical growth
conditions are satisfied. The third approach rests on the observation that Abel
means of Hankel transforms satisfy a variant of the GASP equation in two argu-
ments. In this setting the inversion problem becomes a boundary value problem
for GASP in a quadrant of the plane with boundary values on one of the axes; a
uniqueness theorem for this problem is proved which is best possible in several
respects.

1. Introduction. We shall use the notations Sv(z) = zl/zjv(z) and
P (s, x 1) = f T emS, ()8, (sy)dy

for v>-1/2 and z, s, x and ¢ positive; here |, denotes the Bessel function of
first kind and order v. If the function [ has domain-E x (0, =) we use the nota-
tion ||f(x, 8)]| = sup|f(x, #)|, the supremum being taken over all x in E for fixed
positive #; thus ||/(x, 1)|| is a function of z. The main results of this investiga-

tion are contained in the following three theorems:

Theorem 1. H. (1) v > —1/2 and g and h are locally integrable over [0, ).
(2) b is finite valued and

lim J‘: g ) S, (xy)dy = h(x)

R —o0
for each positive x.
C. glx) =limy_ A~} f(); du [% by S, (xy)dy a.e.

Theorem 2a. H. (1) —1/2 < v < 1/2 and g is locally integrable over [0, ).
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(2) gly) = oly¥*1/2) as y — . (3) b is a finite valued member of L0, ) and

lm(;+ f e g(y)S (xyVdy = h(x}
t—-'

for each positive x.

C. glx) = [T p() S, (xy) dy a.e.

Theorem 2b. H. The same as Theorem 2a except that v> 1/2 and gly) =
oly) as y — oo.

C. The same as Theorem 2a.

Theorem 3. H. v> 1/2 and [(x, 1) is @ C? solution of the equation u__ +
= (W2 - 1/4)x~%u in the quadrant (0, ) x (0, ). (2) [|/(x, D) is bounde; on
compact subsets of (0, ), is olt) as t — o and is o(t™?) as t —0. (3) f(x) is
a finite valued member of L0, ) and lim, _, f(x, ) = [(x) for each positive x.
C. f(x, 0= [7 [(S)P,(s, x, Dds for all positive x and t.

The second hypothesis of Theorem 1 expresses that b is the (vth) Hankel
transform of g. When v =% 1/2 the Hankel transform is a Fourier sine or cosine
transform; in this case Theorem 1 is well known and is proved in [7]. Theorem 1
can be proved by adapting the argument given in [7]; since the proof is cumbersome
and fairly routine, we shall omit it. If H(x)=0 and —1/2 < v < 1/2, then Theorem
1 fails if its second hypothesis is interpreted in the (C, 1) sense (for an example,
take g(y) = yv“l/z); however, as shown in [3], this is no longer the case when
v = 1/2; what happens in this regard when v > 1/2 seems to be unknown. A
conjecture is that (C, v + 1/2) is appropriate in place of (C, 1) and that this
should fail if (C, v+ 1/2 + ¢ is used (I am indebted to the referee for this con-
jecture).

Theorem 2 is a partial generalization of Theorem 1 and is a variant of known
theorems about Fourier series and transforms ({4), (101, [11]). Interestingly,
Theorem 2 is best possible with respect to the growth condition on g(y); that is,
if o is replaced by O in its hypotheses, the theorem fails. To see this, take
g(y) = y“*1/2 in Theorem 2a and g(y) = y5.(3) in Theorem 2b; then b = 0 but it
is not the case that g(x) = 0 a.e. We shall obtain Theorem 2 as a corollary of
Theorem 3 and its proof.

We shall denote by E, the partial differential equation which occurs in Theo-
rem 3; and we shall use the abbreviation [ = (0, ) x (0, «). It is easily seen that

if f(x, t) satisfies E, on [ then ulx, D =x"Y="1/2flx 1) satisfies the equation

-1 _
uxx+u”+(2v+ x ux—O

on 1. This latter equation is the equation of generalized axially symmetric

potentials (GASP).
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Theorem 3 is best possible in several respects. For example, it fails if
v =1/2, as can be seen by taking f(x, t) = e”*sin t. If f(x) is not finite at one
point, Theorem 3 fails by virtue of the example f(x, 1) = P (1, x, 8. If f(x, ¢) =
0(t=2 as t — 0, the function [(x, #) = P, (1, x, 1) provides a counterexample. It
is not known whether the hypothesis [f(x, )| = o(t) as ¢t — = can be relaxed.

Theorem 3 was motivated by the work of V. L. Shapiro in [5] and [6]. We
remark without proof that Theorem 3 is valid in the case v = 1/2 if the first
quadrant is replaced by the upper half plane and the kernel P, is replaced by the
usual kernel for harmonic functions in the upper half plane.

2. Lemmas. This section is devoted to thirteen lemmas which yield Theorems
2 and 3. Of these lemmas, the first four are easy and the fifth is known. Lemmas
6-11 have more or less direct analogues in [6], but their correct formulation and
proof offer some challenge; accordingly, we have tried to emphasize the more
difficult steps in proving Lemmas 6-11, leaving the easier steps to the reader.
Lemma 10 is proved in detail in arder to illustrate the role of Lemmas 8 and 9.
Lemmas 12 and 13, which together imply Theorem 3, are less straightforward than
the rest.

We introduce some facts and notations. The letter A will be used to denote

constants. Legendre’s function of second kind and order a is given by

Qa(.w‘ =7 (a+ DM a + 3/2)"1(2w)"a"1
(1)
cFla/2+1/2,0/2+1; a+3/2 w2
for a>~1 and w > 1; here F denotes the hypergeometric series of Gauss. For

positive s, x and ¢ we write
() z=2(s, % ) =(s?+x2 4 tD/{2sx).

It is proved in [8] that

(3) P (s, x, t)==tlmsx)"1Q! _ 1,208

It is a consequence of (1) that there exist constants A depending only on v and

n such that

(4) 19, _1,,@) < Aw=Y" 1/ 2|1og (w - 1)|
and
(5) 109 @] < Aw™¥ "1 2w - 17"

hold for v>-1/2, w>1 and n=1, 2,--- . It is clear from (1) that, when
v>-1/2,
6) QV”I/Z(W)=O(W—V—1/2) as w — oo,

Lemma 1. H. (1) f(x, #) is continuous for x>0, t> 0 and satisfies E , on
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I, where v>~1/2. (2) For each T >0, f(x, t) is bounded on the strip 0< t< T,
x>0. 3) [f(x, )] = o) as t — .
C. If f(x, 0) =0 for each positive x, then f(x, t)=0 on I

We omit the proof of Lemma 1, which is easily carried out with the aid of the
comparison function he(x, =[x ) - e(xVPV/ 2=vHL/2y(q t), which is a solu-
tion of E, on I for each ¢> 0.

Lemma 2. H. (1) v >-1/2 and g is continuous on (0, ). (2) There exist
positive numbers a and 3 such that g(s) = O(s¥*3/2-P) as s — = and g(s) =
O(s~V=3/2%) 45 s 0. (3) f(x, 1) =f0°° g(s)Pv(s, x, ds on I

C. (1) f(x, 1) is a C? solution of E, on I (2) For each x;,> 0, flx, ) —
g(xo) as (x, 1) — (xo, 0). (3) If g is bounded on (0, =) then f(x, t) is bounded

on I.

Since the proof of Lemma 2 is a straightforward application of (2)—(6), we

omit it. An immediate consequence of Lemmas 1 and 2 is

Lemma 3. Under the hypotheses of Lemma 1, f(x, t) = f’0° (s, OV P (s, x, D) ds

on I.

Lemma 4. If v > 1/2 there is a constant A, depending only on v, such that
1P, Ls, x, Dds <A/t on |

Proof. Using (3) and (5) we obtain that

J-ow vaX(S, x, t)| ds
< Ax~? fow [sz(z - D] Yds + Atx™3 Iooo [s22(z - 1)2]"1|52 +t2-x2|ds

= II + 12.
It is easy to see that z > (x? + t9)1/2/x; and it follows that

1< A2 D72 [Pl =02 + 127 s < A,

A similar estimate shows that I, <A/t and Lemma 4 follows.

We introduce the difference quotient
Gz(x, b, F)
7 -
e+ s VDB Flx+ D) +x -+ 1721 F(x - b) = 2xF (x\}/b

and denote its lim sup and lim inf as » — 0 by G’; F(x) and GZ* F(x) respectively.

In general, for functions [(x, t) we abbreviate

[*(x) = lim sup f(x, 1) and f,(x)=lim inf (x, ).

t—0+ t—0+

Lemma 5 is proved in [4].



1973] HANKEL TRANSFORMS AND GASP 63

Lemma 5. H. (1) v>-1/2, 0< a< b and F(x) is continuous on (a, b). (2)
On (a, b), [(x) is finite valued and integrable and G ,,F(x) < f(x) < G’; F(x).
C. There are constants p and q such that

- x _v-1 r v
F(x) = px +q+fa r dr fas f(s)ds
bolds on (a, b); when v =0 the term px~ 2V should be replaced by p log x.

Lemma 6. H. (1) s¥*'/2F(s) is continuous and bounded on (0, ), where
v>-1/2. 2) F(x, 1) = x~V-1/2 f‘:; sYH/2 B(s) Pv(s, x, ds on I

C. For each positive x, G, Flx) < x lim sup, o [- F“(x, )] and G: F(x) >
x lim i“ftﬁo[_ Fu(x, Nl

Proof. We observe that it suffices to prove the first inequality of the conclu-
sion. For brevity we denote G(t) = F(xo, D, [(x, ) = —xv“/zF”(x, t) and RV(w)
= (w?-1)? QZ _ 1/z(w). Fix & in the interval (0, x0/4). It is a routine matter to
establish that

(8) R, (w)=2+(9/4- D(w -1+ 0w - 132 as w — 1+.

In this proof we use o(1) to denote any function which tends to zero with t. The

key to this proof lies in establishing that

[6 /) + 4GV F () [0+ s s

©)]
+ 2t(ﬂx0)'l .[08 w2t 4 uz)"sz(xO, u, FYdu = o(1).

To prove (9) we use (1)—(8) to write
(G (/1) = —tx5¥= %2~ f0°° sV ()22 - D72R (2 ds

x,td
—_—V— - 0
= o(l)+tx0V 5/2( gy =1 L . Sv"3’/2F(S)RV(z)[(z-1)"1—(z—1)"2]ds
0
= o(1) + txgy"5/2(477)“1

x  +8 .
(10) L O ST 02 - 4z - D20 - D 2as
o-

=o(l) + x(’)""'3/2(v2 - 1/4)
)
(2m-1 f ;t/t (.xo a2, N"IF(xO + ut) du

§
- 2txa’/‘1/277"1 f 5 (xo V2,2 12)‘2F(x0 + udu.

Now (9) is obtained from (19) by applying the binomial theorem to fxg+ ut)?-1/2
and (x, + w12,
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Now assume, to obtain a contradiction, that
(11) G F (x> m> xaw'l/zf*(xo) for some real m.

It follows from (11) that there exist positive numbers ¢, £, and 8 such that 0<
d< x0/4 and

(12) Gz("o’ u, F)Zm+e>m~52x6v+l/2f(xo, t)

for 0<u<8 and 0<t< ¢ty Because G"(t) =-x5""~ l/zf(xo, 1), (12) yields that
G"(1) > (e~ m)/x, for 0<t<t, and it follows that

(13) G'(t) + mt/x is a strictly increasing function of ¢ in the interval (0, to)

By Lemma 2, G(?) is continuous on (o, to] if we define G(0) = F(xo); so, using
the mean value theorem twice and (13), we conclude that for each ¢ in (0, ¢))

there exists a number p in (0, ) such that

G@t)-G(0) mt G (p) -G(0 mp
(14) Tt 5’_‘_0 > ‘__7,' -t E,};’
But a straightforward computation based on (9) and the first inequality in (12)

shows that

; d f[ew-60 m]_,
(15) imsup gr [T A, | <

Now (14) and (15) are contradictory, so Lemma 6 is proved.

Lemma 7. H. (1) f(x, t) is a C? solution of E, on I, with v> 1/2. (2)
I/ (x, D\ is bounded on compact subsets of (0, =), is olt=?) as t — 0 and is
ot~ as t — . (3) F(x, 7 =_x~V-1/2 f‘;° dr f:° f(x, s)ds on I. (4)0<a<b
and lim,  Flx, 1) = F(x) exists and is continuous on (a, b).

C. (1) G, F(x) < x~ V1 21%(x) and G’; F(x) > x~¥*1/2f (x) on (a, b). (2)
If a<a<B<b then Flx, 1) — F(x) uniformly on [a,8] as t —0.

Proof. By Lemma 3,
(16) [(x, s) = f0°°/(u, s/2)P (4, x, s/2)du

holds for (x, s) in I. Substitution of (16) into the formula of our third hypothesis
and application of Lemma 4 allows us to differentiate with respect to x under

the integral sign to conclude that
V2R (x, 1) is a continuous solution of E,, and

17 VPV (x, 1) = ~(x, 1) on I

Next we define
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__ [~ oo V+l/2
(18) be, == [Tdr [T 572 (x, 5)ds
on I. An argument similar to that which establishes (17) yields that

b(x, t) is a continuous solution of E, and

1
(19) b”(x, t) = —xvﬂ/zF(x, t) on I

It follows easily from our growth assumptions on f(x, t) that h(x, t) is bounded
on I and that, for ¢, and ¢, in an interval (0, ¢, |hlx, tl) - blx, tz)l <

A|t1 - t2|, where A depends on ¢ but not on x. Therefore there is a bounded
continuous function » on (0, =) such that

(20) h(x, t) = h(x} uniformly on (0, =) as ¢t — 0.
So, by Lemma 3, we have that on I,

(21) hlx, t) = fo°° b(s)P (s, x, t)ds.

Next we conclude from (21), Lemma 6 and (19) that

(22) G lx™" V25 ()] < xF (x) < Gy« 1/ 2h ()],

Now (22) and Lemma 5 yield that there exist constants p, and g, such that

a

(23) x=V=1/2p(x) = pzx’zy +q,+ fx rm2v=1g, f;SZVHF(s)ds

holds for a < x < .

Let Fl(x) be a bounded continuous function on (0, ) which agrees with
F(x) on [a, B] and vanishes outside (a, b). For (x, t) in I define

Fl(x, t) = fow Fl(s)(s/-x)VH’/sz(s, x, 1)ds and

v+1/2 [ had
bl(x, t) =x ft dr fr Fl(x, s)ds.

Then arguments paralleling those of the preceding paragraph yield that (19)—(23)
hold with b, in place of b, F, in place of F and p,, q, in place of p,, q,.
Next we define b,(x, 1) = h(x, 1) - by(x, 1), b (x) = hlx) - hy(x), p=p,-by 9=
9,- 4, It follows that hz(x) is bounded and continuous on (0, ),

(24) b,(x) = px"VH/Z + qu+1/2 on [a, B],
and
(25) byl )= [ hs)P (s, %, )ds on I

We propose to establish that, for a < x < g3,

(26) 84b2(x, )/ttt -0 as t — 0.
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Note that once (26) is proved the first conclusion of Lemma 7 follows easily.
To prove (20), fix x, in (a, B). Differentiation of (3) yields that

4
_n.(_a_P (s x, 1) = ts(sx) 5Q( 1 /Z(Z) + lOts(Sx)-4QL4__)ll,2(z)
7) ot

+ 15¢ (xs)'3Q£;’__)I/2(z).

Choose & so that a< x; -8 < x,+8<f. Then it follows from (27) and (5) that

.ﬁs |25 2(8)——1’ (s, %, t)a’s and

(28)
(S—V+1/2+ u+1/2) P d
J‘|s xO‘?_S p 7° at (S *0 t) o

tend to zero with ¢.

By Lemma 1,
e""Sv(er)r_V_ /2 _ fox SV(rs)r'V"l/zPV(s, X0 t)ds
for positive r and f; letting 7 — 0 we obtain by dominated convergence that

(29) : fx vtl/2p (s, L ds = xV+1/2

We obtain by definition of P, Fubini’s theorem and dominated convergence that

(30) fox s'Vﬂ/ZPV(s, X 1)ds = 217 ()1 fow e~ tyV= l]V(xoy)dy.
It follows from (30) and [8, p- 386] that

9 oo —vr1/2
(3D O [ sT2P (s, g Ods = o) as £ =0,

Finally, (26) follows from (28), (29), (31) and the fact that four differentiations
with respect to ¢ are permissible under the integral sign in (25).

To prove the second conclusion of Lemma 7, it suffices to prove that if
a<a,; <B,<B then F (x, t) — F(x, # — 0 uniformly on [al, B, las t— 0.
Smce F (x 1) - Flx, t) = x"”"l/zbZU(x, 1) on I, we see from (25) that we shall
be done once we show that bZH(x t) — 0 uniformly on [al’ B 1 as t — 0; the
proof of this last assertion is very similar to the proof of (26), so we omit it. This
completes our proof of Lemma 7.

Smoothness is defined in [11].

Lemma 8. H. (1) The first three hypotheses of Lemma 7.
2) Glx, t) = _fz dr fr x Fx(x, s)ds on L

C. lim, _, Glx, ) = G(x) exists and is continuous and smooth on (0, ).
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Proof. Fix x> 0 and define 6(s) = ||/(x, s)|| + ||/ (x, 9|, B(x, s) =
xzvﬂFx(x, s) and

8(s, D) = b~ 1B (xy+h, s)+ Blxy—h s)=2B(x, )] for s>0, x>0

and 0< b < x0/2. Using (16), Lemma 4 and our growth assumptions on [(x, t) we
obtain that

(32) 0(s)= ols™3) as s >0 and 6(s) =0(s~%) as s — o

Using (16) again, we see that if K is a compact subset of (0, ) then there is a

constant A, independent of x and s, such that

(33) |B(x, s)| <A f: dr f:o 6(«) du

for x in K and s> 0. It follows easily from (32) and (33) that G(x, t) — G(x)

uniformly on K as ¢t — 0, where
(34) Gx)=- fo dr fr B(x, s)ds

is continuous on (0, ).

To prove that G(x) is smooth at x, we write

h=YG (x g+ b) + Gxy = B) = 2G (x| < fo‘” f:° |5(s, )| ds dr

o oo t oo t t t 00
I I A A e Al S Al AR o A
I +

0

R |

1}

1 6’

where 0 < h <t,<x,/2. By (17) we have that
x Aty

(36) s, = [Py ° %[r”*” %/(s, 5)ar.
0"

And (36) yields that

37) [6(s, h)| < AbO(s)

for s> 0 and 0<Ah<=x,/2, where A is independent of s and b. It is now a
routine matter to use (32), (33), (35) and (37) to prove that G(x) is smooth at

%,; we omit the details of this and consider Lemma 8 proved.

Lemma 9. H. (1) The hypotheses of Lemma 8. (2) x,> 0 and lim, , /(xo, 1)

exists.
C. limb_,O[G(xO +h) - Glx, - D1/(2h) = x%””F(xO), where F(x) denotes
limt_*0 F(xo, 0.

Proof. We keep the notation of the proof of Lemma 8. Let A(s, b) =
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x16+1/2/(x0, s) - (Ghp~ l[3(::0 + b, s) - B(xo — b, s)]. Then

(@)7HG (g + ) = G ey = I = =3 F (x) = Lim [“dr [ A(s, h)ds.

t—0
It suffices to prove that
(38) [ dr [T 1AG, Blds =o(1) as b —o.
We write
fow dr frm |A (s, B)|ds
0o - to to to oc
< <Lo [ R ﬁ0>(|A(s, B\ ds dr)
(39)

b to
+ J;) dr f' xg”/zlf(xo, s)|ds

+ fob dr frto (2b)’1|ﬁ(x0 +bh, )= Blx - b, s)|ds

= ]l 4 oeee ]5,
By the mean value theorem there exist numbers x and 7 in the interval (xo - b,
xo + b) such that A(s, b) = xg“/z/(xo, s) - ,Bx(x, s) = x’6+1/2/(x0, s) -
Y1/ 2((x, s) = (xg - )AL 12 (7, $)1/9r; and it follows that

(40) |A (s, B)| < AbO(s).

Again by the mean value theorem there exists a number y in (x; - b, xo+ b) such
that

“n (2p)~ llﬁ(xo +h,s) - Blx - b s) =B,y s)|

e

=y 2y, ) < AlfG, )

Then, as in the proof of Lemma 8, it is a routine matter to establish (38), using

(32), (33), (40) and (41); we again omit the details and consider Lemma 9 proved.
Lemma 10. H. (1) The first three bypotheses of Lemma 7. (2) [(s) is locally

integrable on [0, ) and lim _  [(x, 1) = [(x) exists for each positive x.
(3) lim, _, F(x, t) = F(x) is continuous on (a, b) where 0 < a < b.

C. F(x) is continuous on la, bl.

Proof. By Lemma 5 and the first conclusion of Lemma 7, there exist constants

p and g such that
Fx)=px"2"+gq +fx rm2v-1g, J;' sY*1/2((s)ds on (a, b).

a
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Therefore F(a+) = lim_ ., F(x) exists. It is a consequence of (19) that Gx(x, 1)
= x2Y*1F(x, 1) on I; therefore G(B, 1) - Gla, 1) = ff x2Y*1 F(x, {) dx holds for
a<a<fB<band t>0. Letting ¢ tend to zero we obtain that G(8) - G(a) =

ff %2V B(x) dx by Lemma 8 and the second conclusion of Lemma 7. Since G(x)
is continuous at @ (by Lemma 8) and F(a+) exists, we may let a — a+ to obtain
that G(8) - G(@) = [A x2¥*! F(x) dx for a < B < b. Therefore [G(B) - G(AV/(B - )
— a?"* 1 F(a+) as B — a+; since G(x) is smooth at @ (Lemma 8), it follows
that G'(a) = a?V*1 F(a+). By the preceding sentence and Lemma 9 we see that
F(a+) = F(a). The proof that F(b-) = F(b) is similar. So Lemma 10 is established.

Lemma 11. Under the first two bypotheses of Lemma 10, lim, F(x, t) =

F(x) is continuous on (0, o).

Proof. Let 0 < a< b and let Z be the set of points in (a, b) at which F(x)
is not continuous. Assume, to get a contradiction, that Z is nonempty. We
choose a sequence £, >¢,>-- suchthat ¢t — 0 and |f(x, &) - f(x, tn)l <1
whenever x €[4, b] and ¢ € [tn+1, tn]. By a familiar consequence of Baire’s
category theorem there exist an open subinterval | of (@, b) and a number M
such that JZ is nonempty and |f(x, ¢ )| <M holds for x in JZ and n=1,2,--- .
It follows that if x is in JZ then |F(x, t) - Flx, ¢ )| < Alt, -t |. Therefore
F(x, tn) converges uniformly on JZ as n — oo; so F(x) is continuous on the
subspace JZ of (0, ).

Next fix a> 0 and define F (x) = [} r~-lgr f;svﬂ/zf(s) ds and F,(x) =
F(x) - Fl(x) on (0, ). If K is any subinterval of | which is contiguous to Z
then it follows from Lemmas 5, 7 and 10 that there exist constants p and ¢

-y g for x in K. And it follows from

(depending on K) such that Fz(x) = px
the preceding sentence and the previously noted fact that F(x) is continuous on

the space JZ that F(x) is continuous on ], a contradiction. This proves Lemma 11.

Lemma 12. H. (1) The bypotheses of Theorem 3. (2) There exist C? solu-
tions f(x, t) and [y(x, t) of E, such that
@ e, =[x, D+ f,(x, 1) on I
(ii) f,(x, ©) is bounded on I and lim, 1y x0.0) f{x, O = [,(x) exists for
each x,>0;
(i) |/,(x, Ol = 0(t™?) as t — .
C. The conclusion of Theorem 3.

Proof. Define glx, 1) =~ [¥ dr [7° [/(x, s)dsand b(x, ) = [T dr [T g(x, s)ds
on [. Let g(x), h(x) and /l(x) denote the limits as t — 0 of g(x, ), h(x, t) and
/l(x, ). Let a be fixed and positive. Then by Lemmas 11, 7, and 5 there exist

constants p and g such that

(42) g(x)=va+1/2+ gx VY12 (V12 fx 2=l g, forsvﬂ/z/l(s)ds

a
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holds for x > 0. By the proof of Lemma 7 we have that »(x) is bounded and

continuous on (0, =) and that

(43) b*(s) - (w2 = 1/4)s~%h(s) =g(s) for s>0
and
(44) g D ==h,(x, == [Th()P,, (s, % Dds on I

Using (43), (44), the fact that P, satisfies E,, on I, and integration by parts we
obtain that

glx, ) = fooo g(s)Pv(s, x, t)ds
(45) + [P, (s 5 =P (s, x, D)ds

= fow g(s)P (s, x, t)ds.

Now define

F,(s) = sviL/2 f: rm2V-1g, fo' uvﬂ/z/'z(u)du

and
F(s) = s¥*1/2 fs rmv=1g, for w2 () du
a

for s> 0. Since fl(x, 1) = -—g“(x, 1), it follows from (42) and (45) that

2 o0
/l(x. t)=—qi9-—2 fo s"”“/sz(s, x, t)ds
ot

(46) 2
+ O (2R ) - FOIP, (s, %, Dds,
gt2 Jo

From Lemma 3 and partial integration we obtain that

f(x 8) = fow ()P (s, x, Dds =~ fom Fz(s)Pm(s,'x, t)ds
(47)

2
- :-_6_ I‘” Fz(s)Pv(s, x, t)ds.
atZ 0
Adding (46) and (47) and then integrating by parts, we have that
62 o _y+ 2 o0
48) f(x, t)=—-qgt—2 fo sV pv(s, %, t)ds + fo /(s)Pv(s, x, t)ds.

Finally, we conclude from (48), (30) [8, p. 386] and the assumption that
lf(x, || = o(t=2) as t — 0 that ¢ =0. And Lemma 12 is immediate from (48)

and the fact that g = 0.
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Lemma 13. The bypotheses of Theorem 3 imply the second bypothesis of
Lemma 12.

Proof. For (x, t) in I we write g (x, 1) = [(x, #) and define
(49) g, (x 1) = e! f:c e %g, _(x, s)ds, n=1,2,....

By Lemma 3, f(x, ) = [T [(s, 1) P (s, x, t — () ds holds for 1 > 1, > 0 and x> 0;
it follows that ||/(x, #)|| = O(1) as ¢ — «. The following facts are easy conse-
quences of this last remark and the hypotheses of Theorem 3:

gn(x, 1) is a C? solution of E, on I for n> 0;

“gn(x, D] = 0(1) as t — = for n>0;

g (x O = olt=1) as t 0, lg,(x, DIl = ollog 1/2) as ¢t — 0, and g (x, #)
is bounded on [ for n > 3;

for n> 3, g (x, t) converges uniformly on compact subsets of (0, =) as t— 0;

gm(x, f) = gn(x, t) - gn_l(x, t) for n>1 and (x, ¢t) in I

It follows that

[, =3 (= 1)"<7‘1>—a-]-.gn(x, t)
i=0 7/ a¢
and
J N i
Lo 0= T (0 (k>gn,k( 0

for (x, ) in I and 0 <j<n We assume henceforth that n > 7 and define

n-3 .
(50) (%, 1) = > (1Y <’.2>—(—)’—.gn(x, 1)
i=0 1/ 0t

and /l(x, =[x, 1) - /2(x, t). It is clear from the above that /2(x, t) is as re-
quired. So we shall be done once we show that

p) .
—gn(x. D =077 as t — e

ot

(51)

for j=0,1,2,---.
For j=0, (51) is true by Lemma 3. Since Pw(s, x, 1) = t'IPV(s, x, 1) —
nﬂ_ltz(sx)"zQZ_l/

2(z\, (51) will be true by induction on j if we can prove that

=0@!1™™) as t - o

oY "fow |"(sx)7mQY), | (2)] ds

for m=2,3,4,---. But (52) follows easily from (5). This completes our proof

of Lemma 13.
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3. Proof of Theorem 2. Since Theorem 2b is known when v = 1/2 [10] and
follows from Theorem 3 otherwise, we need to prove Theorem 2a.
Let gl(y) =0 for 0<y<1 and gl(y) = gly) for y > 1. For (x, t) in I define

—y=1/2 0 ~4y -
Flx, ) = x77 fo e Py zgl(y)Sy(xy)dy and F(x) =tl_i‘r{:o F(x, ).
By Theorem 1,

()= =v2 Lim A=Y [ aw [ v+1/2
(53) 8 y) =~y )\h—.moo A fo u fo F(s)s S, (sy)ds a.e.
Integrating twice by parts in (53) and using Lemmas 5 and 6 we obtain that

there exists a constant p such that
g(y) = PyV+1/2 N fow h(x)Sy(xy)dy a.e.;

it follows from our assumptions on g and b that p = 0, which proves Theorem 2a.
I wish to express my sincere gratitude to Professor V. L. Shapiro for his

helpful comments on this work.
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