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PREHOMOGENEOUS VECTOR SPACES AND VARIETIES 1)

BY

FRANK J. SERVEDIO

ABSTRACT.  An affine algebraic group  G over an algebraically closed field

k of characteristic  0  is said to act prehomogeneously on an affine variety   W

over  k  if  G has a (unique) open orbit   o(G) in   W.   When   W is the variety of

points of a vector space   V, G C GL(V) and  G acts prehomogeneously and irre-

ducibly on   V (We say an irreducibly prehomogeneous pair (G,  V).),   the following

conditions are shown to be equivalent:   1. the existence of a nonconstant semi-

invariant  P in  zc[k]~S(I/   ),   2.  (G,  V) is not a prehomogeneous pair (G   is

the commutator subgroup of  G,  a semisimple closed subgroup of  G.),  3.  if

X £ oiG), then   Gy C G .   (Gy is the connected identity component of  C„ the

stabilizer of  X in   G.)   Further, if such a   P exists, the criterion, due to Mikio

p if and only if  CySato,   "o(G)   is the principal open affine   ¡7p if and only if  Gy is reductive"

is stated.

Under the hypothesis G reductive, the condition "there exists a Borel

subgroup RCG acting prehomogeneously on W" is shown to be sufficient

for  G\W,  the set of  G-orbits in the affine variety   W to be finite.

These criteria are then applied to a class of irreducible prehomogeneous

pairs  (G,  V) for which   G    is simple and three further conjectures, one due

to Mikio Sato, are stated.

Introduction.  We shall investigate pairs  (G, V) where  V is a finite dimen-

sional  vector space over an algebraically closed field k  oí characteristic zero

and where G C GL(V) is a linear algebraic group with a dense orbit in  V.

The principal results generalize the phenomena which can be witnessed in

the following classical example.   Let  P  be a nondegenerate quadratic form on  V.

Denote by  0(P) the corresponding orthogonal group and let G = GO(P) be the

group (k  ldy) • 0(P), the full group of similitudes for the form.

The orbits of G  in  V can easily be determined with the aid of Witt's Theorem.

One finds that  G  has the following three orbits:

(1) Up = ¡X \P(X) / 0} = the set of nonisotropic vectors for  P,

(2) Z(P) - \0] = [X \P(X) = 0, X / 0},  the set of nonzero isotropic vectors, and

(3) lOl.
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The properties of the example which are significant from our point of view are

the following:

1.   V  is irreducible under 0(P) and GO(P).  GO(P) has a Zariski open dense

orbit, Up, in  V,  whereas 0(P) does not have an open dense orbit in V.

2'. The open dense orbit of GO(P), Up,   is an affine variety.

2".    If X  belongs to the open dense orbit, then  GO(P)x = (the full isotropy

subgroup of X  in GO(P)) = \g £ GO(P) \ gX = X\ is the full group of isometries of

XI relative to  Px = the form  P  restricted to Xl,  which is nondegenerate.   Hence

GO(P)x is reductive.

3.   V  is a finite union of orbits under  GO(P).

It can be shown that these phenomena are characteristic of a larger class of

vector spaces, groups and forms.    Let  (G, V)  be a pair consisting of a finite

dimensional vector space  V  over k,  algebraically closed of zero characteristic,

and of a connected algebraic group G C GL(V).   Call the pair irreducible if and

only if G  acts irreducibly on  V; prehomogeneous if and only if G acts prehomo-

geneously on   V (i.e.  G  has a unique Zariski open dense orbit o(G) in V).

If (G, V)  is irreducible then either G  is isogenous to k   x G    or  G = G

where G ,  the  commutator subgroup of G,  is a connected semisimple algebraic

group acting irreducibly on   V    Let  (G, V) be irreducible and prehomogeneous.

1. There exists a nonconstant semi invariant form  P   for G  if and only if

(G , V)  is not a prehomogeneous pair.

2. The following conditions are equivalent.

2 .  o(G)  is the affine variety  Up = |X | P(X) / Oi where  F  is a semi-

invariant in  k[V] fot G.

2 .  Gy,  the isotropy subgroup of X  in  o(G), is reductive.

3. If G has a Borel subgroup ß which has an open dense orbit in V, or in

Z(P) = \X I P(X) = Ol in case one of the conditions in 2 holds, then G has only

finitely many orbits in   V.

The irreducible prehomogeneous pairs  (G, V) above arise quite naturally,

aside from their own intrinsic interest, in a theory of zeta functions expounded by

by Professor Mikio Sato in a course of lectures given at Columbia University (1964—

I965) and at Osaka University and at the Tokyo University of Education in  1963.

The theorem realized in the statements labeled 2 above was communicated orally

to me by Mikio Sato when I was a graduate student at the time.   His references

were Matsushima's article Espaces homogènes de Stein des groupes de Lie com-

plexes in the Nagoya Math J. 16 (I960), pp. 205-218.   We state 2 as Theorem

(4.1) and use it in deriving applications of 1 which is Corollary (3.4) and of 3

which is Theorem (6.2).   These applications, especially (6.5) 3, indicate that a
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converse to (6.2) is impossible.   A partial list of irreducible prehomogeneous pairs

is found in §7.   A good part of the list is due to Mikio Sato; much of it is "common

knowledge".   But indeed startling, for example, are Sato's results that the skew-

symmetric tensor representations of order 3 of GL(6), GL(l) and GL(8) give

irreducible prehomogeneous pairs each with nondegenerate semi-invariant forms.

As verification of prehomogeneity and of the existence of a form  P, I have indi-

cated points in the large orbits and their isotropy subgroups.   Sato's proofs for

these three examples are quite interesting, but very special, going much more

deeply into properties particular to each of the pairs.   The examples date back to

at least 1965.

I have learned recently that Mikio Sato has published a lecture note in Japa-

nese entitled The theory of pre-homogeneous vector spaces in the journal Sugaku

no Ayumi 15—1 (1970).   There he has a list of examples which has a nonempty

intersection with ours.

Some further work has been done on the classification of all irreducible pre-

homogeneous pairs, but the classification is far from complete.

For the work a threefold debt of gratitude is owing first to Professor Mikio

Sato who introduced me to the subject, and second to Professor James Humphreys

who has made many valuable suggestions and remarks, and third, but most, to

Professor Hyman Bass for his careful scrutiny, lucid insights and many helpful

suggestions.

0.   Preliminaries. Throughout, k denotes an algebraically closed field of

characteristic zero, k    always denotes the multiplicative group of units in k.

(0.1) All varieties are algebraic varieties and these are understood to be de-

fined over k.   If W is an affine variety, we identify W with W(k) = Horn,    ,   (k[w], k)

where k[W] is the ring of regular functions on W.   In general, if B  is any ¿-alge-

bra we write W(b) = Hom^j    (k[W], B) as the set of B  valued points of the

affine variety  W.   Thus if / £ k[W] and X £ W(B) we define f(X) = X(f)\

In this work we shall frequently make reference to standard results which may

be found in Armand Borel,  Linear algebraic groups, Benjamin, New York, 1969.

MR 40 #4273-   Such a reference will always be indicated by "Borel ( . )".

G shall always denote a connected affine algebraic group defined over k.    If

H is an algebraic group defined over k , 77°  shall always denote the identity com-

ponent of 77, H    the connected identity component of the commutator subgroup of

H.   Hence by Borel (1.10),  G is isomorphic to a closed subgroup of some GL(V),

the full automorphism group of a finite dimensional vector space V over k .   As

above G = G(k) and G(B) = Horn,     .    U[g], B).

By an action of G  on a variety  W we mean a morphism
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a-. G x W — W,       a: (g, X) h- gX = a(g, X)

satisfying eX = X and g(hX) = (gh)X  for e  the identity element of G, g, h  in G

and for all X  in W.   For W an affine variety and B   a ¿-algebra and a a morphism

as above,

a(B): G(B) x W(B) — W(B),       a(B): (gß, Xß) h- gßXß

shall be the morphism given by the following diagram

k[w]-► k[G]  Qk k[W]

" B

for a    the comorphism of a above.

If g £ G and W  is affine we denote by X    the comorphism of

L  : W -» W
g

: X i- gX.

Then  Ag: ¿[W] -+ ¿[W]  with  (X f)(X) = /(g_1X)  is a linear automorphism of k[W]

called left translation of functions by g.   The map

X:G-,Autk,a]g(k[W]),

:g^Ag

is easily seen to be a group homomorphism.

(0.2) The Lie algebra  L(C) of G is the tangent space at the identity e  of G,

the ¿-vector space of point derivations k[G] —* k at e.   By Borel (3-3), it is natu-

rally isomorphic to the left invariant derivations of k[G].   T(G) = G(k[S]) is the

tangent bundle of G  where  k[8]  is the algebra of dual numbers,  5    = 0.

G(k[S]) = Hom^.^ (k[G], k[8]) with a typical member g SA = g + 8A : f ^ f(g) +

8A(f).

L(G) = |A| e + SA  is in the tangent space at the identity!.

If a is an action of G  on an affine variety W and if

Tx(W) = \Y\ X + 8Y eW(K[8])\

is the tangent space to W at X,  then there is a natural map

(da)x: L(G) -► TX(W),

: A H» (da)x(A)
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defined as follows: (da)x(A) is the unique element of TX(W) for which the

diagram below commutes.

k[w] —^-^ k[G] ®k k[W]

X+Z(da)x(A)

If X £ W(k), we let
77: G -

: g r-> gX

be the orbit morphism.   This is a surjective ¿-morphism.   In fact, from Borel (1.8)

and (6.7) we know that GX is a smooth variety defined over k,  locally closed in

W and that its boundary is a union of orbits of lower dimension.   If Gx =

\g £ G\ gX = X] is the stabilizer of X  in G  then n is an orbit map for the action

of Gx on G by right translation.   We know also that 77 is a quotient of G by Gx

over k and that (drr)  : L(G) —» TX(GX) is surjective.   When W  is affine, we may

identify the images of (dir)    and (da)x in  TX(W).

(0.3) The symmetric algebra S  is a functor from ¿-vector spaces to graded

¿-algebras.   It induces a functor S  from the category of finite dimensional ¿-vector

spaces to the category of graded ¿-algebras of finite type.   Linear transformations

of ¿-vector spaces induce ¿-algebra homomorphisms of the associated symmetric

algebras.   The linear transformations are natural for the functor S.

Let W be a finite dimensional ¿-vector space, W   its ¿-dual.   If h: V —► W

is a homomorphism of vector spaces, define h : W   —► V   by requiring (h  Y)(X) =

Y(hX) for all Y in W* and all X  in  V.   h* is ¿-linear,   h in GL(W) implies h*

in  GL(W*).   Let h =b*~l  for h  in  GL(W).   The map

- : GL(W)-^GL(W*),

: b  (—» h

is an isomorphism of algebraic groups over ¿.   If 7/  is any subgroup of GL(W)

denote the image of 77 under      by H  or 77".   Let 77 be any group and let

p: H —>GL(W),

■ h k» p(h)

be a linear representation of H.   Then associated with p we have the contragre-

dient representation

p: H —► GL(W*),

: b h-> p(h)~.

If V is of finite dimension n  over k,  V may be identified with A",  affine

w-space, k[V] with S(V*).   Via this identification, the action A : k[v] ~> k[V]
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for g  in GL(V) becomes S(g): S(V*) — S(V*) induced by g: V* -> V*.

The Lie algebra L(GL(V)) of GL(V) can be identified canonically with

Endfe(V) by considering ldy+ 8a  in GL j^AV ® k[8]) for every A  in  End, (V).

The isomorphism
~: GL(V)-+GL(V*),

- —       *-1

has differential

-': Endyfe(V)-,End/fe(V*),

-': A r-»A' = -A*.

GL(V) acts on S(V) via

5: GL(V) —GL(5(V)),

S: g h- S(g).

When 5(g) is restricted to S(V) , this is just g.   Therefore the differential of

this action is given by

D:End,(V)-.Der^alg(S(l/)),

D: A  H» 79(A),

where  D(A) is the unique ¿-derivation which extends A: V —' V,  by Proposition

1 of [l].   GL(V) also acts on S(V*) via

S: GL(V)—,GL(S(V*)),

S:g h» S(g) = S(J).

S (g)   = g ,  and in this case, as above, the differential is given by

D:End,(V)-.Der, = alg(S(V*)),

79: A (-7904) = D(A '),

D(A'): S(V  ) —>S(V  )  is the unique ¿-derivation which extends A': V   —► V   =

^(V*)1.   The derivations D(A) and  D(A) are of degree 0, i.e., they preserve degrees.

The examples and reasonings which follow use these simple basic facts.

CHAPTER I. PREHOMOGENEOUS PAIRS WITH SEMI-INVARIANTS

1.   On semi-invariant forms.  Let V be a ¿-vector space and let F be a sub-

group of GL(V).   v e V is said to be semi-invariant if H stabilizes kv,  the sub-

space generated by v.   It v 4 0 (i.e. if dim kv = 1) then there exists a unique

character y : H —> k    such that h(v) = x (&>) " v for all h  in H.   We say that v

is of weight xv f°r H-   Note that if H = H , the commutator subgroup of H, then

Xv(h) = 1   for all h.

Let  V now be a finite dimensional ¿-vector space and let F  be a subgroup

of GL(V).   H  acts naturally on ¿LV] which we identify with S(V  ) the symmetric

algebra on   V ,  the dual to  V.   Recall that the action of H  on ¿[v]  is by left

translation of functions:
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A: 77 — Aut,    , (¿[V])

: h  M Xh    where   (XJ )(X) = f(b~ lX).

H  has a contragredient representation on  V    and this induces its action on S(V  ).

The action is precisely that given by S   via the identification k[v] = S(V  ).

k[V] is a graded algebra and 77  preserves the grading.   Hence we have

(1.1) Lemma. If P in k[V] is a semi-invariant of weight y fOT H, then so

is each homogeneous component of P. Therefore, if H bas a nonconstant semi-

invariant in k[v], it has one of the same weight which is a form in   k[V].

(1.2) Proposition.  Let S denote the set of nonzero semi-invariants for H in

k[V}.   Then

(a) k   Ç 5,  and if P, 0 £ S then  PQ £ S,   i.e.   S is a commutative monoid

in k[V] which contains the units  k    of kW].

(b) If H  is a connected algebraic subgroup of GL(V) then  S  is generated as

a monoid by  k    and the irreducible polynomials in  S.    In particular,   PQ  £ S  if and

only if P £ S and Q £ S.

Proof,   (a)  is clear.

(b) We now assume  H  to be a connected algebraic subgroup of GL(V). k[V]

which is isomorphic to a polynomial ring in dim V indeterminates over k  is a

factorial ring or a unique factorization domain.   Suppose  P £ S,  then P = H ■   , P A

where  /  is finite and the  P. are irreducible, uniquely determined up to scalar

multiples.

v = xpig) ■ p implies n (*//•' = xp(g) n p]'■
iel id

Therefore   XgP. = XI-(g)F(T(g)(¿)  for some map o: H —> Sym group (I).

h/i = V/z = xMKPo-(g)U) = ̂ )Xo-(g)(0(¿)PCT(zb)«r(g)(0)

entails that  o: 77 —» Sym group (I) is a homomorphism since X,   P . = y (he)P   ,,    ,, ,
'      °      r r hg    i      A,1 6'   a{hg)(iY

With H  connected, we must have  ker a = H  or, equivalently,  o\g)i = i  for all

i £ I  and all g £ G.    See [3].

2.  Prehomogeneous pairs.

(2.1)  Terminology.   By a pair we mean an ordered pair  (G, V) where   I7  is a

finite dimensional vector space over  k  and where  G  is a connected algebraic

subgroup of GL(V).

We call the pair (G, V) prehomogeneous if G  has a (Zariski) dense orbit in

V.   By the proposition in Borel (1.8), each such orbit is open in   V  and is clearly

unique.   Therefore we denote the orbit by o(G).

We call the pair irreducible if the representation of G  on  V  is irreducible.
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(2.2) Lemma.  If the pair (G, V) is irreducible then the commutator subgroup

G'  of G is semisimple and G  is contained in (k  Id.,) ' G ,   an almost direct

product of algebraic groups,   i.e.   G   C G C (k   ' Idw) " G .

Proof.  From Theorem 5.2 of Borel's paper [3], G = S • G ,  almost direct,

where  S  is a central algebraic torus and  G'   is semisimple.   Let  X(S)  be the char-

acter group of S  into ¿; by Borel (8.5),  X(S) is free abelian of rank = dim S and

forms a ¿-basis of k[S],   Let X^CS) be the subset of eigenfunctions of S  in V,

then  V = &a>£Xv(S) ^cô wnere ^o>^ (0) is the eigenspace for co and the sum is

G-direct.   Since  V  is irreducible,   X^(S)  is singleton and the conclusion follows

since  Xy(S)  is a set of generators of  \(S).

The following examples show that the conditions of irreducibility and of pre-

homogeneity for pairs are quite independent.

(2.3) Example.   Prehomogeneity does not imply irreducibility.   Let  V = vector

space of ra x 1  matrices over ¿,  G = T(n) the lower triangular group in GL   (k).

(G, V) is a prehomogeneous pair which is not irreducible if n > 1.   Let X =

column (1, 0, • • • 0),

GX = IcoKxj, ... ,xn)\ xx 4 0! is   o(G).

(2.4) Example.  Irreducibility does not imply prehomogeneity.   Since

(dn)e: L(G) —> TX(GX) is surjective, prehomogeneity requires dim V < dim G,

whereas SL2(k), for example, has irreducible representations of arbitarily large

dimensions.

(2.5) Example.   Prehomogeneity of (G, V) does not imply the prehomogeneity

of (G, V*).   Let  V = M2xl(k) = Scol (x v x 2) \ x. £ k\.   We may identify  V* with

Mlx2^ = ^1' y 2* I y i e ^ by setting  Y(X) = (y v y2)col(xj, x 2) = y ,x j + y2x2,

the matrix product.

Let G = \[ab °] | a e k, b £ k\ C GL(V).   Then

a     0'

b    1 L~2J
. èXj + x2

a     0

b     1
(yr y2^ = by y2^

,~i

b   i
ifl'lyl ,-i by2. y2)-

One easily sees that (G, V)   is prehomogeneous with o(G) = G[ „ ] = {col (a, b) \

a   £ ¿ , b £ ¿1, but that  (G, V  )  is not prehomogeneous since the coordinate y?

is fixed.
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3.  Criteria for the existence of semi-invariant forms for prehomogeneous pairs.

(3.1) Proposition.  Let  (G, V) be any pair.   Suppose that there exists a non-

constant semi-invariant  P for G  in ¿[V].   Then  P is invariant for G   and every

orbit of G'  in  V is contained in a level hypersurjace,   P(X) = c,   of P.   In partic-

ular (G , V) is not prehomogeneous.

Proof.  The first statement has been shown. For all g £ G ,  P(gX) = X  _xP(x) =

P(X).   The closure of the orbit G'X  is contained in the set of zeros of P - P(X),

for any X £ V.

(3.2) Lemma.  Let  (G, V) be an irreducible pair, so that G   C G C k Id    • G .

For any X in  V,   codim (G'X in GX) = 0 or  1.   Equivalently, for any X in  V,

dim G X = dim GX or dim G X = dim GX - 1.

Proof.   Consider the surjective orbit morphism   n:  G —>GX.    By Theorem 3,

of Mumford's Introduction to algebraic geometry, [5, p. 93], there exists a nonempty open

U C GX such that for all irreducible closed subsets W C GX such that W D U / 0 and

for all components Z of 77_ (W) such that Z O u~ (U) /0 , codim (Z in G) =

codim (W in GX).   Since GX is homogeneous, we may assume U = GX.   Consider W =

G X.   Then codim (G X in GX) = codim (G X in GX) = codim (G  in G) = 0 or 1 since

dim G < dim G < dim k  + dim G .

(3.3) Theorem.  Let  (G, V) be any irreducible prehomogeneous pair.   Let  S

denote the set of semi-invariants for G in  ¿[V], then either

(a) S = k and (G , V) is prehomogeneous or

(b) S = \aP" | a £ k, n £ Z, n > 0} for some irreducible homogeneous poly-

nomial P determined uniquely up to a nonzero scalar in  k and (G , V) is not

prehomogeneous.

Proof.  Suppose  S / k.   Then there exists a nonconstant semi-invariant P  fot

G  in ¿[V].   By Proposition (3.I) above,  (G', V)  is not prehomogeneous.   Since

G C GL(V), every homogeneous component of P  is semi-invariant.   By Proposition

(1.2) it suffices to show that there is only one irreducible generator for S.   Suppose

that Pj, P2  ate nonassociate (noncollinear) irreducible semi-invariants for G.

Since  (G, V) is irreducible, Lemma (3-2) entails that G'X  is of dimension n — 1

fot X £ o(G).   But G'X is contained in Z(P x - P x(X)).n Z(P 2 - P2(X)), an alge-

braic set of codimension > 2 in  V.   This is impossible.   All the claims of (b) are

shown.   On the other hand, if S = k  we show that (G ', V) is prehomogeneous.

Suppose (G , V) is not prehomogeneous.   Then for X £ o(G), G'X  is of dimension

n - 1,  of pure codimension 1 in V.   Since  ¿[v] is factorial, G'X = Z((f)) fot some
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nonconstant / £ ¿LV] by Proposition 4, p. 87 of Mumford [4] or by the remark on p. 238

of Zariski and Samuel [5].   f is  G -semi-invariant.   Let / = /„ + • • • + /,,  / > 0,  be

its decomposition into homogeneous components.   Then /, is G -semi-invariant

and /, is k  Id,,. G    semi-invariant and a fortiori G-semi-invariant.   This contra-

dicts S = ¿.

(3.4) Corollary.   Let  (G, V) be an irreducible prehomogeneous pair.   Assume

that G = (k Id,,) ' G .   Then the following conditions are equivalent.

(a) G has a nonconstant semi-invariant in  k[V\.

(b) (G', V) is not a prehomogeneous pair.

(c) If X £ o(G) then  Gx  is contained in   G'.

Proof.   The equivalence of (a) and (b) is immediate from the theorem.

(a) implies (c):   If there is a  P   and if X £ o(G) then  P(gX) 4 0  and

XPk~ ')p(*) = (Ag - 1P)M = P{-gXÎ = pM  for all g  in G° .   Therefore,  G°  C

(ker Xp)    where P  is of weight Xp-   ^ ^  is irreducible, then G    is semisimple

and of codimension < 1  in G.   Therefore (ker yp)   = G    and Gx C G'.

(c) implies (b):  If G„ C G ,  then  77„: G' —> G'X is an orbit map for the action

of Gx on   G .   Therefore G X  is of dimension n — l  fot every X  in o(G) and

thus (G , V)  is not prehomogeneous.

(3.5) Example. (GL(V), V) is irreducible prehomogeneous. GL(V)' = SL(V)

and (SL(v), V) is prehomogeneous. There exist no nonconstant semi-invariants

in ¿[V] for GL(V).

(3 6)   Example,   (a)  Let  V  be the ¿-vector space of skew-symmetric matrices

of size   2« + 1   over ¿,  G = \T   \g £ GL 2   +,(¿)| where

T  : V — V,
g

: X h->gXgl,       G Sä GL2n   j(¿)/finite group.

(G , V) is irreducible prehomogeneous and  (G', V)  is prehomogeneous since

L(G)X0 = (dn)xQ(L(G)) = V and L(G')X0 = (dn)x (L(G')) = V where

X0

0      0 I
n n

0      0 0
-10 0

(0  , I    are the zero and identity square matrices of size n)
n      n '       1

and L(G) = \DA\A £ g/2n + 1(A)l,

DA: V^V,

: X  1-AX + XAl.

(b)  If  V  is the ¿-vector space of skew-symmetric matrices of size   2ra   over

^>   C ='Pgl g e GL2n^^' as aDOve» tnen  (G, V)  is irreducible prehomogeneous

and  (G , V)  is not prehomogeneous.
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S = íflP"| a £ k,   P = (Pfaffian form on   V) = yctet X,  n £ Z,  n > 0}.

For the Pfaffian form, see Hermann Weyl, The classical groups, Princeton Univ.

Press, Chapter VI 1, or N. Bourbaki, Algèbre, Chapter IX, §5, No. 2.

4.  Characterizations of irreducible prehomogeneous pairs with open affine orbit.

(4.1) Theorem.  For an irreducible prehomogeneous (G, V) the following con-

ditions are equivalent [l6, p. 134].

(i) o(G) = U p the principal open affine set with P a nonconstant semi-invar-

iant for G.

(ii) o(G) is an affine variety.

(iii) Gx the isotropy subgroup of X in o(G) is reductive.

Proof,  (i) =>(ii):   (i)  =» (ii) is obvious since  Up  is an affine variety.

(ii) =» (i): o(G) is open in  V since it is an orbit.   Hence o(G) is an open

affine variety in V.   In his thesis Jacob Eli Goodman states as a general proposi-

tion which is "well known but which does not appear in the literature", the follow-

ing "Proposition 1, Chapter I.   Suppose  U an open affine subset of a variety V.

Then the complement W  of U  in  V  is purely of codimension one" [6]. Now since

¿[V] is a factorial ring V - o(G) = Z(P) for some P £ k[v] by Proposition 4, p. 87

in Mumford [4],   G  leaves  Z(P) invariant and hence in its action on ¿[V], G pre-

serves the line k ' P.   Thus o(G) = V - Z(P) = 77p and P  is semi-invariant for G.

(ii) <=»(iii):  The following statement is most convenient:  Theorem 3.5 in the

paper of Borel and Harish-Chandra [7].   "Let G be a connected reductive algebraic

group and H an algebraic subgroup.   Then the quotient variety G/77  is an affine

algebraic variety if and only if 77  is reductive."   Form Borel (6.7), we know that

the orbit map n: G —> GX  is an orbit map for the action of Gv = \g e G\ gX = X]

by right translation, and that rr is a quotient of G by Gx.   o(G)   is isomorphic to

G/Gx  for any X £ o(G).   By the theorem above,  o(G) is affine if and only if Gx

is reductive for X £ o(G).

(4.2) Examples.   1.  We have seen that theorem illustrated in the case

(GO(P), V) where  P  is a nondegenerate symmetric bilinear form.

2.  Consider (G(S), V) where  V =MnXn(k) and G(S)<GL(V) is isogenous to

k   x SLn(k) x S and where S is a connected subgroup of SL  (k) acting irreducibly

on V(n).   A typical element of G(S) is

(cldv, g. h): V^V,

: X \-cgXb~1.

P  in this case is det.

(i), (ii): o(G) = Up = \X\ det X / 0] is affine.

(iii):  Take X = ¡n in  o(G(S));  then  Gx= S which is reductive.
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CHAPTER II.  FINITENESS OF G\w, THE SET OF G ORBITS IN W

5. Examples where the cardinality of orbits is not finite. Let (G, V) be the

irreducible prehomogeneous pair consisting of the tensor product of the following

irreducible representations: SLn(k) on V(n) and p of SL(k) on Vtra) = S(\K2))n~

(see (4.2) 2).   Vs/V^U) and G  is isogenous to ¿* x SLj,k) x SL ,(¿).   With

T(c, g, h): V -> V,       c £ k*. g £ SLn(k), h £ SL2(k),

: X ® Y h-cgX ®pn(h)Y.

Let 7 = X, ® Y. + ■■ ■ + X   ® Y  ,  then G, S SL,(¿) and UP = GL   (k).   The

algebraic set of matrices of rank 1 in  V  is G-invariant.   By the action of SL  (k),

any such rank 1 matrix X may be made equivalent to some

-fln,     al2, .... aln-

0 0 0

_ 0 0 0 _ .

If ra > 5, k  Id    " SL2(k) does not have a finite number of orbits in  V(n),  since

dim k Id    " SL Ak) = 4.   Now the action of ¿ Id    ' SL Ak) on the matrices above

is just its action on  V(n).   Hence the orbits of rank 1 are not finite for G.    P = det

is a semi-invariant for G   in  V.    However, if we take the full group  Gp C GL(V)

leaving P = det semi-invariant; Gp  is isogenous to k   x SL   (k) x 5L  (¿).   The

Gp  orbits are just the matrices of a given rank.

Let ST.   be the lower triangular group in SL  (¿).   It is easy to verify that

the Borel subgroup k   x STL x STL   acts with an open dense orbit on  Z(F) =

|X| det X = 0i.

6. A condition guaranteeing the finiteness of G\W for reductive  G.   In this

section fix  G  a reductive connected linear algebraic group and assume that

G x W —> W  is an action of G  on an affine variety  W;  G x W —► W  is a morphism

and  W  is irreducible.

One can easily verify the following phenomenon in the example of  §5.   No

Borel subgroup of G = k  Id^ ' SL^(k) x SL2(k) .(almost-direct) can act so as to

have an open dense orbit in W = Z(det).   A dimension comparison confirms this.

The dimension of a Borel subgroup of G  is ra(ra + l)/2 + 2 whereas  dim Z(det) =

n   - 1  and ra    - 1 > ra(ra + l)/2 +2 if ra > 5.   The main statement of this section

guarantees that the orbits are finite in number if there is a Borel subgroup which

has an open dense orbit in W.

(6.1)  Definitions.   Let H  be an algebraic group,   H   an affine variety, and

H x W —> W  an action of H  on  W, each defined over  k.   Say that H  acts

prehomogeneously  on  W  if H  has  a  unique  open  dense  orbit  o(H)  in   W.
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Let G be as above and let R  be a G-module.   Call 7? multiplicity free if dis-

tinct irreducible G-submodules of R   are nonisomorphic.

(6.2) Theorem.  Consider the following conditions.

(a) There exists a Borel subgroup B  of G such that B acts prehomogeneously

on  W.

(b) The G-module  k[W] is multiplicity free.

(c) G has only finitely many orbits in  W.

Then (a) implies (b), and (b) implies  (c).

Proof.  (6.3) (a) =*(b).

Lemma. // an affine group H acts prehomogeneously on an affine variety W

by the morphism 77 x W —> W,  (g, X) *-*gX, then there exist no nonconstant

rational functions on  W fixed under 77.   Thus, if f is a semi-invariant for 77  in

k(W) of weight  y,,   the character induced by  y, on H is nontrivial.

Proof:  Let o(77) be the open dense orbit, let / £ ¿(W) be an invariant for 77,

i.e.  À / = / for all g £ H.   Let 0 . be the open dense set on which / is defined.

o(H) n 0, is open dense since W  is irreducible.   But for all X £ o(H) C\ 0 ,,

f(X) =f(g'lXQ) = (XfJ)(X0)=f(XQ) fot some fixed XQ £o(H), where g £ 77 depends

on X.   Hence / is constant on an open dense set.   / is a constant function on W.

The action G x W —< W induces an action of G on k[W] via  A,   left transla-

tion of functions.   By Borel(1.9), k[W] is a sum of finite dimensional irreducible

G-modules.   Suppose W.  and W,  are distinct G-isomorphic irreducible G-submod-

ules of k[W].   Since B  is a Borel subgroup, a minimal parabolic subgroup of G,

there exist unique lines kf x C Wx  and ¿/2 C W2 which are B-invariant and which

induce the same character on B; see [3, p. 17, §7].   Since Wx / W2, /.   and /,

are not ¿-collinear.   But then fx/f2  is a rational function on  W  which is B-fixed

and nonconstant.   This contradicts the Lemma.

(6.4) Proof of (b) => (c).  We use a Lefschetz principle to reduce to the case

when k = C,  the complex numbers.   G, W  and  Gxlf —> W ate defined over ¿.

We take a field of definition ¿Q algebraically closed and of finite type over the

rationals,  Q,  and an embedding of kQ  into C.   The G(kQ) irreducible submodules

of ¿Q[W] are absolutely irreducible [8].   Since kQ[W] is multiplicity free as a

G(¿0)-module,  C[w] = C ®kQ[W] is multiplicity free as a G(C)-module.  Therefore

assume  G = G(C) and W = W(C).

It suffices to show that the following statement is true.   If a reductive complex

group G acts on a complex variety  W with multiplicity free action on  C[W], then

G has only finitely many orbits in W.

We do this by induction on the dimension of the Noetherian space W.   We
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claim that G has an open orbit F  in W.   Once this is shown the proof is complet-

ed by induction since W - U  is closed, G acts on W — U,  and dim (W — Ll) <

dim W.   Since  G is connected, each irreducible component of W - U  is G-stable,

and we may assume for the induction step that  W - U  is irreducible.   The hypoth-

esis is satisfied —G  has multiplicity free action on C[W - U], fot C[W — U] is

isomorphic to a G-direct summand of C[U'J.

The G-orbits in W are open in their closures in W and hence there is a bi-

jection between G-orbits in W and their closures in W;

GX  «-»  closure of  GX in  W = closure of GX.

Since these closures are G-invariant algebraic sets in W, the cardinality of the

closures is the cardinality of the G-invariant radical ideals in C[w] by the

Nullstellensatz.   Since  C[W]  is Noetherian, this is the cardinality of the finitely

generated G-submodules of  C[W] which must be countable by the hypothesis that

C[w] is multiplicity free.   The Zariski topology is contained in the topology on

W  as a complex analytic variety and in this topoloty  W  is locally compact.   We

state the category theorem, "If a locally compact space M  is a countable union

M =   vjM¿,   where each M . is closed, then at least one M . contains an open sub-

set of M."   [9]   It now follows that one of the G-invariant closed subsets contains

a strong open set U,  and hence an open orbit.     Q.E.D.

(6.5) Examples.   1. Let G = GL(V) and W = V.

(a) Any Borel subgroup B  of G acts prehomogeneously on V; see (2.3).

(b) The decomposition of ¿[v] = S(V  ) into irreducible GL(V) modules is

®.a0s(v*)'-.

(c) The GL(V) orbits in  V ate  V - \0\ and ÍOS.

2.  Let  V  be a ¿-vector space of dimension  21 (I > l),   let  P  be a nondegen-

erate quadratic form and let G = GO(P) = k Id    ■ 0(P) be the full group of simili-

tudes of P.   We may assume dual bases  B = |X .| i = 1, • • • , 2/¡ in  V and B* =

|y.| ; = 1, •••, 21} in V* chosen so that P = Y^Y/+1 +

algebra of G   is

+ Y ¡Y 21', tne Lie

L(GO(P))= ¿Id2/©

11

21

A
12

An.

Aj2 and A2J skew-symmetric

andA;. £ Mlxl(k)\.    [lO]

A Borel subalgebra of L(GO(P)) is
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N = k Id 2 ¡ ©

T.

s k -T\

sk skew-symmetric in   M.^.(k:

\

and   TL  lower triangular

(a) If a Borel subgroup B   has  L(ß) = N,  then B(Xx + X,+ J)  is open in  V

since N(XX + X/+J) = V.

(b) 0(P) has rank 7.    The irreducible  0(P)-modules are indexed by their

highest weights relative to an ordering in the weight space for a Cartan subgroup

H C 0(P).   If a module  M   is finite dimensional, the highest weight is a linear

combination with nonnegative integer coefficients of simple roots relative to that

ordering.   Let  (s x, ■ • ■ , s¡) = (l, 0, • • • ,0) correspond to the representation of

O(P) in  V.   Let sn  index the character on k  Id     in GO(P).   As an  0(P)-module,

V S V*   «->  (-1,1, 0, ...,0)=(s0, sv ■■■,sl).

Then ¿[V] = S(V*) = © >{) S(V*Y.

S(V*)° = k = (0, 0, o,..., 0),

S(V*)1 = V* = (-1,1,0, .... 0),

c(y/*)2 = (_2,2, 0, ..., 0)0 (-2, 0, 0, - 0) = (- 2, 2, 0, •. •, 0) © ¿P,

S(V*)2m      ® (-2m, 2(m-j),0, • • ■, 0),

® P' • (-2(m-;),2(in-;),0, ■ • • , 0),

7=0

S(V*)2m-+x , © (-(2m Hl),2(m-/) + l,0, •••,0),

,=0

- 0 P'(- (2(m - j) + 1), (2m - j) + 1, 0, . . . , 0).
;=0

kW]  is multiplicity free.

(c)  The  G  orbits in  V  are  Up - \X\ P(X) / 0], Z(P) - \0] and  |0i;  this

follows easily from Witt's Theorem.

3.  Let W -= V -- \X -- a -¡u    \ a xu v \ a_ xuv    -I a_ .v  \ a . £ k ] ~= vector space
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of binary cubic forms.   Choose a basis  B = [X,=a,X.=a v, X      = uv , X _,= v  \

fot V and dual basis  B   = {Y y Y {,  Y_¡, Y_,i for V .    Let G  be the full group

of substitutions in these forms; G = k  Id    ■ SL Ak) where  V is the irreducible

SL 2(¿)-module of highest weight 3.   (G, V)  is an irreducible prehomogeneous pair

with nonconstant semi-invariant form

F = discriminant = - 6Y ?Y ,V _,Y _3 + 4YJY'3_1 + 4Y3Y_3 + Y]y2_ ? - 3 Y J Y2_ y

With bases chosen above,

L(G)= ¿id;/e

A Borel subalgebra of Lie) is

3 a+8

N
3/3

o

0

3a

3/3

0

0

0

a+8

2/3

0

0

27

2/3

0

0

0

-a+8

/3

0

0

37

_3aJ

0

0

0

-30.+ S

a, ß, ye k

a,ß,8e k)

Let W = Z(P) = zeros of P  in  V; dim IV = 3.

(a) If X = a3 - a2v - uv2 + v3 = (u - v)2(u +v) £ Z(P) and if  B   is a Borel

subgroup with  L(B) = N, then

NX = (3a + S)*3 + (3/3 - a - S)^ + (- 2)8 + a - SW2 + (- ß - 3a + 8)iA

is a vector space of dimension 3.   Hence B  acts prehomogeneously on Z(P) and,

by (6.2),  G  has finitely many orbits in  Z(P).

Note. If   X0 = a3 + z;3 £ Up,  L(G)X = V.   Therefore, Gx    is finite and hence

reductive.   By (4.1), o(G) = Up  and  V = Up U Z(P) is a finite union of G  orbits;

i.e. (c) holds for (G, V).   However (a) does not hold for (G, V) since the dimen-

sion of any Borel subgroup B   of G   is 3  whereas  dim  V = 4.   We see (c) =¡6 (a)

in general.

7.  Determination of some irreducible prehomogeneous pairs for G    simple.

In this section we consider irreducible representations of a simple group G , p:

G —► GL(V) and take G = k Id ' p(G ) (a semidirect product). p(G ) is in fact

a Chevalley group.

A necessary condition for irreducible (G, V) to be prehomogeneous is that

dim G = dim G' + 1 > dim V.    A table of pairs  (p(G ), V) fot which dim Cf > dim V is

found in [il].   A Cartan subgroup is a connected isotropy subgroup of a point
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whose orbit is of maximal dimension in the adjoint representation. From this and

from dim G = dim d + 1 we infer that the pair (G, V) fot the adjoint representation can

only be prehomogeneous in the rank 1 case. (The authors of [ll] mistakenly in-

clude this case in their list.) The table needs to be augmented only by the pair

(k Idy" p(A.), V) where V is the representation space of highest weight 3X, X

a fundamental weight (see (6.5)3).

We subdivide according to the classes of simple groups or simple Lie algebras,

and list only the representations for which  (G, V) prehomogeneous is possible.

From left to right the format includes for each  V  a brief description, its highest

weight  X    (a linear combination of fundamental weights  À  ,   1 < i' < 1) described

when possible as a linear combination of «   ,   1 < z < /,  an orthonormal basis for

the Killing form on a Cartan subalgebra of 7^(G  ), and dim V.   We give a descrip-

tion of a semi-invariant if it exists (see §3).   We then include information on o(G),

namely Gx  and a description of o(G) (§4).   We further consider  B,  a Borel sub-

group of G with a description, a statement of its prehomogeneity on  V or on  Z(P).

The last column contains some remarks about G and Gp = (the connected stabi-

lizer of the semi-invariant   P in k[V]) = \g\ g t GL(V), A P = c    ' P for some

C     £¿*}.

If a column is empty, infotmation has not been obtained.

Those examples which were revealed to me by Mikio Sato have been accredited

in one of two ways.   If the example is found in the Sugaku no Ayumi lecture note,

it is referred to by [l6] and its page number.   If it is not found there, "(Sato)"

appears next to its description in the table.

For the basic representations of F /f  and  E,   we refer to a paper of Chevalley

and Schafer [l 3l-

"The exceptional simple Jordan algebra ^ over L   is the non-associative

algebra of dimension 27 whose elements arc 3x3  Hermitian matrices

£, *, ï2

*, ^2 *,

*2       *}        £3

with elements in the Cayley Algebra S of dimension 8 over ¿, multiplication

being defined by X o y %(XY 1 YX) where XY is the ordinary matric product."

The main theorem states: "The exceptional simple Lie algebra P. of dimension

52 and rank 4 over k is the derivation algebra ?) of the exceptional Jordan alge-

bra 3 of dimension 27 over k. The exceptional simple Lie algebra E. of dimen-

sion 78 and rank 6 over k is the Lie algebra 3) 1 \Ry, Trace Y ■■ 0] spanned by

the derivations of 3 and the right multiplications of elements V of trace 0." An

additional remark is in order.   FA   is the full Lie algebra of endomorphisms of 3
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Description

For àll  / [16, p. 1391:

V = usual representation;  M"1,-* * sti.l'*1

with basis elements  X . 1 ^ i ^ I *  1.

kX   » If    , 1¡X,   , - V   ,

(.'     pl.1,);  (.     t'Ulj,- <■';  dim (.-</.

highest

weight  A0

Descriptii

Does not exist.

Fot all  / tIß. p. 146).
V . 5(V*1)!;  pM() » SM,)!,

V at vector space oí quadratic forms on V ' ,

at vcctot space of (/ + I) * (/ • l) symmetric

matrices  M with p(g)(M) -- gMg" for g > s'-,,,l*>-

(! . ill; . 2) 2 MX) - dis

MM) - del

nant of  X,

ant of  «.

For all  / (Sato):
V-   A!<V»I); pM,) .  A2U,).

V at  vector space of (/ . I) x (/ . l) skew

symmetric matrices M with

pd,)'*)-«««".  (i-H.,,,,,,.

[.ra
/'(Ml

Pfaff (At) (3.*.).

/ = 1;   V =   S(V*0' - vt?ctor space of binan

cubic forms on  V   ■  , dim G" ■ 4 (Sato).

f = 5;   V = AHV*!);   v _ vector space elements

of degree 3 in the Grassmann algebra on   V   ';

dim G = 36 (Sato). i- A    A V, A A ,

deg P

/ = 6; V =  A A VA»;   V = elements of degree

in the Grassmann algebra on   V   -;

dim G = 49   (Sato).

"2 1 î X.AX^A.X,

. X AX AX6

» X, A(X, A A"   + X, A X. + X"   AX,)

;.7;   V.  AHv1');   dim (."  =  64   (Sato). 1 2     w 3        i '• e.V,AX2AX,

» X  AX AX

, XjAIXjA X4 - X'2AX )

* X„A(X,A X   - x   A X )

Table continues on facing page

(-7,  A,.

(.', (/ '■ 3) G   -    k*ldy   ■   p(Cfi Jim r; - 21- . i

Description highes

w e ! g h t

/ 2 3;   V & natural representation.

Basis:      X. = eigenvector for &., 1 < i < 1.

X     . = eignevector for — a'.,  1 < i: < /■

Does not exist;

p{Cj)X j   is open

/ s 3;   y - representation given by the vector space

of skew-svmmetric matrices  (-   A (V    )) modulo the invariant

?/* - /-

.V,  skew  / x /  matrices; Trace  (.V,) ¡r 0

in  M,Jk).

V is not prehomogeneous,

Pj = Trace (X^ - X*) is

6'  semi-invariant and   P, =

Pfaff(.Y) is also G  semi-in-

variant.   These are nonasso-

ciate (not collinear) (3-3).

/ -  í  (dim ii" - 22);   I'   is a subspace of the exterior algebra

*,.,,,.v,,6=0,   l¿,<fi|.

See [1?, Prop. 7, p. 1026].
X4X5X6

r"<-\'l  is of degree

i      jIMol

II-'. Prop. "I.

Table continues on facing page
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Uescriptio

oí o(C)

S a Borel subgroup of G

B -**W„ ■ P<TL); TL = lowet

triangular subgroup of

SL,   At);  dim B, (Z+ 2)1/ ♦ l)/2

initeness í

ci orbit

decomposint

Z(P)

V . (v-lol) u loi

<.x a o(yj. ■■■ . y<)
»B,, /> 2 even;

0,,  / odd.

o(C) - I p

= nondegenetate i open dense

B acts

prehomogeneously

Yes

y. u.u
/     r

U IXIrank X -

G    ar ÍP(Zt 1)

a i „.,, ,

lip - skew-

symmetric mattice

of rank / + 1

is open dense prehomogeneously

on   ZIP)

U      IXItank X , 2tl
Otisi/2

pwz, *) u'~| o(C)     skew-

Symmetrie ma

ol tank i

V.      U      IX|rankX.2.l
Osisi/ 7

o(Gl = Vp = forms with no

multiple factors

dim B - 3, B does not act

ptehomogeneously on V.

B acts ptehomoge-

neously on ZIP) (6.5)

Yes, V = UpU IXIX has a double rootl

ulX'X has a triple roorlulOt.

t v a sz. (A) x .s'L.Ut o(C) -li_ (4.1) not known

dim B » 21

dim I       20

„((.) = (/    (4.1) dim B - 28

dim V - 35

impossible

impossible

o(rj) - (j p (4.1) dim B . 36,

dim V -- 56

impossible

Table continued from facing page

What is Gp>

Is it k'Uy ■ p(E,)

where Ap - A. ?

(See  E,.)

o(C)
/í  a Borel subgroup

acts prehomogeneously
Finiteness of orbits

Description of

me) (/-decomposition

/.«.,.)

0   0

/;

o
- i'

l /-]   /

Ii  symmetric,

(/ < /);

C symmetric,

(/ _  1) X (/ -  1)

- T"

Yes (6.2).

(,A        SI. At) o(C)      í dim Ii      13

not possible

/4 acts prehomo-

geneously tin

/IP)

Yes, the orbits are

described in

[1?, Prop. 7],

Table continued from facing page
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<k*Mv. p(fl,) dim G - 2lz + / + 1

Description Highest weight  A      |   dim V Description

For all ¡2 2:

V = natural representation with basis

elements .V   » eigenvector for tú., 1 < l < /;

2/+ 1
i^i.u,*1';

X, ^ eigenvector for - oj ,   !<'</;

Xj - eigenvector for 0 weight  116, p.  1421.

/ » 3, 4, 5, 6 Spin Representations-not complete

o(G) B a Borel subgroup of G Finiteness of orbits Remark

(cont'd.) o(C) on   'AP) G orbit decomposition

Cx a D, (/; 4);

/),(/= 3);

A , x /I,   (/ = 2)

Up = nonisotropic

vectors

RX is open

dense in V

B acts

prehomogeneously

on z{r)

V=(JpU(Z(P)-l0l)

ulol

For the Spin and Half-Spin representations we refer to the

paper of Jun-Ichi Igusa   [l2j.  In accommodating to Igusa's results,

we change our format.

G = k lay • Spin2i  [,  V ■ Spin representation of B¡.

dim of

Spin rep.

}2

64

dim 0

22

56

^9

o(G)

Spin?

SL^(k)

o(G)

P is of deg 2

[12, Prop. 4].

P is of deg 2

[12, Prop. 5Î.

P   is of deg 4

[12, Prop. 61.

For / = 3, 4. 5,  the dimension of a Borel subgroup ß of C is

13, 21, 31, respectively. Hence it is possible that  B  acts

prehomogeneously on Z(P). The orbits are finite in these cases by

the results in Propositions 4, 5, 6 of [12]-  For / = 6, B has

dimension 43.  Hence neither  V nor Z(P)  can have a dense fl-orbit.

G= k*ldv- p{F.b)        dim(,' , 79

o(G) B a  Borel

subgroup

Finiteness

of orbits

Descriptit

highest

weight

Z(P)

V m 3 the exceptional

simple Jordan algebra

of   3 x 3   Hermit Kin matrices

with elements in the Cayley

algebra of dimension 8, S.

1/00
0 Í0

?0/_

P(X) =

Tr(.V «X oX)

o(C) = (/,



1973] PREHOMOGENEOUS VECTOR SPACES AND VARIEITES 441

(/>4) dim G = 2l¿ - I + 1

Description

For all  / > 4:   V = natural representation with basis

elements X. = eigenvector for û>.»

X.   . = eigenvector for - cj   [ 16, p. 142].

dim V Description

P = Y.Y,

For /= 4, 5, 6, 7  Half-spin representations-not complete

(cont'd.)
o(G)

o(G)

B a Borel subgroup

on  V   \    on Z(P)

Finiteness of orbits

o(G)= tip Yes | Yes

See (6.5)2.
I

Yes

v- up u mp)- loi) u loi
C= Cp

G * k Idy ■ Spin2i

dim of Half-

Spin rep.

64

dim G

29

46

o(G)

Spin y

Spin7 • (Ca)8
semidirect prod.

67

92

not reductive

[12, Prop. 2]

if it exists.

P is of deg 2

[12, Prop. 1}.

P is of deg 4

[12, Prop. 3l.

For / =» 4, 5, 6 the dimension of a Borel subgroup B  of G  is

17, 26, and 37 respectively. It is possible that B  acts prehomogeneously

on V in each case. The finiteness of orbits for these cases follows from

Propositions 1, 2, and  3, respectively, of Igusa's paper. For / = 7,   B

has dimension 50 and prehoroogeneity for B on V or on Z(P), if P exists,

is not possible.

G = k*ldv ■ p(G )

Descriptii highest

weight

description

If   R = 3 dimensional vector algebra with

bilinear scalar product and skew-symmetric

vector product,

V = Trace 0  elements in 8-dim split Caytey

algebra over   k

[o-.]-<

|G 4
a € k,

110. pp. 142-1451.

i a Borel subgroup  R  such that

L(ß). Aid    + [0 ¡a g R¡ + L(B0)

Finiteness of orbits

(7-orbit decomposition

Z(P)

If (a, iz) = 0infi and  L{RQ)u has

dim 3  and  L(Rn)v has dim 2 then

L(R) I"
[: :]

V , lip u ZIP).

ZIP)  is a finite ,

of  C orbits.

Cp . GO(P) 5 G
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leaving the homogeneous polynomials  Pj(X) = Trace X °X and P 2(X) = Trace

X °X °X invariant; [13, p. 1391-    3fj>  tne subspace of trace  0 elements in 3

above, is the space  V fot F .  with highest weight À..   From Theorem (3.2), we

see that (k  Id,, ' p(F4), 3q) cannot be prehomogeneous.

However from the Chevalley-Schafer theorem we see that V = 3 is the space

of the representation p of E6 with the property that if X = / € 3,  then L(G)l = 3

and hence Gl  is open dense in  V.   Since L(E Al = 30,  there exists a P  by (3.3).

We fix notation as in the table for Eg.   On 3 one can define a nondegenerate

symmetric bilinear form   ( , ):  ^x 3 —>k  by (X, Y) = Trace X ° Y = (D yP A.(X).

One can also define a bilinear mapping   D: 3 x 3 —'3 where  X D Y  is defined by

the identity (X D Y, Z) = DYDXP2(Z) for all Z  in 3 [14].   We now consider E7

(see the table for E_).

£7 C . i*Idv ■ p(E7)       dim G =134

Description [14] Highest

weight

V  in

Description

o(G) B a Borel

subgroup

As a vector space,

V is isomorphic to

3 €> 3 © * 9 k.
Let  M, Af £ 3 and

o, T e k.   We represent

X in   V  by

Let v € k and let

$ e L(E&) in its natural

representation with weight  Aj.

The action of HE,) on  V

may be represented as left

multiplication by the matrix

4 + 1/31-Idj 2Bn

2/ta 4*- 1/iAdy

0 M, )

(B.) 0

P(X) . (« D «, N □ N)

- (j det M - rdet N

- YM«, N)-<,r)2

of degtee 4

L(G^) s L(fi.) C-Gp,

G has finitely

many orbits in

V[15l.

8.  Conjectures.   One can see that there is no irreducible prehomogeneous

pair (G, V) in the list for which P  exists but for which o(G) 4 Up,  i.e., for which

the condition Gx is reductive fails (4.1).   Thus it is tempting to conjecture that

every irreducible prehomogeneous pair (G, V) which admits a nonconstant semi-

invariant P  has o(G) - Up.   This is false however.   Mikio Sato has an example

of an irreducible prehomogeneous pair (G, V) for which o(G) C Up [l6, p. 140].

It is the pair with G ~ k  Idy ' (Sp (2n, k) x 0(3, k)) and  V = the vector space

over k of matrices of size 2n by  3.   (G , V) is the tensor product of the pairs

(Sp(2n, k), k2n) and (0(3), k});  the action is given by gX = cAXB~ 1   for c £ k*,

A  e Sp(2-7, k), B  e 0(3).   In this case, there exists a P  of degree 4.   Let X =

(X., X,, XJ with X. in k2n.   Then P(x) = [X,, X,]2 + [X,, X,]2 + [X,, X,]2,
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where  [X, V] is the skew symmetric nondegenerate bilinear form which Sp(2zz, k)

leaves invariant.   The point

1     0    0

X=     °    °    °
0    1     0

0    0    0

lies in  Up - o(G), n = 2.   A reasonable question is whether G = Gp.   Hence we

conjecture the following.

1. If an irreducible prehomogeneous pair  (G, V) admits a nonconstant semi-

invariant  P,  then  o(Gp) = U p.

One can also notice from the list that whenever G = Gp  the condition "A

Borel subgroup B CG acts prehomogeneously on  Z(P)"  is not implausible from

the point of view of dimensions.   Whenever a B   is known, this has been verified.

Hence a second conjecture:

2. If (Gp, V) is irreducible prehomogeneous, then a Borel subgroup B C Gp

acts prehomogeneously on the hypersurface Z(P).

A consequence of 1 and 2 is a conjecture of Mikio Sato.

3. If  (G, V)  is irreducible prehomogeneous with nonconstant semi-invariant

P,  then  Gp  has finitely many orbits in  V.
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