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ON THE DETERMINATION OF IRREDUCIBLE MODULES
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ABSTRACT. Let B be an algebra over a field, @ a subalgebra of 8, and a
an equivalence class of finite dimensional irreducible @-modules. Under certain restric-
tions, bijections are established between the set of equivalence classes of irreducible
$-modules containing a nonzero Q-primary @-submodule, and the sets of equivalence
classes of all irreducible modules of certain canonically constructed algebras. Related
results had been obtained by Harish-Chandra and R. Godement in special cases. The
general methods and results appear to be useful in the representation theory of semi-

simple Lie groups.

1. Introduction. This paper was originally motivated by a desire to understand
a certain important theorem of Harish-Chandra [4, p. 32, Theorem 2]. This theorem
essentially asserts the following: Let g be a real semisimple Lie algebra and
t C g the fixed subalgebra of a Cartan involution of g. Let V be an irreducible
g-module which is a direct sum of finite dimensional irreducible f-submodules.
Then V is determined up to equivalence by the knowledge of the action of ¥ and of
the centralizer of ¥ in the universal enveloping algebra of g on any one of the
nonzero primary ¥-submodules of V. In this paper, we shall generalize, simplify
and sharpen Harish-Chandra’s argument.

In proving his theorem, Harish-Chandra uses infinitesimal characters, and re-
lies on the finiteness of a certain module, which he proves in [3, p. 195, Theorem
1]. Thus he uses some very special properties of the pair (g, £). (This does, how-
ever, enable him to obtain a certain finiteness corollary [4, p. 36, Corollary 1]
which we do not attempt to generalize.) We shall replace the pair (g, ) by the
pair (b, 0), where b is an arbitrary (possibly infinite dimensional) Lie algebra
over a field of characteristic zero, and @ is any Lie subalgebra of b which has

an 0-invariant complement in b on which the natural representation of @ is a
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direct sum of finite dimensional irreducible submodules. In §2, we develop the
relevant properties of such a pair. These properties are essentially already known
(cf. [3, pp. 195—196] for a special case).

In §$3, we consider quite generally an arbitrary algebra $ and subalgebra (
over an arbitrary field (B and @ will be specialized to the universal enveloping
algebras of b and a,respectively). In this setting, we define and develop the
general properties of the key subspaces A®® of B. Here B and o are equiva-
lence classes of finite dimensional irreducible @-modules, and A?? is the sub-
space of B which sends the a-primary subspace of any B-module (regarded as an
(®-module by restriction) into the B-primary subspace. The definition of these
spaces in the ‘‘diagonal’’ cases A%'® was suggested by Harish-Chandra’s spaces
A (4, p. 33) and A(D) [4, p. 50].

Let o be an equivalence class of finite dimensional irreducible ({-modules,
and let 9% be the annihilator in @ of any module in a. In $4, by adding the
assumption that B/BI* regarded as an B-module, is a direct sum of finite dimen-
sional irreducible submodules, we establish a bijection between the set of equiva-
lence classes of all irreducible B-modules containing a nonzero a-primary (f-sub-
module and the set of equivalence classes of all irreducible modules of the algebra
A%%/B§* (Theorem 4.9). This is a generalization of part of Harish-Chandra’s
argument (cf. 4, p- 34]). One feature of our argument is that in place of Harish-
Chandra’s use of Zorn’s lemma [4, p. 34], we explicitly construct the appropriate
maximal left ideal of B, in a general module-theoretic setting (Propositions 4.6
and 4.7).

We begin §5 with three known general lemmas concerning full matrix algebras.
We then make the assumptions of $2, together with two additional ones. This en-
ables us to show that the algebra A *%/$§* mentioned above is the tensor prod-
uct of a full matrix algebra with the algebra /8" n B2, where B° is the
centralizer of @ in the universal enveloping algebra B of b (Theorem 5.4). We
can then prove the main result (Theorem 5.5), which establishes a bijection be-
tween the set of equivalence classes of all irreducible $B-modules containing a
nonzero Q-primary (f-submodule and the set of equivalence classes of all irreduc-
ible modules of B°/8° N BI* (Harish-Chandra proves only the injectivity in his
special case; see [4, p. 32, Theorem 2] and [4, p. 36, Corollary 2D).

We remark that Theorem 5.5 may be regarded as an algebraic analogue of
certain results of R. Godement [2, Theorems 8, 9 and 12] on generalized spherical
functions.

We shall consider applications of our results in later papers (see (7).

2. The Lie algebra setting. Let F be a field of characteristic zero, b a Lie
algebra over F, aC b a Lie subalgebra of b, and ¢ Cb an a-invariant
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complement for @ in b such that the natural representation of @ on ¢ is finitely
semisimple (that is, it is semisimple and all the irreducible components are finite
dimensional).

Let B (resp., @) denote the universal enveloping algebra of b (resp., a), so
that we may regard @ CB in the natural way. Then b-modules (resp., @-modules)
are identified with B-modules (resp., (f-modules ).

Lemma 2.1. The tensor product (over F) of two finitely semisimple represen-

tations of a is again finitely semisimple.

Proof. It is sufficient to show that if # and p are finite dimensional irre-
ducible representations of @, then 7 ® p is a semisimple representation of a.
Let 7, (resp., ip)denote the kernel of 7 (resp., p) in a. Now a, = a./iﬂ N ip
is a finite dimensional Lie algebra, and 7 and p can be regarded as irreducible
representations of @,. Then 7 @ p is a semisimple representation of a,, since
F has characteristic zero (see [1, p- 83, Corollaire 1]). Thus 7 ® p is a semi-
simple representation of a. Q.E.D.

For every vector space V (over F), let S(V) denote the symmetric algebra
over V. Let A:S(6) = B denote the ‘‘symmetrization’ mapping, that is, the

unique linear isomorphism such that

1
)\(xl Y xn):’ﬁzo;xo_(l)...xd(n)

for all nonnegative integers 7 and all X1, eee, % € b (see [1, §2.7]). Here o
ranges over all permutations of {1, ---, n}, the product on the left is taken in
$(5), and the products on the right are taken in B. It is interesting to note that

A may also be defined as the unique linear map from S(b) to B such that A(x™?) =
x™ for all x € b, n > 0, since the powers x” (x € b, n > 0) span S(b). We note
that A is defined on S(a) and S(¢) by regarding S(a) C S(P) and S(c) C S(H).

Now S(b) and B are both b-modules, by unique extension by derivations of
the adjoint representation of b on itself. Moreover, A is a b-module map (see [1,
$2.8)).

The natural action of a on ¢ extends uniquely to an action p of a as
derivations of S(C). We assert that p is finitely semisimple. Indeed, the action
of a on C is finitely semisimple by hypothesis, and so the natural action of a
as derivations of the tensor algebra over C is finitely semisimple, by Lemma 2.1.
But since p is a quotient of this representation, p is finitely semisimple.

Let § be a left ideal of @, and let o denote the natural representation of @
on (/9 induced by left multiplication. Let 7 denote the natural representation of
a on B/BY induced by left multiplication. We shall relate p, 0 and 7 in Lemmas
2.3 and 2 4.
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Lemma 2.2 (cf. [3, p. 193, Lemma 12]). The map [:S(c) ® @ = B given by
x ®y b Mx)y is a linear isomorphism.

Proof. For every vector space V (over F), let T(V) denote the tensor algebra
over V, and for every n > 0, let T™(V) denote the nth graded subspace of T(V).
Let 3™(V) denote the space of symmetric tensors in T™(V), that is, the tensors
left fixed by the natural action of the symmetric group on » letters on T™(V), and

let
o

SW) - ] V) CTW).

n=0
Also, let $®(V) denote the nth graded subspace of S(V).
We regard T(a) C T(b), T(c) C T(H), S(a)CS(P) and S(c)C S(b). The map
g:5(c)® S(a) — S(b) given by x ® y  xy is an algebra isomorphism. Let

m T(6) — S(b)

be the natural projection homomorphism. Then the restrictions (@|T(S)): T(c) — S(©)
and (7|T(a)): T(a) — S(0) are the natural projection homomorphismsfor ¢ and a,

respectively, so that the restrictions
i 2(c) — S(o), Ty S@) — S(a)

of 7 are linear isomorphisms.
Let
W = 3(c) ® 2(a) C T(D),

and, for each n >0, let W? =W N T™(b),so that

W= H wr,
=0
Then (7 |W): W — S(b) can be factored as
T|W =g 0(77l ® 72).
Hence 7 |W is a linear isomorphism, and so
| W W — S™(b)
is a linear isomorphism for each 7 > 0. Thus it follows from [1, p. 33, Corollaire
1] (essentially the Poincaré-Birkhoff-Witt theorem) that ¢: W — B is a linear
isomorphism, where ¢ is the restrictionto W of the natural projection map from
T(b) onto B. But (¢|Z(a)): 2(a) — @ is a linear isomorphism, again by [1, p.
33, Corollaire 1], so that
$o((m)! @ (@@ :s(c) @ & — B
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is a linear isomorphism. Since A[S(¢)= ¢ © (771)"1 and ¢ is a homomorphism, we
have the lemma. Q.E.D.

Lemma 2.3. The map ¢:S(c) ® @/ — B/BY given by x ® (y + §) - Ax)y +
T)ﬂ (xeS(e), ye (f) is a linear isomorphism.

Proof. From the exact sequence
0-»3-»@-»@/5]-.0,

we have that the sequence

0-S()®J—-5sc)® @ —s(c)® A/ —o0
is exact. The lemma follows from the isomorphisms
S(®@ A= AMS(NE=B,  $() ® § 2 MS()) = BY
given by Lemma 2.2. Q.E.D.

Lemma 2.4 (cf. [3, p. 195, Theorem 1, first assertionl). The isomorphism
of Lemma 2.3 is an a-module map with respect to p ® o and 1. In particular, if

o is [initely semisimple, then 1 is finitely semisimple.
Proof. Let a € a, x€S5(¢c) and y € (®. Then
da - GG +IMN=tla- x@G+PN+x® (ay+9)
=Aa - x)y + AMxday + BY = (@ - Mx))y + Mx)ay + BY
= allxly = Mx)ay + Mx)ay + BY
—aMxly + By =a . x® (4 + 9)),

proving the first statement. The second statement follows from Lemma 2.1.

Q.E.D.

3. The spaces APB% We now generalize the setting of $2. Let F be any
field. Let B be an (associative) algebra (with 1) over F, and @cB asub-
algebra of B. Let @ denote the set of equivalence classes of finite dimensional
simple ({-modules (or, equivalently, finite dimensional irreducible representations
of @). For any a € @ and any ®@-module V, we denote by V  the a-primary sub-
space of V, that is, the sum of all the simple submodules of V in the class a.
We shall regard B-modules as @-modules by restriction. For every a € @, we de-
note by 4% the kernel in @ of any representation in the class a, so that §% is a
two-sided ideal of @.

Lemma 3.1. Let a ¢ @, and let V be an @-module. Then V, is precisely the

annihilator of 9% in V.

Proof. Let V| be the annihilator of 4% in V. Clearly, vV, Cv,.

Now (/4% is a simple ring. Indeed, let W be an (f-module in the class
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a, so that W is a simple faithful module for the ring ®/9%. Let K = EndgW, so
that K is a division ring, and W is finite dimensional over K. By Wedderburn’s
theorem, @/4% o End W, which is a simple ring.

Now the unique equivalence class of simple ®/9%modules is the class induced
by a. Since V, is an #/4%*module, V| is an a-primary (@ -module. Hence v, C
V_. Q.ED.

a
Let a € A. The left ideal BI*of B can be characterized as follows:

Proposition 3.2. The left ideal BI* of B is precisely the subset of B which
annibilates V | for every B-module V, or, alternatively, which annibilates vV, in
the special case in which V = B/B4%, regarded as the B-module induced by left

multiplication.

Proof. To show that the annihilator of (B/89%) in B is contained in B9%,

a
we have

1+B9% e B/R99),

by Lemma 3.1. Hence if x € % annihilates (33/939“)(1, then x € BI%. Q.E.D.
Fix a, BE& We define

AP~ ix e B 95 C BIM = {x € B| BIB C B,
We can characterize 4% in two ways, given by the next two propositions:

Proposition 3.3. A”% is precisely the subset of B which transforms v,
into V,B for every B-module V, or, alternatively, which transforms Vg into Vg
in the special case in which V = B/BI*.

Proof. A5® transforms V, into V 5 by Lemma 3.1. Conversely, if x € B
transforms (ﬁ/ﬁga)a, into (%/39“)5, then x - (1 + Bd*) =x + BY* € (%/939“)5, so
that §8x C B4>. Q.ED.

Proposition 3.4. B892 C A5 and AB:2/BY = (%/%ﬂa)ﬁ (regarding B/BI* as
a B-module).

Proof. Immediate from Lemma 3.1. Q.E.D.
Proposition 3.5. We bave A7 BABACAY S forall a, B ye Q.

Proof. Clear from either the definition or from Proposition 3.3. Q.E.D.

The following result concerning the special case A*'® (a € () is clear:

Proposition 3.6. A% is a subalgebra of B, and is the normalizer in B of
the left ideal BI* of B, that is, A™* is the largest subalgebra of B which con-
tains BI® as a two-sided ideal. Moreover, A®*/B§* is an algebra which acts

naturally on V  for every B-module V.
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Remark 3.7. The definition of A®* was suggested by [4, pp. 33, 50], as
indicated in the Introduction.

We give another interpretation of the B-module B/BI*:

Proposition 3.8. The map [: B ®(i @/9e — B/BI* given by x ® (y + %)+
xy + B4 (x€ B, y € @) is a B-module isomorphism. (Here B is regarded as a left
B-module and a right @-module.)

Proof. The map [ is clearly well defined and is a B-module map. Conversely,
the map g: B/B4* — B ®4 @/§* given by x + BI* > x ® 1 (x € B) is well de-
fined, is a B-module map, and is a left and right inverse of f. Q.E.D.

4. Extension of submodules and ideals; application to irreducible modules.
We retain the notation and assumptions of $3. In addition, we assume that the R
natural representation of @ on B/BI* is finitely semisimple for a certain a € (
fixed throughout this section. This holds in particular (for arbitrary a) under the

assumptions of $2, by Lemma 2.4.

Remark 4.1. In view of Proposition 3.4, the new assumption implies that
/88 = 11 abe/8e
Bed
and hence that B = Zhed AP and that
DN S
A vel;y=8
for all Be (.

Proposition 4.2. Let V be an irreducible B-module such that V, #0, or more
generally, let V be a B-module generated by V.. Then V is finitely semisimple
under Q.

Proof. Remark 4.1 and Proposition 3.3 imply that
B.v,cIvse QED.
Bed
Remark 4.3. One can easily generalize Proposition 4.2 as follows: Let
I'={ye \’Al‘lf'ﬁ/.‘ggy is finitely semisimple under (f}.
Let V be a B-module. Then

B-II v, c I Ve
vel Be@
In particular, if I" = ({ (for example, under the assumptions of $2), then H,Bs@ Vs

is a B-submodule of V.
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Proposition 4.4. Let V be a B-module, let BE& and let S be a subset of V.
Then B -5) N V,y=4P% 5.

Proof. Immediate from Remark 4.1 and Proposition 3.3. Q.E.D.
Proposition 4.5 (cf. (4, p. 33]). Let V be an irreducible B-module and sup-

pose that V, # 0. Then V, is invariant and irreducible under A%%. More
generally, if V is not necessarily irreducible, then V, is A“*-irreducible if and

only if V # 0 and every B-submodule of V which meets V, contains V.

Proof. Suppose that V is not necessarily irreducible, that V_ # 0 and that
every B-submodule of V which meets V., contains V. Let W be a nonzero A®C-
submodule of V_. Then (B -W) NV, =A%% .W =W by Proposition 4.4, and so
B.wod V, by hypothesis. Thus W =V_, sothat V, is A% %-irreducible. The rest
of the proposition is clear. Q.E.D.

Let V be a B-module and let W be an A% -submodule of V.. Then we de-
fine an extension of W to be a B-submodule of V whose intersection with V, is

W. The following is a ‘‘going-up’’ theorem:

Proposition 4.6. Let V be a B-module, and let W be an A**-submodule of
V,. Then W has a smallest extension wmin  gpd WM = B . W. Moreover, W ™"
is contained in every extension of every A% %submodule of V containing W. Now
let V be finitely semisimple under ®, and let P:V — V, be the natural projection
map with respect to the semisimple decomposition. Then W has a largest extension

wme - and

(*) WeE = fy e VI (B.0) NV, CW

(%) ={v e VI P(B.0) CWi.

Moreover, WM contains every extension of every A**-submodule of W.

Proof. The assertions about W ™" are clear by taking B=a and S =W in
Proposition 4.4. Let V be finitely semisimple under (®. Now the right-hand side
of (*) equals the right-hand side of (**), since B . v is an @-submodule of V,
and so B -v)n Vo = P(.(B .v) forall veV. Let X be the right-hand side of
(*). Then X is clearly a B-submodule of V, by (*¥*). If we W, then

B -w)n Va=Aa’a-wCW

by Proposition 4.4, so that X is an extension of W. If Y is an extension of an
A% *.submodule of W, then for all yeY,

@B-y)nv,CYnv,Cw,

so that y € X. Thus W™ is the largest extension of W, and the last assertion

holds. Q.E.D.
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We now apply Proposition 4.6 to the case V = B/BI*. Let M(a) be the set of
maximal left ideals of B containing $B4* and let L(a) be the set of maximal left
ideals of A®® containing BI*. For every Me M), let M) =M NA*. Let
7: B — B/BI* be the quotient map, and let P: B/BI* — A% /BI* be the pro-

jection onto (93/9390”)& with respect to the &-primary decomposition.

Proposition 4.7 (cf. [4, pp. 33—34)). We have $(M(a)) C L(a), and ¢: M(a) —
L(a) is a bijection. If £¢€ L(a), then

¢"1(£) ={x € fBl Bx) N A%*C £}
=l € B[ (B 7)) nala®) C (@)}
={x € B| P(B . lx)) C A} = 7~ H((L)™ax)

(see Proposition 4.6). Moreover, ¢~ Y8 contains every left ideal Mof B such
that MN A%* C &L,

Proof. Let M e M(a), so that B/M is an irreducible B-module. Since 1 + Me
@B/M)_, (B/M), £ 0, and the annihilator of 1 + ) in A% is M N A%% But by
Proposition 4.5, (B/M), is A%“-irreducible. Thus N A% € L(a), so that ¢(M(@)) C
L(a).

Now let L€ L(a), so that 77(£) is a maximal proper A% *-submodule of A *%).
Then m(£)™* (see Proposition 4.6) is a maximal proper B-submodule of 7(B). In-
deed, m(£)™* is the largest extension of #(®), and so any strictly larger B-submod-
ule of m(B) would contain (1), and hence would equal m(B). Thus 7~ '(m(&)™*)e
M), and 7~ '@ ®)™*) N A% %= . Conversely, if Me M(a) and MNA** = &
then 7(N) is clearly a maximal extension of 7(£), so that #(M) = m(£)™X  Thus

¢ is a bijection, and
¢~ UEL) = 7~ Ua(®)max).

The remaining formulas for ¢~ 1(®) follow from Proposition 4.6 (*), (**), and the
last statement follows from the last statement of Proposition 4.6. Q.E.D.

Remark 4.8. The expression for ¢~ (&) was originally suggested by the for-
mula for L, in [6, p. 632] and the formula for m in [2, p. 513, Lemma 8.

Theorem 4.9 (cf. (4, p- 34)). The correspondence V V,, where V ranges
through the irreducible B-modules such that Vo # 0, induces a bijection from the
set of equivalence classes of all such B-modules with the set of equivalence
classes of all irreducible A™* /BI* -modules.

Proof. If V is an irreducible B-module such that V, #0, then V_is an irre-
ducible A% *-module by Proposition 4.5, and hence naturally induces an irreducible
A% /B4* -module. The equivalence class of V clearly determines that of V|

Now let V| and V, be irreducible B-modules such that Vg # 0and
Vy)g # 0, and suppose [: (V ), — (V,), is an A*“-isomorphism. Choose a
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nonzero element v € (Vl)a. Let )ﬂl (tesp., 3112) be the annihilator of v (resp.,
f@)) in B, so that M. e M(a) (i =1, 2). Let £ be the annihilator of v in A®*
Then £€ L(a), and £ is also the annihilator of f(v) in A®*. Since

mln A% =L =0, N A%,

we have ml =?ﬂ2 = qS'l(g), by Proposition 4.7. Thus V| and V, are equivalent
B-modules, since each is equivalent to B/¢~1(£).

Finally, suppose that W is an irreducible A%**/B§*-module, and let weW,
w £ 0. Regard W as an A%%-module. Then the annihilator £ of w in A*?* is
in L(a). By Proposition 4.7, ¢ 1(£)n A% =&, so that A**/&, which is
equivalent to W, is naturally embedded in the $B-module 93/(}5' 1(®). Since
¢~ L&) e M(a), B/~ (L) is B-irreducible. Finally, 4%*/&=B/¢~1(&)),, by
Proposition 4.4 applied to V = 8/¢~1(®), B=a and S =11 + " 1(®)}. Q.E.D.

5. The absolutely irreducible case. Let the field F be arbitrary. If R is an
algebra (over F) and § is a subset of R, we denote by RS the centralizer of S
in R. Our aim in §5 is to study the relationship between B4 and the algebras

A®% and to sharpen Theorem 4.9. We begin with three general lemmas.

Lemma 5.1. Let B be a full matrix algebra, and let C be an arbitrary vector
space (over F). Regard B @, C as a left and a right B-module in the natural way.
Then any subspace D of B ® C which is a left and right B-submodule is of the
form D =B ® (C N D). The conclusion holds in particular if C is an algebra and
D is a 2-sided ideal of the algebra B ® C.

Proof. B may be regarded as a left and a right B-module under left and right
multiplication, respectively, so that B ® B acts as a space of operators on B.
It is well known that this space of operators consists of all linear endomorphisms
of B. In particular, D is invariant under all operators Q ® 1, where 0 is any
linear endomorphism of B.

Let b,, .-+, by be a basis of B. Let a = 25.‘]:1 b,®c; €D (c;e C). For
all i=1,---, N, let O ,€Endg B be such that Q;b, =1 and 06, =0 for i
Since D is invariant under Qi® 1, we have 1 ® c,eD. Q.E.D.

Lemma 5.2 (cf. [5, p. 118, Theorem 2)). Let B be asin Lemma 5.1, and let
E be an arbitrary algebra containing B as a subalgebra. Then E =B @ EB as

algebras.

Proof. Let E; (tesp., E ) denote the left (resp., right) B-module induced by
left (resp., right) multiplication of B on E. Then E, is a direct sum of copies of
the unique simple left B module V, and E_ is a direct sum of copies of the unique
simple right B-module V*. Regard E, ® E, as a left and a right B-module in the
obvious way. Then E ,®E_ is a direct sum of copies of V ® V* Let



1973] ON THE DETERMINATION OF IRREDUCIBLE MODULES 55

X={xeV®V*|b-x=x-.b forall b € B.

Then it is well known that X is one dimensional, and that V ® V* =B . X, since

V* is isomorphic to the dual of V. Hence if we let

Y={ye E,®E |b.-y=y-b forall b€ B},

then E,® E =B . Y.

Now the multiplication map from E x E to E induces a left and right B-mod-
ule map m: E; ® E_— E. Thus m(Y)CEB, and so E = BEB,

Let 7: B ® EB — E be the homomorphism induced by multiplication. Then 7
is surjective by the above. But Ker 7 is a two-sided ideal of B ® EB, and so

Ker7 =B ® (Kerw N EB),
by Lemma 5.1. Since 7 is injective on EB, we must have Ker 7= 0. Q.E.D.

Lemma 5.3. Let B be as in Lemma 5.1, and let C be an algebra. Let X be
a fixed irreducible B-module (so that X is uniquely determined up to equivalence).
Then the correspondence Y > X @, Y (Y a C-module) induces a bijection from
the set of equivalence classes of irreducible (resp., all) C-modules to the set of
equivalence classes of irreducible (resp., all) (B ®F C)-modules. The inverse of
this bijection is given by Z > Homg (X, Z) (Z a B ® C-module).

Proof. Let Z be a B ® C-module, and let Y =Hom (X, Z), regarded as a
C-module. Then X ® Y isa B®C-module. Let ¢: X ® Y — Z be the linear
map given by x ® [ f(x). Then ¢ is a linear isomorphism. Indeed, write Z as
direct sum of copies of X, and choose a fixed B-isomorphism of X onto each copy
Since X is absolutely irreducible under B, the resulting set {/]} is a basis of Y.
Let {x,} be a basis of X. Then x,®/} is a basis of X®Y, and ¢(ix; ® /;})
is a basis of Z. Thus ¢ is a linear isomorphism. Since ¢ is clearlya B ® C-
module map, ¢ is a B ® C-module isomorphism.

Conversely, let Y be a C-module, and let Z =X ® Y, regarded as a B ® C-
module. Then Homyg (X, Z) is a C-module. Let Y:Y — Homg (X, Z) be the
linear map given by y (¥ + x ® y). To show that ¢ is a linear isomorphism,
choose a basis {y,.} of Y. This determines a decomposition of Z into a direct
sum of copies of X, together with a fixed B-isomorphism of X onto each copy;
the B-isomorphism associated with Y; is given by x » x ® Y Since X is
absolutely irreducible under B, this set of B-isomorphisms is a basis of Homg (X, Z).
Thus ¢ is a linear isomorphism, and hence a C-module isomorphism. This estab-
lishes the lemma, except for the irreducibility.

Let Y be a C-module, and suppose that Y, is a proper nonzero C-submodule
of Y. Then X ® Y, is a proper nonzero B ® C-submodule of X ® Y. Thus if
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Y is not C-irreducible, then X ®Y is not B ® C-irreducible. Conversely, let Z
be a B ® C-module, and let Z, be a proper nonzero B ® C-submodule of Z. Then
HomB X, Zl) is a proper nonzero C-submodule of Hom g (X, Z). Thus if Z is not
B ® C-irreducible, then Homg(X, Z) is not C-irreducible. Q.E.D.

We now make the assumptions of S2, together with the assumption that the
rlatural representation of a on b be finitely semisimple. In addition, we fix a €
( and assume that a is an equivalence class of absolutely irreducible represen-
tations of @, so that /4% is a full matrix algebra.

Now ( CA%® and %(f =B CA%% and we may identify the images of (
and B° in A% /B9* with @/Q@ N BI* and B* /B “ N BI*, respectively. But
@ N BI* = 4* by Lemma 2.2, so thar @/@ N Bd* = @/4°.

Theorem 5.4. We have
AP - /920 (BB N BIN) 40
as algebras. In particular, A% = QB + BI*.
Proof. By Lemma 5.2, we have
A%/BIe ~ @9 @ (A%2/Bd2)°,

here the second factor denotes the centralizer of @ in the quotient A% /B4

of a-submodules of B under the natural (adjoint) representation of a on B. But
since b is finitely semisimple under @, the same is true of B, and hence of A*'%,
Thus

(A%/BI)® & (AS3)0 /(A% )0 o BY— B /B N BIS. Q.E.D.

Theorem 5.5. Let V be a B-module, and [ix an @-module X in the class a.
Then Homg (X, V) =Homg (X,V ) is a B/ B N BI*-module by the action of
%a /33‘l N BI* on Vs and the correspondence V +> Homg (X, V) induces a bi-
jection from the set of equivalence classes of all irreducible B-modules V such that
V, # 0 with the set of equivalence classes of all irreducible B /BN BI*-mod-
ules. Moreover (cf. [4, p. 36, Corollary 2)), if V is such a B-module, then V.
is invariant and irreducible under @B * (a subalgebra of B independent of ),
and the equivalence class of V is determined unquely by the equivalence class
of the @B *-module Vg

Proof. The bijection assertion follows immediately from Theorems 4.9 and
5.4, together with Lemma 5.3. The irreducibility of V  under @B° is an imme-
diate consequence of Proposition 4.5 and the second assertion of Theorem 5.4,
and the last assertion follows from Theorem 4.9 and the second assertion of

Theorem 5.4. Q.E.D.
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