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ABSTRACT.    In 1935, Knaster gave an example of an irreducible continuum

(i.e. compact connected metric space)  K  which can be mapped onto an arc so

that each point-preimage is an arc.   The continuum  K  is chainable (or arc-like).

In this paper it is shown that every one-dimensional continuum M is a continuous

image, with arcs as point-preimages, of some one-dimensional continuum M  .

Moreover, if M is G-Iike, for some collection  G  of graphs, then M    can be chosen

to be G-like.   A corollary is that every chainable continuum is a continuous image,

with arcs as point-inverses, of a chainable (and hence, by a theorem of Bing, planar)

continuum.   These investigations give rise to the study of certain special types

of inverse limit sequences on graphs.

1.   Introduction.   If  P  is a proper subset of a continuum  Al,   let  ë(AI - P)

denote the collection to which  e  belongs if and only if e  is the closure of a com-

ponent of Al - P.    Then  G  is a graph if and only if G is a continuum (i.e. a com-

pact connected metric space) and there exists a finite proper subset   P  of  G

(called a partition of G) such that &ÍG - P) is a finite collection, each element of

which is an arc with both endpoints in   P,  and no two elements of which have two

points in common.   (Hence every graph is homeomorphic to the space of a one-di-

mensional simplicial complex.)   The elements of &ÍG — P)  are called edges of the

partition  P  of  G.   Clearly, each edge of  P has only its endpoints in  P,   and if

two edges intersect, their intersection consists of a single common endpoint of

both.   A finite subset of G  that contains a partition   P  of G  is called a refinement

of  P,   and is itself a partition of G.

If  P,   and  P2  are partitions of graphs  G,   and  G2 respectively,   a map /:

G,  —' G2  is simplicial relative to (P,,  PA  if and only if fÍP.) C P7,   and the

restriction of / to any edge of  P,   is either constant or a homeomorphism onto an

edge of  Pj.   The map /: G. —> G2   is simplicial if and only if it is simplicial rel-

ative to some partitions of  G,   and  G2>

A map is light if and only if each point-preimage is totally disconnected.   It

is easy to see that /: G. —* G2  is light and simplicial relative to the partitions

P,  and P2 oí G.   and G2, respectively, if and only if the restriction of / to each
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edge of  P,   is a homeomorphism onto an edge of  P.;  moreover, if / is light and

simplicial, then each point-preimage is in fact finite.

Denote by dix, y) the distance from the point x to the point y; by DÍH) the

diameter of the point set H; by H  its closure.   If  G  is a collection of point sets,

G     denotes their union; if s   is an arc with endpoints  x  and y,   then Seg is) =

s -\x, y\  is called the segment of s.

For an inverse limit sequence  |X., /.},  we require that /.  map X.   .   onto

X.,  and denote by  n. the projection map from the limit onto X..   As a matter of

convention, we take mettics fot the cootdinate spaces so that DÍX.) < 1  fot each

z.   The metric for the limit is defined by

dix, y)= £ dintix), 77.(y)) ■ 2Á

i = l

If  G  is a collection of graphs, then a continuum  M  is said to be G-like if

and only if, for each  ( > 0,  thete is an f-map (i.e. point-preimages having diametei

< A from M  onto an element of G.   From [5\, the G-like continua are precisely the

continua homeomorphic to the limit of an inverse sequence with coordinate spaces

in  G.

The inverse limit sequence \G., f{\ on graphs (i.e.  G{ is a graph for each z)

is said to be light (or simplicial) if and only if /.  is light (or simplicial) for each

z.   \G-,  P., f i  is called a uniformly simplicial inverse limit sequence on graphs if

and only if, for each  z,   G.  is á graph,   P.  is a partition of  G.,  and /.  is a map

from  G.   ,   onto  G.  which is simplicial telative to  (P.   ,,  P.).1 + 1 i r i+1        i

In §2, we show that every one-dimensional continuum is homeomotphic to the

limit of a light simplicial invetse limit sequence on graphs.   This sequence need

not be uniformly simplicial, however.   In §3, we study uniformly simplicial inverse

limits on gtaphs, characterizing theit limits.   Not every one-dimensional continuum

is such a limit, since each such limit is a union of arcs, which disqualifies, for

example, the pseudo-arc.   On the other hand, several well-known continua are

shown to be such limits, including the dyadic solenoid.

In §4, we apply these ideas to the ptoblem concerning monotone mappings

discussed in the r-bstract.

2.   Light simplicial inverse limits.

Lemma 1.   Suppose x and y  are points of the graph  G,   and a and b are end-

points of the arc s.   Then there is a light simplicial map g from s  onto G such

that gia) = x  and gib) - y.

Proof.    Let   P denote a pattition of  G.    There exists a finite sequence  s(l),

s(2), • • • , sin) oí arcs in  G with  x  as one endpoint, each of which is a union of
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edges of  P,   such that the other endpoint of s(rz)  is y,   and U"_j sii) = G.    Let

wç. = a,   w., w2, • • • • , wj _. = b denote a sequence of points in   the indicated order

along s.   For each odd Seven! positive integer i < 2rz,   let h . denote a homeomor-

phism from the arc [w.   ,. w]  onto siii + l)/2)[s(z'/2)| such that hiw^y) = x

\h.iw) = x\.   Define g  such that if c £ [10 •_ ,, w ],  then gic) = hie).   Clearly, g

is both light and simplicial, since each h. is, and gis) nU".i sii) = G-

Theorem  1.   Suppose  c > 0,  and f is a map from the graph  G onto the graph

G .    Then there is a light simplicial map g from  G onto G   such that if x £ G,

then difix), gix)) < c

Proof.   Let  P   denote a partition of G    such that each edge of P   has diame-

ter < f/4.   There exists a partition  P  of  G  and a map g    from  G  into  G    such

that (1) g    is simplicial relative to (P, P ), (2) if x e G and /(x) £ P ,  then

g (x) = fix), and (3) if x £ G and fix) lies in the interior of an edge s  of P ,

then g  (x) £ s [3, Theorem 7.3, p. 64].   From condition (2), g (P) = P , and from

(3), if x £ G,  difix), g ix)) < e/4.   Still, g (G) need not be G , and g   need not

be light.

Suppose s  is an edge of G with endpoints a  and b.   Then either g ia) =

g ib), or g ía) and g (è) are the endpoints of the edge g is) of G .   In any case,

let  U denote the union of all the edges of G    with either g  (a)  or g  ib)  as an

endpoint.   Since  U  is a graph, there is a light simplicial map g    from s  onto  U

such that g ía) = g (a) and g (fz) = g ib), by Lemma 1.   Clearly, DÍU) < 3 ' f/4,

so that if x £ s,

d[fix), gs(x)] < d[fix), g '(x)] + d[g'ix), g Ax)] < c/4 + 3 • c/4 = e.

Hence, if we define gix), for each x £ G to be g (x), for any edge s of G

that contains x,   then  difix), gix)) < e, and g  is clearly both light and simplicial.

Moreover, since g (P) = P ,   and for each edge  s   of G,  gis)  contains every edge

of G    that intersects g  is), g throws  G  onto  G'.

Theorem 2.    Every one-dimensional continuum,   Al,   is homeomorphic to the

limit of a light simplicial inverse limit sequence  \G., fA on graphs.   Moreover, if

Al  is G-like for some collection  G of graphs, then  G. may be chosen from  G for

each  i.

Proof.   It is well known that every one-dimensional continuum is homeomorphic

to the limit of an inverse sequence on graphs [5].   Theorem 2 follows from this

fact, Theorem 1, and Brown's approximation theorem for inverse limits [2, Theorem 3,

p. 481].

3.   Light uniformly simplicial inverse limits.   While Theorem 2 shows that
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every one-dimensional continuum can be obtained from a light simplicial inverse

limit sequence on graphs, the limits of light uniformly simplicial inverse sequences

are far more restricted.   It is the purpose of this section to bring out some of their

properties in otder to chatacterize them.

Theorem 3. Suppose (1) \G., P., g \ is a light uniformly simplicial inverse

limit sequence, (2) B is the collection of all sequences \s .\ where, for each i,

s . is an edge of P. and s. = e.is.   A, (3) for each  \s \ £ B,  X\s \ =
l ° ' 1 I & I       I +1 ' 1 1

(1°° , n~   is .), and (4) A   is the collection of sets  Ais.i  for all sequences  \s .\
ISBl     z 2 ' l     ' ' i

in  B.    Then (a) each element of A   is an arc, (b) for each  i,   the restriction of n.

to any element of A   is a homeomorphism onto an edge of G.,   and (c) M = A   .

Proof.   Suppose  a = Als.S £ A,   Then a  is the limit of the inverse sequence

\s ., g.\s.\.   Since /.  is light and simplicial for each  i,   and s.  is an edge of G.,

g . | s .  is a homeomorphism.   But if each of the bonding maps is a homeomorphism,

then so ate the projection maps,  tt. | a,  which proves (b).   But then  a  is homeo-

morphic to  77,(a) = s.,   an arc, which proves (a).

For (c), suppose  pip,, p., • • • )  is a point of M.    If pj   is not in Pj,  then by

induction  p.  is not in P.  for any  i,  and thete is only one edge,  s.  of  G. that

contains p..   For each i,   s is .   ,) is some edge of G. that contains g (p.   ,) =rZ ö2        7 + 1 ö l ö2   r 7 + 1

p.,  but s .  is the only such edge, so s. = g.is .   .).   Hence  is  S £ B,   and p e

Ais.i eA.

If, on the other hand,  p.   e P.,  then, again by induction,  p. £ P. fot each

z.   Now, for each i,   let H. denote the collection of all edges of G. with p.  as

an endpoint.   Clearly if s £ H . and  i < j,   then g . is) e H ..   Hence some element

s .   of the finite set H,   is the image under g, .  of an element of H.  for infinitely

1
many (and hence clearly for all) positive integets  ; > 1.   For each  / > 1,  let  H

denote the set to which  s  belongs if and only if s £ H . and g, is) - s ..   Continu-

ing by induction, construct sequences  \s .\  and \H'.\  ii < j)  such that s. £ H'~

and, for each   /' > i,  s £ H', if and only if s e H'~     and g. is) = s . (the finiteness

of Hi- *   assutes the existence of an edge s.  which is the image undet g..  of

some element of Hl~   ,  for each /> i).   Then \s .\ £ B,  and p e X\s .\ £ A.

Theorem 4 is useful for generating   examples of limits of light uniformly

simplicial inverse systems.   We precede it with a lemma.

Lemma 2.   Suppose   P and P.  are partitions of the graphs G and G., respec-

tively, f is a light simplicial map from  G onto  G.   relative to (P, P„),  Q.   is a

refinement of P ,  and Q = f~   (QQ)-   Then  Q  is a refinement of P,   and f is

simplicial relative to Í0, A).

Proof.   Since / throws  G  onto  G.,   f"   ÍPA = P,   and since / is light and

simplicial,  f~KQ0)  is finite.   Hence  Q = /" liQQ) 1 f~ lÍPQ) = P,   and Q  is a
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refinement of P.   Moreover, each edge 5 of Q  lies in an edge of P  on which /

is a homeomorphism.   Hence fis)  is an arc in  GQ   with only its endpoints in  Qq,

i.e. fis) is an edge of  0 .   So the restriction of / to any edge of Q is a homeomor-

phism onto an edge of Q0  and / is simplicial relative to ÍQ, Q0).

Theorem 4.   Suppose f is a map from the graph  G onto itself, and P.   is a

partition of G such that  P, = /"  (P.) z's a refinement of P.,   and f is light and

simplicial relative to (P', PA).   Then  \G , P., f \  is a light uniformly simplicial

inverse sequence, where for each  i,   G= G,   f.= f,   and P.   , = f~  (P.).
' ' l ' l        ' l +1 ' z

Proof.    By hypothesis,  /,   is simplicial relative to  (P,,  P.).   Since  P-  is a

refinement of  Px>   P, = /"   ÍP2) is a refinement of P2  by Lemma 2, and f2 = f is

simplicial relative to (P,, PA-   The proof continues by induction.

Several well-known continua are limits of inverse sequences with a single

bonding map that satisfies the hypothesis of Theorem 4.   For example, if / denotes

the unit interval, and /:/—»/ is defined by fix) = 2x if 0 < x < 1/2 and fix) =

(3/2) - x if   1/2 < x < 1,   then the limit of the inverse sequence  {/, f\ (i.e. each

coordinate space is  /,   and each bonding map is  /) is the  sin (l/x)-continuum,

and  P y = Í0,  1/2, l! satisfies the hypothesis of Theorem 4.   If gix) = 2x (O < x <

I/2) and gix) = 2 - 2x (1/2 < x < 1), then the limit of the inverse sequence \I, g\

is a well-known planar indecomposable continuum, and again  P. = iO, 1/2, l! sat-

isfies the theorem.   Finally, if  C denotes the unit circle in the complex plane, and

siz) = z    for each complex number z  in C,   then  limiC, s\ is the dyadic solenoid,

and  P. = il, - l! satisfies the theorem.   Hence each of these continua is a limit

of a light uniformly simplicial inverse sequence.   We are now ready to characterize

all the limits of such sequences.

Theorem 5.   /?2 order that the continum  M  be homeomorphic to the limit of a

light uniformly simplicial inverse sequence on graphs, it is both necessary and

sufficient that there exist a map  n from  M onto [O, l]  such that  (1)  V -

77     (Í0,  li)  z's totally disconnected, and (2) if a £ ë(AI - V),  then 77 | a is a

homeomorphism onto [O, l].

Proof of necessity. We assume that Al is homeomorphic to such a sequence

\G., P , f. }. Our first object is to modify the inverse sequence so that [O, l] is

the first coordinate space. Then the first projection mapping will satisfy the re-

quirements for  77.

For each edge  e  of  P2,  let  x    denote a particular nonendpoint of e,   and let

X  denote the union of the points  x     for all edges  e of  P 2,   and  P 2 = X u P y

Then  P2  is a refinement of  P2.   Let Gy = [O, l], G2 = G2,  and P, = iO, l!-   De-

fine <7j: P2 ~~' Px  such that AÍPA = 0 and <piX) = 1.   Then A is easily extended

to a light simplicial map g.   from G,  onto G,   relative to (P-., P.).
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For each « > 1,  let  G     , = G '   .,  and  P   , . = /~  (P  ).   Then by Lemma 2,' 72+1 71 + 1' 72 + 1 ' 77 71 ' '

P     .   is a refinement of P     ,,  and /    is simplicial relative to (P     ,. P ).   So
77 + 1 71 + 1' '71 * 71 +1' 77

if /   = g     for each 72 > 1,  then  ÍG¿,  P¿, g;i  is a light uniformly simplicial inverse

system with limit M    homeomorphic to  M,   since only the first coordinate space

and bonding map have been altered.

We now show that the first projection map 77.: M '—>G. = [0, l] has the re-

quired properties relative to  M   .   First,  g    is light for each  i,   so  77.   is light,

and 77j   (O) and nT  (l) are totally disconnected.   For condition (2), we begin by

letting A  denote the collection as defined in Theorem 3 relative to  \G ,  P., g A,

and  a = Ais.S and a   = Ajs . j denote two elements of A.   Hence, letting  V =

77~  (i0, li), both Seg(a) and Seg(a') lie in M ' - V.   Let 72 denote the first pos-

itive integer  i  suchthat  s.^s..   Then  Seg(s.)  and  G-s.  ate mutually exclu-

sive open subsets of G .,   and Seg is . ) C G. - s ..   Hence  rz~   (Seg is .))  and

n?  ÍG. - s .) are mutually exclusive open subsets of M   - V,   containing Seg (a)

and Seg (a ) respectively.   We conclude that if a  and a   are elements of A,   then

Seg (a) and Seg (a ) lie in different components of M   - V.   Hence Seg (a) is it-

self a component of M ' - V,   for every point of (M   - V) - Seg (a) lies in the seg-

ment of some other arc of A.   Hence the components of M   - V are precisely the

segments of arcs of A,   and the elements of G>(M   - v) are these arcs.   The re-

striction of 77.  to each of these arcs is now a homeomorphism onto [O, l] by

Theorem 3.

Proof of sufficiency.   Suppose  77 is a map from  M  onto  [O, l]  satisfying the

conditions of the theotem.   Let A = 77"   (O)  and  B= n~   (l)  and note that it follows

ftom the conditions of the theotem that if x  is a point of M — V,   then  a   ,  the

closure of the component of M — V  that contains x,   is an arc with one endpoint

in  A   and the othet in  B.    We first consider the case in which it is true that

(Assumption Z)   If x  and y   lie in  M — V,   and both endpoints of a     are end-

points of a      then a   = a   .
r y ' x y

Now, since  A C V,   A   is totally disconnected; so there is a sequence  ÍA i

such that, for each  i,   (1) A . is a finite collection of mutually exclusive closed

subsets of A,  each of diameter < 2_!, (2) A . - A,   and (3) each element of A .  .

lies in some element of A..   There is a sequence iß!  for B  with similar prop-

erties.

Suppose  z   is a positive integer.   Let cp . denote a one-to-one map from the

U

?3

collection A . \j B    onto a finite subset  V. oí E    oí diameter 1, such that no

three points of V ■ are collinear, and no four are coplanar.   Let e .: M —> F3  de-

note the map such that (1) if a £ A .,  e(a) = cp.ia), (2) if b £ B{,   e.ib) = cp.ib),

and  (3)  if x £ ë(M - v) and  a     has endpoints in  a £ A . and  b £ B ., respectively,

then  e (x) is the point between  cp.ia) and  cp.ib) given by  tcp.ib) + (l - t)cp{a),

whete  t = rKx) e [0, l].   Let  G   = e .(M),  a graph in E  .
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Now, if  i  is a positive integer and a £ A .   .   [or b £ 6;   .],  then there is

only one element  via) [or vib)]  of A . [or  B .],  that contains  a  [or  b\.   Hence

there is a linear map g. from  G    ,   onto  G;   such that if x £ M - V,   and  a     has

endpoints in a £ A .   ,   and  b £ B    ,   respectively, and y £ G    ,   is the point

e .   yix) = tcp.   yib) + (l - /)r/>.   ,(a),  where  t = 77(x), then g-(y) is the point  e((x) =

tA .[vib)] + (l - i)<A.[zXa)] of G .   So,  e. = g.e.   .,  and it is not difficult to see

that  \G , V -, g \  is a light uniformly simplicial inverse sequence on graphs.

We now show that Al  and  Al  ,  the limit of the inverse sequence  \G , V., f \

ate homeomorphic.   For each x £ Al,   let hix) = (z3j(x), e2(x), • • • ).   Then for each

i,   e .ix) £ G.,  and  e (x) = p e .  ,(x),  so that  hix) £ Al .
l z' l öz   z+1

If x £ Al,   and  0  is an open set in  Al    containing hix),  then there is a posi-

tive integer  i and an open set  R  in  G.  containing  n .hix) = e .ix)  such that

ir7  (ft) C 0.   Let  0'= e     (P).   Then 0' is open in Al and contains   x,   and

M0')C77-1[e(0')] = 7T-1[P]C0.
! Z Z

Hence  ¿   is continuous.

That  hÍM) = Al    follows ftom the fact that for each  i,   77.[¿(Al)] = e .(Al) = G.,

and no closed proper subset of Al    projects onto every coordinate space.

Finally,  h  is reversible, for suppose x and y  are distinct points of Al.   If

x £ A,   there is a positive integer  i  such that x £ a £ A .,  but y 4 a.   So  e .ix) =

A {a) 4 e.(y),  and  hix) 4 hiy).   The argument is similar if either x or y   lies in

A u B.   So suppose neither x nor y  lies in V.   If a   = a  , then e Ax) 4 exiy)

since e y\ax  is a homeomorphism, and again,  hix) 4 hiy).   It a   4 a  ,  let c

£ A  [or c    £ B] and d   £ B [d   £ b] denote the endpoints of a    [a ].   By
y xy ~ x       y '

Assumption Z, either c   4 c    or d   4 d ;  suppose c   4c.   Then for some i,

c    £a    £A. and c    £a    £ A.,  and a   4a   .   Hence
xxi y       y        1 x '     y

e.íc  ) = 0.(a )?¿ 0.(a  ) = e .íc )-
z    x ix z    y z    y

But  e .(x)  lies between  c (c  )  and  e id ) and  c .(y)  lies between  e.íc  )  and
z ix ix i J i    y

. e id )■   Since no three of the points of e. i\c , c , d , d \)  are collinear, and no
z      y * l x        y        x        y '

four coplanar,  e .(x) 4 e Xy), and so hix) 4 hiy).

This completes the argument if Assumption Z is satisfied.   If it is not sat-

isfied, define g: I —> / such that gix) = 2x (O < x < 1/2) and gix) = 2 - 2x

(1/2 < x < l).   Let n' = gn,  v' = n'~  (Í0, l!) and note that ît' and  V ' satisfy

the conditions required of 77 and  V in the statement of the theorem.   For each

x £ M - V ,   let a    denote the element of G>(A1 - V ) that contains x.   It is easily

verified that if y e Al - V,   and  u = n~ l(3/4) n a   , and v = n~ H1/4) O a   ,  then

a   =a'ua',  a'Oa'= 77"" H1/2) O a  , and if x and y are points of Al - V and
y u v'      u t        v

I
y

a   4 a  ,  then n   Hl/2) Ha   ^77   *(l/2) n a  .   It follows quickly then that if x
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and y   lie in  M - V  ,  and both endpoints of  a    are endpoints of  a   ,  then

a   = a  ,   That is, Assumption Z is satisfied for 77   and V .   The proof is now

similar to the fitst case, using 77   and  V    in place of 77 and  V.

Note that it follows from this charactetization that each atc-component of

the limit of a light unifotmly simplicial inverse sequence is nondegenerate.   This

fact can be used to generate a number of continua which are not such limits.

4. An application to the theory of monotone mappings.   The object of this

section is to use the ideas developed in the previous two sections to prove the

following theorem.

Theorem 6.   // M  is a one-dimensional continuum, then there exists a one-

dimensional continuum  M   and a map 6 from M    onto M under which each point-

preimage is an arc.   Moreover, if M  is G-like for some collection G of graphs,

then M   can be chosen to be G-like.

Proof.   We take  M  to be the limit of a light simplicial inverse sequence

\G , f A as in Theorem 2, picking  G.  from  G,   for each   i,   if M  is G-like.   To

avoid later confusion, we denote the projection map from  M  onto  G. by  rr..

Using Lemma 2, we consttuct sequences  \P A and  iP. !  such that for each  i,

(1) P. is a refinement of the partition   P.  of  G ,

(2) /.  is simplicial relative to  (P.   ,,  P.),v   '    J 7 r 7 + 1 7

(3) if s  is an edge of  P.,  then

(a) P.   O s  consists of an even number > 8  of points,

(b) at most one endpoint of s  is of order > 2  in G ,

(c) no point of  P.  is adjacent to both endpoints of s,   and

(d) if j < i,  then D[f is)] < 2>-\

For each  i > 0 and  72 > 0,   let  CX«)  denote the collection of all subsets   L

of  G    such that if x  and y   are points  of   L,   then there is a sequence S,, • • • ,

s    ,  where m <n,   of edges of  P.  such that x e s.,  y £ s   ,  and if  | /' - k | = 1,

then s . and  s,   are adjacent.   Suppose c £ C in).   Then if 7 < i,   it follows from

property (3d) above that  D[/..(c)] <n ■ 2'~\   Hence, if c'= W'Hc],

-07 00

DVc '} <   £ DVn'.ic ')] • 2"' <  £ D[/f A)] ■ 2~> +     £    (l) ■ 2"'
7=1 7 = 1 2=1+1

< ¿ [(« • 2'-í) • 2-'] + 2-¿

7=1

"T   in- 2-0 + 2-*' = z>22-!' + 2-1' = 2-!'(zn + l).

7=1

We have shown that
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(A*)   if c £ C.in),  then  DtUO" l[c]] < 2_I(z72 +  l).

For each  i,   it p £ P.  and p  is of order > 2  in  G ,   let zip) denote a definite

point of  P. adjacent to  p.   We now define a map A.: P. —'P..   Suppose s   is any

edge of  P.,  and let  p, » • • ■ , p    denote the points of   P.  Pi s,   in order along s,

with  p.   the point of order > 2  in  G-,   if there is one.   Then

(1) if   1 </ <»  and / is odd, A.ip) = p x,

(2) if 2 < /' < 7z and /  is even,  A (p ) = p ,

(3) A.ipA - zipA if the order of p,   in C > 2,  and

(4) Aip2) = pn  if the order of pj < 2.

Roughly, the points  p., ••• , p     are thrown atlternately to  p.   and  p ,   except that

if the order of px > 2,   then  p 2  is thrown to zip A-   Define  <p.  in this way on all

the edges of  p.,   and extend  A. in the obvious manner to a light simplicial map

e. from  G    onto  G    relative to  (P.,  P.).

If s   is an edge of  P.  [or   P.]   let 5(s)  [S  is)]  denote the union of all the
° 7 I

edges of  P.  [P.]  that either are s,  or are adjacent to .s , and let  T(s)  [7''(s)]

denote the collection of all edges of  P. [P A that are either in Sis) [S'is)] or

adjacent to an edge in  Sis) [S'is)].   If s    is an edge of  P   ,   let  Eis') denote

the edge of  P.  that contains it.   Then it follows from the properties of  e.,  by

a straightforward consideration of a number of different cases, that, for each  i,

(B   )   it s    is an edge of  P.,  then  eiT'is  )]  lies in the union of  Eis')

and ozze edge of  P.  adjacent to  Eis  ), and

(C   )   if s    is an edge of   P.,   then  S is  ) C S[e is  )].

For each positive integer i,   let g.= e / .   Note that g.  is light and sim-

plicial relative to  (P.   ,,  P.).   Also, if s  is an edge of  P.   ,,  and  s   = /(s)
r Z + 1        7 & z +1' ' l

(so that  s' is an edge of  P.'),  then //.Sis)) C S'(.->')  and  f (TÍs)) C r'(s'),  since

/.  is simplicial.   Hence,

g.[T(5)]=.ei./,-[T(s)]Cei.[T'(s')l.

It now follows from (B   ) that

(D   )   if s   is an edge of  P.   .,   then  g [TÍs)]   lies in the union of two ad-

jacent edges of  P..

Also, from (C   ),

f.iSis)) C S'is') C sUis ')] = S[eí fis))] = S[g.is)],

so that

(E*)   if s   is an edge of  Pf + Jl  then  /.[SU)] C .S'fgis)].

We are now ready to define Al as the limit of the light uniformly simplicial

inverse sequence ¡G , P., g.¡. For each z, let rr8 denote the projection from Al

onto  G ,   and let  A   denote the collection of arcs in   Al    as in Theorem 3.   Suppose



224 J. W. ROGERS, JR. [February

a = Ais .i e A.   For each  i,   let Mp) = (tzO- l[SÍs .)] C M.   Since S(s .) £ Cp),

it follows from (A*) that D[M.(a)] < 2Á3z + l),  so that lim.^ D[Mp)] = 0.

Also, from (E*), /.[SU . + ¡)] C SVg ¡is . + 1)] = Sis.),  so

Mi + lía)=ín'i + l)-Hsísi+J]CÍn[ynfiVSÍs! + l)]}cín')-1VSÍsi)] = Miía).

Since  M  is compact, these two facts imply that f 1°A M (a)  consists of a single

point, which we denote by 0 (a).

We now establish the first of two statements about 6  .

(F*)   If a = Ais.! e A  and aA \\s!\ £ A,   then f?'(a) = ö'(a')  if and only

if, for each  i,   either s.= s.  or s.  and s.    are adjacent edges of  P..' iiii' & i

Suppose the latter is true.   Then for each  i,  Sis .) intersects  Sis'.) and so

M.ia) intersects M.(a'), and  lim.      D[M.(a)u M.(a')]= 0.   But
I I f*oc 2 I

oo

d'ia) u fl'(a') C fl  VM.ia) u M .(a')],
7=1

which has diameter 0,  so 6 '(a) = Q '(a').   On the other hand, if 6 \a) = 0 '(a'),

then  n'.d (a) £ Sis .) ni(s.) fot each  z.   Suppose  z  is any positive integer.   Then,

since  Sis.   ,) intersects  Sis.   , ),  there is an edge s   of   P.   .   such that both
i+l i+l ° i+l

s .   ,   and s .   .   lie in TÍs).   Hence s. U s. = e -is.,, Us.   ,)Cg ,[T(s)]  which, by
1+1 1+1 l Î °I       1+1 7+1 °1 '       '

(D   ), lies in the union of two adjacent edges of  G -,  and each of the edges  s.

and s. must be one of these edges, which completes the proof of (F   ).

(G*)   If p is a point of two elements,  a  and a   of A,   then Q'ia) = 8'ia').

This is an immediate consequence of (F   ) since, for each i,   the edge s . =

778(a)  and the edge s . = 77?(a') have  77?(p)  in common.

We now define the function  0: M   —> M,   making use of (G   ).   If p £ M ,   and

a = Ais.i  is any element of A   that contains  p,   then dip) - 6 (a) =

'  Ai itr- )~   VSÍs .)]■    We  conclude by showing that  6 satisfies the requirements

of the theorem.

First,  0 is continuous, for suppose e > 0,  and  pip,, p., • • •) £ M .   Then

p belongs to some element  a = Ais.i  of A.    For each  z,   the intetiot,  S°is .), oí

Sis .) is an open set in G    that contains p..   Hence  0   = (7z8)-  VS is .)]  is open

in M  ,  and contains  p.   Suppose p   e 0..   Then p    lies in some element a   =

Ais.'} of A.   Since  ?7g(p') £s'nS°is.), s ' must lie in Sis.), and Sis'A C TÍs.).
2   ' !    r 1 II 1 1 1

So, by the definition of 6,

6íp') Cín[)-1 [Sis'^CÍnfy'VTÍs)].

Hence  diO .) C Up" l[TÍs .)].   But  TÍs .) £ Cp),  so by (A*), D[(5<0.)] < 2A5Z + l)

< e,  for sufficiently large  i,  and 0  is continuous.

To show that  Ö(M') = M,   let  pipy p2, • • • ) e M,   and fot each  i,   let s. de-

note an edge of  G.  containing  p ,  and  a.  denote an element of A   such that
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n8ia.)=s..   Then  día .) C in'.)~   [Sis.)], which contains  p  and is of diameter

< 2_!(3¿ + l), since Sis .) £ C(3).   Hence the compact set Ö(A1  ) is dense in Al,

and 0ÍM') = Al.

Finally, suppose  pipy, P2, • • • ) £ Al.   We show that d~  (p)  is an arc.   Let

An denote the collection of all arcs of A   that are mapped to  p by  &.   Then A „ =

ö_1(p)-   Now,  AQ  cannot contain three arcs,   a. = X\s'.\  (/'= 1, 2, 3) of A,   for

suppose it does.   There is a positive integer  i such that if  k > z,   then s,, s?,

and s? are all distinct.   Then by (F   ), each two of the edges s.   ., s .  ,,  and

s.   ,   are adjacent.   Hence
z + 1 ;

7 = 1

ùi,

7=1

^,^!+i)i>

which, by (D   ), lies in the union of two adjacent edges of  G..   But this contra-

dicts the fact that s , s.,  and s     are all distinct edges of G ..   So either Ant      i ' t ° i o

contains only one arc of A,   or only two.   In the first case,  6~   (p)  is that arc.

In the second, suppose  a = X\s .\ £ A   and a = X\s   \ are those arcs.   There is a

positive integer n  such that s   4s.   By (F   ), s    and s   are adjacent edges of

G  , and by Theorem 3,  n8 I a   and  rr8 I a   are homeomorphisms onto s    and s ,
„I / ' i    I ;    I r 77 72

respectively.   Hence a and a   have only an endpoint in common and 0~  ip) =

a u a   is an arc.
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