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ABSTRACT. This paper is concerned with finding classes of automorphisms
of an infinitely generated free group F which can be generated by ‘‘elementary”’
Nielsen transformations. Two different notions of ‘‘elementary’’ Nielsen trans-
formations are explored. One leads to a classification of the automorphisms gen-
erated by these transformations. The other notion leads to the subgroup B of
Aut(F) consisting of the *‘bounded length’’ automorphisms of F. We prove that
the class of *‘bounded 3-length’’ automorphisms BB and the class of ‘‘elemen-
tary simultaneous’’ Nielsen transformations generate the same subgroup of
Aut(F). We show that for the class T of automorphisms of **2 occurring genera-
tors’’, the groups generated by T N B and the ‘‘elementary simultaneous’’ Niel-
sen transformations are identical. These results lead to the conjecture that B
is generated by the ‘‘elementary simultaneous Nielsen transformations’’.

A study is also made of the subgroup S of the ‘“‘triangular automorphisms”’
of F_, the free group on a countably infinite set of free generators. It is found

te

that a *‘triangular automorphism’’ may be factored into *‘splitting automorphisms”’

of F_, which may be viewed as the ‘‘elementary’’ automorphisms of S.

1. Introduction. The automorphism group, Aut(F), of a free group F of finite
rank has been studied by Jacob Nielsen in his fundamental papers [4], [5] where
he succeeded in obtaining a presentation for Aut(F) by using “‘elementary’’
(Nielsen) automorphisms for F which have simple defining relations. The part of
his results showing that Aut(F) is generated by these elementary automorphisms
depends on a reduction process applied to a finite set of generators of F where a
length function is minimized (see e.g. Magnus-Karrass-Solitar [3, §3.2], or Hall
[1]). In his study of primitive elements in a free group, J. H. C. Whitehead (see
[8], [9]) introduced a new set of transformations, the so-called ‘‘elementary White-
head T-transformations’’, which properly contain the Nielsen transformations.
When rank(F) is finite, Whitehead’s automorphisms generate Aut(F), and it gen-
erally takes fewer T-automorphisms than elementary Nielsen automorphisms to
express a € Aut(F) as a product of elementary automorphisms (see E. S. Rapa-
port [6]). Whitehead’s results depend on the length of a finite subset of elements
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of F. When F is a free group of infinite rank, the methods of Nielsen and White-
head do not tend to reduce an infinite system of generators of F in a finite number
of steps (see Example 4.5 and Theorem 4.4 below). In order to obtain extensions
of Grusko’s theorem to infinitely generated groups, D. H. Wagner (see [7]) extend-
ed the Nielsen transformations so as to apply to infinite subsets of a group. Wag-
ner’s 7-transformations become our elementary simultaneous transformations when
applied to a free system X of generators of F, where the generators in 7(X) have
uniformly bounded lengths. In $4, we study two different notions of elementary
Nielsen transformations and their associated automorphisms which agree with the
usual operations in the finite rank situation.

Although it is false that Aut(F) is generated by the elementary simultaneous
Nielsen automorphisms as defined in $4 when F is a free group of infinite rank,
it has been conjectured (Donald Solitar) that these elementary automorphisms gen-
erate the subgroup B of the bounded automorphisms of F (see $4). The conjec-
ture still stands, but it is proved that the class of ‘‘bounded 3’’ automorphisms is
contained in the group generated by these automorphisms. A reduction process,
independent of the rank of F, is applied to a system of free generators of the re-
quired type in order to produce this result.

In §2, we produce Theorem 2.2 which becomes a useful tool in the study of
the subgroup S of triangular automorphisms of F_, the free group on a countably
infinite set of free generators as defined in $3. We find that S is generated by
what we call the splitting automorphisms of F_. A splitting automorphism a may
be viewed as a triangular automorphism defined on F = ﬂ’:esz].)where (A].) is a
free group on finitely many generators such that arestricted to (A].) is atriangular
automorphism of (A].), for j € Z, = positive integers.

In §5 we consider a special class T C Aut(F) which is of interest in that the
class T N B may be generated by the elementary simultaneous Nielsen automor-
phisms.

The author wishes to express his thanks to Professor Donald Solitar who sug-
gested this area of investigation, and to the referee who brought D. H. Wagner’s

results to the author’s attention.

2. Restricted automorphisms. In this section we obtain a general result on
the restriction of an automorphism of F to a subgroup A C F generated by a sub-
set of free generators of F. We use this result in the remainder of this section to
obtain specific information on special automorphisms of F_, the free group on a

countably infinite set of free generators.
2.1.Lemma. Let F=C D =C"%D where C'CC. Then C'= C.

Proof. Consider the endomorphism ¢: F — F given by the trivial map on D,
¢: D — 1, and the identity map on C, ¢: C L C. Then ¢: H=C*D —C is



1973] AUTOMORPHISMS OF FREE GROUPS OF INFINITE RANK 101
onto, while ¢: H=C'*D — C'is also onto. Thus C =range¢ = C "

2.2. Theorem. Let F be the free group freely generated by the set X and let
F = A % B be a free factorization such that X CA UB.

Suppose a € Aut(F) is such that a|, is an endomorphism of A. Then a|, €
Aut(A) if either rank A or rank B is finite.

Proof. If rank B is finite, we let A; CX N A be the finite set of generators
in X N A which occur in the freely reduced elements in the set a(X N B). Using
elementary inclusion arguments we can show

(i) F is generated by the set (X N A) U a(X N B),

(ii) let G ={A, a(X N B)), then G =(A, X N B),
(i11) the set A1 U a(X N B) freely generates the subgroup G,
(iv) F is freely generated by (X N A) Ua(X N B),

(v) A = a(A).

We show that (v) follows from (iv). By (iv) we have F = A *B = A xa(B) =
a(A) * a(B), and using Lemma 2.1 it follows that A = a(A). Thus aIA € Aut(A)
if rank B is finite.

Next, suppose rank A is finite. By a result of D. H. Wagner [7, Theorem 4.3,
p. 374] applied to automorphisms of a free group, there exists a set Y freely gen-
erating F satisfying the conditions X Na” (A UB)C Y and a(Y)CA UB (Vag-
ner’s result is true independent of the ranks of A and B). Putting Y = {y e Y|
a(y) € A} and Y,=Y-Y,, wesee that X N A C Yo, a(Yl) C A and a(Yz) C B.
Since the set a(Yl) U a,(YZ) freely generates F, it follows that a(_Yl) and a(_Yz)
freely generate A and B respectively. Also, since rank A is finite, a(Yl) (and
thus Y ) has the same number of generators as X N A. We conclude that X NA =Y,
and hence A = (a(Yl))—_- (a(X N A)) = a(A), so that a|, is an automorphism of A.

The finiteness restriction cannot be deleted as the following example shows.
Consider the free group F_ = (al, @yyeee ) * <b1’ by, .- .) on the free generators

{al, @yyeeey by by e } and define an automorphism a by the map of the genera-

2’
tors given by

a. --» a.
J

a1 fori=1,2,00,

a: bl—val,
b, — b, , for k=2,3 e+,

k k-1
Clearly a(A)CA = (al, Ay, eee ) and a, ¢ a(A).

2.3. Corollary. Letr a: F_ — F_ be an automorphism of F, the free group
on a countably infinite set of free generators {xl, Koy Xyt }, such that a(x ) €
€
(%), %y, 0v0, x Yforn=1,2,..«. Then a(x )=A x "B, where A_, B € (x,,

Xyyevny X, ), for n=2, 3,ovv,and A =B =1, ¢ =21
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The proof follows by induction on 7, appealing to Theorem 2.2 and properties
of a Nielsen reduced set. Note that the converse of Corollary 2.3 is true and since

the proof is trivial, it is omitted.

2.4. Theorem. Let a € Aut(F ) be such that a(x,) €(x,, pap ) =G,
for n=1,2, 3 +vs. Then a]G is an automorpbzsm of G » also ax,)=A 7B
n n n

where A, B,eG, and ¢, +l for n=1,2,3,.

X

Proof. To show that a|. isa restricteed automorphism, one need only appeal
n

to Theorem 2.2. We show that a(x )=A_x "B_.
n n n n

Note that (a(xn), x )=6,. This follows from the inclusions

n+l? xn+2"

/a(xn)a a(xn+1)y a(xn'I'Z)’ b ‘) g <a(xrl)’xn+l’ xn+27 M ’)

g(xn,x ...):G

n+l? Xn42 n

and the fact that Gn = (a(xn), a(x ««4), since aIG is an automorphism.

n+1

Now, let {a(xn), X ettt xm} be a finite subset of these generators such that

x, € (a(xn), Xy ot xm) (m > n). [Clearly, a(xn) must appear in such a subset
of generators.]
By applying elementary Nielsen transformations, we may convert {a(xn),
Xt ¥ o {Wn, TR ) o that neither the initial nor terminal ele-
. -— !
ment of Wn is a symbol in {xn“, e, X } (U] {xn+ Pt xml}. Then {Wn, X
teey, xm} is Nielsen reduced, so that xn is a product of these elements. (Clear-
ly, W; must occur in the product.) By the property of a Nielsen reduced system, we
have6 1= Lx(xn) > Lx(W’:) so that Wr: = xn" with €, = +1. It follows that a(xn) =
Anx"B where A_, B_ € (x “y=G
n n n n

3. Triangular and splitting automorphisms. We now confine our attention to

ns1? xn+2’° ntl”
the automorphisms of F_ which were described in Theorem 2.4, where F_ is
freely generated by {a | nell.

3.1. Definition. Let S=lacAu(F )| a,) €@, a,
The collection § will be called the group of trzangular automorphisms. [S is in-

cvv)forn €7},

deed a group under composition; that a € § implies a” 1 €S follows by Theorem
2.2.]

Ve shall characterize the elements of S in terms of more ‘‘elementary’ types
of triangular automorphisms, the “‘splitting automorphisms’’

3.2. Definition. Let y be an automorphism of F_, of the following type:

(1) There is a partition {A].I j€Z,} of the generators {a , a,,+v, a,,
««+} such that A= {anj, LIRS }, where j €Z,andn, = 1<n,<
EERY n]. <onn

(2) For k such that n, <k <n = 1, y(@y) €@y, @y, 1,oe 1, @

+1-1

j4+ 1"'1)'
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te

An automorphism y satisfying conditions (1) and (2) will be called a *‘split~

ting automorphism’’.

. %k
If we write F_ = H,eZ+

such that Yi= yI(A ,on (A )whlle y; is defined as the identity on (A ) where

(A ) (free product) and define the automorphisms Y;

1 £ j, then we may express y as a product y= H°° -1 where there is no ambi-
guity in this representation, since all but a fmxte number of these automorphisms
y; act like the identity when applied to a particular freely reduced word in F .

We now show the connection between the triangular automorphisms and the
splitting automorphisms of F_.

3.3. Theorem. The group S of triangular automorphisms of F_, is generated
by the splitting automorphisms of F_ . In particular, there exist two splitting
automorphisms 'y, y, such that a=y, -y, where a €§.

Proof. Let a €S be a triangular automorphism. We shall write a(aj) = W(a )
which is the freely reduced form of a(ai); notice that the earliest occurring "a”
generator in W(a,.) is indeed a; (eatliest in the sense of the ordering a,<a,<
<+ ); this follows from Theorem 2.4.

We now proceed in constructing the desired splitting automorphisms..

Step I. Consider the mapping a, — W(a].) for 1 <j < n where 7 is arbitrary
but fixed, and let b,+++, b, be the generators (aside from a,,-++, @ ) occur-
ring in the words W(a,),+++, W(a,). Extend the set {6,,+++, b} to the smallest
set of generators {6, ««; b} D46 ,- v, b } such that the set {a,,-++, a,
b{, e, b;} has no gap in the ordering of the generators le.g., if say » = 3, and
o ,-00, bt =ta,, a,, a }, then by, v, b;} ={a,, a5, v, a,, a, ). Here

b/i is the largest occurring generator in the set {bl, can, bm}.

Extend the map to

by ——— by, 1<k<p.

Step II. Let V ,.««, V, be the ‘W words which generate b;, e, b;‘
(aside from W(b{), e, W(b;t)). Let ¢, be such that V, = Wic ), ene, p be such
that V, = W(c,). Extend this set to {c{,- ', cé} Dfcpyeee, cp} so that no gaps
occur in the ordered set {b{, cevy, b;lu c{, e, c7'7}; c”' is the largest occurring
generator among the members of {c TREE cpi.

Extend the map to

a, —— Wa), 1<j<n

b, —— by, 1<k<yp,

c; _ w(c;), 1</<m
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Next, let {d, -+, d } be the generators occurring in W(c D>+ ¢+, We,) not already

in {c|,+++, c,} and proceed, as in Step I, to extend this set to {d), -, d;,} 2

.-, d } where no gaps occur in {c;, eee, c;, d{, cee, d;}. Then extend the

map so that d].' — d].', for j=1,2,---, p. Continue this construction indefinite'y
The above process defines a mapping N, of the free generators of F_ into
F_, such that

a, —— Wa), 1<j<m,
b,’e—»b,’e, 1<k<p,
<] —— W), 1<1<m,
d; —"d;’ 1<q<p,
e, ——We)), 1<r<o,
[L——1!,  1<s<n,

where the e, [, W(e ), W(f) etc., are defined similarly. It is clear that this
mapping defines a splitting automorphism of F_, since the generators in each of
the braces in the above are mapped into themselves in the required manner.

We now consider the mapping Ng of F_ given by
[W(aj) — Wa), 1<j<m,

(W(b}) — by, 1< k<

Np: LW(C;) _ W(C;), 1<I<m,:

W), 1<q<p

LW(e:) ——We), 1<r<o,

.

Using the "W’ elements as free generators of F_, each of the transformations

which have been blocked above define an automorphism of the free group generated
by the *‘W’’ symbols in the block.
For example, to show that the mapping

W(b;e) — by, 1<k<

w(c;) —_ w(c;), 1<1<m,
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defines an automorphism of the free group (W(b {), cee, W(bli), W(c ;), BRI W(C1'r))’
we need only show that (W(b {), cee, W(b;t), W(c ;), cee, W(c;)) = (b{, ceey b;‘,
Wie ), We ).

Now since a~! € S, by Theorem 2.4 it follows that b,; =C, Wek(b,;)Dk where

C, and D, are freely reduced words in the generators W(b,;+ AR W(b/l),

W(ep), oo, Wiep), - for 1<k <pand b= C W¥(b,)D, where C and D, are
freely reduced in W(c{), W(cz'), cee W(c;),- -+. By the choice of W(c{), e
W(cp) it follows that C,,, D, €(W(c), -+, W(c)) and C,, D, € (Wb, ), -+ -,

W(b/_'L), W(c;), ceey W(c;)). Hence it follows, by applying Nielsen transformations,

2

that

'
(b'p M} bk’ cey b/_lLa W(Cll), ceey W(Cﬂ»

61 U ck ' elu, ' ' '
(CLW B) Dyyeee s GWHBID, e ee s CWHEB) D, WeY),eee, Wiep))

W), v WRED), wee, WD), W), oo, Wch)

which is essentially what is needed to be shown.

Returning to the automorphisms NA and NB we have NB(WV)= NA(aV). Thus
Wy=(Ng'N ) (a,) =N,
splitting automorphisms. Setting y, = A, y, = B~ 1 we have a= Y, Y, and the

(a,)=ala,) so that a= AB~ ! where A, B~! are

theorem is proved.

4. Elementary simultaneous Nielsen transformations and bounded automor-
phisms. In this section we develop two alternate ways of generalizing the ele-
mentary Nielsen transformations so as to operate on collections of F containing
an infinite number of elements. One of these notions turns out to be nonlucrative,
as Theorem 4.4 below shows. The other notion is sufficiently strong as to lead
to the ‘‘bounded’’ automorphism conjecture and to Theorem 4.6, the verification
of this conjecture for ‘‘bounded 3’ automorphisms.

Let F be the free group on the free generators {x | v € JI} where N is a lin-
early ordered indexing set. Let {W | v ¢ T3 = @ be a collection of freely reduced
words in the x , generators.

4.1. Definition. The following transformations T,» 7, of the set ® will be
called ‘‘elementary simultaneous’’ Nielsen transformations of rank |J{|:

1. Permute the W , words and take inverses of some of them, i.e., let 7 be a
permutation of the indexing set Tand let 7.: ® — F be such that rl(WV) =

€y

W"(V)~ where ¢, = 1, v € n. ;
2. Let 7, ® — F be a function from I to F, C-twe ml 7,(W) = W} and

r,(U) = UV or VEIU*T where V € C for U € © - C. Those words in C which

occur in 7,(U) for some U € ® - C will be denoted by C'; they are the “‘active”’

1

elements of T,

4.2. Definition. Transformations of type 7, and 7, where C' has finite
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cardinality (or equivalently card(C')= 1) will be called elementary Nielsen trans-
formations.

It is clear that if (0 generates a subgroup H of F then applying an elementary
(simultaneous) Nielsen transformation produces another system r@) of generators
of the subgroup H.

We shall be concerned with the automorphisms induced by the elementary
simultaneous transformations and the ‘‘bounded’’ automorphisms of F which we
now define.

4.3. Definition. Let a € Aut(F) be such that there exists some natural number
N so that

i) I alx,)=W,
all v € 1 where L (W) is the x length of the word W ,.

is freely reduced in the x generators, then L _(W )< N for

(1) If o~ l(xv) = U, is freely reduced in the x generators, then Lx(UV) <N
for all v € 1. (Equivalently, if x,, is expressed as a freely reduced expression
in the W, generators then L (x )< N.)

An automorphism a satisfying conditions (i) and (ii) will be called a bounded
N automorphism of F. For each fixed natural number N, we shall denote by B
the class of all bounded N automorphisms of F. The collection B ZUTJ: 1By
clearly forms a subgroup of Aut(F) which we call the group of bounded automor-
phisms of F.

If F is the free group on the free generators x, x,, -+, x_ where 7 is finite,
then B = Aut(F) since each automorphism of F will belong to a class B, for some
natural number N. In this sense it follows by the well-known result of Nielsen
(see [4], [5]) that B is generated by the elementary Nielsen automorphisms. If the

free generators of F are infinite then

B <Aut(F), B # Aut(F).
The following automorphism of F_ = (xl, Xy, *) shows this. Let B € Aut(FN)
be such that ﬁ(xj) =X Xy forj=1,2,--- (then B~ l(x].) = x}.‘_}l X for j =
2,3, andlB_l("l)= x,). Clearly B ¢ B since Lx(B(xj))z i which increases
without bound.

The elementary simultaneous Nielsen automorphisms, induced by the elemen-
tary simultaneous Nielsen transformations of rank |J1| applied on the generators
{x,| v €]}, belong to the class B,. In fact, it is obvious that B consists pre-
cisely of those automorphisms which permute the generators and change their ex-
ponent signs. It can be shown (without much difficulty) that the automorphisms
in B, may be expressed as products (compositions) of the elementary simultane-
ous automorphisms (and it is clear that the elementary simultaneous automorphisms
are in B,). As we proceed to B, the same result turns out to be valid but the
proof (Theorem 4.6) is so heavily involved with case arguments that no easy gen-

eralization seems possible. Since we have (Bz) = (B3) where B, C B, CB; C--.
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CB, C--- CB, it seems natural to conjecture that <Bz> = (BS>= <Bk> = (B) for all

k > 4. This is equivalent to the conjecture that the elementary simultaneous auto-

morphisms are a set of generators of B, the subgroup of bounded automorphisms.
We may easily characterize the automorphisms generated by the elementary

Nielsen automorphisms, as the following theorem shows.

4.4. Theorem. Let o € Aut(F)where a(x,) =W (x) is the freely reduced form
of a(x ). Then ais a product of elementary Nielsen automorphisms if and only if

(1) there exists some integer N such that Lx(WV) <N forallv e N, and

(2) there exists a [inite number | of words W”j(x”l’ cee le)’ 1< j< I, in the
generators {xvl, ceey xvl} and the remaining W , words have freely reduced ex-
pressions Avx;’(’v)BV where A, B, € (xvl, . xvl)and 7 is a permutation of the

indexing set n- {Vl,-“, Vl}.

Proof. The proof that a product of elementary Nielsen transformations satis-
fies (1) and (2) follows by a straightforward induction on the number of factors in
such a product. Conversely, if a € Aut(F) satisfies conditions (1) and (2), then

by applying a permutation ¢ to the x,, generators we can be sure that a¢: x, —

; c — €d(v)
ij("VI’ , x”l) for 1<j</,and agp:x, Avx”¢(v)

Vl" For notational convenience we replace x,, by X 1< j< n, and the remain-
; S71s

b

B, for v Gn-{vl,n-.

ing generators x, by X for u € . In this notation, the automorphism a'=a¢
is such that

' ' b (w)
a (x].)=W].€(x1,~" ’xl> and a(x#)=A#xﬂ¢(#)Bp=W¢,(#)

where A;u B, e (x,,++, x;). By appealing to Theorem 2.2, a finite sequence of
(standard) elementary Nielsen transformations can be found taking W, W,

W,) into (x, x,, -+, x,) while fixing the remaining words Wd)(#) (see [3]). By
the structure of the words W¢(#) and their uniform boundedness we may eliminate

. . _ € P(u)
the initial and terminal members A’u, B,u of Wd)(#) = A#xﬂqs(#)B#, for ally by a

finite application of elementary Nielsen transformations.

Thus a finite sequence Nal, Ng ,-++, N, of elementary Nielsen transforma-

%y’ L3

tions exists such that
W].-——-—»xl. for 1<j7<,
Na coo N, Na. :

k 2 1 € ()
W’U_-——->xﬂ¢('u) for p eM.

Hence N“k .. -NazNalNa¢ applied on the x, generators produces a permutation

of these generators with changing exponent sign, i.e.,

(Nak tre Na,zNalNaqS) (xv) = Na.k”(xv)



108 ROBERT COHEN March

where At is an elementary Nielsen transformation which permutes and changes
exponent signs.
By using the anti-isomorphism between the Nielsen transformations and the

automorphisms of the free group F, we find

N =N
apayayeendy AL 4y

which implies that

= -1000 _l. -1 -1
A= %G 1% ay - ayé

is a product of elementary automorphisms.

4.5. Example. We now give an example of an automorphism of F_ which be-
longs to B, (i.e., is a “bounded 3’’ automorphism) but cannot be generated by
the elementary Nielsen automorphisms. The automorphism @ is defined by the

. -1
mapping A(x,, ) =%,, 1 %yp, 1 %p = Wop 10 O00) = %0 %0k 3% 0002 = Vo

for k=1,2,3,--- whose inverse a !

is given by o071y, )= % | %Xk,
= = -1 -l =3 —J .o
= Uy s 2k)—xz]“}xz]“_zxz]e— U,, for k=1,2,3,--+. Note that

ais also a triangular automorphism. We show that condition (2) of Theorem 4.4

a~l(x

is not satisfied by this automorphism. Suppose on the contrary that criterion (2)

holds here, then we can find / words WVI(xyl’ cee, le), cee, WVl(xvl’ cee, x”l)

vyt xVI' We may assume that le’ ceey le have been

i1 forj=1,2,---, -1 and that ij=W(xvj)

for j=1,2,---,1 (we are using the notation in Theorem 3.3). It then follows

in the [ generators x
already arranged so that xvj <x,

. e iR} . . . 7
that xy, is the “‘latest’’ occurring x generator in the expressions WVI’ cee, W vy
and in particular we would have that WVI is expressible only in terms of x,

e, W

r
v = xfjl, € = t 1. This contradicts the definition of the automorphism a.
Thus adoes not satisfy condition (2).

We shall later show that the automorphism defined above is generated by the
elementary simultaneous Nielsen automorphisms. It is now clear that the sub-
group generated by the elementary simultaneous automorphisms strictly contains
the subgroup generated by the elementary automorphisms.

We now enter into the proof of the following proposition.

4.6. Theorem. Let B be the class of all “‘bounded 3’’ automorphisms of F,
the free group on the free generators {x | v € T4. Then the group generated by B,
is identical to the group generated by the elementary simultaneous Nielsen trans-

formations (a fortiori <BZ> = <B3>)'

We shall show that if a € B, then @ is a product of elementary simultaneous
Nielsen automorphisms. To produce this result, we shall express each x genera-

tor of {x | v € N} as a freely reduced word in the “W’’ generators, where a(x ) =W,
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is freely reduced in the x generators, e.g., x = 1-[;: 1 W:.j and k < 3, €= 1. We
shall then apply certain elementary simultaneous Nielsen transformations on the
system {x, | v € )} to obtain a system of generators which will be Nielsen reduced
(see [3]) when viewed as words in the W generators. It shall then follow that the
resulting system of generators is {Wﬂ;}v)‘ €, = t1, v e} where m: N—-Nisa
permutation of the set . By applying a permutation with changing exponent sign
on the resulting system, we shall succeed in converting {x | v € U} to {W | v
bya finite application of elementary simultaneous Nielsen transformations. By
using the anti-isomorphism of Aut(F) onto N(F), the group of Nielsen transforma-
tions of F, we will have shown that a € B; is a finite product of elementary si-

multaneous automorphisms.

Canonical forms for the x, generators. By replacing x, by its inverse x;l, if
necessary, and calling the resulting generator {"V we can be sure that fv falls

in one and only one of the following categories:

1. £, = ABC where A, B, C e{W } U {W;ll, the expression being freely reduced

as a word in the W generators and
LA =L (B)=L (O =3,

L(4B)=4,  L(BO=2.
2. ‘fv = AaB where A, a, B e {W U {W;lt,
L(A)=L(B)=3 LJf(a=1; and
Lx(Aa) = 4, Lx(aB) = 2,

>
e
A
[

ABa where A, B, a € {WV} U {W;1} and
L(A)=L B =3 L =1
L (AB)=2, L (Ba)=2.
4. &, = Aab where A, a, b € {W_} U {W}'} and
L (4)=3, L(a)=L (b)=1.
5. &, = aAb where A, a, b € {W_ } U {W'} and
L @=L ()=1,
x x
L (4)=3, L (ad)=L (Ab)=2.
6. er: TAr where T, A, r e {W } U{W;l} and
L (T)= Lx(r) =2, Lx(A) =3, also

L(TA)=3, L(a)=1,
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7. €,=TArwhere T, A, 7€ fw v {W;l} and
L(N=L()=2 LJ(A)=3
L (TA) =L (4r)=1.
8. £,=TrA where T, A, 7 € twl U{W;I} and
L(N=L(=2 L(A)=3, also
L(Tr)=4, L (A)=1.

9. £, =ATrwhere A, T, r € {W } U{W;'} and
L (T)= L (=2, L(Tr)=2, also

L (AT) =3, L (4)=3.
10. £, = Trg where T, 7, g €{W J U{W '} and
L(M=L(=2, L(T)=2, also
L(g =1 L(rg)=1.
11. £, = Tgrwhere T, g, 7€ {W_} U{W3!} and
L(N=L (=2 L(J=1, also
L(Te)=3, L (gN=1.
12. £, = BS where B, S € {W_} U{W !} and
L(B)=3, L(S)=2.
13. €,=TO where T, € {W, } U{WS!} and
L(T)=2, L(O)=1,

14. £, =W where W € {W_} and

. +1
LW=1 (e, W=x,)

Let E]. denote the collection of all &, such that £ satisfies condition 7,
for j=1, 2,-+, 14. By a quick check, it can be seen that each x,, generator
may be put into its canonical form in just one way, so that U:i 1 E]. is a free set
of generators of F. We note that U].9=I E]. consists of those x, or their inverses
with ““W’’ length 3 which contain at least one W symbol of x length 3. E, UVE,
consists of those x,, generators (or their inverses) which have W length 3 but
which have no W symbol of x length 3. E,, UE,; consists of those x, genera-

tors (or their inverses) with W length 2. E |, consists of those x, generators
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(or their inverses) which are already W symbols.

We now work with the set U].I:G E, viewing its elements as words in the W
generators; we will Nielsen reduce this set with respect to itself by elementary
simultaneous transformations so that the resulting system of W words is Nielsen
reduced (with respect to itself).

The following lemmas are stated without proof and may be checked by routine

arguments involving simultaneous use of the x-length and W-length of the genera-

tors {fpl v € T(}

4.7. Lemma. By application of a finite number of elementary simultaneous
Nielsen transformations, E]. may be converted to Ej, for 6<j< 14, j£9, where
E]. consists of the set of W initial elements of .fv € E]. when expressed in terms

of the W symbols.

4.8. Lemma. The set E, may be converted to the set E’ of W initial elements
of fv €E, by application of elements from U]”’ ]£9E to E using simultane-

ous Nielsen transformations.

We now proceed to alter the sets E]., i=1,2, 3, 4,5, in such a manner that
after transformation, the set E3 will be converted to a set of W symbols of x
length 3.

Step 1. Apply elements from 1—31450 as to convert E3 to E3 consist_ing of
the major initial segments of the words in E3. Similarly convert E, to E; con-
sisting of the initial elements (which are W symbols) of the words in E, by using
elements from E14’ convert E to E, consisting of the central elements (which
are W symbols) of the words in ES'

Step 11. Collect into distinct classes those words in E; which share the same
terminal segments. To those classes whose major terminal segments are elements
in EB U E;l apply the appropriate elements in EB to reduce such classes to
classes consisting of W symbols of x length 3. Denote this transformed set by
El' (E‘l may well still contain words in the W symbols of W length 3.)

Step 1. In E,, collect into disjoint subsets those words in E, whose ter-
minal elements are the same W symbol (or its inverse) which belongs to E,. Re-
duce these words by the proper application of elements in E'4 v EM to convert
these subsets to W symbols of x length 3. (There may well be elements in E,
which have been unaffected by these transformations.)

Let Ezl be those words in E, unaffected in this step. Thus E, is converted
to EZ V) E; where Ez is the transformed subset of E,.

Step IV. Collect those words in E; whose right halves are W symbols in
ES U E ; collect them into classes and reduce them by proper application of W
symbols in E5 so as to produce a collection of W symbols; call it E The re-

maining unaffected words in 53 will be called E3.
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Step V. We will now convert E§ into a collection of W symbols of x length 3.
For this purpose we require the following:

4.9. Lemma. Let £ = ABa €E be such that ABEE , where A, B, a € {W _}U
{W;ll. Then B*' €¢E UE,UE, UE UE,UE,

The verification is similar to the previous combinatorial lemmas and is omitted.

Now by collecting into separate subsets those words in Et whose right
halves belong to El v E;I, those whose right halves belong to E2 U EZ! etc.,
and applying the appropriate W symbols (x length 3) in E, U E, U -.-UE , we
may reduce E to the set of left halves of words in E These w symbols are of
x length 3. Call this set E . We have therefore converted E3 into E UE**
set consrstmg of the initial elements of the words in E ;. Set E 3= E UE
then E consists of all W initial elements of f £ E

Up to this point we have converted E; into E3, and E into E forj=4, 5,

, 14. These new collections each consrst of W symbols We may also reduce

ml
N~

to the same type: a set of W symbols of x length 3 by using a finite sequence

of elementary simultaneous Nielsen transformations and using the W symbols in
~

E,VE,VE,UE,UESUE UE,,.
5 9 12
This follows by appealing to the following lemma.
4.10. Lemma. Let ¢ = AaB € E., then B! €E U E4UE3U E,uE U E,VE,,

We may thus collect the elements in E; of W length 3 in the following manner

Put in the first collection those words of E whose rermmal elements are W
symbols in E > in the second collection those words of E whose terminal ele-
ments are W symbols in Ez; etc.,---. In.each such collectron we may apply an
elementary simultaneous transformatxon using the appropriate elements in E u

3V E u - UE Next, apply the appropriate elements in E14 to produce

the desrred set of W symbols. The set which results along with Ez will be de-
noted by Ez. The set Ez consists of the initial elements of the words in E,.

We return now to the set EI and convert it to a set of W symbols of x length
3 by using a finite succession of elementary simultaneous Nielsen transformations.

We collect into distinct classes those words in —El which share the same
major terminal segments. To put things into focus, let us denote such a class by

¢ = ABC

‘fv= A, BC

. .

In each such class pick a representative &= ABC, for example. (Of course,
such a representative might already be a W symbol, A, as might be the case.) In
each such class apply the representative to the remaining words in its class to

produce the set
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£ = ABC

£,67=4,47

We now consider a typical representative: £= ABC. Let A = {gh be the re-
duced x expression for A, so that g = C~ 1B-1p=1, Now the following situations
may occur:

(i) L (h)=1. Then g=C 'B™'»~! € E, and thus A € E, (recall the con-
struction of E ) so that &= ABC has already been converted to 4 in E 1

(ii) Lw(b)= 2. et h= PQ be its W expression Then g= C~'B~1Q~1P~!
so that B= Q™! and thus b~ BP-1, g=C" 1P 1mplying that B, C~! 6?12
(Clearly, h £ g since if not = B = P so that " = 1; also it is obvious that

174gsmceL (A) = 3.)

(iii) L (h) = 3. Set b = PQR where P, 0, R € {W_ } U{W!}. Then g=
c- lB-lR-lQ-lp-1 = R =B~! and thus

(%) p~l=Bo-lP-l, g=clolp-l

Now in this case (iii), b will fall in one and only one of the following cate-
gories:

(a) hile E o WL L0 lp-1y -4, then from the expressions in (¥) above it
follows that »™ " = g, since L (B) =L (C_ 1) = 3 which is 1mp0551ble Thus
L (@ 'P~1) =2, sothat b~ 1,g €E,and B eE and C~

(b) b~' € E,. Then g €E, sothatB c- eE

() b1 €E4. Then g eE so that B, C~ 654.

(d) h=! € E . Then g € 59 so that B, C~! € E,. (Note that b*1 ¢ E since
L (B) = 3; also b £ Eg for the same reason.)

(e) b'leE SothatgeE and b~ = Q'IP"I,g C’IQ‘IP“

Let us call those representatives that satisfy the conditions in (i), (ii) or
(iii) (a)—(d), above, representatives which are of category I. Also call those re-
presentatives which satisfy condition (m)(e\ representatives of category I

By applying the W symbols from E U E ) E U E: UE 12 to those repre-
sentatives which satisfy category I we may convert the representanves {&= ABC}
by elementary simultaneous transformations to {AB}, then further to {A}. Thus
for those classes whose representatives satisfy category I we have succeeded in
transforming them to

A

- -1
£ € 1-4,4

. . . .

Using an elementary simultaneous Nielsen transformation, we can convert the

classes
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A A

-1
AVA to A

14

so that those classes whose representatives are in cateogry I can be converted
to W symbols of x length 3.

For those representatives which satisfy category II above, e.g.,
¢= ABC

-1 -1
£,671=4,4

.

we know that =1 = BQ=1P~1 g-C-10-1P-1 as in (iii)(e). Let {=KQ~'P~!
be the representative of the class containing 1 g ({ might be h~1or g
in which case we argue similarly). Thus the class appears as

¢=kQ-1p-1
b~! = Bo-1p-!
g= C-l Q-l P-l

which already has been transformed to
{=ko=!p
p=1¢-1_ k-1

BC-I = C-IK—I

. . . . .

We apply an elementary simultaneous transformation which converts the category

Il representatives £ = ABC to (ABC)C™ 1k=1 = ABK™!, then apply the elemen-
tary simultaneous transformation which converts ABK™ ! to (ABK~ 1)(B K~ 1)‘ 1_
A for each *‘new’’ representative.

The category II classes have now been converted to

A
-1
4,4

We finally apply the elementary simultaneous transformation which converts

these classes
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A A

-1
A A to A,

. . . N

The union of the resultmg classes whose ‘‘ancestors’’ were in categories I
and II will be called E El consists purely of initial W symbols with x length 3
which belong to E .

Hence having applied a finite number of elementary Nielsen transformations
(finite but tediously large in number) we have succeeded in converting the {{" }
generators {£,} = Ul E. into the set E V) E u E v (U1 E]) consisting
of all the {W_} symbols save for exponent sxgn Wthh are the 1mtial W elements
of the canonical forms £, € U]_ .

This completes the proef of Theorem 4.6.

 Applying the process described in the proof of Theorem 4.6 to the specific
"bounded 3’” automorphism described in Example 4.5 we find that a=a a, aza,
where

-1 .
%)= %> a,(x,,) = x5, for k=1,2,3,+4;

= -1 = cee
aylx) = xp, ay(xyp) = 2y, ay(xyy 1)) = %y 155y for k=1,2,3, ;

Ay = %1% G0y ) = Xyp p¥op 10 G0 zy) = Hpp g for k=234,

a4(xl) =x, a4(x2k) =x )=x for k=1,2,3,«¢

2k % ¥op 41 2k +1% 2k

are the required simultaneous transformations.

5. Bounded “‘two occurring’’ automorphisms of F. In this section we study a
special class T of Aut(F) as defined below and show that the class T N B is
contained in the subgroup of Aut(F) generated by the elementary simultaneous
Nielsen automorphisms.

Let F be the free group generated by the free generators {x | v € J}. Sup-
pose U € F is a freely reduced word in the x, generators.

5.1. Definition. The function 0. F — Z, is defined as follows: o (V) is
the number of distinct x, generating symbols occurring in U.

5.2. Definition. An automorphism a: x, —W_, where W, is freely reduced
in the x generators, is said to be of class T if and only if o (W ) < 2 for all
v e Jl. (Note that T is not a group since a € T does not guarantee that o~ € T.)

We now state the following theorem.

5.3. Theorem. Let a € T, where a(x,)=W_ is the freely reduced form of

!v
a(x ), for all v eN. Let x, €lx } be fixed and let v, WVZ,-- W1 be
1 1 r

the smallest subset of W, generators required to generate xvl
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Then the number of distinct x generators occurring among the words W, .,

vy W, isr. Denote these generators by x,, , xvz, «ee,x,. Then (x
r

r
xvz’“.’ xur>=(wvl’ wyz,"’, WV ).

4

v,

In order to facilitate the proof of Theorem 5.3, we need the next two lemmas.

The groups which we consider in these lemmas will be assumed torsion free.

5.4. Lemma. Let G = A (V) (free product of group A with cyclic group (V)).

If a, a, €A, then (A, a,Va,)=A x(a Va,).

1’
The proof follows by appealing to a standard characterization property of a

free product by homomorphic extensions (see e.g., (3.

We proceed with the next lemma.

5.5. Lemma. Let G=A xB, where A, B£ 1. Let U,---, U, €A, VeAxB
and V £ A. If an element of A can be expressed as a word in the symbols U,
y Uy, V then it can also be expressed without the use of V, i.e., if

ww,,---, U, V)eAthenWU,,---,U,, V)=R(U,, U,).

Proof. Let g € A and suppose g = W(U,,---, U,, V) is an expression for
this element as a word in the symbols U ,---, U,, V. Express V in the normal
form of a free product V=abab, --b,a where a, € A, b. € B and a,

2
b # 1forj=2,-+-,s except for a, or a“:f 1Set v blazb2 -asbs.
Clearly, (4, V) A %{V) so that by Lemma 5.4 we have (4, al‘_/as+ D=
A *(aIVas+ Dy ie, (A4, V)= A% (V).
Choose an expression for g of smallest word length in the symbols U,,---,

U,, V and assume that the V symbol occurs in this expression. This expression

for g may be written as
111 712 nk
g=A UV AUV 2 AUV EA, L (U)

where A (U ) are the expressions in the U symbols grouped together (4, £1
for [ = 2,-+-, k by virtue of the minimal length) But then V!4 Vn2 .- Vnk
and A;lgA,:}+ , are two different reduced sequences for the same element in the
free product A * (V). Thus the V symbol does not occur in an expression for g
of minimum length in the symbols U, .-+, U,, V.

To avoid notational inconvenience in the proof of Theorem 5.3 we relabel

x , asx;, W, as W,  etc., in the statement of the theorem.

Yy IR
Proof of Theorem 5.3. Consider the set {W, W,,---, W}, then x is a word
in these W symbols, i.e., x| = R(W,---, W). At least one of these W symbols
1
and

contains x ;; call it W,. If W, contains no other x symbol then W, = x]
r= 1.
Suppose that W =W (x,, x,), W, = W,(x,, X3), e W =W (x x; l) where
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j<randxk;4xlifk;él_<_j+l (i.e., 0,(W,)=2for k=1,2,-+-, ). If no other
W symbol (aside from W].) in{w,,---, W]., » W} contains %, 1» then let

A= (x,|x,# Xivpr V e U,

B = (x,‘+1)’ so that F= A % B,
Thus, W, ¢ A while

Wieeo s W oW pees W, €A and x; = RW .-+, W

1° ]_1) ]+1) W], W Wr)GA,

i FRTTIN
so that the hypotheses of Lemma 5.5 are satisfied. Therefore x; may be expressed
without the use of W]., contradicting the minimality of r. Therefore, if j <7, we

may find a W symbol, say W“_1 iel1e
We have shown that we may produce the sequence W, (x,, x,), W,(x,, x3), .-

, which also contains x.

W, _(x,_, %), W (x, x;) whete W (x , x,) is a W symbol involving x_and x; where
! is some number < r. It therefore follows that the number of distinct occurring x
generators in the symbols W, ,--+, W is indeed r.

By using Theorem 2.2 we obtain (x,+++, x )= (W ,«-«, W ).

We now link up the class T N B with the elementary simultaneous Nielsen

transformations.

5.6. Theorem. The group generated by the class T N B, i.e., (T N B) is the

same as the group generated by the elementary simultaneous Nielsen automorphisms.

Proof. It is clear that each elementary simultaneous Nielsen automorphism
belongs to the class T N B. It will be sufficient to show that if a € T N B then
a can be expressed as a product of elementary simultaneous automorphisms in

order to complete the proof. This is taken care of by the following lemma.

5.7. Lemma. Let F be the free group on the free generators {x | v € Jl}. Let
a:x, — W, be an automorphism in class T such that for some integer N,
Lx(af(xy)) <N, for e=t1andallve N. Then there is a free product decomposi-
tion of F = H,sa
the set {x,} such that (o (X)) = (X ). There is an integer N such that the auto-

X]., 7 being some ordinal, and there exists a permutation w of

morphism a m is a product o/ N elementary simultaneous Whitebead automorphisms
where N< N? + 1.

Proof. Let x, € {x,}. By Theorem 5.3, we can find W , W,,+--, W_such that
(X, Xgpeeey %, )= (W eWo een, W'). It is clear that 7 < N since Lx(a'l(xl))_<_ N
implies that number of distinct W symbols occurring in the freely reduced W word
representing x, is no larger than N.

Let H j={W | W, €W ,---, W }and W, contains x, e=t1iforj=1,2,
, 7. Note that the sets Hx , sz <oy Hx are pairwise dxs;omt since if
We ij | Hx then W = W(x xk) where j, k < r; but then (W, W,,---, W, W)=
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(x5 %55+, x,) so that the symbols W, , W, .-, W_, W are not free (contradic-
tion). Therefore, ij N ka =@ for1<jtk<r.

Let W, U € ij where W, U are distinct symbols, say W = W(0, x].), and U=
U(e, xj). We show that 0 £ ¢, i.e., the symbols have different x generators.
Thus, suppose 0 = ¢, then it follows that (W, U)= (6, x].) (by Theorem 2.2) so
that x, € (W, U) while x € (Wl, ceey, W,); this contradicts the unique expression
for x; in terms of the W symbols. Therefore, different W symbols in ij have
different x generators, aside from x; (for j=1,2,---,7)

Further, if W= W(0, x].) € ij then (W, -+, W , W(0, x].))= (%yy Xpp ey X, 0)
(always appealing to Theorem 2.2) so that

@ WO, x.) = x£WIgeW) 1W)
] ] ]

where k(W), (W) are integers and €(W) =+ 1. This shows that H__ consists of W
i
symbols of the type (i), for j=1,2,--+, 7.
From the expression (i) we find that

Ly(0) = Lyt 4 LGt 1> L)+ 122,

By using the standard finite Nielsen transformations we may convert {Wl,
Wz, cee, W,} to {xl, Xyttt xr} in a finite number of steps and then applying the
elementary simultaneous transformations applied on the sets H"l’ H -, er,
using {x, x,,+++, x,} as “‘active”” elements (here xfl would be applied to H_ .
in the appropriate manner), we may in a finite number of steps convert {Wl, W,

< W UH, U-e UH,  to the set of x generators {x,,+++, x,} UH, Y
UH, . Here ﬁxj ={0efx, ) 04 x; and 0 occurs in W € ij}, for j=1,2,-+,1.

Let 21 =fx),0, x}u (L_J;=I H"i) and set H, = U;=1 ij, H, = _

W |w, €tw,,---, W ] UH ,and W, contains an x generator from U7_ Hxi}.
Now if V € H, then V = v(0, &), where 0 €U;’=l -ﬁxj and £ ¢ 21. Just as before,
it follows that Ly (€)> Ly(0)+ 122+ 1=3. Again, applying elementary simul-
taneous Nielsen transformations to the set 21 U H, we may convert this set to
3, which consists of only x generators (,22).

Set H, = {(W,| W, £{W,,---, W} UH UH,), and W contains an x generator
from 22}. Here, if U € H;, then U= U(¢, v) where ¢ € 22 and y ¢ 22. It then
follows that Ly(y)> Ly(@)+12>3+1=4.

More generally, if H,= W AW, W -, WHUH U UH;_, and W,
contains an x generator of %,_;} then, for W €H, W= W(, M) where { € %,
and Ly(A) > Ly)+121+1. El is defined as the set of x generators when
3,_; Y H, is reduced by elementary simultaneous transformations (2,2 %, ).

Thus the sequence W ,«-«, W1, H, Hy, -, H,« -+ will break off before
the Nth stage of construction, say, at the Mth stage where M < N. Also the set

Wy, eee, W} UH UH,U- -+ UHy may be converted to the set 2, by a finite
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application of elementary simultaneous Nielsen transformations.

We set X, = 2/, and suppose that X, has been defined for all j < k, for some
k. We define X, as follows:

(a) First, let Yk = U].<k X,

(b) Pick a generator x € {x,} - )_(k and repeat in an analogous manner the
construction of the set X, by use of x|, but now use x* in place of x,. Call this
set X,.

It is evident, from the manner of construction, that the groups (X k) are pairwise
disjoint, i.e., intersect in the identity. They are generated by disjoint subsets of
the free generators {x,| v'e JU.

Let the construction terminate at some ordinal number 7. Then, F = *Hkg X,
(free product). We may certainly find a permutation 7: x,, — x, .,y such that
(@n(X,))=(X,)and where a ﬂlxk is a finite product of elementary simultaneous
Nielsen automorphisms (since am(X,) may be converted to a system of x generators
by a finite application of elementary simultaneous Nielsen automorphisms).

The number of elementary simultaneous Whitehead transformations used to
convert {Wl,- TN W'} UH,U .-+ UHy to a set of x generators can be given an
upper bound depending only on N. This upper bound can be used to estimate the
number of these automorphisms used to produce a.

To reduce the set {Wl, s, W’} to {xl, oo, x'} will require no more than
Lx(Wl) 4+ + L (W) ~r elementary Whitehead transformations (this follows from
J. H. C. Whitehead’s results [8], [9] or see [3, pp. 166-167]). Since r and L (W)
are both no more than N, the reduction process will require no more than Nr—r
Whitehead transformations. In reducing the set H; UH,U .-+ UH, we are ap-
plying no more than M simultaneous transformations, where M < N. Thus the
smallest number N of elementary transformations required to convert the W’s to
the x’s is no more than N(N - 1) + M + 1 (if we include the permutation with ex-
ponent sign), and therefore N<N(N-1)+ N+ 1= N% 4+ 1.
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