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ANALYTIC WAVE FRONT SETS FOR SOLUTIONS OF LINEAR
DIFFERENTIAL EQUATIONS OF PRINCIPAL TYPE

BY

KARL GUSTAV ANDERSSON

ABSTRACT. The propagation of analyticity for solutions u of P(x, D)u = f
is studied, in terms of wave front sets, for a large class of differential operators
P = P(x, D) of principal type. In view of a theorem by L. Hérmander [9], the re-
sults obtained imply rather precise results about the surjectivity of the mapping
P: C™(2) — C™(@).

Introduction. Let P = P(x, D) be a linear differential operator with C*-coef-
ficients in an open set () C R™. When P is elliptic, then the classical regularity
theorem for elliptic equations says that the distribution « is infinitely differen-
tiable whenever Pu is and, if the coefficients of P are analytic, then u is ana-
lytic where Pu is analytic. The corresponding question, for more general opera-
tors, of describing the set of singularities of u when that of Pu is given has
been much studied lately (see [10] and the references there). The introduction
of the concept of wave front sets (see [7] and [14]) has added precision to the
statements and has also simplifiéd many proofs. For operators with real principal

part Pm(x, D), such that the Hamilton field

Hp = X (0P (x, §/0¢)3/dx, — (9P (x, §)/3x)d/ ]
m 1sj<n

is nondegenerate when & € R” = R"\{O}, and for some operators with complex
coefficients, very complete results for the C™-case are obtained by Duistermaat
and Hérmander in [5] (see also [17]). Corresponding results, concerning analy-
ticity, are proved in [1] (operators with constant coefficients), [9] and [11],
under the assumption that P is real and dg P, (x, &) = (op, (x, f)/afl e,
oP_(x, f)/c?fn) #0 in Q x R™. The purpose of this paper is to extend the results
in the analytic case to certain operators with complex coefficients. In doing so,
we shall also give new proofs for operators with real principal part. The argument
is modeled on the very elegant proof, in the C™-case, which Hérmander gave in

his Congress lecture [8] for operators with real principal part. The main results
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are stated in §l, and in §2 we define certain sequences of pseudo-differential
operators used to localize the problem in T*(Q). $3 contains a proof of the non-
characteristic regularity theorem and two lemmas about the existence of sequences
of pseudo-differential operators suitable for the localization. To obtain the local
regularity theorem, we use a variant of a classical inequality of Calderdn (41,
proved in $4, and in $5 the proofs of the theorems stated in $1 are completed.

The results of this paper have been announced in [2].

1. Statement of the main results. Let K be a compact subset of the open set
Q C R™. Then it is well known (see e.g. [1] and the references there) that there
are functions ¢, € C’(Q) which are equal to 1 on K and, for some constant C,

satisfy
(1.1) D%, (x)] < CeM)! ¥, when [a] <N.

It is easy to see (compare [9]) that a distribution  is analytic in a neigh-
borhood of x, € Q if and only if there is such a sequence (¢y) with all ¢ =1

on a neighborhood of x; and

~
(1.2) (g y (&) < CN (1 + [El/N)7N,

This motivates the following definition of the analytic wave front set, WFa(u), of
a distribution u.

Definition 1.1. Let z € D'(Q) and (x s fo) € Q x R™. We say that (x9, &) £
WF ,(«) if and only if there is a neighborhood U of x, and a sequence uy € &Q)
such that #y =% in U and

(1.3) |2y (O) < N1+ |E/MN

where & belongs to some fixed conic neighborhood of ¢.

Remark 1.1. Definition 2.1 is readily seen to be equivalent to the definition
of WF () given in [9]. There is also available the set supp sp « (see [16])
whose definition, for a hyperfunction #, was indicated by M. Sato in [14] (see
also [15]). Probably WF ,(«) = supp sp u, when  is a distribution, but so far
this has not been proved.

WF («) is thus a subset of { x R™ or, if one wants to emphasize the behavior
under coordinate transformations, T *(Q), where the dot indicates that the zero-
section is removed. More precisely, it is proved in [9] that, if y = «(x) is an
analytic change of coordinates in @, and B denotes the map on ) x R™ defined
by Blx, &) = (klx), ((k"(x))"1(E)), then WF (2 oK™ h- BWF (). This also fol-
lows directly from Theorem 2.3 and the alternative characterization of WF («)
which is given in §3. Denote by 7 the projection T*(Q) — Q and by a.s. u the
complement of the largest open subset of  on which # is analytic. Then
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(1.4) n(WFa(u)) =a.s. u

(for a proof, see [9]). Now let P = P(x, D) be linear differential operator in €}
with analytic coefficients and denote by Z(Pm)" the set {(x, &) € Q x R";
P_(x, £)=0}. Then we have the following generalization of the elliptic regular-

ity theorem.
Theorem 1.1 (Sato [14), Hérmander [9]). WF L4 CWF _(Pu) L Z(Pm)-

Note that if P is elliptic and Pz analytic, then the right-hand side is empty,
so (1.4) implies that u is analytic. In $3 we shall prove a result, Lemma 3.1,
which is slightly stronger than Theorem 1.1.

The more precise results about propagation of singularities inside Z(Pm)
will depend on the properties of the bicharacteristics of P. If P_ is real and
Hpm is nondegenerate, then Z(P ) is a manifold and HPm is tangent to Z(P_).
The integral curves in Z(Pm) corresponding to H p,, are called the bicharacter-
istic strips of P and their projections on ) are called bicharacteristic curves.
If, in addition, df P # 0 on a bicharacteristic strip, then the corresponding bi-
characteristic curve is regular. We denote by N,(P_) the set {(x, &) e z(pP,);

ds P (x, &) 40}

Theorem 1.2. If P = P(x, D) has analytic coefficients and real principal
part Pm(x, D), then

VF (W) is invariant under Hp in N,(P_\WF (Pu).

When P is principal type, i.e., N (P )=Z(P_), and has real principal part,
then Theorem 1.1 and Theorem 1.2 together with (l .4) immediately imply the fol-
lowing resule.

Suppose that the distribution u is analytic in @y C . Then u is analytic in
a neighborhood of any point x, such that, for every bicharacteristic curve /
through %, the component of (Q N )\(a.s. Pu) which contains x, also contains
some point in (.

This result was proved for operators with constant coefficients in [1]. For
general operators with analytic coefficients the more precise Theorem 1.2 has
been proved by Hérmander [9] and, for hyperfunctions and Sato’s wave front sets,
by Kawai-Kashiwara (see [11]). We shall give another proof of Theorem 1.2.

When P has complex coefficients, then Z(P_) is a manifold of codimension
2, provided that the vector-fields Hee P, and H Pm are linearly independent. If,
in addition, the Poisson bracket {Re P, Im P }=H P (Im P_) vanishes in
Z(P ) then the vector fields Hee P, and H_ im P,, 3I€ tangent to Z(P ) and, be-

cause of the Frobenius integrability theorem, they define a 2-dimensional foliation
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of Z(Pm). This foliation is called the bicharacteristic foliation and its leaves are
called the bicharacteristic strips of P. If dz Re Pm and dg Im P are linearly
independent on a bicharacteristic strip, then its projection on  is a regular 2-di-

mensional manifold. We put
N,(P ) =Ny(P )N P ),
where
NZ' (Pm) ={(x, & € Z(Pm); a"f Re Pm(x, &) and df Im Pm(x, &) are

linearly independent}.

N;’(Pm) = {(xo, ‘fo) € Z(Pm); {Re P_, Im Pm}(x, &) = 0 in a neighborhood,
ifl Z(Pm)s Of (x09 ‘SO)}-

Theorem 1.3. If P = P(x, D) has analytic coefficients, then WF ,(«) is in-
variant under the bicharacteristic foliation in Nz(Pm)\WFa(Pu).

Remark 1.2. T. Kawai has announced (private communication) that, by extend-
ing the theory of Fourier integral operators to the analytic category, he and
M. Kashiwara have proved Theorem 1.3 for hyperfunctions. The proof we shall give
has quite a different character, since only pseudo-differential operators are used.
A third case which we shall consider is when P = P(D) has constant coeffi-

cients. Then

Hp = 2 (9P (&)/0€)d/9x,

m 1sj<n
is a differential operator in { with constant coefficients depending on the param-

eter £ If
(s ) €N,(P) = Qx{ER™ P (£ =0 and d, P _(£) £ 0}

then this operator is nondegenerate and the bicharacteristic strip through (x, &)
is defined to be {(x, + de (sz)(fo), o) z € C}. These bicharacteristic strips
define a foliation, the bicharacteristic foliation of Nl(Pm). Note that the dimen-
sion of the leaves may vary between 1 and 2 depending on whether 4, Re P and

dg Im P are linearly dependent or not.

Theorem 1.4. If P = P(D) has constant coefficients, then WF (&) is invariant
under the bicharacteristic foliation in Nl(Pm)\WFa(Pu).

Theorems 1.1-1.3 supplement the results of Duistermaat-Hormander (5] for
operators with analytic coefficients, provided that the projections of the

bicharacteristic strips are regular. Then it follows directly from Theorems 1.1—
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1.3 that the conditions imposed on P and Q in [5] to prove that P maps
DQ)/C™(Q) onto itself actually give that PC™(Q) = C(Q) and thus PD'(Q) = D'(Q).
However, for operators with analytic coefficients, PC™(Q) = C*(Q) under much
weaker assumptions. In fact, Hormander [9] observed that results about propaga-
tion of analyticity for wave front sets can be used to derive very precise unique-

ness theorems. He proved the following general result.

Theorem 1.5 (Hérmander [9]). Suppose that Q, is an open subset of Q with
C! boundary 0Q . Denote by N the normal of o, at x, € Q) and let F be a
_conic neighborhood of (xy, £ N(). Then there is a neighborbood Q' of x, such
tba{ any u € D'(Q), with WFa(u) NF = @, which vanishes in Q must also van-
ish in Q'.

To be brief, we just state what this theorem together with Theorem 1.4 implies

for operators with constant coefficients.

Theorem 1.6. Let Q C R™ be an open set with C' boundary dQ such that all
points x € I, characteristic with respect to P(D), are simply characteristic,
i.e, d§ Pm(No);é 0 for the normal N of o} at x. Denotf by on the projec-
tion of the bicharacteristic strip through (xo, No) and by K the convex hull of a
compact set K. If, for any characteristic x, € &} and any compact set K C Q, the
component of B, N CK containing x also contains some point in C@ N K) then
P(D)C*™(Q) = C™(Q) and, what is equivalent, P(D)fDl;(Q) = ED;:(Q)

This result improves Theorem 1.3.7 of [10].

2. A space of sequences of pseudo-differential operators. Functions ¢, sat-
isfying (1.1) are suitable for the localization of problems concerning analytic
functions in ). We shall now define certain sequences of symbols which will fill
the same purpose in the cotangent space T*(Q).

Definition 2.1. A sequence (ay(x, ) is said to belong to 77(Q) if, for every
compact set K C Q, there are positive constants & and C such that, if N >872,
ay € claVk « R™) and

@.1)  sup [DEDEay(x, O < VNIl 4 1g/ny 16!, when o+ Bl < BN,
x €K

Remark 2:1. The reason for the presence of the constant  in Definition 2.1
is purely technical. For example, the right-hand side of (2.6) will in general
admit fewer derivatives than a, and by. However, by putting a,:, = a[N 5=2]417
we can always obtain a sequence for which 6 = 1.

Example 2.1. Let P(x, D) be a linear differential operator of order r with
analytic coefficients in @ and put a,(x, &) = Plx, £). Then (ay) € 7(Q).
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Example 2.2. Suppose that the functions ¢,(x) satisfy (1.1) in Q and that
¥ (€) are homogeneous functions of degree 7, satisfying (1.1) when |€] =L If
Xy Vvanishes when || <1, equals 1 when |£| >2 and satisfies (1.1) then
(¢N(x)¢N(§)xN(§/N)) € 77(Q). For convenience, we shall introduce a special
notation for sequences of this type. Let F and F' be two open cones in ) x R™,
i.e., open subsets of () x R™ which are invariant under multiplication of the &-
coordinate with a positive number. Suppose that F C F' and denote by °(F, F')
the set of sequences (aN) € 1°(Q) such that, for some C >0, aN(x, £) vanishes
in CF) U {(x, &); |€| <CN} and ay(x, ) =1 in F N i, £); |€] > 2CN}.

Example 2.3. Suppose that F' CQ x R™ is an open cone such that n(F') =
{x; (x,&) € F'}cCQ,i.e., w(F") is a compact subset of (), and let p be an ana-
lytic symbol of order 7 in F', in the sense of Boutet de Monvel and Krée [3]. This
means that p is a formal sum p =2

-~ —oo<k<
cone F, with FC F', there is a constant C > 0 such that

, pk with the property that for every

2.2)  |DEDEpk(x, &) < cler Akl gpap) (€2~ 1A] when &) €F.

Moreover, it is assumed that p*(x, &) is homogeneous of degree k with respect
to & If (#N(x, £)) e TO(F, F') for some open cone F, with FcC F', then
(oG, €N = (S_ype, 080, Opylx, £)) € 7(Q). Note that it follows from (2.2)
that p*(x, €) is an analytic function in F'. In order to obtain nontrivial symbols
with support in a compactly generated cone, we therefore have to consider the
sequences in 77(Q).

If (ay) € (@), Q' CCQ and &=25(Q") is small enough, then a, defines a
mapping C5(Q') — clanlg by means of the formula

2.3y Ayt D) = @my " fei % Day (v, Eul@)dE,  u e CT@):

By duality this mapping extends to a mapping g[ISN](Q‘) — D'Q"). We shall now
give conditions on the symbol sequence (a,(x, £)) which will ensure that the
sequence of operators defined by (2.3) is regularizing in the following sense. For
any u € &'(Q) and any ' CCQ there are constants 8 and C such that
aN(x, D)u(x) € C[SN](Q'), when N > 5-2, and
(2.4) sup |D2ay (e, Dulx)| < C¥NI%,  when |a] < BN.
xeQ

Definition 2.2. We say that the sequence (ay(x, §)) is in 7,(Q) if, for every
compact set K C Q, there are positive constants 8 and C such that, if N > 82,
ay € C[SN](K x R™) and

(2.5) sup [D2DE ay(e, O < CVNIel1 4 1A/M*18, when |at Bl + & < BN,
x €K
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If (ay), (by) € 77(Q) and (ay - by) € 7,(Q), we write (ay) ~ (by).

Remark 2.2. Obviously 7,(() Cnf 7(Q). However, much more information is
provided by (2.3). In particular it is clear that 7,(Q) is a proper subset of
n, 7.

Example 2.4. Let (xN(‘f)) be a sequence of functions satisfying (1.1) and
vanishing when |£| > C > 0. Then (x,(£/N)) € 7,(R™).

We shall now give a calculus for the sequences of pseudo-differential opera-
tors associated with the spaces 77(Q). The treatment will contain nothing essen-
tially new beyond ‘‘classical’’ expositions of the calculus of pseudo-differential
operators. We shall, therefore, be brief at some points and refer to [6], [7], and
[13] for the calculus of pseudo-differential operators.

Theorem 2.1. Le: (aN) € 77(Q) and (bN) € r°(Q). Suppose that bN(x, &) van-
ishes when x is outside a fixed compact set K C Q). Then there is a sequence
(éN ° bN) € "*5(Q) such that when u € C;"(Q) and N is large, then
(aN ° bN)(x, Du = a}',(x, D)(bN(x, D)u). If € is small enough, we bhave

2.6) ((ay o by)x, &) ~ (HZ 90 ay(s, OD2by(x, /a).

a|<eN
Proof. Put

o) = byylx, DYule) = (2" [ei % 04 (x, DaAE) .

If N is large, aN(x, D)vN(x) is well defined and we may operate with aN(x, D)
under the sign of integration. Therefore, (2, o b, )(x, &) =ay(x, D + &by (x, §)
and we only have to prove that

(ry) = (aN oby - MEN il “‘(DgaN)(ngN)/az>

belongs to 7,(Q). If 5N denotes the Fourier transform of b with respect to x,
then Taylor’s formula gives that

e & = @077 [r (e, & ) dn,

where

rolx, &) = |'y|=[§~]+1 ,-l“/leux,n)(,'n‘,N(n, /1)

Ipy _plvl-1 )
. (IoDéaN(x,f+tn)(l t) dt
When x belongs to a compact set K and 2|n| < |£|, then (2.1) implies
@7 |€*DPEDE ay(x, £+ )| < YNt k(r g my sk -1oI- 1]

and
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@2.8)  |*"+DE"b(n, O/y1] < YN/ 4 /M1 gt
Thus if |a] = |a’| +]a”], |B] =|B"| +|B"| and 7 + k< |y| = [eN], we have
2.9 |EMDEDEry(x, & | < (YNl /(1 1 1&/MIB L (gD 11>/

when 2|n| < |£]. On the other hand (2.1) implies the following inequalities when
x € K and || <2|n|:

2100 |p&'DE'*a (x,§+m)|gcg’N|a'l;

@10 & DG G, O] < NI A g/mIE gy,

By choosing j =k + |8’ |"and j = k& we see that (2.9) is valid also when |£| <
2|n|, perhaps with another constant. This proves Theorem 2.1, if we also note
thae N171/y1 < NN/N1 < P,

Suppose now that (ay) € 7'(Q) and let ay(x, D) be the mapping defined by
(2.3). The distribution kernel of this mapping is defined by

(2.12) KN(w) =(2m~" ffei(x' 'f)aN(x, Oilx, E)dxdé, w e C‘(’;(Q x Q),

where © denotes Fourier transform with respect to the second variable. For any
compact set M in Q x Q, which does not intersect the diagonal, there are posi-
. N -

tive constants § and C such that Ky € C[3 ](M),when N>d 2 and

(213)  swp IDEDKy(x, y| < CVNIEHAAL when |al 4+ 18] < N,

x,y €M
For sequences (ay) € 7((Q) the kernel K, belongs to C[SN](M) and satisfies
(2.13) for any compact set MCQ x Q,if N> 8=% = 8(M)~2. Conversely, suppose
that (Ky(x, y)) is a sequence such that, for every compact set M C ) x Q, there
are positive constants 0 and C such that Ky e cl®N] (M) and satisfies (2.13)
when N > 572, If in addition the functions K (x, y) vanish when y is outside a
fixed compact set, then the sequence (2, (x, f)) (e=itx &) JKy (%, y)e' $dy)
belongs to 7,(Q) and

aN(x, D)u(x) = JKN(x, yuly) dy.
However, even if there is no compact set L CQ such that all K (x, y) vanish.
when y ¢ L, the mapping C5(Q") — D'(Q") given by
u IKN(-, Vuly)dy, ueCHQ"),

is well defined for any Q' CCQ if N is large enough. We denote by T () the
set of such mappings. More generally we make the following definition.
Definition 2.3. Suppose that (A,) is a sequence such that if Q' CCQ then
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Ay is a linear mapping from C3(Q") to D'@"), for large N. Let (¢,) be a se-
quence of functions in C§(Q) with support in a fixed compact set and satisfying
(1.1). Assume now that for every such sequence (¢,) there is a sequence (ay) €
7’(Q) such that, if z € C3(Q) and N is large, Ay (pyu)(x) = ay(x, D)ulx). We then
say that (AN) € T(Q).

The formula (2.12) extends to define a sequence of kernels (K, (x, y)) for
any sequence (4,) € T7(Q). We only have to suppose that ¢y (y) =1 when (x, y)
belongs to the support of w. Clearly T (Q)C T7(Q) for every 7. We shall now de-
fine another subclass of T7(Q).

Definition 2.4. A sequence (4,) € T7(Q) is called properly supported if the
corresponding kernels Ky (x, y) have support in a set M CQ x } such that both
projections M — ) are proper.

Every sequence (4,) € T(Q) can now be written as a sum (AI:I + A,’:,) where
(A,:,) is properly supported and (A;\;) € To(Q). In fact, let M be a neighborhood
of the diagonal in € such that both projections M — () are proper. Choose func-
tions Xy € C™(Q x Q) such that xy(x, y) =1 in a fixed neighborhood of the
diagonal, x, has support in M and satisfies (1.1) on compact subsets of ( x (.
Let (Ky) be the sequence of kernels corresponding to (4,) and denote by (A )
the sequence “of operators corresponding to ((I — X )Ky)- Then Ay e TO(Q) and
(A49) = (4 - Ay) is properly supported.

If (By) € T"(Q) is properly supported, it is easy to see that there is a se-
quence (by) € 77(Q) such that (By) = (b, (x, D)). Therefore, every sequence (AN)
€ T(Q) has a symbol in the sense of the following definition.

Definition 2.5. The sequence (ay) € 7'(Q) is called a symbol of (4,) € T7(Q)
if (Ay -aylx, D)) e Ty(Q).

The symbol of a sequence (AN) € T7(Q) is uniquely determined modulo 7,(Q).
In fact, we have already shown that if the kernels KN(x, y) corresponding to
(ay(x, D)) € T((Q) vanish when y is outside a fixed compact subset of (1, then
(ay) € 74(Q). In the general case one just has to multiply Ky(x, y) with a se-
quence ¢>N(y) satisfying (1.1), with support in a fixed compact set, and apply
Theorem 2.1.

Theorem 2.1 immediately extends to give the symbol of the composition of
two sequences (4y) € T7(Q) and (By) € T*(Q), provided that one of them is
properly supported. We are now going to study the effect on the symbol, modulo
75(Q), of transposing the sequence of operators and of making an analytic change
of coordinates in (). The space T(Q) is invariant under these operations, so we
may suppose that the sequence of operators (AN) is properly supported. Given a
properly supported sequence (4,) € T"(Q) there is a sequence (ay) € 7"(Q) such
that, if z € C3(Q) and N is large, then
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(A )(x) = @) fei™ Oa (v, OO dE
= (2n)'"I<J-ei("”"‘f)aN(x, Euly) dy) dé.

Since (Ay) is properly supported, there are functions xy € C™(Q x Q) satisfying
(1.1) on compact subsets and having support in a set M, for which both projec-
tions M — Q are proper, such that if ay(x, y, §) = xy(x, y)ay(x, &) then

Q1) (Al - @ [ ([ a5, D) dy) de.

This representation of (AN) is particularly useful for the study of the transposed
sequence and the sequence obtained after a change of variables. Suppose more
generally that by(x, y, &) are functions such that for every compact set L CQ x @
there are positive constants 8 and C such that by € C'®N(L x R™), when N >
6~ 2, ‘and
@asy R, IPIDPER Gy 01 NG (g ny=17

when [d] + Bl + ly| <8N,

Then (2.14) defines a sequence of operators (By). We shall show that this se-
quence still belongs to T7(Q). Clearly we may suppose that by (x, y, &) vanishes
when (x, y) is outside a set M C Q x Q, such that both projections M — Q are
proper. In fact, every sequence. (BN) may be written as a sum of a sequence of

this type and a sequence in T,(Q). Now put b, (x, &) = eitx, &) BN(ei(x' f)), i.e.

by(x, &) = (277)’"f(fb;\,(x, wry Ex e M),

and operate with By under the sign of integration in u(x) = Qm)™" fe'* Ou(g)dé.
This gives that (Byu)(x) = by(x, D)u(x), so we have to show that (by) €
7(Q). Put dy(x, y, &)= b,\'l(x, x +y, £) and denote by JN the Fourier transform
of dy with respect to y. Then

byl & = @m) = [A (e, 7, €+ .

For sufficiently small ¢, Taylor expansion gives

dN(x’ 7 f+ 7]) = Z (iDé)adN(x’ 7, f)Tla/a! + TN(x’ Ul ‘9’
a|<eN
where

mmd= X Gp? [1DYd (e g0 &4+ )1 = DYV,
rN X 7’ l'yl._-[eN].,.l J‘o f N

Because of the Fourier inversion formula we have



1973] ANALYTIC WAVE FRONT SETS 11

byGe, = 2 GD DN, y, O/t +rylx, &),
|a|sen

It remains to show that (7 (x, €)= (@)™ fry(x, n, &)dn) € 7,(Q). Like in the proof
of Theorem 2.1 we consider two cases. When 2|n| < |£| we note that (2.15) im-

plies that

|n” DD 7\, m, &+ /!
(2.16) < C';’Nl “|(1 + €+ tnl/N)"lyl"IBI(l + |n|)'"'1N‘7|/y!
< cnleq g /mr=1r =18 4 g =n-1,

And when |€] <2|n| we get from (2.15)
(2.17)  |&li|p" DDA+, (x, n, € + mm)l/y! < VNI H(1 4 g -n-1,

It follows immediately from (2.16) and (2.17) that (rN(x, E) e ro(Q) and we have
proved that

(2.18) (by(x, O) ~ ( ) GD Dby, , r9/0t~'|,‘=y>-

lals €N
From this result one proves the following two theorems in exactly the same way
as the corresponding results are proved on pp. 105-109 of [7].

Theorem 2.2. Suppose that (A,) € T'(Q). Then the sequence of transposed
operators (*A) also belongs to T'(Q). If (ay), (fay) are symbols of (4y) and
(’AN) respectively, we bhave

(2.19) (‘aN(x, &) ~ < Z ila‘D;‘DgaN(x, - «f)/a!) ,

|a|<en
provided that € is small enough.
If k: Q —Q is an analytic diffeomorphism and (4,) € T"(Q) we put
(2.20) (ARu)x) = Anlu o k)i 1(x)).

Theorem 2.3. Suppose that (AN) € T'(Q) and that k: Q@ — Q is an analytic
diffeomorphism. Then the sequence (Al’f,), defined by (2.20), also belongs to
T7(Q). Denote by i ,(x, &) the following polynomial, of degree < |a|/2, in &:

(2.21) ¥ (%, &) = D: exp (i{k(y) - k(x) - «'(x)y = x), ‘S)L._.y-

If (aN)’ (a;f,) are symbols of (AN) and (Ax) respectively, we have
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(2.22) (aﬁ(f((x), &) ~ ( Z a[(\la)(x, tK'(x)tf)l/la(x, .f)/a!) ,

[alseN

provided that € is small enough. Here al(va)(gc, n) = (iDn)aaN(x, 7).

3. Analytic wave front sets and sequences of pseudo-differential operators.
For (C*-) wave front sets there is, besides a definition corresponding to Defini-
tion 1.1, an alternative description of WF(x) based on the elliptic regularity
theorem for pseudo-differential operators (see [7] and [8]). We shall now give a
similar characterization of WF («) using the sequences of pseudo-differential
operators introduced in the previous section.

Definition 3.1. (x, fo) is called noncharacteristic with respect to (ay) €
77(Q) if and only if there is a conic neighborhood F of (x,, £,) and a decomposi-
tion @y = ay + a;\,’l, with (al'\,'l) € 7~ 1(Q), such that

(3.1) |a1'V(x, O > 1€’/C, when (x, &) € F and |£]| > CN,

for some constant C >0,

Lemma 3.1. Suppose that u € &'(Q). Then (x, &) ¢ WF () if and only if
there are positive constants 6 and C and a sequence (aN) € (Q), for some ,
such that (xo, {"0) is noncharacteristic with respect to (uN) and

(3.2) lD:aN(x, D)ulx)| < cNA! ""l, when |a| <8N and N > 872,

Proof. We shall construct a “‘local parametrix’’ (ey(x, D)) € T~ '(Q) such
that (ey o @ )(x, f) 1 in a conic neighborhood F; of (x4, &) with 1" CF.
To do this we put ey’ =1/a} in F N{&; |£] > CNL. When k<8N, |€]| > CN and
(x, &) € F, we then tecursxvely define eN"‘Ie by

(3.3) eN"*" = ) i‘a'nge;,"j . D;‘al'v-’ cey’
la|+l=k—j>0 )
Finally put
en(x, &) = 2 TRk, 8. py(xs 6,

E<8'N

for some sequence ([,LN) € TO(FI, F), which vanishes when |€| < CN. To check
that (e,) € 777(Q), we have to prove that

(3.4) |D2DZey ~Hx, O < CY(1+ /M k=lasBl Ghen s Bl < 8N,

For k=0 we note that D::Dg (ey” - ap) =0, if |a+ B| #0. Therefore (3.4) fol-
lows from Leibniz’ formula and (3.3). Choose now sequendces (qSN(x)), (lﬁN(f)) €
7%(Q) such that #é5(*) =1 in a neighborhood of x;, ¥y(£)=1 ina conic neigh-
borhood of &, when || > CN, and ¢, (x}py (&) vanishes outside F . Then
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%y (D) y(x)ey 0 @), D) = (D) () € T (0.

Because of (3.2), this implies that

D2y (D) (ulx)] < VNI, when |a] <N,

If we put $y = ¢[N 5= 1]4y» then up(x) = py(x)ulx) satisfies (1.3).

For a linear differential operator P(x, D) with analytic coefficients, Lemma
3.1 implies Theorem 1.1. We shall now give two lemmas about the existence of
" suitable cut-off functions in TO(Q), which will be used in the proofs of Theorem
1.2 and Theorem 1.3. Suppose that F and F'are two open cones in Q x R™ such
that F C F' and let () € P°(F, F'). If p = 2 p<1P® is an analytic symbol
of order 1 in F', we put

PN("’ &)= z Pk("’ ‘f)I‘N(x’ é.
~Nskx<l

Lemma 3.2, Suppose that p(x, &) is real and that dg plx, £)£0 in F',
Let & be a bicharacteristic for p' in F'. If F'is sufficiently small and F" is an
arbitrary conic neighborbood of 8, then there is a sequence (ay) € Q) such
that ay(x, &) vanishes in F\F", the points on & NF are noncharacteristic with
respect to (aN) and ([pN(x, D), ay(x, D)) € T (a(F)). Here m denotes the pro-
jection T*(Q) — Q.

Proof. We shall choose aN(x, £) as a sum E—Nskso allf,(x, f)XN(rf/N),
where a{; is homogeneous of degree % and XN(f) are functions which satisfy
(1.1), vanish when |£| < CN and are equal to 1 when |§| >2CN. We want the
symbol sequence of ([py(x, D), ay(x, D)) to be in 7((@(F)). Since ay(x, &) will
vanish when py(x, &) £1 and since, in view of Example 2.4, it is irrelevant how
the symbol looks for |€] < CN, it will, because of Theorem 2.1, be sufficient to
find solutions aﬁ, to the equations
(3.5) Hp l(a§)=d)k(pl, o, pRH ag, . at,*l), k< &'N,
where
Q! e afth = 3 id“"”(Dgp"D:af\, - D2ak,D%p1)/al
]—| a‘ =k -1>0

with the following properties:

(3.6) a,’f,(x, &) is homogeneous of degree & and vanishes in F\F";

(3.7) ag(x, &) =1 in a fixed conic neighborhood of & N F;

(3.8) |D::D§a1’:,(x, &) < CNNI®*AI*E Ghen |a+ Bl + & < 8N, on compact sub-

]
sets of F.
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Because of the homogeneity of a,’f,, (3.8) shows that (ay) € °(Q). Moreover,
since a,’f, satisfies (3.5), we will have ([pN(x, D), ay(x, D)) € T o(=(F)). Now
pl(x, &) is a first order real symbol of principal type. If F'is small enough, we
can therefore find an analytic change of coordinates (y, 7) - (x(y, ), £(y, 1))
such that x(y, 7) and €(y, 7) are homogeneous of degree 0 and 1 respectively
and H | is transformed to d/dy . Denote allf](x(y, n), £(y, 7)) by bllf,(y, 7). For
k =0, (3.5) reduces to abg/ayn =0.If y' = By yn_l) we choose bg =
b,?,(y', 1) independent of y_ and so that (3.6)—(3.8) are satisfied by ag. For

any function gy, n) = EOSici(y', n)y:z, which is analytic in y_, we put

(3.9) Ug)y, ) = 2 e 'y myitl/G + 1),

0<i
Denotihg (I)k(pl, vy a;’fj“)(x(y, 7, €(y, ) by gllf,(y, 1), we now solve the
equations (3.5) recursively by putting bf, = lgf,. Clearly the functions aﬁ, ob-
tained in this way, satisfy (3.6) and (3.7). It remains to prove the estimates
(3.8). If we put D = (Dyl’ cee, Dy ), it follows from (3.5) that b,kv is a sum of

n

less that C* terms b,‘:‘] of the form

k *1 *2 15,0
(3.10) by=Uo(B, D HololB, D Jou--olo(B, D HEY),

where 2, _._,(m .+ |a|)<k+1<2k and
(m_+| B])
(3.11) sup |D53m oy, P <C it ] (m )1B1.
(y,m)eM i !

Here M is compact and C = C(M) is independent of 7 and k. In particular each
BMi is an analytic function. To prove (3.8), we have to prove that, on compact
sets |D'yh§ G, 9| < CNN|7|+k, when |y| + £ <ON. Now all derivatives except
a/ayn commute with I, and d/dy, ol is the identity. If the differentiations are
carried out, then D’ybf\, may be written as a sum of less than CN terms of the
form

(3.12) vf, =(o B:n' oloB

! o]
’ o
1 2

volo B;;I)(Dﬁbg),

where |B| + 2 ._pm; <k+l+]|y| and the functions B’;((y9 1) satisfy esti-
=1=< 1
mates of the type (3.11). To estimate (3.12), we note that

(3.13) |Tof ol ofyor-rolof,_ ;oD < I1 (sup If,-|)|)’,,ll/1!-

I<i<!
Therefore

‘Um < CN( I1 (ml.'!)) N‘Byl’! < CNNE ],

1sisl’
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This proves (3.9) and completes the proof of Lemma 3.2.

Lemma 3.3. Suppose that ds Re pllx, &) and d¢ Im plx, &) are linearly
independent and that the Poisson bracket {Re pl, Im p'}(x, &) vanishes in F',
Let § be a bicharacteristic strip for p' in F'. If F'is sufficiently small and
F" is an arbitrary conic neighborbood of §, then there is a sequence (ay) € 2(Q)
such that ay vanishes in F\F", the points on B N F are noncharacteristic with
respect to (aN) and ([pN(x, D), aN(x, D)) € To(ﬂ(F)).

The proof of this lemma parallels the proof of the preceding one. Because
of the Frobenius integrability theorem, there is an analytic change of coordinates
(y,m) - &y, ), £, 7)) such that x(y, n) and £(y, 1) are homogeneous of
degree 0 and 1 respectively and H | is transformed to (9/dy,, + i9/dy__,)/2.
Again we denote az(x(y, ), £ly, 7)) by bg(y, 7). bg is taken to be independent
of y, and y _, so the right-hand side of (3.5) will in the new coordinates be a

convergent power series

" = " -1
gy’ z, z, ) = E cl.(y , 2, NZ°,
1

whete z=y_+iy _,, F=y -iy _, and y'= e, yn—Z)’ Finally the
operator [ is, in this case, defined by

UG" 2 £, ) = 2 c " z PEi*l/G 4+ 1.

O<i
With these modifications exactly the same proof as for Lemma 3.2 works for

Lemma 3.3.
4. An inequality. We start with the following simple lemma:

Lemma 4.1. Suppose that the functions by(x, &) € C(R™ x R™) vanish when

x is outside a fixed compact set and satisfy
(4.1) leangN(x, Ol <1+ lfl)"‘Bl, when |a| <n+ 1+, |B]<j

Put Bpu(x) = (Zﬂ)_"fei (x'f)bN(x, EVa(&)dE. If (4.1) is satisfied for j=0, then
By is a bounded operator on L*(R™) with norm <MCy, for some constant M in-
dependent of N. Moreover, if (4.1) is satisfied with j=1 and bN(x, &) is real,

then By o A — A o BY, is a bounded operator on L2(R™) with norm < MC. Here

A=+ |D|H%.

Proof.” Parseval’s formula gives
Jo0 - Byul)dx = m)=22[[5(nb (n - €, OO dé d.
Because of (4.1), we have |by(n-¢&, &)| < M, Cy(+ =&~ 1. Therefore

oG - Bt ax| < M- Cyllal - ol
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This proves the first part of the lemma. For the second part we observe that the
adjoint BY of By is given by

P ) _
(B} u)n) = fe"’("'mbN(x, nulx) dx.
Thus, if ay(x, &) =bylx, &) + |€]))%, we have

/} _ ~ "
(A o BRa)p) = @m) "7 (0 - & e dé
and

N
(By o Au)(n) = (Zﬂ)”"fEN(n - &, Halé) dé.
Now a, is real and, because of (4.1),
lay(n - & ) - ayln— & O <M,y - Cyll+ [E= D771,

The same argument as for the first part of the lemma now finishes the proof.
Before we state the main result of this section we have to introduce some

notation. Let Q be a neighborhood of the origin in R” and I' an open cone in

R"1, Suppose that S*(x, &), k=1,0,-1,..., are analytic functions in @ x I',

homogeneous of degree %, such that, for some constant C independent of %,

ID2DE S, 1] < €Y=+ =k2atlal g1 |- 14,

4.2
“.2) when (x, &) e @ x I,

Let F be a closed cone with F CQ x I" x R and put Li(x, &) = ifn + S, &N,
We shall assume that L! is principally normal in some conic neighborhood F of
F, i.e. there exists a function Alx, &), analytic in F1 and homogeneous of degree

zero, such that
(4.3) ALY, LM(x, &) = Re (L x, OAx, £), when (x, &) € Fe

Now choose functions ¢y € C3(Q), ¥y € C*(R*™1) and xp € C®(R™™!) such
that i is homogeneous. of degree zero and has support in T, qSN(x)(ﬁN(f') =1
on F, xy vanishes when || <2C and equals 1 when |£'| >3C,. Puc

pN(x, &= ¢N(x)¢N(‘f')xN(f '/N). I N> ¥n»and Xy are suitably chosen, we
will have

(4.4) ID:DgpN(x, £ < clashl+1Nla(q |§'|/N)"|B‘, when |a+ B| <N,

and

45)  |DEDEpyle, ) < CU+ 1EDT, when lal <2n 45, Bl <2
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We define
LN(x, &) = ifn + SN(x, &),
where Sy(x, &)= X S*x, &)pylx, &)

~Nsk<l

(4.6)

Ly =Ly(x, D)=9/dx_ + Sy(x, D') is, strictly speaking, not a pseudo-differen-
tial operator in {J. It is the sum of a differential operator in %, and a pseudo-
differential operator in x' with ‘“‘coefficients”” depending on x . Finally we
assume that (ay) is a sequence in 7 %(Q) such that each ay has support in F,
Puc AS = 2 + |D|}/N?)"2, gox )= ((x_—0)?/2 - 02/4) and denote by |- ||

the L2-norm in x ‘-space.

Theorem 4.1. Let Ly and ay be as above. Suppose that the functions
éy € CyQ) satisfy (1.1) and put uN(x) = ¢N(x)aN(x, D)u(x). Then there are
positive constants C and o such that, if the functions ¢y(x) vanish when
|x | >0 and if N> C, then

wf Aot 2 s,
(4.7) )
< C—f"AN o\n LNuNuzdxn + CNI"”‘lzd"n, u € C?.

The constant o does only depend on C and F.

Proof. Put v (x) = ANg“(x")uN(x). Then

Ng_(x )

Lyvy =Ay 7 " Lyuy + (N(x_ - 0)log Aylvy + Ryuy

(4.8)
where Ry _[S(xD)A ‘7"]
Denote by R,:,(X, £') the sum
Ng (x )2
X g N T DS (5, £/
lslalsoN
and let 5, (x, £') be a sequence of functions that satisfies (4.4), (4.5) and van-
ishes when (x, &', ‘fn) £ F, for all fn-. Suppose also that §y(x, &Y=1in F,
when |£'| >2C(N. We may then write

(4.9) Ry =Ry + RE +R,
where
(4.10) R[{’(Xa {:I) = 3N(xa fI)R;V(X, 61)9

(4.11) RA(x, &) = (1 - 8, (x, EDRY(x, £,
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(4.12) Ri](x’ fl) =fei(x"‘r]')/N(T,l' xn’ é-l)dn/

and

fN(Tl" X, & = 2 il al(nl)a‘;N(n,’ X ‘f')
lal=lon]st

N
ID A2+ 1€ +1q |2/N2) Eolx )/2(1 t)lal']dt/al
Here fN denotes the Fourier transform of Sy with respect to x'. Now

iz PEC €12/ < (ol (2 + g1 2/n2) s lal)/2,
' if |s| < No and o] < 2No.

Therefore, if max|, | o 8o%,) = 702/4 is less than o, we immediately get from
(4.12) and Lemma 4.1

(4.14) f“R MER® <cNf||u |2 dx <cNf1|u|| dx .

The last inequality follows from Lemma 4.1 applied to bN(x, D)= qSN(x)aN(x, D).

The same estimate holds for the LZ-norm of Ri,uN, i.e.,
(4.15) f||R§,uN||2dxn < CNjlal|? ax .

In fact, since R%(x, £") vanishes in the support of by(x, &), we have
Rlzv(x, D)o bN(x, Du = R:,(x, D)u, where

R, O= 2 z““’lfe""" M (n”by(n, )/y")
|v|=lon]s
(4.16)

. <I;Dg:R,2\,(x, &+ m(1- t)‘7|'ldt> dy.

Because lD D \R? NG € ) < CN when |a|<n +1 and |y| = [oN] +1, Lemma
4.1 applies to glve (4 15). We now put

(4.17) R} = Ry o AgNeotn),

Since Sy(x, £ =2_y_ ., Sk(x, &"Yxn(&'/N) in the support of y(x, ¢') and
xN(f') vanishes when |£'| < 2C,, it follows from (4.2) and (4.13) that

418)  DVR3G, EN<N- X (€, when [yl <nsL.

1_<_la|5<7N

Here the constant C, only depends on C and the constant C in (4.13). If o
is small enough, we get from (4.18) and Lemma 4.1

(4.19), juR;,vNu?dxn <CeaeNflwyl?ax,.
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In view of (4.8), (4.9), (4.14), (4.15), (4.17), and (4.19) it will be sufficient to
prove

4200 Nflloyl?dx, < C, fILyvy = NG, = 0log Ayl ds,, + flalax,

for some constant C3 which stays bounded as o tends to zero. Put Sy = AN +
iBy, where Ay and By are real and denote by (, ) the scalar product in Li ‘.
Then

f“LNUN - (N(x, - a)log Ay 2 dx,

(4.21) = [lovy/9x,, + Byl 2dx,

where * .[“ANUN - (N(x,, - ollog AJvllZdc + 18+ 13 + 13,
I} == 2Re f (Jvy/0x , N(x | — o)log Aylvy)dx,

(4.22) = Nf(wy, Gog Ayloy)ds,

lﬁ =~ 2Re f(iBNuN, (N(xn - o)log AN)vN) dx_, and
13, = 2Re I(GUN/c?xn +iByvy, Agvp)dx, .

If we denote (log AN\I/’UN by wy, we have

2Re (iByv s (log AN)vn) = 2Re (i[(log /\N)V2 » Bylvy, wy) + (B, - B:J)wN, wy)

N
Because of (4.2), (4.5), (4.6), and the fact that (') vanishes when 1€ <

2C,, it foilows from Lemma 4.1 that ||[(log ”N)%' BNl}UN | < Clluyll and
1By = Byywyll < Cllwyll. Since |luy|| <2 - (log 2)77 - Jlwyl, we get
(4.23) 21 <Cyv oo N [yl ?ds,.
To estimate I2,, we observe that
3 . *
I3 = f(avN/dxn +iByvys (AN - AN)UN)dxn

(4.24)
v [(Ay, 9/0x, + B oy, vy)ds,

Let now vN(x, &) be a sequence of functions which satisfy (4.4) and (4.5), with
¢’ replaced by £. Suppose also that vy has support in F, and equals 1 in F,
when || > 2C(N. We then write

(4.25) [An> 0/0x, + Byl =Ey + EX + E,

where
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E,f,(x, 8 =vylx, NE + Bylx, &), Aylx, &,
Elf,(x, 8 = (1 - vylx, ORE + Bylx, £, Aplx, €4,
iwx!, )y 1 g '
E}(x, &) = !7{2 fe O] )7<f0/y(x, 7', &, )1 - z)d:) dq/Z, and
[, 7', &, 1) = A MU f’)D'y,BN(x, &+ m)

_B N’ x,rf)D Ay, &+ 'l

Since x (& ") vanishes when |£'| <2C,, (4.2), (4.5), and (4.6) imply that
|D::, E}(x, ") < C when |a] <7 +1 Thus Lemma 4.1 gives

(4.26) NERvnll < oyl

Moreover, because of (4.3), there are functions p; and p, homogeneous of degree

zero and analytic in a neighborhood of the support of vy such that
(€, + B, €, ALGx, €M = (6, OGE, + iBL(x, € + pylx, OAL(x, £

1 2
Put vy =vy - gy and vy =vy - pt,. Then

(4.27) E,}, = V;,(x, D)o (a/axn +iBy) + Vi,(x, D)oAy + EI‘:,,
where
(4.28) fIERwyl2dx, < € fllogl? ds,.

We now have

j([AN, /9, + iBylvy, vy)dx,
=f('/l}l(x’ D)o (a/axn + iBN)UN, UN) dxn

+ f(ui,(x, D) o(Ay - N(x, — olog Aplvy, vy)dx,
(4.29)
+ N (W20, D), (log A% N(x, ~ Dy, vy)ds,

4 N2, D), - Dy, wy)dx, + ’): (EL vy vy

Exactly as for (4.15) it follows that
(4.30) f“E | dx . < CNI||ul|2dx .

Since (AN - A;}), v!(x, D), [v2(x, D), (log AN)%], E?q and E:‘, are bounded
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operators-on L2, it follows from (4.24), (4.29), and (4.30) that, for any € > 0
pe x y ’
3 . 2 2
ls<c (fllavN/Gxn +iByvyllfdx + fﬂlANvN - (N(x_ = o)log A vl “dx,,

(4.31) +e€” lfqun zdxn +N -.afulelz dxn),

+ CNf ||u|]2dxn°
Here Cg only depends on C, and F, while C depends on by(x, D) =

¢n(x)ay(x, D) and thus on &. To prove (4.20) itinow only remains to combine
(4.21), (4.22), (4.23), and (4.31). First choose € so that C5 - €<1. Then the
first two terms in (4.31) are absorbed by the first two terms in (4.21). After that,
choose o so that 2(C, + C;) - 0<1. Then, if N is large enough,

1= Cye flwyl2ds, - NC, + € o [yl 2ds,
> CoN [l 2 dx, - V[ ul 2,

Since |lv, || <2(log 2)"%HwN|| this completes the proof.

Rematk 4.1. We have actually proved a slightly stronger mequahty that (4.7).
On the left-hand side ANgU ) could be multiplied by (log AN)

Remark 4.2. The proof of Theorem 4.1 is modelled on the proof of Th€oréme 1
in [12). Except for technicalities, the main difference is that the norm of RIS\I has
to be estimated as in (4.19).

Remark 4.3. It was assumed in Theorem 4.1 that u € C§. However, the proof
works without change for any u € C; such that ay(x, D)u € C% N](Q) for some
5> max|, | 8o (%) = 70%/4.

5. Completion of the proofs of Theorems 1.2—1.4. The proofs of the three
theorems are similar but, since there are some differences, we give them one by
one.

Proof of Theorem 1.2. Clearly it will be sufficient to prove the following
“semilocal”’ statement. Suppose that (x,, ;) € Nl(Pm)\WFa(") and denote by
£ the bicharacteristic strip through (x,, £,). Then there is a closed conic neigh-
borhood F of (x4, &) such that if 8 N F N CWF («) £ then £ N FNWF JAu)=2.
We shall prove that there is a positive constant y, independent of (¥, f )€
Fn &nix, &) |€| =13, such that if (xO’ ‘f ) ¢ WF, () then 8 N B (xo, ‘fo) N
WFa(u) 2. Here B,y(xo,:f ) ={(x, f) |G —xo,f fo)l <y}. Since dg Pm(x EY£0 in
N(P ), we may assume that 9P /0 #£0 at (x,, £)). According to a factoriza-
tion lemma of Hérmander [9, Proposition 6.1] there is a closed conic neighbor-
hood F, of (x, £,) such that

(5.1) P(x, ) = 0(x, &) o GE_ + S(x, «f))
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in a conic neighborhood of 15' Here S(x, &) is an analytic symbol in (x, £*) and
0x,€&)=X 0<jsm— l]q(x '3 )f’ for some analytic symbols q(x &') of order

m—1 —j. The ught-hand side of (5.1) stands for the fotmal composition of the
symbols. Suppose that F C F, and that (¥, tfo) € £ N F N CWF _(u). Then
(UxT) NWF (@) = &, for some conic neighborhood U x I" of (xo,fo) We may
assume that U is of the form U’ x I, where I = x5 |x, -%y | <l In view of
Lemma 3.2, there is a sequence (ay) € 7°(Q) such that supp a CF,,(suppay)n
(R"=1 x I x R") C U x T, the points on & N F are noncharactensnc with respect
to (a,) and

(5.2) ([A1=™ o P(x, D), ay(x, D)D) € T (a(F)).

As before, 7 denotes the projection T*(Q) —  and A* = (1+|D]?)*/2. Choose
functions py(x, £') satisfying (4.4) and (4.5) with support in a set where

S(x, ") and q(x &') are defined such that p,(x, £Y=1in F when |€'| > CN.
Put

iy e, €)= X gt Epyls, £,
~N<ksm-1-j

QN(x9 6) = Z qu(x9 fl)fiﬂ
0<sj<m -2

Syl )= L Shx, Epy(x, ) and Lylx, O =i, + Sylx, &)
-N<gk<l

Since p, =1in F,, when |€] > CN, it follows from (5.1) and (5.2) that

(5.3) (QN(x, D)o LN(x, D)o aN(x, D) —Am-1, ay oAl-™ o P(x, D)) € To(n'(F)).

We may assume that F, N WF (u) = & and that the points in F, are noncharac-

teristic with respect to (Q,). Then it follows from (5.3) and Lemma 3.1 that

(5.4) D% Lyy(x, D) o ayle, Dhul)| < C¥N'2l, when |of <8N and x & a(F).

Moreover, since (supp aN\ AR xIx RN CUxT, we have

(5.5) |D::uN(x, D)u(x)| < Nl al’

when |a] <8N and x ¢ nlsupp ap) N (R*=1x D.

We are now in the position to apply Theorem 4.1. First of all it is clear that we
may suppose that x ; = 0. Then I = s Ix, | < €. Let o be the constant in
Theorem 4.1 and let the functions qS,V(x ) satisfy (1.1), vanish outside — ¢/2 <
x_ <0 and be equal to 1 when 0<x < 0/2. Put by(x, &) = ¢N(xn)a (x, ).
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Then all assumptions in Theorem 4.1 are fulfilled, except that we do not know
that u€ C, *(Q2). However, it follows from the results of [5] that uy=b (x, Du €
C[SIN](Q) In fact this, and the corresponding resuits needed for Theorem 1.3 and
Theorem 1.4, could be proved directly usmg the methods of this paper. If ¢ € C0
and equals 1 in ﬂ(Fl), then v = é/\'Zkéu € C, if & is large enough, and

Po A%y —fin a(F ). Therefore we may assume that u € C, and Remark 4.3
applies. If supp a, is close enough to &, it follows from (5.5) that (5.4), with
ay replaced by b, is valid when x < 0/2. Since ga(xn) < - 0%/8 when 0/2 <
%, < 0, it follows that the right-hand side of (4.7) is bounded by CN. Thus

(5.6) f “A?\,'NuNllzdxn <CN,  where A= min glx) = 0?/32.

0<x,=<0/4 0sx,s0/4

Because of Euler’s identity, ((d.f Pm)(xo,- rfo), fo) = um(xo, fo) = 0. We may
therefore assume that |£ | < €|€'] in the support of b, and it follows from (5.6)
together with Sobolev’s embedding theorem that

(5.7)  |D%ay(x, Duto)] < CMNIY,  when || <AN and 0<x < o/8.

Lemma 3.1 now gives that {(x, £) € 8; 0<x 2 0/8 NWF (&) = . It follows in

the same way that the points on &, with — 0/8 < x, <0, are in the complement of

WFa(u). Since o does not depend on x , this completes the proof of Theorem 1.2.
Proof of Theorem 1.3. Let (x, ENEN P N\WF ,{#). Then there is an ana-

lytic function A(x, £) homogeneous of degree m -~ 1, in f, such that

(5.8) P, P Mx =Mz, OP (x, &) - Ax, P _(x, &),

in a conic neighborhood of (xo, ‘fo)' We shall multiply P_ with a nonvanishing

analytic function glx, &) homogeneous of degree 1 — m in £, such that
(5.9) tgP . gP Ix, &)=0

in a full conic neighborhood of (xo, fo). Because of (5.8), we have

tgP,,. &P} =2ilm (P (glP , g1~ Agg + P lg g¥/2)
It will therefore be sufficient to solve the following nonlinear equation
(5.10) P gl-2g+P lg gl/2g=0.

Since the last term vanishes at (xo, fo), we can employ the Cauchy-Kovalevsky
Theorem and solve (5.10) in a conic neighborhood of (xo, fo) with data given on
any hyperplane with normal N, provided that ((d,f Pm)(xo, fo), N) # 0. Moreover
it follows directly from the uniqueness of the solution that, if we give data homo-
geneous of degree &, then g is homogeneous of degree k. Denote by £ the
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(2-dimensional) bicharacteristic strip through (x, fo). Since (x,, &) € Nz(Pm)’
we may suppose that there is an open conic neighborhood F, of (xo, {"0) such
that

(5.11) oP (x, &)/, #0, when k=n—-1,7nand (x, & €F .

We shall also assume that (5.9) is satisfied in a conic neighborhood Fl' of 7*31.
For some (pN) € TO(FI, Fl') we put g, (x, &) =glx, &) - pylx, ). 1t FI' N
WF(Pu) = &, then

(5.12) D % (x, D) o P(x, D)alx)| < VNI, when |a] < 8N,

Let F and F, be open conic neighborhoods of (x, £&;) such that the FC F,C
F CF, and denote by F; any conic neighborhood of £. According to Lemma 3.3
there is a sequence (ay) C 7%(Q) such that supp ay CF | NF,, the points on &N
F, are noncharacteristic with respect to (aN) and

(5.13) ([gn(x, D) o Plx, D), ay(x, D)) € T (a(F ).

Since we may assume that the points in supp a, are noncharacteristic with re-

spect to (gN), it follows from (5.12) and (5.13) that
(5.14) |D:P(x. D)o aN(x, D)u(x)| < CNNlal, when |a] <8N and x € ﬂ(Fz).

To prove Theorem 1.3, we shall prove that there is a constant y > 0, independent
of (xo, °0) € FN A& N{x, £); |£] = 1} such that if (xo, },0) £ WF, («) then

(5.15) £nB (%, £) N WF () =

In fact we shall prove that (5.15) is true for any y such that B, (%, Eo) CF,.
Suppose that B, (¥, £)) has distance > ¢> 0 to CF, and denote by S, the
boundary of B . We shall then prove that there is a constant ¢ > 0, independent
of 7y, such that if (x, rf) £BNS (xo, tf ) then £ N B, (&, ) NWE(x) = &. Be-
cause of (5.11) the normal of S (xo, fo) at (x, f) is not perpendicular to the
(xn_ iy xn)-plane Suppose that it is not perpendicular to the x -axis and that

X = 0. Then there are constants ¢ and M such that ¢” depends on F and tends

to zeio as the neighborhood F of £ becomes smaller, M depends ]ust on
B (xo, «f ) and

D2ray(x, D)ulx)| < cNlal,

16
(5.16) when |of < SN and - l/ManS—e" - M|x'|2

We now make the following change of coordinates:

(5.17) ) yn = xn + 2M|x'|2, y' = xl.



1973] ANALYTIC WAVE FRONT SETS 25
(5.16) is then transformed to
(5.18)  [D%ayly, Diyly)l < CVNI®l,  when [a] < BN and y € G(e", M.

Here G(e", M) ={y; — 1/M + 2M|y’|? < ¥, S ¢" + M|y'|?} and we have kept the
notation @, for the operator in the new coordinates. The rest of the proof now
parallels the proof of Theorem 1.2. By means of the factorization lemma of Hérman-
der, which works also in the complex case, we obtain an operator LN(y, D) =
a/ayn + SN(y, D") such that

(5.19) ID;LN(y, D) o ay(y, D)u(y)| < CNN‘O", when |a] < 8N

and y belongs to a fixed neighborhood of the origin. The results of [5] give that
aN(y, D)u € C%SIN] and since the constant o in Theorem 4.1 does not depend on
%, it follows from Theorem 4.1 that (5.18) is actually satisfied in a neighborhood
of y = 0. Observe that, because of (5.8), LN satisfies the hypothesis in Theorem
4.1. Theorem 1.3 now follows from Lemma 3.1.

Proof of Theorem 1.4. Suppose that (x, &) € ~N1(Pm)\WFa(Pu). Because of
Theorem 1.3, we just have to consider the case when the bicharacteristic strip &
through (xo, fo) is I-dimensional. Let U x I' | be a conic neighborhood of
(xys &) such that Z(P ) N (U xT o) C N (P )\WF ,#). Again we shall prove
that there is a constant y > 0, mdependent of (x 0’ {-‘0) e Wy xT)ngnilx &)
|€] = 1}, such that if (x, -f ) £ WF (&) then K NB (xo,tf ) ﬁWF @) = #. By mak-
ing a linear change of coordmates and d1v1dmg by a complex constant we can always
reduce to the situation that x = 0 and dg P (fo) =(0,+-+,0,1), i.e., & is the
x -axis. Since (0, {" )¢ WF (u) there is a conic neighborhood U x I" of (0, f )
such that (U x ) N WF _(«) =& . We suppose that U is of the form {x; lx | <e
and |x’| < ¢l Let t,lll(,(f) be homogeneous functions of degree 0 with support in
I and satisfying (1.1) when |€| = 1. Suppose also that !ﬁ];(f) =1 in a conic
neighborhood of & and put ¥, (£) = l,b;,(ff)x(f/N), where the functions x,(£)
satisfy (1.1), vanish when |£| <1 and are equal to 1 when |£| > 2. Then

(5.20) D% (D)ulx)| < VN9, when [a] < 8N and x € U,
We can always assume that U x I C Uy x 1“0 so, since [P(D), l/lN(D)] =0, it fol-

lows that
(5.21) D2P(DY \(DYu(x)] < C¥NI¥,  when |a] <8N and x € U.

Assume, for simplicity, that U = {x; [x | <1 and |x'| < 1}. Using (5.20) and
(5.21), we shall prove that if 0 <a <1/2 then (5.20) is valid in a neighborhood
of (0, +++, 0, a). To do this we employ the change of coordinates (5.17). In the
new coordinates (D) has a symbol-a,(y, 1) given by (2.2). From (5.20) it
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follows that
(5.22) |Day(y, D)u(y)| < cNalel) when lof <8N and y € G (e, M).

Here G (e, M) = ly; ly'| <& 2M]y'|? — e < ¥, < 2M|y'|? + €. We assume that M is
so large that 2a + € < 2Mé? and put G,le; M) = ty; 2M|y'|2 — €< ¥, <2a}. Then it
follows from (5.22) that

(5.23)  [D2Py, D) o ayly, Dluly)| < VNI, when [a] <8N and y € G (e M),

Since d§ Pm(fo) =(0,+.+,0,1) it follows that if the support of l/lN(f) is small
enough, depending on M, then

(5.24) 9P _(y, 7)/dn_ #0, when (y, n) € (supp a,) N (G (e, M) x R™).

We can now apply the factorization lemma of Hormander to obtain operators
On(y. D) and Ly(y, D) =3d/dy, +Syly, D') such that

(5.25)  (Quly, D)o L\(y, D) o ayly, D) = Ply, D) o ayly, D)) € T (G (e, M)),

and the points in supp ay are noncharacteristic with respect to (QN). From (5.23)
and (5.25) we get

(5.26) [DILy(y, D) oayly, Dluly)| < cVNle,  when lal <8N and y € G (e M).

It follows from Theorem 1.6.5 of [10] that aN(y, Du € C%SW]. Moreover, since
P(D) has constant coefficients, L, satisfies the hypothesis of Theorem 4.1. We
therefore conclude from Theorem 4.1, in a finite number of steps, that (5.22) is
actually satisfied in G,(¢, M). Finally & is invariant under the coordinate trans-
{ormation so (5.20) is valid in a neighborhood of (0, ---, 0, a). In view of Lemma
3.1, this completes the proof of Theorem 1.4.
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