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ABSTRACT. A new proof is given for Chern’s theorem showing that the
Laplace operator for differential forms commutes with decomposition of forms
associated with G-structures admitting a suitable connection. An analogous
result is proved for symmetric tensor fields, and an application is made to deter-
mine all harmonic symmetric fields on a compact space of constant negative
curvature. Vector-valued forms are also discussed.

1. Introduction. At the root of the Hodge decomposition of harmonic forms on
a Kédhler manifold stands the fact that the Laplace operator A commutes with the
operator L: ¢ — & A Q, where Q is the fundamental 2-form of the Kéhler struc-
ture, cf. [6], [11].

In [5] Chern showed that a similar phenomenon holds under broad conditions
for general G-structures. Here we present a different proof of Chern’s theorem,
in which the complicated curvature calculations of [5] are replaced by considera-
tions which seem much simpler.

$$2 and 3 give brief discussion of G-structures and connections; in $4 a
general Laplace operator is defined for vector bundles, and in §5 we show that
it commutes with certain types of bundle homomorphisms. Our proof of Chern’s
theorem, based on simple curvature expressions, is given in $6. Some applica-
tions to well-known facts about the Laplace operator on a Kihler manifold are
mentioned in $7.

In $8 we consider symmetric covariant tensor fields. A Laplace operator
A, is defined in a straightforward manner, and it is shown that an analogue of
Chern’s theorem holds for A_. Applications are made in §9 to two operators P,
Q for symmetric fields. These operators commute with As. The harmonic fields
for compact spaces of constant curvature are discussed in some detail.

Finally, in $10, vector-valued forms are considered briefly. Laplace opera-

tors are defined in a natural manner, but the appropriate analogue of Chern’s
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theorem no longer holds in general. The failure of the analogue is expressed by

a certain operator which is exhibited explicitly.

2. Vector bundles. Let E denote an r-dimensional vector bundle over a
differentiable manifold M (all our ingredients will be assumed C®). A frame
(U, e) of E consists of an open U CM and an r-tuple e =(e;,-+-, e) of C™
sections over U which span the fibre E_ at each point a of U. If (v, e') is
another such frame, then in U NV we shall have e’ = eA (e;z eﬁAS)’ where A
is a matrix-valued function on U NV, called the transition function for the pair of
frames.

G being a Lie group with a faithful representation p on R’, a (G, p)-struc-
ture on E (we shall say simply G-structure) consists of a covering U of M by
frames of E such that the transition function of any two overlapping frames in 1l
has values in the image p(G) in GL(R"). A frame of E will be called a G-frame
if U, when augmented by the adjunction of this frame, still defines a G-structure.
Observe that a G-structure on E induces a G-structure on the dual bundle E™,
cotrespondiné to the representation ‘p~ L.

Let E, E be two bundles over M with G-structures associated with repre-
sentations p ; We shall call the G-structures cob'srent»if there is given a one-
to-one correspondence between G-frames of E and E (over the same open sets)
such that for any two pairs of corresponding G-frames, say (U, e), (U, ¢) and
(v, e'), (V, "), the transition matrices from e to e’, resp. ¢ to ¢, at each
point of U NV correspond to the same element of G m the representations p, ?)'

If that is so, then the frames (U, e® ¢) of E® E define a G-structure on
E® E and in a natural way it is coherent thh the given G-structures on E, E
it is associated with the representation p ® p of G. In a similar way we can

define G-structures on exterior powers APE, etc. (cf. S6).

3. Connections. Let I'(E) denote the module of C* sections of the vector
bundle E over M; and let T*= T*(M) denote the cotangent bundle of M. A con-
nection D on E is an R-linear mapping D: T'(E) — I'(E ® T" which is local
(i.e. diminishes supports) and satisfies D(fs) =s . df + [+ Ds for any C* func-
tion / and any section s € ['(E); cf. [4, $2]. (We omit the symbol ® when con-
venient.)

If (U, e) is a frame of E, then D gives on U a connection matrix L = (Lg)
of 1-forms on U defined by Deﬁ = eaLg. The curvature matrix of the connection
D relative to the frame is the matrix of 2-forms K=dL + L AL (K = dLﬁ +
L3 ALY.

Now let E have a G-structure. We call D a G-connection if the matrix L

has values in the Lie algebra g of p(G) whenever the frame (U, e) is a G-frame.
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If that is so, then the curvature matrix K also has values in g. Indeed,.if ¢ and
7 are tangent vector fields near @ € U, then 2dL (£, ) = E.L(-9-LE) -
L ([£, n)), and this lies in g simply because § is a vector space. And 2L AL, n)
= [L(£), L(p)], which is in g because g is closed under the bracket opera-
tion (cf. [3] and 17, Chapter 9] for Kzahler connections).

Let E, E be bundles over M with coherent G-structures, as defined above.
Let D, D denote G-connections on E resp. E We shall call the connections
coberent if for any pair of corresponding G-frames of E, E the connection matrices
have values which correspond under the isomorphism of p(G) and p'(G) given by 3°p"l If
that is so, then 1t is easy to vequ that the connection D on E ® E defined by
D(s®3)= (Ds)®S R ® Ds (cf. (4, p. 80]) is a G-connection for the induced
G-structure on E ® E (In the term (Ds)® S it is understood that the factor in T™
is to be put on the right.)

4. Laplace operator. We now suppose that E is equipped with a connection
D and that M is equipped with a Riemannian metric g = gi,.dxidxj. With D and g
we now associate a ‘‘Laplace operator” £ on I'(E) as follows: If s € I'(E),
then Ds eT(E ® TY. Let D, denote the Riemannian connection (i.e. on T*).
As indicated above, we obtain a connection D on E ® T by the rule D(sw) =
(Ds)w + s (Dyw) for any 1-form w. We define

s = — trace DDs

for s e ['(E). Relative to a frame (U e) of E and local coordinates (x?) in U,
DDs has an expression s | e . ®dx'®dx!, and then £s = (gijsiaj)ea, where the

g" are the components of the contravariant metric tensor.

5. G-homomorphisms. Let E, E be vector bundles over M of dimension 7,
N , with coherent G-structures assocxated with representanons P, p of G, and
W!th coherent G-connections D, D Let F =(f ﬁ) be an 7 x r matrix such that
[4 p)F = Fp(u) for all u € G From this matrix we obtain a bundle homomorphism,
also called F, from E to E. Namely let (U, e), resp. (U, €), be corresponding
G-frames of E, E. We map F:eg — ¢ /ﬁ’ obtaining a homomorphism over U.
Evidently it does not depend upon the choxge of corresponding G-frames, and thus
we obtain a global homomorphism F: E — E.

Again let T carry a Riemannian metric g, as in the preceding paragraph. With 8.
and D, resp. D we associate Laplace operators £, resp. ﬁ on I'(E), resp. F(E)
By a direct computation we find that FE = f F. Apart from the essential assump-
tion of coherence, the chief point involved here is that the bundle homomorphism
F, relative to corresponding G-frames, has constant coefficients. The calculation
presents no difficulty and we therefore omit it here.
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6. Differential forms. We now turn to the bundles E? =.A? T* of p-forms
M. We suppose that T*=E! has a given G-structure such that p(G) C 0, p
denoting a faithful representation of G on R”, where n =dim M. If we take the
G-frames as orthonormal frames, then of course we obtain a Riemannian metric
g on M. If D is a G-connection on T%, and if D has no torsion, then by a
classical theorem D coincides with the Riemannian (i.e. Levi-Civita) connection.
By the general rules alluded to in §2, the G-structure on E! induces a G-

structure on each EP. If (U, 6) is a frame of El, then it nges rise to a frame
(U, 6P)). of E?, where 6(®) — ("1 lp) e<iy and 612 _ g'1 A N i
If (U, 6) is a G-frame, then (U, 0?)) is a G-frame of EP.

The connection D defines a connection, also called D, on each E?. For
example, for p=2, D(w A ¢) = (Dw) A ¢ + © A (D¢), being induced by the ten-
sor product (it is understood here that the 1-form arising from D is to be written
on the right). If D is a G-connection on E, then the extension D is a G-con-
nection on E?, as is plain.

The Laplace operator A on p-forms has the expression

A=$ . R® , §®)

where R®), §(?) 4re endomorphisms of E? defined by the Riemannian curvature
[9, $261. Namely, relative to a frame (U, 6) for T

PR dyeeeh i i
KOO NH=-F 6 "V PRY, p>1,
v=1
and
PR ijeej eesh .
S(p)(e 1 p)=_'uz<ve 1 M 14 pR]/-; V, pzz,

where bel = glqu jb is the Riemann curvature operator and Rk Rfé is the
Ricci tensor (our notation differs slightly from that of de Rham, loc, cit.), In
the formula j#, resp. b, signify that j, b appear in the uth, resp. vth, place.
Of course, we have 8®)_ 0 for p=0,1;and RO _o

We now assume that the Riemannian connection D is a G-connection, and
that the frame (U, 0) is a G-frame. For each (k, I), the matrix (i, j) +» R L1 1S
in the Lie algebra g of p(G), as explained in $3. Let B, = (b' ), A _1 ,
be a basis for g. Then we may write R]/el =3 _1a, l)b for certain a)‘
Recalling that g ; ij 31’, and usu}g the §ymmetry ptopettxes of the curvature ten-
sor, we obtain the expression lel =R = EA L “Lb;)‘b“‘, where @, =a,,.
From the vanishing of the torsion tensor we have R el RI;k + Rkl =0, from

which it follows that the preceding expression can also be written
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Ry = Z“Au(bkx I b;)‘bkﬂ)

and, for the Ricci tensor

i _ i3]
R, = Z a)wb Abb#
(recall that the B, are skew-symmetric, since p(G) CO,).

Now consider a homomorphism F from the typical fibre A? R™ of E? to the
typical fibre A? R™ of E?. Let us assume that F is equivariant with respect to
the representations AP p,resp. A? p. Then (see $5 above) it is quickly seen
that F induces a bundle homomorphism F: E? — E? and an associated homomor-
phism F:T'(E?) — I'(E?). Namely, relative to the canonical bases of the typical
fibres, F is given by an alternating tensor with certain components /;II:::;:. For
our G-frame, the bundle map is then given (over U) by

6."1. PH/’ 1 pojl"'iq
71" g
If G is connected, as we henceforth assume, the equivariance condition for F is
equivalent to the infinitesimal condition
b . . . q . .

Foeeih eeei d iqeeei

A S DY S
for every B = (bi) in the Lie algebra g. Let C = (Ci) be another element of g.

In the equation above we change Ty to k, multiply by Ck# and sum, obtaining
IR

Z/il...by.. _ ; /1 P bb :

P, eee ves )
ku ’q Yqlv

[ PRERY )
1 D (bh k _ bb k )
+ .
Z/']l‘“h,u-”'k .o ]q ],‘—L 71./ ]ll ]/U'
Now in the equivariance equation above change b;y to c;”, muleiply the new

equation by b;v and sum, obtaining
Z/il...},y...ipbivck B Z /il.”kV'”ipbiVCb
Foeek eesj OB Tj 0T Jaeeed bk
v 1 TR g K v ‘1 ‘g
b --k
1
i AN
U<V r
Thus the right-hand members of the last two equations are equal. From our

R T LR
(bb oy - bb c, ).

formulas above for Rijl and R,’:, it follows at once that F (R(®) ; §®)) =
(R(9) 1 §9))F, Indeed one has merely to replace B, resp. C by B,, résp. B

w?
then multiplying by aru and summing.
Finally we observe that the differential operator £ commutes with F, as

indicated in §5. Thus we have proved Chern’s theorem:
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Let F: E? — E? be an equivariant homomorphism of the bundles of differ-
ential forms, in the sense described above. If the structure group G of T* is
connected, and if the connection of the G-metric is a G-connection, then the

Laplacian A commutes with F,

7. Kahler manifolds. We consider exterior forms on a Hermitian manifold M.
The exterior derivative @ and the codifferential & split into sums d =d’' + d”,
resp. 8 =8' + 8", of bidegrees (1, 0), (0, 1), (- 1, 0), (0, - 1) respectively (cf.
[11]). Now A =d§ + 8d = (d'8"+ §'d") + (d"8" + 8"d") + (d'8" + §"d") + (3"8' + §'d").
The last two terms are of bidegree (1, — 1), resp. (= 1, 1). If the Hermitian metric
is in fact a Kdhler metric, then the metric connection is compatible with the com-
plex structure, and the Laplace operator on p-forms is compatible with the decom-
position of forms according to complex type. Hence the last two terms in the
expression above for A are zero. Call the first two terms A’, resp. A”. Thus
our equation is A = A’ + A", Since 8'is the formal adjoint of @' and 8" is the
formal adjoint of d“, the operators A’and A" are real. By degree considerations
we have m: A" (bar denotes complex conjugate); there follows A = 2A’ =
2A" (see [11, Chapter II; Théoréme 2]).

If Q= (i/2)galgdz %378 denotes the fundamental 2-form of the Kahler struc-
ture on M, then we obtain a bundle homomorphism L: E? — EP*2 by L:¢ —
¢ A Q. This operator satisfies the requirements of the theorem of $6 and there-
fore commutes with A. This fact leads to Hodge’s canonical decomposition of a
harmonic form into a sum of harmonic forms L7¢ , where the ¢, are primitive.
See [11, Chapter 2, Theorem 2] and [6, $43]. In a remarkable observation, Serre
(10, Chapter IV, $4] has shown that Hodge’s decomposition theorem can be con-
nected with the representation theory of 3L, (cf. $9 below).

8. Symmetric fields. M” again being a Riemannian manifold, we now consider
the bundles S? of covariant symmetric tensors of rank p. For brevity we shall
call sections of S? p-fields. The symmetrization operator, call it S p gives a

projection of the full covariant tensor bundle T*?(M) onto SP.

As before, we assume that T*(M) = S! has a G-structure which is a reduction
of the O -structure given by the metric. Then on each S? we obtain a G-structure

by tensor products. If (U, 6) is a frame for sl 6=(0',..., 0", then the sections

621"'ip = sp(Oil ®-- ~®0i"), i) <--- <, form a frame for S? over U. If (U, 6)
is a G-frame, then this associated frame of S? is a G-frame. We install upon S?
the fibre metric for which those sections are orthonormal at each point of U. We
write (¢, (;S')‘.z for the inner product of two elements of the fibre Si.

For a p-field ¢ we define a derivative by D _¢ = (p + l)sp+1(D¢)’ where D
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denotes covariant differentiation relative to the Riemannian connection. Relative
to a frame the components are given by the formula

p+l

(Ds¢)i1~-~ip= z¢il...$...i LDt
v=1

b+l "V

For p-fields ¢, ¢’ we introduce the inner product

(8,60 = [, (b 6'),4V,,

where dV, =g |61 A ... A 67| is the volume element at the point a.

The formal adjoint D: of D_ is the operator characterized by the equation
(D ¢, ¥) = (¢, DE) for an arbitrary p-field ¢ and an arbitrary (p + 1)field
whose common support is compact. It is easily shown that for a p-field ¢ the
components of D:q& are given by the formula

* ik
(Ds¢)i1°°'ip—1 =-g ¢il"'ip—1jk.
Of course we define D% =0 for Ofields.

In analogy with the theory of harmonic integrals, we introduce the Laplace
operator A_ = D:D - DSD:. It can be shown that for p-fields we have A_ =
£+ R® 4, §'P) with the following formulas for the operation on the frame ele-
ments introduced above:

il...,' ® '1...
g(es p):—g] 0 p,jk’

RN - 3o TR, g,
v=1
S'(P)(Oil.”ip) ~ Zeil...i#...},y...ipﬁi“iv p>2
s - s ib ==

pw<v
Again j#, b, indicate the positions of the indices j, b; and we have R -9

and 8'® =0 for p=0,1.

Here we have the new curvature operator RZ’I = g"qRiql + g’quql. Let us
assume again that the frame (U, 6) is a G-frame. Referring back to our expression
for the curvature in §6, we obtain for R the expression

—ib - b Li
R} =Zam(b;e)‘blu+ bkxb; ).

Observe that R’ = 72;’”1, as follows from the skew-symmetry of the matrices (b;:)\)’
Let F'denote an equivariant homomorphism, relative to the G-action, from

the typical fibre of S? to the typical fibre of S?. Then F'induces a bundle

homomorphism F': §? — S9 (see $5). For the G-frame (U, 6), F'is given by a

symmetric tensor:
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F,: eil...ip - /"Z:l."l:p Gjl...jq;
s iyrig s
the components [’ are constant and independent of the choice of G-frame, and
they satisfy symmetry relations similar to those given for F in $6. From the
similarity of the expressions for A, resp. A, it is clear that, with only minor
modifications, the argument of $6 can be applied to A_, and we obtain the follow-
ing theorem:
Let F': S? — S9 be an equivariant bundle mapping, as described above. If

the structure group G is connected, and if the Riemannian connection is a G-con-

nection, then AS commutes with F'.

9. Harmonic fields. We shall continue with some observations concerning
harmonic p-fields, i.e. fields ¢ satisfying A_¢ =0. To simplify statements, we
shall assume that M is compact.

The operator A is related to a variational problem, as follows: Define the
“‘energy’’ of a pfield ¢ by E(¢) = %(Ds¢, Ds¢) - %(D:¢, Dz(ﬁ) =% (, AS¢)-
For a variation 8¢ of ¢ we obtain 3E (4) = (3¢, A_¢). Hence A_¢ =0 is the
condition for a free extremal of E. If we impose the constraint (¢, ¢) =1, say,
then according to the theory of Lagrange multipliers, the extremal condition
becomes A_¢ =c¢ (c = const). Of course the energy functional E (¢) is not
always positive.

Consider now a 1-field ¢ on M, i.e. a Pfaffian form. If D _¢ =0, then
necessarily D¥¢ =0, as is readily seen, and so A_¢ = 0. Now D_¢ =0 is none
other than Killing’s equation, and so Killing fields are harmonic fields (see [2]).
A p-field whose covariant derivative vanishes is clearly harmonic, the metric
tensor g being the most important example.

In general, geometric interpretations of the spaces of harmonic p-fields are
not known. Presently we shall take up in detail the case of constant curvature K.
Then the curvature operator has components 1—2;:’1 =K (Zgjbgkl - 825;’ - S’I.Bz), and
the Ricci tensor is RII' =K@ - n)B’l.. The operators R'®?) and §'®) then take on
a particularly simple form.

Before imposing the curvature restriction, however, we shall develop a very
useful formalism involving the metric tensor.

Let us denote the symmetric product by V. Thus e.g. for 1-fields &, n we
have £ =% ®n+n®¢&). Define operators P, Q for pfields by

Pp=-Y%p+1Dp+2) Ve

Q=-@+D"Hp+2)"1P* for p>2,
Q=0 for p=0,1.
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Here P* denotes the adjoint of P, and g is the metric tensor. For components

we have the formulas

(P¢),»1...ip+ == X fpbi,  8iis D22

. =Yg L glk > 2.
(Q¢),1..., ) 2¢"1'“1p—27k 8 b2

We have the commutation relations D _P ~ PD_=0, D Q0 —-QD_=D?¥, and PQ -
QP =n/2 + p (for p-fields). These hold for p > 0. Write W for the latter com-
mutator. Then [P, Q1=W, [W, P]1=2P, [W, Q] = - 20. Therefore the typical
fibre of the bundle § = 2°;___05p becomes an @[Z(R)-module (cf. Serre [10,
Chapitre 4]).

It is readily verified that P and Q are equivariant bundle maps for the 0, -
structure of T% in the sense understood in §8. We may therefore apply the
theorem of $8 to conclude that AS commutes with P and Q. This may also be
seen from the commutation rules above. The situation is in striking analogy with
the Kdhler case, but does not lead to parallel conclusions because of the infinite
dimensionality of our representation of 2L,

We have subbundles Ker O C Ker Q2 C Ker Q3 Cetc., from which we obtain
the orthogonal decomposition S? = Sg -+ S?I’) ((p) = p/2 for even p and
(p~1)/2 for odd p), where S is the orthogonal complement of the bundle $?N
Ker 0% in $? Ker Qk“. The subspace Sp .o of the fibre Sp is irreducible for
the orthogonal group of T (see [12, Chapter 5, $71). The subspaces S" are
also irreducible, as will presently be evident.

The operators PQ and QP are selfadjoint in each fibre Sp The commutator
[P, %1 isa multiple of Q¥ on p-fields, from which it is easxly seen that Q
maps S” into Sp 2 (k> 1), and that each subbundle S" is stable for PQ and
QP. On Sp we have

POISE =~ k(n/2 + p—k=1), QPIS? - _(k+1)n/2 + p—A).

This is easily established by induction on k. For let ¢ € Sz, k> 1, and write
PQ¢ =y Then QPQ¢ = Qy; and Q¢, Q¥ are in S"’ f By induction assump-
tion, QPQ¢ = cQd, for a certain factor c, whence Q(C¢ ¥)=0. But c¢p— ¢ is
in Sp and thus is orthogonal to Ker Q, whence c¢ = i/, and so PQO¢ = cp. The
value of ¢ is quickly found inductively with use of the relation QP = PQ -
(/2 + p).

As just pointed out, 0 maps Sz injectively into Si:f for k> 0. We see
now that P is injective. Indeed, if ¢ € SZ and P¢ =0, then QP¢ =0, and so
PO¢ = (n/2 + p). Comparing with the result above for PQ |SZ, we obtain ¢ = 0.
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The harmonic elements in I"(5?) form a finite-dimensional vector space H?,
for compact M, as follows from standard elliptic theory applied to the strongly
elliptic system A_¢ = 0; and the equation A_¢ = ¢ for C™ fields has a solution
if and only if ¢ is orthogonal to all elements of H?. See for example [1], [8].
Since A commutes with P and Q, the space H? splits into an orthogonal sum
HG + ...+ HL,, with HY CT(SD).

For a section ¢ of Sg we have D:q‘) =~ 0D _¢, and so ¢ is harmonic if
D _¢ = 0. We observe that the energy functional E(¢) is >0 for p=1 and
n < 4. In these special cases it follows that a global harmonic 1-field ¢ satisfies
D ¢= D:qS =0 on a compact manifold.

By linear algebra, P maps onto the orthogonal complement of Ker P*=
Ker Q, and therefore we find that P maps S{ isomorphically upon Si&
(k=0,1,-.-,(p)). As P commutes with A_, P maps Hz isomorphically onto
HZI? Thus for harmonic fields it suffices to consider the bundles Sg. Since P
commutes with D, if ¢ € F(Si) satisfies D ¢ = 0, then by reducing via P to
k=0, we see that A_¢ =0, and so D D% ¢ =0. For the compact manifold M it
follows that D:¢v =0 also.

Let ¢ €T'(S8) and ¢ €'(S?). If &, ¢ satisfy the orthogonality relation
expressed in terms of components by

kl/l"

kl
i 18 =0
1y kT i ! ’

i
.. . . + .
then it is not hard to see that ¢ \ ¥ is a section of Sg 9, Since, moreover,

p+q+1

D PIVY + ¢ v (DY),

it follows that D (¢ V ¢) =0, hence ¢V ¢ harmomc, whenever D _¢ =D ¢ = 0.
For example, if ¢1 S, ¢>p are orthonormal covariant Killing fields, then
é!V ... V@? is a harmonic section of sb.

Let us note in passing that the fibre dimension of s? s

2B

. . . +2 . .
With the foregoing observations concerning P: §? — $P*2 jn mind, we see that

D($V )= ";‘“1

Sg has fibre dimension dp - dp-Z (p >2). For example, for 7 = 2 this dimension
is 2;and for =3 itis 2p + 1.

For n =2 the typical fibres of S§ (p > 2) are irreducible O,-modules (of
dimension 2), hence are isomorphic. This means that for any orthonormal basis b
of the typical fibre of Sg, there is an orthonormal basis &' of the typical fibre of
52 (p, g >2) for which the 0 ,-action is represented by the same matrices.
Clearly b'is uniquely determined by b, and we may conclude that the bundies
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Sg (p > 2) are all equivariantly isomorphic. Hence for 7» =2 only the bundles
Sé, 5(2) are of importance in the present connection.

Let us now turn to the case of constant curvature, for which the tensor R
has the form given earlier. It is readily shown that the following formulas result
for a p-field ¢:

R'®)p = — pKin - Dp,  S'®lp = — p(p - DKep — 4KPQéb.

Thus for a section ¢ of Sg the harmonic equation reduces to £¢ =pK(n +p-2)p
Suppose that K < 0. Then for a harmonic section ¢ of Sg (p>0),8¢-=
- r¢p, with 7 > 0. Since Lisa positive operator, and — r is a negative operator,
there follows (£, @) = 7(¢, ¢) = 0. If K <0, we find that ¢ = 0. Hence, for
a compact manifold of constant negative curvature the only harmonic nonzero p-
fields are those of the form gV -.- \ g x const.
If K =0, then we have just (£¢,¢) =0. But (£¢, ¢) = (D¢, D¢p), and so
Dp =0. Thus (£p, #) =0, and in particular £ = 0 if and only if ¢ is a uniform
field (i.e. has covariant derivative zero). (The argument here is substantially
that of Bochner—cf. [2]).

10. Vector-valued forms. Computations similar to the foregoing can be made
for other tensor bundles over M”. _Here we shall take up rather summarily the
bundles of vector-valued p-forms E? = E? @ T and of vector-valued p-fields 5P -
S?® T, where T denotes the tangent bundle of M. These bundles are of interest
in connection with deformation theory.

We again suppose that there is given a G-structure on T which is a reduc-
tion of a smooth O -structure. If (U, (0") is a frame of T* and if (U, (01.)) is

the dual frame of T, then the system (U, (0;1"'i")).

. X . i 11(...'<1‘P
over U, where 0;1"'11’ =0T . -;/\ 0" ® 0, If (U, (") is a G-frame, then we

declare this associated frame of E? to be a G-frame; and in this manner we

is a frame of E?

obtain a G-structure on E?, ~

Further we introduce on Eg the fibre metric ( , )a for which these elements
form an orthonormal basis. In particular, we have once more the Riemannian
metric g = gii0i0j on T, and 8= Bz‘j for a G-frame. By means of the metrics we

obtain a global inner product

@, 8= [, (8.8 ,9v,
as in $6. ~
For a section ¢ of E? we define a derived form d¢ = (p + I)AP+ID¢’ where
D is the covariant derivative and A+, is the alternation operator on the

"‘‘covariant indices”’. If ¢ has components ¢>fl i» relative to a frame (U, 0) of

T* then d¢ has components
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.lp

@); ..
1
The formal adjoint 4% of d is given, for a section ¢ of E:‘p, by

(d*qS)flm .

k bl
= - ¢ . g
lp—l btl-.. 1 ’

-1
where as usual the gbl are the components of the metric tensor g relative to the
frame in use. For p =0 we define d*} = 0.

The corresponding Laplace operator A = dd* + d*d for sections of E? has
the expression A =& + R®) 4 §®) L T?®) where £ is as in $4 and RP), §®)

are quite as in $6. T®) is the operator given on the frame (U, (0;;1'""9))_ ]
ll(o..<1p
by

j_(p) il"'ip b il"'hv"'ip"liv
O =29 Ry  (0>0),
v=1
Rl impl
where R} =g""R} ..

Now let F be an equivariant linear mapping /A? R ® R® — A? R” @ R™”.
Relative to the canonical bases F is given by a system of components
/il...ipl

J1..s7gk " R
a bundle homomorphism F: E? — E? which, for the G-frames defined above, is

which are skew-symmetric in the i's, resp. the j’s. As in $6, F gives

given by

P
. 'l
F: 0,

If G is connected, then the equivariance condition reduces to the following rela-

tion, for all elements (b;:) in the Lie algebra of G:

4 i P b

i i eeim Poeesh_ eeei. i el
Z/l b bb_/l pbl___z/l 14 PbV_/l b pm
“~ 11"'bv""qk iy 71"”qk m = ’l""qk b Fprtigm E
By operating upon this identity as in $6, we can determine the commutator

AF ~ FA. It is found that this operator is expressed in terms of components by
E:/,'l...,‘p fhm Z/l v"’ip R.V
O N S I joeeei R bm’
ol 1 v q v 1 q

For certain F this commutator vanishes. For example, if our G-structure is
a Kahler structure with fundamental 2-form w, and if F denotes the operation
Fé = w A ¢, then it can be shown by direct computation that AF = FA. Thus we
can conclude that a Hodge decomposition holds for harmonic vector-valued forms

on a Kahler manifold.
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The situation is analogous for vector-valued p-fields, i.e. sections of the
bundle $?. A Laplace operator A_ is defined as in $8. For an equivariant
bundle map F: §2 — §7 of the sort considered above (but with symmetric com-

i1.e0ipl . . .
ponents /ii jpk in the 7’s, resp. j's, rather than the skew-symmetric ones per-
g

taining to the E?), we find that A_F — FA_ is given by the same expression as
that just written for the case of exterior forms.
We can define operators P, Q for sections of SP, just as in $9. For these

operators the commutator vanishes, as is fairly easily seen.
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