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ABSTRACT.  A function   Ö  is defined on the set of all subsets of <l)  so

that for each set  K, the value, ö„, is the set of formulas valid in all struc-

tures of cardinality in  K.- An analysis is made of the dependence of   Ö,,  on

K.  For any set  K, let  d(K)  be the Kleene-Post degree to which  K  belongs.

It is easily seen that for all infinite sets  K,  d(K) V 1 < d(DK) < d(K)\  On

the other hand, we prove that d(0„, ,.) = d(CK) V d(D ,), and use this to

prove that, for any two degrees  a  and  b,  a > 1,  a < b < a', and  b r.e. a,

there exists a set K  so that  d(X) = a and  d(C„,) = b.  Various similar results

are also included.

B. A. Trachtenbrot [10] has shown that the set of formulas of first order logic

valid in all finite structures is not recursively enumerable, although it is the com-

plement of such a set.  Let us define a function Ü on the set of all subsets of w

so that for each set   K, the value, U„, is the set of formulas valid in all structures

of cardinality in K. A. Mostwoski has asked (in conversation, 1966) what can be

said of  UK, when   K  is known.  In particular, if the Kleene-Post degrees of the

two sets  K and /   are identical, are the degrees of CL and Ö.  identical?

Let  K denote the complement of the set  K. (The universe of discourse is w

throughout.) For any set  K, let d(K) be the Kleene-Post degree to which   K be-

longs. It is shown that for all infinite sets  K, d(K) V 1 < d(ö^) < d(K)'. Never-

theless, in §3 it is shown that there exist sets   K for which  d(UK) j¿ d(ü^).  This

solves the above question in the negative.  In §4 we describe the extent to which

d(öK)  is independent from  d(K).  The principal result in this direction is Theorem

12.  The techniques used to obtain our results involve both the writing of explicit

algorithms and the application of standard theorems about the degrees of unsolv-

ability.
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It is assumed that we have at our disposal some first order language, <£, with

equality whose grammar contains an infinite list of k-aty predicate letters Mk, F*,

• • • , z: > 1, for each k.  cf>, ifi, • • ■ shall denote formulas of this language.

çS(Mj, • • • , zVl^, F   ,•••),  72 > 1, is a formula containing among its predicate letters

one or more occurrences of the one-place predicates  M,, • • • , M  , F  .
* * in

Let  21 be an interpretation of the formula <f>.  21  is a structure with domain  A

and k-aty relations  M.      corresponding to predicate letters  M     occurring in  (f>.

We write   ||A||, for the cardinality of a set A.   By the cardinality of a structure  21

we mean the cardinality of its domain.  A structure  21  is finite, if its domain is.

We write    |=_ <f>, if <f> is valid in  21.

Also, we will use the notation  "A <   B"  for  "A  recursive in B"  and "A <
-r -m

B"  lot  "A   is many-one reducible to  B".

Definition 1.  Let  KCo.

(i) ÖK = \<p

(ii)  ©K = \<f>

(iii) JHK = Í0

V2I[||A|| efi- r-,011;

32I[Na <p& \\A\\ £K]\;
V2I[(t   0& ||A|| <cö)--+ ||A|| £ K]}.

Lemma 1. cS e %K iff <f> 4 ¡ÏJ-. <p e (3K  z'// 0 </ ffi^.

U)„  and )H„  defined above have conceptual interest, and, by Lemma 1, for

each set   K,  d(öK) = dCJÏÏ   ) = d(u5K).   In fact, we prefer to analyze the function  (ß,

since as is easily seen, for all  K, LU     is r.e. in  K.

I. Trachtenbrot's theorem.  This section is concerned with certain generaliza-

tions of Theorem 1 of [lO].

Throughout this paper we equate computable with recursive.  As an instance,

given a formula 4>(m\, ■ ■ • , m\ F1, • • • ),  n > 1, define p(mv • •■ , mn, j, k) to be

0  if 0 has a model  21 of cardinality  k so that   ||AL a || = m., for  i < n, and  llF^H

= /', and  1   otherwise,  p  is recursive.

Definition  2.   Let   K  be   a   nonempty   subset   of   w.    A   formula

4>(m\, • • • , M1, F1, • ■ •) is a /(-representation of an 72-place function / if

(1;     VtWj, • • • > ™„>   3/', zëLpUj, • ■■ , mn, j, k) = 0 &. k £ K\, and

(Ü)        Mk,  772,,- ••,  772n,   j[k   £  K&. p(t7Z1,...,  722^,   j,  k) = 0 —/(tTZj,---, 772^) = /].

The proof of the following theorem is immediate.

Theorem 1.  // ç>(m\, • • • , m\ F1,---)  is a K-representation of f, then

f(m1, • • • , 722 ) = /'<-» 3k[k £ K &. p(t22j,. • • , mn, j, k) = 0],

Theorem 2.   // / has a K-representation, then f is recursive in  K.  If f has

a K-representation and K is r.e. in a set B, then f is recursive in B.
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Proof.  If / has a K-representation, then, using Theorem 1, the graph of / is

r.e. in any set  B  in which   K is r.e.  So / is recursive in   K, and if  K is r.e. in  B,

then / is recursive in  B.

Corollary 1.   // / has an co-representation, then f is recursive.

Corollary 1 is due to Trachtenbrot.

Theorem 3.   // B   z's an infinite set and f is recursive, then f has a B-repre-

sentation.

Proof.  The proof is essentially a repetition of the proof of Theorem 1 in [10].

It is shown in [10] that for each recursive function / there is an (¿»-representation

cb. To complete the proof, it suffices to observe for each co-representation cb, that

if SI is a model of c¿ with domain A, and if 21 is extended to a structure 21

simply by enlarging the domain A, then  21    is a model of cb. Since  B  is an infi-

nite set, each co-representation  cb has a model of cardinality in  B.  Thus, cb  is a

B -représentât ion.

Definition 3.  The spectrum Sieb) of a first order formula  cb  is the set of all

natural numbers  n fot which cb has a model of cardinality n.

It is well known [l] that each Sieb) is an elementary set. (More recent results

on the interesting problem of characterizing spectra may be found in [2] and [4].)

Let rng / denote the range of a function /.

Definition 4.   The class of spectral functions of n-arguments, Spr   =

i/: / £ cd-™ ^ Si f has an eu-représentation  cbiM l, • • ■ , M   , F  , • • • )  so that  rng / =

SicbiM\,...,Mln, F1,--.) A VxF'x)!.

Lemma 2. (1) The functions 2x, 2x + 1, azza" x belong to Spr,. The function

u + x  belongs to Spr2.

(2) Spr. is closed under substitution. More generally, if g £ Spr and fy,.-.,

f    £ Spr  ,  n, m> 0, then the function h  defined by' 772 r    72' ' ' ' '

hix., • • • , x ) = gif.ix., • • ■ , x ),...,/ ix., ■ ■ • , x ))
l 72OJll 72 'ml 72

is contained in Spr  .r    72

Proof.   (1) We again cite [l0].  By that paper, the functions listed in (1) all

have co-representations.  It is easy to see that these representations have the re-

quired property.

(2)  Let / and g belong to Spr,.  Define  hix) = g(/(x)).  / has co-representa-

tion  cbiM   , F  , • ■ •) and g has co-representation  if/iM  , F  ,...), both satisfying

Definition 4.  By [lO], h has co-representation cbiM1, Gl, ■ ■ • ) A <pÍGl, F1, • • •).

Suppose y = hix), tot some x. cbiM  , G  , • • • ) has a model 21 of cardinality

||G~|| = fix).  Extend (enlarge the domain) and expand (add additional relations)

21 to a model  33 of if/iGl, Fl, • • ■ ) of cardinality   || F ' || = gif ix)) = y.  As observed
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in the proof of Theorem 3, 21 can be extended to 5B so that B is still a model of

(piM1, G1,---).  Thus, y £S(cf>(M1, G1,---) A if/(GX, F1,---)   A VxF!x).  It is

immediate that if y eStcSCM1, G1, • • •) A ^(G1, F1,---)  i\WxFlx), then y 6

rng h.  Thus  è eSpr,.

The proof of the second statement in (2) is identical.

2. Elementary properties of (6. Suppose a Gödel numbering is given for the

set of formulas of =L  so that each number is used exactly once.  Throughout this

paper let R(x, k) be the number theoretic predicate  R(x, k) = formula with Gödel

number x has a model of cardinality k. R  is a recursive predicate.  Let   rcf) denote

the Gödel number of Ó, and let ux, denote the formula with Gödel number x.  For

each set  K,  fflK = \cf>:   lk(R(rdP, x) & k £ K)\.  But, in what follows we will instead

denote íx|   3k(R(x, k) & k £ K)\ by fflK.

Theorem 4.  (1) For each set K,  fflK r.e. K.  In fact, \/B[K 6^-^e Sf ].

(2) // K  is finite, then WK  is recursive.

(3) Ke2n—'fflK £2n.

(4) K £ n" — 8L e 2    ,.
72 K 77 + 1

(5) For ezîc/b set  K,   K <    ÖL.' —777 K

Proof.  The proofs of the first four clauses are immediate.   Let E    be a first

order formula asserting the existence of exactly 72 distinct elements,  x £ K —►

fÈ~l eîiL.  Thus, K<    ÏÏL.
X K ' —77! K

If 0  is a formula with one free  variable, let    3!  x(f> be the formula asserting

that there are exactly  72 distinct elements which satisfy  cf>.

Theorem 5. // every function recursive in K has a K-representation, then (t'K

is a completion of K.   Thus,  diffl^) = d(K) .

Proof. By Theorem 4, fflK r.e. K. Suppose P(x) r.e. K. P(x) = i k[f K(k) = x],

where / is some function recursive in K. By assumption / has a K-represen-

tation, say (p(M  , F  ,•••). Let  g(n) be the number theoretic function defined by

g(n) = rcp(Mï, F1,...)  A UnyFl(y?;

Then

P(n)^   lk[fK(k) = n]=   ik[R(g(n),k)&k £ K].

That is, P(x) <    (Sj..  Thus, (lL  is a completion of  K.

Corollary 2.   // / has a K-representation, then rng f <    u)^.

If K is an infinite set, then, by Theorem 3, every recursive function has a K-

representation. Hence, the following Corollary 3 follows from Corollary 2.
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Corollary 3.  (1) díífl^) = 1.  /?z fact, ffl^   is a complete l^set [10, Theorem 2],

(2)  //  K  is infinite, then d(ffiK) > 1.

Suppose  K £ X     ,. Then  k - rng /, where / is recursive in 2 .  That is K is

r.e. in a S -set. Thus, by Theorem 2, if g is a function with a K-representation,

then  g  is recursive in a S -set.  Thus, if  K £ 2.     .   and g has a K-representation,

then  g £ A     y  Hence, not every function recursive in   K has a K-representation.

This same conclusion follows from Theorem 5, since  K £ S    implies ffl,, eS .
72 r K 72

Theorem 6.   3ß[A = ß'] — d(ffi^) = d(A).

Proof. A e 2^.  Thus, ©A e 2^, by Theorem 4(1). Hence, ffl^ <r A, since A =

B'.  On the other hand, by Theorem 4(5), A <     WA.

The following corollary follows from Theorem 4 and Corollary 3.

Corollary 4.   For all infinite sets   K,  d(K) V  1 < dtffl^) < d(K)'.

Corollary 3 and the following examples show that Corollary 4 gives the best

possible upper and lower bounds to d(uL).   By Example 3, d(K) and  d(K)'   are not

the only possible values for d(UJK).

Examples.  1.  By Theorem 6 and Friedberg's characterization of the degrees

greater than  0    [3],

Vd>0'   3K[d(K)= d& d(u3K)= d(K)].

2. Also by the result in [3], given a > 0 , choose  b  so that  a = b   = b V 0

& b|0'. Choose  K so that d(K) = b. Then, d(K) V 0' = d(fflK) = d(K)'.

3. By Theorem 4(3) and Corollary 3, if K £ Xj and K is infinite, then d((6K)

= 1.  By a theorem of Sack's [6, p. 107],

3K[K el1 & 0< d(K)< 1 & d(K)'= 2].

Thus,   3K[d(K) < d(ffiK) < diK)'].

3. Relative recursiveness. In the introduction to this paper we asked whether

d(ffiK) is a function of d(K).  In this section we show that A <   B does not imply

ls>A <r (lJß, and, more strongly, show that  diuJ^)  is not a function of d(K).  We then

show (see Corollary 8 and Theorem 10) that for each degree  d there exist sets  A

and  B  so that  d(A) = d(B) = d, d(ffiA) = d(A)'  and  d(ffiß) = d(ß) V   1.

Define pix, y) - ix + y) + y. Define t(x) = 72, where 72 is the largest square

less than x. Define s(x) = x - t(x) and zz(x) = tix) - six), x/3. Then uipix, y))

= x and  sipix, y)) = y.

It follows from Definition 4 and Lemma 2 that  pix, y) eSpr,.  Thus, pix, y)

has an co-representation cbiM  , N  , F  , • • •) so that

rng pix, y) = SicbiM\ N1, F \ ■ ■ ■ ) A VxF1«).
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Let cr(x) be the number theoretic function defined by

a(n)=  rV.nxMlx A 4>(Ml, Nl, F1, •••) A VxF lP.

We have now the following lemma.

Lemma 3.  R (a(n), k) = ly[k = (n + y)   + y].

Theorem 7.   VA   3ß[ß <  A & ÖL = A'].
—r Ö

Proof.  Let a set A  be given.  Choose   3yS   (x, y) to be a complete A-gener-

able predicate.   By Lemma 3 and the definitions preceding Lemma 3,

lySA(x, y)=   3y[R(ff(x), y)&SA(a(y), s (y))].

Define  B = iy: S^CwCy), s(y))i.  B <r A.   3y5"4(x, y) = 3y[p(o(x), y) 8i y £ B].  Thus,

lySA(x, y) <m ÎÔB. fflß  r.e. A  follows from Theorem 4(1), since  B <r A.  Thus,

l8„  is complete for A.

Corollary 5.   3 A, ß[ß <r A & u^ £ ffiß].

Proof.  Choose A   so that d(A) = diffl^).  Then apply Theorem 7.

Corollary 6.    3K[d(fflK) = d(X)'  & d%) = d(K)].

Proof.  Choose   3yVzP(x, y, 2:)  to be a complete  2. predicate.  3yVzP(x, y, 2) =

3y[R(ff(x), y) & WzP(u(y), s(y), z)].  Let  K = iy: VzPUy), s(y), z)\.  Then,

3yVzP(x, y, z) <m fâK.  But, ffiK e 22.  Thus, d(lf3K) = 0".   By Theorem 4(3) and

Corollary 3(2), since  K is the complement of an r.e. set, d((U^) = 0 .

Thus, WK does not induce a function on degrees and (()„  does not preserve

relative recursiveness.

Corollary 7.  (1)   3K[d(3KK) = d(K) & d(')H^) = d(K)'].

(2)   3K[d(öK) = d(K)'&d(C^) = d(K)].

Proof.  Corollary 6 and Lemma 1.

Thus, the functions Dlï and Ö also do not induce functions on the degrees,

and therefore do not preserve relative recursiveness.

Definition 5.  Let </i be a formula in prenex normal form and M    a one place

predicate letter, not occurring in <f>. Define (f>   .,cf> relativized to M  , as follows:

(i) If <f>  1S quantifier free and contains occurrences of the variables xQ,. • • ,

x     .   and no others, then </>   ,   is  d> A M  (x_) A • • • A M  (x     A;
n—1 ' Ml , ° 72-1 '

(ii) if cp is 3y>>, 0 is 3y[M1(y) A(AMJ;

(iii) if cS is VyzA, <f> y is VytzVTCy) -.i//^].

An easy argument proves the following lemma.
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Lemma 4.   For every formula cb, cb has a model of finite cardinality y  if and

only if cb   .   has a model 21 so that  \\M   \\ = y.

Lemma 5.  For every ¡unction f belonging to Spr.   there is a recursive function

g so that

VxVy[R(x, y) — R ig (x), /(y))]

and

Vx Vz 3 y [R ig ix), z) -7 (z = / iy) &. R ix, y))].

Proof.  Assume  / eSpr,.  By Definition 4, / has an co-representation

cbiM \ F1,...) so that [cbiMi, F1, • • ■ ) & VxF1 (x)] has a model of cardinality z

if and only if   3y[z = fiy)].

Let  g(x) =    iff   .  A ci> A VxF  x  , where  if/ = Lxj, and suppose  R(x, y).  iff

has a model of cardinality y.  Thus, by Lemma 4, if/   ,   has a model  21 so that

UM-!! = y.  Since f (y) > y,  21 can be extended and expanded to a model of  iff   ,   A

0(M\ F1,---) A VxF1* of cardinality /(y).  Thus  R(g(x), f(y)).

Suppose R(g(x), z).  Then, if/   .  A c/MM1, F1,--.) A VxF'x has a model 21
M *     ,

of cardinality  z.  The restriction to M     is a model of cardinality y  of t/z, where

f(y) = z.   Thus   R(x, y).

Definition 6. A <      B «-> A <    Bbya function  / eSpr,.— 772S —772 / ' r     1

<       is a reducibility.  That is, <       is a reflexive and transitive subrelation
— 772S ' '   —772S

of < .  In fact, if A <m B by / e Spr,, and B <m C by g £ Spr,, then x £ A «-»

p(/(x)) e C.  Therefore, by Lemma 2(2), A <      C. Hence <       is transitive. Since
°    ' J —777 5 —772 S

the identity function belongs to Spr,, <^s  is reflexive.

Theorem 8.   // A <       B, then W. <    ffiR.
1 —772 5 ft   —772 B

Proof.  Suppose  A <    B  by / £ Spr,.   By Lemma 5, there exists a recursive

function g  so that

Rix, y)— R(g(x), /(y))

and

Vx,z3 y [R (g ix), z) -7 Or, = /(y) & R (x, y))].

xe(iA  -3y[RU,y)&yeA]  — 3y[R(g(x), /(y)) & y e A]

— 3y [R (g (x), /(y)) & /(y) e B]  -» 3 y [ß (g (x), y) & y e ß] — g (x) e ffiß.

g(x) e ffiß -♦  3z[R (g Oc), z) & z e ß]

— 3y[R(g(x), /(y))&/(y) e ßl — 3y [R (x, y) & y £ A] -, x 6 ffi.
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Thus WA <m u)     by g, concluding the proof of Theorem 8.

Define the recursive  sup of the two sets A  and B by

2xeAVß<->xeA,       2x + 1 e A V ß <-» x e ß.

It is clear that A <m A V B, B <m A  V B, and that d(A V ß) is the least upper

bound of d(A) and d(B).

Lemma 6.   For any two sets A  and B,  ffl.    <    ffi.w„  and iß „ <    [0 „   ,„J A      -772        AVB B   —772        AVB

Proof.  By Lemma 2, the functions  2x and 2x + 1 belong to Spr..

The proof follows then from Theorem 8.

Theorem 9.  VA   3C[d(C) = d(A) & ißc  is complete A-generable],

Proof. By Theorem 7, 3ß[ß <r A &i Ü5ß is complete for A]. Let C = A V fi-

fi <r A, thus d(C) = d(A). ¡2C is r.e. in C and C <r A, thus 03c is r.e. in A. By

Lemma 7, UJ„ <    (0^; also tß„  is complete for A. Thus, Wc  is complete for A.

Corollary 8.  Vd 3A[d(A) = d & dUß^) = dUV = d'].

The following theorem (obtained by Thomas Grilliot, in personal communica-

tion) gives a positive solution to a question raised in [8J.

Theorem 10.  Vd 3A[d(A) = d & diïl\) = dVU

Proof.  By Corollary 3, we already have this result for the case d = 0. There-

fore, assume that d > 0, and choose  K so that d(K) = d. Let ChK(7z) denote the

characteristic function of  K, and let ChKin) i= Ü.      P. , see [5, p. 231]) be

the course-of-values function for  Ch„(72).  Then, define  A  to be the complement

of  iChK(72): n £ col.   K <   A, and A <   K.  Also, it is easy to see that A   is recur-

sive in every infinite subset of  A.

By Corollary 4, it suffices to show that d(ffi^) < d(A) V  1.  Let cb be any

formula of £. Since  d(A) > 0, A   is not recursive in Siqb). Therefore  S(cf>) can-

not be an infinite subset of A.  Hence, either Siqb) is finite, or   rcfp  £ UJ^. That

is, either 3y Vz > yR(r<£\ y) or 3y[R(rcAn, y) & y £ A]. The function fix) =

py[[Rix, y) & y £ A]   V Vz > y Rix, z)]  is recursive in A   and 0 , and

rtp€ÜA  «■•  3y < fir<p) [R Oc/.1, y) & y e A].

Hence, d(ffiA)<d(A)V 1.

4. Values of d(lßK), for  K of a given degree.  Are d(K) V 0'  or d(K)'   the

only possible values for d(lßj.)  for any   K?   In this section we describe the extent

to which d(ffl„) is independent from d(f<), within the bounds given by Theorem 4

and Corollary 4.
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Lemma 7.  There is a recursive function f so that R(x, 2y)   *-* R(f(x), y).

Proof.  Let x  , x,, • • • , be a complete list of the individual variables in =L.

Let S be a binary predicate letter and let a and b be individual constant letters.

Given a formula  <f>  in i_, let  x,     be the highest index variable which occurs in (f>.

Let  zz. denote the variable  x,    ,    ..  Then, none of the variables  zz„, u,, • • • , occurs
j ze + 1 +7 ' 0      1

in cS.   Also, we may suppose without loss of generality that (f> contains no occur-

rences of S, a and  b.  (Otherwise, 0,   can be found uniformly, where  0.   contains

no occurrences of S, a  and b, and  R( 0  , 2y)  «-» R(r0-' , 2y).) We define a new

formula 0* as follows:

(1) (x. = x.)*  is x. - x. /\ u. = u.\

(2) Pn(x.  , ...,x. )* is  P2n(x. , «.', ...,x. , u. );
A ln A      A ln      ln

(3) (if/xl\ if, A*  is  ifj\M,\,

(4) (>)*  is Kif,*);

(5) (3x.z/z)*  is' 3x.3z;.[S(x„ zz.) A i/z*].Zr 2 2 2 2      Z  \   r

Define

T (cp) = 0* A « I b A [V*S(x, a) A VxS(x, fe)

A VxVy(5(x, y) -* y = a V y = b) /\H*. , zz. ) A ...
ll    ll

A s(*¿ . «¿ )1»
77 7?

where  x .  , • • • , x .     is a list of the free variables occurring in (p.
1 1 *72

Claim.  <p  is satisfiable in a structure of cardinality  2y  if  and only if  T((p)

is satisfiable in a structure of cardinality y.

Proof.  We first show that if </>  is satisfiable in a structure of cardinality  2y,

then   T((f>) is satisfiable in a structure of cardinality  y.  If a formula 0 holds in

a structure of cardinality  2y, then let

A = Kl, D,(2, 1), ..., (y, 1), (1, 2), (2, 2),-.., (y, 2)i

be the domain of such a structure, 21.  Define a structure  55  with domain  B = jl, 2,

• • -, y I as follows:

(1)  If  R     is a zé-ary relation on  A, then   P      is a 2k-aty relation on B defined

by

V!'r JV-^k- ík] ~ R»(<zl' /i)''"'  <«'*' Z*»'

for  Zj, • • • , ik £ il, 2,- • • , y i, and  j v • • • ■> Í k e iL 2|.
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(2) S9 = {</,/): z = l,...,y&(7 = l   or 7 = 2)1.

(3) a  is   1,   b is  2.

It is clear that  [ V*S(x, a)  A VxS(x, b) A VxVy(S(x, y) —► y = a V y = b)]

holds in 33.

We prove by induction that cb  is satisfiable in  21 (by an assignment  a) if

and only if  Ticb)   is satisfiable in    53  (by an assignment ß).  Moreover, a(x.) =

(ßix),ßiu)).

Case cb  is x. = x..  If a satisfies 0 in 21   then for some  (s, t) £ A,  a(x ) =
2 7 / 7 j

a(xy) = (s, i). Define ß by /S(x.) = ßix) = s and /3(zz.) = ßiu.) = (. Then /S sat-

isfies 0* in  33. Since  t = 1  or r = 2,  ß satisfies  Ticb) in  33.

cb* is  x. = x   A u. = k..  If  ß  satisfies   Ticb)  in  33, then  ßix) = ßix ) = s

and /3(zz.) = ßiu) = /, for s, t £ B.  Also, 5_ (s, /).  Thus, (s, z*) e A. Define a by
2 7 ÎO '

a(x.) = a(x .) = (s, r).  a. satisfies 0  in 21.

Case 0   z's   P(x,,...,x  ).     If  there  is  an  assignment   a   so that

P% (a(x,),.••, a(x )), define /3(x¿) and /3(zzO,  z = 1, •••,«, so that a(x.) =

(ßix), ßiu.)).  Then, by definition of  P^,   P^ (/3(x,), /3(a,), • • • , ßix), ßiu)).

That is, /3 satisfies  0* in  33. Therefore, ß satisfies  Ticb) in  33.

Suppose ß satisfies  T(0) in 33.    0*    is    Pix., u.,  •••   ,   x , u ).

P^ißixy),ßiUl),...,ßixn),ßiun)),and S^ißix), ßiu)),  i = l,..-,n.  Thus

(ßix .), ßiu .)) £ A,  i = 1, •. •, n. Define  a(x ) = (ßix), ßiu.) ).  a satisfies 0 in 21.

Case cb  is t/z, A ifr?.  If a satisfies both if/,   and   ip2  in  21, then by induc-

tion hypothesis ß satisfies  if/* in  33 and ß satisfies if/2  in  33, where ß is de-

fined so that  a(x.) = (ßix), ßiu)), tot each   i.  Thus  ß satisfies  cb* = iff* A if/*

in  33.  Thus, ß satisfies   Ticb) in  33.

The other direction is identical.  The case 0  is ~1 if/  is straightforward.

Case 0  z's   Ix .if/.  If   3x.i/> is satisfied in  21, then some assignment  a sat-

isfies  t/f(x.)  in  21.  Thus  ß defined by  oAx ) = (ßix), ßiu)), for all  /, satisfies

if/*ix.,u) in   33.  Also, S^ißix), ßiu)). Hence  ß  satisfies   ix., u. [Six., u) A if/*]

in  33.  Thus, ß  satisfies   T(0)  in  33.

The other direction is similar.

We have shown that if 0 is satisfiable in a structure of cardinality 2y, then

Ticb) is satisfiable in a structure of cardinality y.  We show now that if Ticb) is

satisfiable in a structure of cardinality y, then 0  is satisfiable in a structure of

cardinality  2y.

If Ticb)  is satisfiable in a structure  S  of cardinality  y, we may assume that

C = il,2,...,yi  is the domain, a  is   1,   b  is  2, and S   (z, /)   <-> 7 = 1   or 7 = 2.

Define a structure  33 from  E as follows:

(1) B = il, • • • , yi, the domain of 33;

(2)S8=V
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(3) a  is   1,   b is  2;

(4) V»'i./i.---»v/J ~ ps<V/'i'"-' in*in)hs9Ul,jl)h---h
S   (i , j ).  (Note that only 2&-ary relations appear in  T(0).)

We show by induction that every assignment  y which satisfies   T(0)  in  E

also satisfies  T(0)  in  53, and every assignment  ß which satisfies 7t0) in  55 also

satisfies  T(0) in E.

Our result follows easily from this, because   53  is obtainable from a structure

21 of cardinality 2y as in the previous part of the proof, and we know that  T(0)

is satisfiable in  53  if and only if   0  is satisfiable in 21.

If 0 is x. = x., there is nothing to show, since  33 and E have the same

domain.

Case 0  is  P(x., • • • , x ).  Assume  T(0) is satisfiable in  E. Then there is a

2«-ary relation   P.    on  il,-..,y} and   an   assignment    y   to    &    so   that

Pg (y(xj), y(zzj), • • - , y(* )> y(" )), and so that S   (y(x.), y(u .)),  i = 1, • • •, 72.  Thus

PSB(y(x1), y(«j), • • •, y(xn), y(un)).

That is, y satisfies  T(0) in  53.

It is obvious that an assignment satisfying  T(0) in  53 also satisfies   T(0)

in  E.  This direction is clear in the following cases too.

Case 0  is i/fj A  i/<2. Suppose an assignment y satisfies  T(0) in S.

S   iyix. ), yiu . ))   for all free variables x. occurring in   0.  Thus y satisfies if/*

and i/z* in 53, and y satisfies  7(0) in 53.

Case 0  z's "1 if/. Suppose  Ti~\if/) is satisfied by an assignment y in E.

S^iyix.), yiu A) fot all free variables  x.  occurring in if/.  Thus, as above,  y  is

an assignment to 53. y satisfies l(if/*) in  E.  Thus,  y  does not satisfy if/ * in

E.  By induction hypothesis, y does not satisfy if/*  in  53.  Thus y satisfies

"1(0*) = (lif/A  in  53.  That is, T(0)  is satisfied by y  in  53.

Case 0 z's 3x.z/z. If T(0) is satisfied in E, then 0 * is satisfied by some

y in E. S(x., u.). Thus y is an assignment to 53 and ifr *(x., u .) is satisfied by

y in  53. Thus  T(0) is satisfied by y in  53.

The proof of the claim is complete.  Let (?£ (0)  denote the universal closure

of 0. 0 is valid in a structure 21 of cardinality 2y if and only if &((f>) is satis-

fiable in 21 if and only if TÍO7 (0)) is satisfiable in a structure  53 of cardinality

y if and only if T(& (0)) is valid in  53 (since  T(&((f>)) is closed). Define f(x) =

rT(&(cf>)? , for x = r0"1.  Then, R(x, 2y) — p(/(x), y).

Lemma 8.   There is a recursive function g so that R(x, 2y + l)  «-» R(g(x), y).

Proof.  As in the proof of Lemma 7, given 0 in Jl, let x    be the highest index

variable which occurs in 0 and let u   denote the variable x,   ,    , all  i. Aeain as
2 Te + I+z' 6

in the proof of Lemma 7, we can suppose without loss of generality that 0 con-
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tains no occurrences of the binary predicate letter S  and 0 contains no occurrences

of the individual constant letters  a, b, and  c.  The formula  0 * is defined for 0

as in the previous proof. Define

T icb) = cf>* f\ a / b f\a / c /\b / c

A [VxSOc, a) A VxSix, b) A S{c, c)

f\ VxVy iS ix, y) _ (y = a V y = ¿> V (x = c /\ y = c)))

A5(x   , «   )/\... /\Six   , ut )],
'  1 A 72 72   '

where  x .   , • • • , x .    is a list of the distinct free variables occurring in  0.
'1 !72

Claim,  cb is satisfiable in a structure of cardinality  2y + 1   if and only if

Ticb) is satisfiable in a structure of cardinality y.

If 0 holds in a structure of cardinality 2y + 1, then let A = i (1, l), • • •, (y, 1 ),

(1,2),..-,  (y, 2),   (3, 3)i    be    the    domain    of    such    a    structure,  21. Define  a

structure  33  with domain  B = il,- • • , y! as follows:

(1) If R     is a k-aty relation on A, then R     is a 2&-ary relation on ß defined

by

for  z'j, • • • , ik £ il, • • • , y!;  /,, • ■ • , jk £ il, 2, 3[.

(2) 5„   is a binary relation defined by S Ai, 1) and S„,(g 2)  for all   z = 1, 2,

• • • , y, and  5^(3, 3).

(3) a  is  1,  b is  2, and  c  is  3.

An induction argument shows that 0  is satisfied in  21 (by an assignment  a)

if and only if  Ticb) is satisfied in  33  (by an assignment  ß). Moreover, for all   i,

<x(x.) = (ßix .), ßiu.)).  It follows that if 0  is satisfiable in a structure of cardi-

nality 2y + 1, then  T(0)  is satisfiable in a structure of cardinality y.

Conversely, if  T(0)  is satisfiable in a structure  S  of cardinality  y, we may

assume that C = jl, • • • , y ! is the domain, a is  1,  b is 2,  c is 3, and 5_ (z, /) «-»

(;' =1  or / = 2  or 0 = 3 & / = 3)). Define a structure  33 from  E as follows:

(1)   B = ¡l,...,v¡;

(2) s„ = ss ;
(3) a is 1, b is 2, c is 3;

w^(íi./i.--Mí..yj«Vv/yvri.'^AW'i)A;--Asf^y-
As in the proof of Lemma 7, an induction argument shows that if Ticb) is satis-

fied in  S by an assignment y, then  T(0) is satisfied in  33 by y and conversely.

33 is obtainable from a structure 21 of cardinality 2y + 1 as in the previous

part of the proof; and we know that Ticb) is satisfiable in 33 if and only if 0 is

satisfiable in  21.  Thus, if  Ticb) is satisfiable in a structure of cardinality  y, then
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0 is satisfiable in a structure of cardinality  2y + 1.  This completes the proof of

the claim.

Define  g(x) =   rT(í$(0))1 , for  x = r<fP .  Then  R(x, 2y + l)  <- Rigix, y)).

Theorem 11. d(ffiAVß) = d(ffi^) V d(fflß).

Proof.  By Lemma 6, diffl^) V d(ffiß) < ¿<®AS/ß).

iy[Rix, y)& y e A Vß] -»   3y[P(x, 2y) & 2y e A V ß]

V 3 y [P (x, 2y + 1) & 2y + 1 £ A V ß]

«-♦ 3y[R(x, 2y) & y e A]  V 3y[ß(x, 2y + l) & y £ ß].

By Lemmas 7 and 8, let / satisfy  R(x, 2y) —» Rifix), y) and let  g  satisfy

Rix, 2y + l) «-> R(g(x), y).  Then,

3y[P(x, 2y) & y e A]   <->  3y[P(/(x), y) & y 6 A];

and

3y[R(x, 2y + l) & y e ß]  <->• 3y[P(g(x), y) & y e ß]

Thus, x e ffii4VB _* /w e ®A v g(x) e œB. Thus, ffiA.VB <r œA v œB.

We are now ready to prove our main results.

Theorem 12.   Va > O'Vb  3K[(a < b < a' & b r.e. a) — (d(K) = a & d(85K) - b)].

Proof.  (See Figure 1.) Let  a  and  b  satisfy a > 0 , a < b < a , and  b r.e.  a.

By Friedberg's characterization [3],  3c[a = c ]. b r.e. c   thus by Shoenfield   [9],

3d[b = d' & c < d < c'].

By Theorem 6, choose A   so that d(A) = dCtß^) = a.  By Corollary 8, choose

ß  so that d(ß) = d and d(fflß) = d' = b.  B <r A.  Let  K = A V B.  ¿(K) = d(A) = a.

By Theorem 11, d(ffiK) = dOt^) = dtfJ,)  V d(fflß) = a V b = b.

a

d(ffiK)= b= d'= d(BB)

K = A\/B d(K)= 1= c'= d(A) = d(l£A)

d= d(ß)

c

Figure 1

Theorem 13.  VaVb   3K[a < b < a' — (d(K) = b & d(ÎP„) = a')].—        — K
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Proof.  By Corollary 8 and Theorem 10, choose sets A   and B  so that d(A) =

a, d(B) = b, d(ffi^) = a', and d((Pß) = b V 1. Let K = A V B.  Then, d(K) =

d(A V B) = d(B) = b.  By Theorem 11, d(ffiK) = d(<l\Vß) = dtfß^) V d(fflß) = a' V   b

Vl = a'.

Theorem 14.  Va > 0' Vb   3K[(a < b < a' & b r.e. a) -► (d(K) < a & d(ffiK) = a &

d(K)' = b)].

Proof. Using [3] and [9], as in the first paragraph of the proof of Theorem 12,

3c, d[c <d<c = a < d = b < a ]. By Corollary 8 and Theorem 10, choose A and

B so that d(A) = d, d(ß) = c, d(©4) = d V 1, and d(ffiß) = c' = a.

d(A V B)= dV  c= d< a.

d(A VßV = d'= b.

d((^Vß) = d(RA) V d(lCB) = d V 1 V a = a.

Take  K = A V B.
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