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PRIMARY IDEALS IN RINGS OF ANALYTIC FUNCTIONS(1)
BY

R. DOUGLAS WILLIAMS

ABSTRACT. Let A be the ring of all analytic functions on a connected, non-
compact Riemann surface. We use the valuation theory of the ring 4 as devel-
oped by N. L. Alling to analyze the structure of the primary ideals of 4. We
characterize the upper and lower primary ideals of A and prove that every non-
prime primary ideal of 4 is either an upper or a lower primary ideal. In addition
we give some necessary and sufficient conditions for certain ideals of 4 to be
intersections of primary ideals.

Introduction. Let A be the ring of all analytic functions on a connected,
noncompact Riemann surface. This paper is an analysis of the primary ideals of
A and an investigation of the ideals of A that are intersections of prime or of
primary ideals.

In [H,] and [H,] the maximal ideals and the prime ideals of the ring of entire
functions were analyzed by M. Henriksen. In [AI] N. L. Alling used H. Florack’s
generalization [F] of the Weierstrass and Mittag-Leffler theorems to extend
Henriksen’s analysis of maximal and prime ideals to the ring A of all functions
analytic on an arbitrary connected, noncompact Riemann surface. In $2 we
analyze the structure of the primary ideals of A using the valuation theory devel-
oped by Alling in [A;] and [A,]. We find that the structure of the primary ideals
of A is strikingly similar to the structure of the primary ideals of the ring C of
all real valued continuous functions on a completely regular topological space.
(See [K] for an analysis of the primary ideals of C.) In particular, we show in
Theorem 2.2 that every nonprime primary ideal of A is either an upper or a lower
primary ideal.

In$3 we give some results concerning intersections of prime and primary
ideals of A. This section attacks the general problem of finding conditions

(necessary, sufficient, and where possible both necessary and sufficient) under
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which ideals of A will be intersections of prime or primary ideals. These results
parallel the results of [W] concerning intersections of prime and primary ideals in
the ring C. We focus our attention on ideals which we call ‘‘deep’’: an ideal I of
A is deep if for every maximal ideal M containing I there exists a nonmaximal
prime ideal P such that I C P CM. We show that if | is a deep ideal of A, then

I is an intersection of prime ideals iff I = I? (Theorem 3.1). Concerning intersec-
tions of primary ideals, we find that the ideals I. 1M2 and 1:1'/2 are always in-
tersectjons of primary ideals (Theorem 3.6) and that the condition =1.( :11/2)
comes very close to being a necessary and sufficient condition for I to be an in-

tersection of primary ideals (Theorem 3.12).

1. Background. Our terminology and notation will, with only a few exceptions,
be that of [GJ]. The symbol C will denote set inclusion, while < will denote
proper inclusion. The term ‘‘ring’’ unmodified will mean a commutative ring with
identity. If I is an ideal of a ring, we will denote the radical of I by /2,

Let A be the ring of all analytic functions on a connected, noncompact Riemann
surface X. Before beginning our analysis of the primary ideals of A, we describe
the maximal ideals of A, outline the valuation theory developed by Alling in [Al]
and [A,], and discuss the ‘‘contracted ideals’’ and the prime ideals of A. The
material of this section is, for the most part, either explicit or implicit in the papers
of Henriksen [H,], [H,] and Alling [A,], (A,

Suppose that M is a maximal ideal of A. Let f € M={0}, and set D = Z (/).
D is a nonempty, closed, discrete subset of X, either finite or countably infinite.
Let p= {Zn D: Z e Z[MN. p is an ultrafilter on the set D, and M = {f € A:

Z(f) N Depl. If p is a fixed ulerafilter on D, then there exists x € D such that
p=1SCD: x €S}, Inthiscase M={f € A: f(x) =-0}; M is called a fixed maximal
ideal and is denoted by M . If p is a free ultrafilter on D, then M is called a
free maximal ideal.

Now we outline the valuation theory that we will use to analyze the primary
ideals of A. (We do not include here a treatment of elementary valuation theory;
for this we refer the reader to [A,, $31, [S, Chapter 1], or [ZS].) Let F be the
quotient field of A, i.e. F is the field of meromorphic functions on X. Let M be
a maximal ideal of A, and set A, ={f/g€ F: g€ A-M}. A, is a proper subring
of F called the “‘localization of A at M”. In [A,] Alling showed that A, isa
valuation ring of F and analyzed the value group G. The totally ordered group
G can be described as follows: let D € Z[M]-{X}, and let p be the ultrafilter on
D defined above. Denote the set of integers by Z, and let H = {s € ZP: sjlU=0
for some U € pu}. Note that H is a subgroup of the additive group ZP. The value
group G is the factor group, G = ZP/H; and for H(s)€ G, H(s) > 0 iff there exists
t€ ZP such that H(t) = H(s) and t(x) > O for all x € D. Observe that G has a
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smallest positive element and therefore a smallest nonzero convex subgroup,
which we will identify with Z. If M is fixed, then Z = G; if M is free, then
Z<G.

We can now describe the valuation map V,: F~{0} — G associated with A,,.
For f€ F-{0}, denote the order of the zero of f at x€ X by V_(/). Let d:
F-{0} — ZP be defined by d(f)(x)= V_(f) for all x€D, and let p: Z° — Z5/H
be the canonical homomorphism. Then for f€ F~{0}, V,, (f) = p(d(f)). Thus
V() > 0 iff there exists U €p such that V_(f)> 0 for all x € U. Note that for
a fixed maximal ideal M , VMx =V.

In addition to this valuation theory, we will also make use of the ‘‘contracted
ideals’’ of A. Let I be an ideal of A. If M is a maximal ideal of A that con-
tains I, we set

IG=U-4,)nA
={f€A: fg €1 for some g €A — M}
={feA: v, (N> VM(b) for some b € I}.

Iy is an ideal of A that contains I, and (If)y = I§. A nonzero ideal I of A is
called a contracted ideal if | = Iy for some maximal ideal M that contains I.
Thus [ is a contracted ideal iff, for some maximal ideal M containing I, I satis-
fies the following condition: if V, (/) > V, (b) for some h €1, then fel. We
will need two facts about contracted ideals:

(a) A nonzero ideal I of A is contained in a unique maximal ideal M iff
I = I;P i.e. the contracted ideals are the ideals of A that are contained in unique
maximal ideals.

(b) The contracted ideals contained in a given maximal ideal form a chain
(i.e. are totally ordered under set inclusion).

(We should note that the contracted ideals of A are called ‘“‘primary ideals”’
in [AZ]' As we shall see, contracted ideals are not necessarily primary in the
algebraic sense, so to avoid confusion we will not use this terminology.)

Finally, we describe the prime ideals of A. Every nonzero prime ideal is
clearly a contracted ideal, so every nonzero prime ideal is contained in a unique
maximal ideal; and the prime ideals contained in a given maximal ideal form a

chain, Let M be a maximal ideal of A. The ideal

Py = QIM"={/eA:vM(/)>nforau n € N}
n

is prime and is the largest nonmaximal prime ideal contained in M. Note that
when M is fixed, P;’ ={0}; when M is free, {0} < P;;. Let g € M~{0}; there is
a smallest prime ideal P§ contained in M that contains g and a largest prime

ideal PMg contained in M that does not contain g:
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P ={f €A: V(") >V, (g) for some n € N},

PMg ={fe A: VM(/) > VM(g”) for all » € N}

Note that when V, (g) € N (i.e. when g€ M—P;), then P& =M and PMg = P;.
1.1 Definition. In any ring an upper prime ideal (tesp. upper primary ideal)

is a prime (resp. primary) ideal that has an immediate predecessor in the set of

all prime (resp. primary) ideals partially ordered by inclusion. A lower prime

ideal (resp. lower primary ideal) is a prime (resp. primary) ideal that has an imme-

diate successor in the set of all prime (resp. primary) ideals partially ordered by

inclusion.
The ideals of the form PfA are the upper prime ideals of A, and the ideals of

the form PMg are the lower prime ideals of A. There are prime ideals of A that

are neither upper nor lower prime ideals.

2, The primary ideals of A. Every nonzero primary ideal of A is clearly a
contracted ideal, so every nonzero primary ideal is contained in a unique maximal
ideal; and the primary ideals contained in a given maximal ideal form a chain. In
our first theorem we demonstrate the existence of upper and lower primary ideals

in the ring A.

2.1. Theorem. Let M be a maximal ideal of A, and let g € M—{0}. Set

Pyl® =1f € A: V() + vV, (b) >V, (g) for some b e A - P&},
and
Pulg =1/ €4: V(N> V(@) + Vy(h) forall h € A - PE1.
Then

(a) PM|g is the smallest primary ideal contained in M that contains g.
(b) Pyl, is the largest primary ideal contained in M that does not contain g.

Note. We will drop the subscript M from the valuation map V,, the prime
ideals Py, P§, Py,

proofs when this will lead to no confusion.

and the primary ideals P, |%, PMlg in this and succeeding

Proof. (a) It is a routine matter to verify that P|& is an ideal of A. We claim
that (P|8)1/2 = P8, It is sufficient to show that P, < P|® CPE Clearly Pg C
P|8, and since g€ Plg-Pe, P < P|8 Let fe P|8. Then V(fh)> V(g) for
some h € A -P8, so fbe P8, Since h¢ P&, fe P&, and we have P|& C P&,

Now suppose that fr€ P|8 and r¢ (P|8)!/2 = P& Since fre P|8, V(fr) +
V(s)=V(f)+V(rs)>V(g) for some s € A-P8&, Since r ¢ P and s¢ P8, rs ¢
P&, so f € P|% and P|® is primary.
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Finally, let | be any primary ideal contained in M that contains g. If P8
CJ, then P|8 C ] and we are done, so assume that | C P8, Let f € P|8, Then
V(fb) > V(g) for some h e A-P8, Since ] is a contracted ideal, fh€ J. And
since h¢ P8, b ¢ J1/2 C P8, so f €], and we have P|8 C ].

(b) It is a routine matter to verify that P | is an ideal of A. We claim that
(P| )}/2 = P&, It is sufficient to show that P < P[ < P&, Clearly P| C Pg,
and since g € PE-P| , P| <Pt Let [ €P_. For all b € A-P§, V(b)< V(g),
so V(f)>2V(g)> V(g) + V(b) forall h e A- Pg and therefore f € P| . Since

g’ €P| ~P_, we have P e <Pl

Now suppose that fr €P| and rd (P| )}/2 = P8, Let s € A—PE. Then
rs ¢ P8, so since fr € P| V(fr) >Vig)+ V(rs) This implies that V (f) > V(g)
+ V(s). Since s is arbxtrary, f €P|,, and P|, is primary.

Finally, let I be any primary ideal contained in M that properly contains
P|g. If P& CI, then g €1 and we are done, so assume that | C'P8, Let [ €
I—Plg. Then V(f)< V(g) + V(h) = V(gh) for some h € A-P8, Since I is a
contracted ideal, gh € I. And since b ¢ P& b ¢ 11/2 C P8, so gel. Q.E.D.

As we observed in the proof of Theorem 2.1, we always have P < P|
P|8 C P8, If V(g) =1, then P|€ = P& = M. But if V(g) > 1, then P|g < Pg
for, choose [ € A such that

Z() =ix eX: V_(g) > 2} € Z[M]
and

V.(D=1v (g)/2] forall x € z(f),

where [V_(g)/2] denotes the largest integer < V. (g)/2. Then 3V(f)> V(g),
so f € P&, But [ ¢ P|8, for if we have V (/) + V(b) >V (g), then 2V (h) > V (g),
so that b € P8,
The ideals of the form P|& and Plg are respectively upper and lower primary
ideals of A, and these are the only upper and lower primary ideals of A. In partic-

ular, then, no nonmaximal prime ideal can be an upper or a lower primary ideal.,

If V(g) €N, then

P8 ={f € A: V() > V(g)} = MV(®
and
Pl =lf €A: V() > V(g = MV(&)+1,

Thus for » €N, n > 2, the ideals M" are both upper and lower primary ideals of
A. We will see in Corollary 2.5 that these are the only ideals of A that are both
upper and lower primary ideals.
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We have mentioned that a contracted ideal of A need not be primary. We show

now that if M is a free maximal ideal and g € M-{0} satisfies V, (g) > N, then
PM|g <(g)y < Pyl8, so that the contracted ideal (g)y is not primary. It is clear,
that PM'g < (g); C PM|3. Choose [ € A such that Z(f) = {x € X: V. ()2 2} and
V.({)=V_(g)-1 forall x € Z(f). Then V, (/) +1=Vy(g). Since V, (g) >N,
1 ¢ V, (P#), and it follows that { € P\ /|%. But f ¢ (g)y. For assume, on the con-
trary, that f €(g)y+ Then bf =rg forsome r €A and h € A-M. Forall x€Z(g)-
Z (b), which is nonempty, we have V_(/)=V_ (fb) = V. (g) >V, (g), a contradic-
tion, Therefore [ € P, |8 -(g)5.

In our next theorem we show that, just as in the ring C, every nonprime pri-
mary ideal of A is either an upper or a lower primary ideal.

2.2, Theorem. Let M be a maximal ideal of A, and let | be a primary ideal
contained in M. Then | is either prime or has the form PMlg* or PM‘g* for
some g* € M-1{0}.

2.3. Lemma. [A,, Theorem 2.6]. Let M be a maximal ideal of A. The value
group G of A, satisfies the following property: if L and U are nonempty count-
able subsets of G such that a < b forall a € L and b € U, then there exists
f €A such that a<V(f)< b forall a €L and b € U.

Proof of Theorem 2.2. Assume that | is not prime. Then since | cannot be
the union of a chain of prime ideals, P8 ¢ | for some g € ] -{0}. Foreach n €N
choose 8(n) € A so that Z(g(n)) =Z(g) and v, (g(n)) = max{l, [Vx (g)/n1} for
all x € Z(g). (The existence of an element of A that satisfies these conditions
is guaranteed by the generalized Weierstrass (product) theorem [F]. We pick one
function from among the functions satisfying these conditions and denote it by
8(ny agreeing to always take 8(1) = 8 We will denote the mth power of 8(ny bY
g(—"—'z').) Note that since P8{ ], 8x) ¢ ] for some k €N. Let

L =tvigf,): 8y 71> (n, m) € N x N},
and
U= fV(gZ':Z)): g?;) €], (n, m) € N x N}.

L and U are countable, nonempty (V (g(k)) €L, V(g) € U) subsets of the value

group, and L < U since | is a contracted ideal. By Lemma 2.3 there exists

*
8 €A suchthat L <V (g*)< U. We claim

(a) if g* €], then J = P|&";

(b) if g* ¢ ], then J=P|,
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(a) Clearly P|g* C]J. Let f € ]. We want to show that V(/') + V() > V(g*)
for some b € A—P® . This is clear if V(/)> V(g"), so assume that V()<
V(g™). Then there exists {' € A such that V(f')=V(f) and g%/f' € A. We
have V (f) + V(g%") = V(g"), so the proof of (a) will be complete if we show that
g/f' d P&". First, note that

* forall k €N, Vig,,)+ V() > vi(g®.

This is clear if 8ky €] Suppose that g(k) ¢ ], and let m be the smallest posi-
tive integer such that g}, € J. Then g(k) Vg, sov()> V(g(k)’l) There-
fore V(g(k)) +V(H)> V(gZ’;c)) > V(g™), and we have (*). Now by (), V(g%//") <
V(g for all k €N, and therefore g'/1' € P&. Finally, since obviously P& =
P&*, we have g%/f' ¢ P&".

(b). Clearly J C P|g*. Let /{ € A=]. We want to show that V(f)< V(g*) +
V (b) for some b € A—P&*. This is clear if V(f)< V(g¥), so assume that V (f)
> V(g*). Then there exists /"€ A such that V(/")=V(f) and ["/g* € A. We
have V (/) =V (g*) + V(/"/g™¥), so the proof of (b) will be complete if we show
that ["/g* ¢ P&". First, note that

) forall k€N, V() <V(g"+ V(g )

This if clear if g, € ] since then V (g,,)> V(f). Suppose that 8 ¢ J» and
let m be the smallest positive integer such that g&) € J. Then

V() < Vigh,) = Vg D) + Vig ) < Vig" + Vig,)

since g'.3 1 ¢ ], and we have (+%). Now by (%), V(f”/g*) < V(g(k)) for all
k € N. As in the proof of (a), this implies that " /g* ¢ pe*. Q.E.D.

Now we show that the upper and the lower prime ideals of A and ‘‘most’’ of
the upper and lower primary ideals of A have expressions analogous to the ex-
pressions for the upper and lower prime and primary ideals of C. (See [GJ, Chap-
ter 14] and [K] for these latter expressions.)

2.4. Theorem. Let M be a maximal ideal of A, and let g e M—{0}. For n €
N define 8(ny @S in the proof of Theorem 2.2, Then
(a) P[gH ={f eA: Vi ) > Vu (g(n)) for some n € N},
(b) Py =1 €A:Vy(f)>V,(g") forall n €N}
If we assume, in addition, that V, (g) >N (i.e. that g € P
(©) Pyle=1{feA: v, () > v (g"'l) for all n €N},
(d) PM| =1{f e A: Vi (/)>V (g? )/orsomeneN}

M)’ then

Proof. (a) C is clear and was used several times in the proof of Theorem 2.2.
For the reverse inclusion, suppose that V(f) > V(g,,). Then
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2n - DV(N > (2n - I)V(g(n)) = nV(g(n)) +(n— I)V(g(n))
>nVig, ) +n-1>V(g
Therefore € P8,

(b) This has been noted previously and is restated here only for emphasis.

(c) Suppose that V(f)> V(g("ngl) forall ne N. If V(f) > V(g), then f€
P|8; so assume that V(f) <V (g). Choose h€ A such that Z(b) ={x€ X: V. (<
v, (g)} and v, (h) = v, (g)—Vx (f) for all xe Z(h). Then V(f)+ V() = V(g), and
we claim that b ¢ P&, For assume, on the contrary, that b € P&, Then for some
ke N, V(b) > V(g(k)), and so V()< V(g)—V(g(k)). Now since

2k = DV(g (5 ) + Vig () 2 2k = V(g (y ) + 2V(g 5, ) = 2kVI(g 5, ) + Vigary
> ZkV(g(Zk)) +2k  (since 82k € P;)

we have V(f)< V(g)- V(g(k)) < V(g(zzkk‘; 'y, a contradiction.

For the reverse inclusion, let f€ P|8, and let n€ N. We want to show that
V(/)>Vigg3t). Since [€PI8, V() + V(h) > V(g) for some he A-PE. Since
he PE, V() > V(g)-V(h) > V(g)-V(g,) forall ke N, so V(/)>V(®)=V(g,,)
>(n-1) V(g(n)).
(d) Suppose that V(f)> V(gf 3 ) for some n€ N. Note that

(n+ DV(g )= Vg ) 2 2(n + DV(g, ) - Vig, ) =2nV(g, )+ Vig,,,)

> 2nV(g(, ) + 2n > Vig).

Therefore
VD> (n+ I)V(g(n)) > Vig) + V(g(zn))
>V(g) + V(h)  forall h €A - P8,
and so f€ P|g.

For the reverse inclusion, suppose that V(f) < V(gz’n‘; ) for all neN. If
V()< V(g), then f ¢ Plg; so assume that V(f) > V(g). Let b € A such that
ZMh)=1{xeX: Vx(/) > Vx(g)} and Vx(b) = Vx(/)—Vx(g) for all x € Z(bh). Then
V(f)=V(g) + V(b), so to complete the proof it is sufficient to show that h¢ P&.
Assume, on the contrary, that h€ P8, Then V (b) > V(g(k)) for some k € N, and
we have V() > V(g) + Vg > V(gé“k‘; 1), a contradiction. Q.E.D.

It is easy to see that if V(g)€ N, the equalities of (c) and (d) do not neces-

sarily hold. For example, if V(g) = 3, then
{fea:vip> V(gz’n')l) for all » € N} = P*, but P|& = M>;

and
i ed: v(H> V(g?:)l) for some n € N} =M, but Plg = M4,
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2.5. Corollary. (a) No prime ideal of A can be both an upper and a lower
prime ideal.
(b) No primary ideal of A contained in P"A‘4 can be both an upper and a lower

primary ideal.

Proof. (a) Suppose that P€ C P, for some g, h€ M-{0}. Then V(g >
V(™) for all (n, m) € Nx N. By Lemma 2.3 there exists f€ A such that V(g(n))
> V() > V(h™) for all (n, m)e N x N. Now since Pb <M, Pb C P*, and so g€

P*. Therefore V(ggy > Vigg , 1) forall ke N, so V(g,) > V(f) forall neN,
and we have /¢ P&. Since clearly f€ P,, PE<P,.

(b) Suppose that P| CP|* C P* for some r, s € M={0}. Then 'V(r(':l;’ >
V(S(':”;l ) for all (n, m) € Nx N. By Lemma 2.3 there exists € A such that

V(T(hn’;l) > v > V(szn;l) for all (n, m)€ Nx N. Clearly [€ P|*-P| .

3. Intersections of primary ideals. In this section we investigate intersections
of prime and primary ideals of A. These results are aimed at the problem of char-
acterizing the ideals of A that are intersections of prime or of primary ideals. In
our first theorem we use a result of Alling to characterize the ideals that are inter-

sections of nonmaximal prime ideals.

3.1. Theorem. An ideal I of A is an intersection of nonmaximal prime ideals

iff 1= 1% (i.e. I is idempotent).

3.2. Lemma [A,, Lemma 5.2]. If I is any ideal of A and we denote the set
of maximal ideals containing 1 by v(l), then I = nM cv (D) l&.

Proof of Theorem 3.1. Suppose that I = ﬂapa, where the P are nonmaximal
prime ideals. If g is a nonzero element of I, then for each a, 8(3)€ P and if v
is the valuation map associated with the maximal ideal containing P ., then
vz(g/gm)? Vig(3), s0 8/8(3)€ Py Hence g =g3)- 3/g5y€ (NP (NP )=
I-

Suppose, conversely, that I = I and let f€ A-I. We want to find a nonmaximal
prime ideal that contains I but not /. By Lemma 3.2 there exists M€ v (I) such
that ¢ Iy, Since 1= 12 and I1CM, ICN,  \ M"= P%. If [¢ P%, we are done; so assume
that f€ P . Since fe€ PMII—I‘;W and the contracted ideals contained in M form a
chain, I3, C PM|/. Therefore I C PM'/‘ We complete the proof by showing that I C
PM/‘ Let g €1, and let ne N. Since g € 1", there exist k€ N and functions
gjiel, 1<j<3n 1< i<k, such that

k
g=-21 81; """ 83,
=

We have
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Vyle) > llsn'i:k Vuley; * - 83,,) 232V y(/5)) by Theorem 2.4(c)
1

> V().
Since n is arbitrary, g€ PM/' Since g is arbitrary, we have IC PM/'

3.3. Corollary. Every idempotent contracted ideal of A is a nonmaximal

prime ideal.

3.4. Definition. An ideal I of A is called deep iff, for all Me v(I), IC P},

We take a moment to justify our terminology. Let R be any ring, and let |
be an ideal of R. The “‘depth” of | [N, p. 25] is defined to be the largest non-
negative integer n such that there exist prime ideals P, ---, P_ in R with
JCPy<P <... <P . (If there is no such », | is said to be of “infinite
depth’’.) In Definition 3.4 we have called an ideal I of A deep if for every M€
v(I) the ideal I} is of positive depth.

From now on we restrict ourselves to the consideration of deep ideals of A.
We do so for two reasons. First of all we are looking for results that parallel the
results of [W] concerning intersections of prime and primary ideals in the ring C.
We have seen in Theorem 2.4 that the structure of the primary ideals of A that
are contained in P’;1 is similar to the structure of the primary ideals of C. Hence
it is natural to consider ideals I of A whose contracted components I‘,:, are
contained in P;. Secondly, the deep ideals of A are in many respects the most
interesting ideals of A. Among the class of contracted ideals, for example, the
only ideals that are not deep are those that are powers of maximal ideals. Note
that in Theorem 3.1 we have already implicitly restricted ourselves to deep ideals
since idempotent ideals are necessarily deep. Theorem 3.1 can be rephrased as
follows: a deep ideal I of A is an intersection of prime ideals iff I =]2. We
turn now to the study of intersections of primary ideals.

3.5. Definitions. (a) If I and | are ideals of a ring R, the quotient I:]
is defined as follows: I: J={re R:r]J CI}. (Itis clearthat I:] = R iff [C I,
and if J ¢ I, then I:] is an ideal of R which contains I.)

(b) If I is an ideal of a ring R and K is a primary ideal of R which con-
tains I, then K is called a minimal primary ideal of I if there does not exist a
primary ideal | of R such that I C J < K.

If 1 is a deep ideal of A, we will denote by I* the intersection of all the
primary ideals containing I. The next theorem shows that the ideals I.11/2
and I:1'/2 are always intersections of primary ideals and provides useful de-
scriptions of the ideals I, 1*, and 1'/2. The theorem involves collections of
upper and lower prime and primary ideals; we abbreviate our notation by denoting
P by P/a, PMV/B by P,B|//3, etc. The proof of this theorem and of
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Theorem 3.12 are omitted since the proofs are straightforward modifications of the

proofs given in [W] for the corresponding results in the ring C.

3.6. Theorem. Let | be a deep ideal of A. Let {Qa: a€ A} be the set of
minimal primary ideals of I that are prime, {Pﬁ|//3: B € B} be the set of minimal
primary ideals of | that are upper primary ideals, and {P,y If'y: y€T'} be the set
of minimal primary ideals of | that are lower primary ideals. Then
(a) 1.11/2=(na5AQa) N (nﬁeBPﬁIIﬁ) N (ny er P |/7),
® 1=(N e, Q)N N5 515 N (N, P, Iy,
*

@ 1" =N, ,0) N (N5 zPaI"A NN, EPPVI|/~/)’
1/2 _

@ 172=(N0 .00 0 (N, PLAONN, (P,
ql/2 _ f

(e) I:1 _(ﬂﬁeBPB| B) N (n'yerpy‘/'y).

Theorem 3.6 gives us two obvious sufficient conditions for a deep ideal to be

an intersection of primary ideals.

3.7. Corollary. Let I be a deep ideal of A. If 1=1-112 or 1=1:11/2,

then 1 is an intersection of primary ideals.
Further, for the class of deep contracted ideals we have

3.8. Corollary. If I is a deep contracted ideal of A that is not prime, then
I1:1'/2 is an upper primary ideal, and 1-1'/2 is the corresponding lower primary
ideal.

3.9. Corollary. Let I be a deep contracted ideal of A. I is primary iff either
I=1-1"2 or I=1:11/2,

It is natural to ask if Corollary 3.9 is true for all deep ideals of A, i.e. is
the union of the two sufficient conditions I=1-112and I=1:1'/2 a necessary
condition for an arbitrary deep ideal I to be an intersection of primary ideals?

We show now that the answer is no.

3.10. Example. We construct a deep ideal I of A such that I is an intersec-
tion of primary ideals, but I-11/2<1<I:1'/2, Let D={x_: ne N} be a count-
ably infinite closed discrete subset of X. Let HM and ‘UN be free ultrafilters on
D such that {x : 7 odd}€ Uy, and {x : 7= evene Uy. Set M={fe A: Z(f)nDe
‘UMf and N=1{feA: Z(f) N DE‘UN}; M and N are maximal ideals of A. Let
i€ A suchthat Z(i)=D, and V, (i)=n forall ne N. Weset I=Py|. N Pyl
Then [ is an intersection of primary ideals, and since v(l)={M, N}, it is clear
that [ is deep. It is easy to see that {P, | ., P\|'} is the set of minimal primary
ideals of I, so by Theorem 3.6, I:1'/2= P, |" N Py|" and I-11/2=P,|. N
Pyl;. We have then i€ [:11/2-1 Let f€ A suchthat Z(f)= D, and vV, D=n
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for n even, V, ({)=n" for n odd. Then V u () >V iF) forall keN, so /e
Pu;CPulss also V(1) =Vy@), so fe P, ,andwehave f€Pyl;
But since Vy(f) = VN(z) f€ Pyl;,andso f¢ I 172,

3.11. Defmmon. Let {J ,: a€ A} be a collection of ideals of a ring. We shall

Pyl’=

say that the intersection of the collection {]a: ae A} is irredundant if for all Be
A we have naeA,a#ﬁ J. £ ]B'

In our final theorem we give a necessary condition for a deep ideal I to be an
intersection of primary ideals. If the intersection of all the minimal primary ideals
of I is irredundant, the condition is also a sufficient condition for I to be an in-

tersection of primary ideals.

3.12.Theorem. Let I be a deep ideal of A. If I is an intersection of primary
ideals, then 12 = 1.(1:1'/2), Conversely, if the intersection of all the minimal
primary ideals of 1 is irredundant, then the condition 12 =1.(I:1 172y implies

that 1 is an intersection of primary ideals.

3.13.Corollary. Let I be a deep ideal of A such that I can be written as a

[inite intersection of primary ideals. Then I is an intersection of primary ideals

iff 12=1.(1:11/2),

Proof. We can write I* as a finite irredundant intersection of minimal primary
ideals of I, I*= J,N--- N] . Aroutine argument then shows that every minimal
primary ideal of I appears in this expression, and by Theorem 3.12 the corollary
follows.

We have characterized the deep contracted ideals of A that are primary in

Corollary 3.9. We can now further characterize such ideals as follows:

3.14. Corollary. Let I be a deep contracted ideal of A. I is primary iff 1°
=1.(1:112).

It may seem reasonable to conjecture that the condition 12-1.U:1I 1/2) is
a sufficient condition for an arbitrary deep ideal to be an intersection of primary
ideals. We close by giving a counterexample to this conjecture.

3.15. Example. We will construct a deep ideal I of A such that 1% =
=I1-(I:1 1/2), but 14 I*. Let N be a countably infinite, closed discrete subset
of X; as our notation indicates, we think of N as an embedded copy of the space
of positive integers. In our construction we will use the points of SN-N, where
BN is the Stone-Cech compactification of N, to index the set of all free ultra-
filters on N: if a€ BN-N, the unique free ultrafilter on N that converges to a
in the topology of BN will be denoted by U, i.e., U , = {SCN:a€ clgyS} For
each free ultrafilcer ‘U on N, M, will denote the free maxxmal ideal M, {/6 A:

Z({)n Nell }.
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Now we construct our ideal I. We define a sequence U, of subsets of N as
follows: U, =N, U,={neN:n isodd}, U; =11, 5,9, +--}, and in general U, =
{28 =1(n-1)+ 1: ne N}. By [GJ, 6W.3] there is a point y€ BN—N such that ye
N, clypU, —intgy NN, clgyU ) Lee A=(BN-N) O [U, clgy (U, -U, )l

n 4!
Choose i€ A suchthat Z(:)= N, and V (i) = n for all ne N. For each positive

integer k choose f, € A suchthat Z(f,) =N, and V_({,) =V, (i(':ﬁh;l ) for all

xeU -U_ o1 We will denote by L the ideal of A generated by the set {/k: ke
N} Finally we set I=L§ n (N, ., Pu, |!). We leave to the reader the verifi-
cation that I is deep, that i€ I*~1, and that 12=1.(I:1 1/2) (see [W, Example
2.21)).
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