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ASYMPTOTIC PROPERTIES OF GAUSSIAN RANDOM FIELDS
BY

CLIFFORD QUALLS AND HISAO WATANABE

ABSTRACT. In this paper we study continuous mean, zero Gaussian random fields
X(p) with an N-dimensional parameter and having a correlation function o(p, q)
for which 1 — p(p, q) is asymptotic to a regularly varying (at zero) function ot
the distance dis(p, q) with exponent 0 < a <2. For such random fields, we ob-
tain the asymptotic tail distribution of the maximum of X(p) and an asymptotic
almost sure property for X(p) as |p| — oo, Both results generalize ones previ-
ously given by the authors for N = 1.

1. Introduction. In this paper, we are concerned with a real continuous
Gaussian process with an N-dimensional parameter space. We denote such a ran-
dom field by X = {X(p); p € RN}, and we assume without loss of generality that
each X(p) has mean zero and variance one. We also assume throughout this

paper that X satisfies, for some positive constants C, and C,,
4 Ex(p)-x(@)?) <2¢,| p-q|*H(p -q]) and
B) E(X() - X(@NH > 2C,[p - q|*H(|p - q|)

(1.1)

for all p, ¢ such that |p - g| < some 5, where 0 <a <2 and H(s) is a slowly
varying function (at zero). Here and throughout the paper, we define |p| =
(E?’zl pf)%, where p = (pl, ceey, pN). For the preliminary proofs of $2, we fur-

ther restrict X to be a stationary isotropic Gaussian random field satisfying

(1.2)  plp, ) =1-p -q|*H(|p - q]) + o(lp — q|*H(p - q])) as |p-4q| —0,

where p(p, q) = E(X(p)X(g)) is the correlation function of X.
In §2, we give the asymptotic tail distribution of the maximum Z(D) =

max X(p), where D is an open bounded set with Lebesgue measure p(D) =

peD
p(D). This is done first in Theorem 2.1 for stationary isotropic Gaussian random
fields satisfying condition (1.2), then extended in the Corollary to Theorem 2.1 to
obtain asymptotic bounds of the tail distribution of Z(D) for Gaussian random

fields satisfying condition (1.1) for all p, g € D with |p —¢q| < 8. Lemma 2.3 and
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its corollary are useful discrete versions of Theorem 2.1 and its corollary. The
results of this §2 generalize Theorem 2.1 in Qualls-Watanabe [4] and the results
of Pickands [2] from continuous time Gaussian processes to Gaussian random fields.

In $3. we study the event

A¢ = {3r0; X(p) < p(|p|) for all p satisfying |p| > ro}

for arbitrary nondecreasing functions ¢. In more descriptive language, the com-
plement of A¢ occurs if X(p) crosses the surface @(|p|) infinitely often as

|p| — . For a fairly wide class of Gaussian processes, we can expect that
P(A.¢) =0 or 1. By using the results of §2, we give a criterion in terms of ¢ for
deciding whether the probability of the event A ; is 0 or 1. In order to obtain
P(A ¢) = 0, the only hypothesis necessary (beside the requirement on ¢) is that
part (A) of condition (1.1) holds for all p, ¢ such that |p|, |[g| > some T, and

|p - q| < some 8,. To obtain P(4 d’) =1, we require part (B) of condition (1.1) to
hold for all p, g such that |p|, |g] > some T, and |p - gl < some 52, and we

need a mixing condition
(1.3) (€ plp,p+q)=0(q|™”) uniformly in p as |g| — o,

for some y > 0. This is an extension of the results in Qualls-Watanabe [4] to
Gaussian random fields.

The proofs of these results of course bear similarities to those for the case
N = 1. However, we take a somewhat different point of view in the present paper;
and the details are considerably different for N > 1. A good source of general
information about Gaussian processes and random fields is the book by Cramér
and Leadbetter, Stationary and related stochastic processes, Wiley, New York, 1967.

2. The asymptotic distribution of the maximum. We first list some defini-
tions and properties of regular varying functions that will be required in the fol-
lowing. One general reference on regular variation is Feller [1].

Definition 2.1. A positive function H(x) defined for x > 0 varies slowly at
zero if for all t >0

(2.1) lim Hlx) =
xa 0 H(x)

Definition 2.2. A positive function Q(x) defined for x > 0 varies regularly at
zero with exponent a >0 if for all + >0

. 0lx)
2.2 = =%,
22 ii.n%) 0x) ‘

A function Q(x) satisfies (2.2) if and only if Q(x) = x“H(x), where H(x)
varies slowly. Let Q(x) vary regularly with exponent a > 0 and H(x) vary
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slowly at zero. Then the following properties hold.

(2.3) The limits (2.1) and (2.2) converge uniformly in ¢ on any compact sub-
set of the half line (0, o).

(2.4) For any ¢ > 0, we have

lim x"H(x) = o and lim x°H(x) = 0.
x—-0 x—0

(2.5) If H(x) is a slowly varying function at zero, then for any ¢ > 0 and
to> 1, there exists a 6> 0 such that t~€ <H(x)/H(x) < t€ for all x > 0 and all
t >t satisfying tx <0.

(2.6) Also for any €> 0 and positive ¢ < 1, there exists a 8 >0 such that
t€ <H(ex)/H(x) < t™€ for all positive ¢t < t, and all x > 0 satisfying x < 8.

A Gaussian random field X will be called stationary or homogeneous if for
each choice of points p, py,-+, p, in RN the joint distribution of X(pl +q),
ceey X([D,e + g) does not depend on ¢ in RN. Also X will be called isotropic if
the correlation function p(p, ¢q) = E X(p)X(q)) depends only on the distance
lo-ql

Define the function o2 by 02([7, q) = E(JX(p) - X(q)lz) and also let
o(s) = 2|s|*H(s), where H(.) is a slowly varying function at zero and 0 < a < 2,
When X is isotropic, 02([), q) can be written as az(lp - g|). We assume without

loss of generality that o(.) is monotone near the origin. Define

A (7) = inflolp, ¢)/5([p - q]); 0 < |p - q| < 7},

Az(T) = SUP{U(Pv q)/}qp -q[);0< | "Ql <rh
For a space parameter of dimension N > 1, and X satisfying the condition (1.2),
there is no loss in generality in taking 0 <A (1) < AZ(T) <o forall 7> 0. For

N =1, there is very little loss in generality in assuming A 1(r) > 0 for all 7 of

interest; the excluded periodic case is discussed in [3].

Theorem 2.1. Let X be a stationary and isotropic, Gaussian random field
satisfying condition (1.2). Let D be a bounded open set in RN for which the
Lebesg:e measure p(D)= (D). Then for Z(D) = SUP,ep X(p) we have

i P(Z(D) > x) o
oo (DY ()& = 1(1/x)) =N

(2.7) .
= lim T—N eyP( sup Y(p 7"°7P )>y)dy
Too fo 0<p;<T ! N
and 0 <H, <o, where y(x) = (2m)~ L-1 exp (- x%/2), and {tY(p)} is a nonbomo-
geneous Gaussian process with Y(0,...,0) =0, EY(p) = - 1p|*/2 and
Cov (Y(p), Y(g)) = (|p|* + Ig|*~ |p - q|*)/2.
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In order to prove this theorem, we first establish the following lemmas.
Define c(x) = (@~ 1(1/x))~! for large x. Now by stationarity, we may assume
D cT¥ (o, t] for some ¢ > 0.

Lemma 2.1. Let X satisfy the conditions in Theorem 2.1. Then for any

a >0, we have

P(ZU_lan/ct]) > x)
lim =H,(n, a)
X 00 ll’(x)
= * yp d 00,
1+ fo e (051‘:2?,!: i Y(ak) > y) ly <

where {Y(p)} is described in Theorem 2.1, and

lx[an/c(x)] =tp eRN; p = ak/clx), k = (k55 ky)y 0<k;<n, k; integers.

Proof.

P(Z(Ix[an/c(x)] > x) = P(X(0) > x)

+ P(X(O) < x, max X(ak/c(x)) > x) .
O<k;<n; k=0

The second term is equal to

f ¥ P( max X(ak/c(x)) > x| X(0) = u) o) du,

O<k;<n; k0
where ¢(u) is the standard normal density. Substituting # = x —y/x and de-
fining Y ,(p) = x(X(p/c(x)) - x) + y, the second term becomes

l,b(x)J(;m eyP< max X(ak/c(x)) >y | X(0) =x - y/x) exp (- y2/(2x?)dy

O<k;<n; kx0

= Ylx) fooo eyP< max Y (k) >y | X(0) = x —y/x) exp (- y2/(2x D) dy.

O<k;sn; k=0

Now as in Lemma 2.2 of [4], we can obtain that
E(Y ()] X(©) = x -y/x)=x{ ( ' |p|>(x-;>—x} ‘y

- {i-e(gy v} Ao (s )}

~ lo|* lo*
__ 2 __wel — o
=—-x%g (C )) > + o(1) > +0(1) as x s

and
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X0 =x =3/ =x{o( -1 lo - al) - (5 1o )o( 5 o)
clx) clx) clx)

=:§{_;z(_c_l_m>lp_qla+;2(C_(1_x)>lpla+;z<$)|qla_;4(;%x_)>lpl‘;|qla} v oll)

Y-l = g+ 1o+ g+ o) as x — o

Cov(Y (), Y ()

Consequently,

P( max Yl(ak)>y|X(0)=x—y/x> —»P( max Y(ak)>y) as x — oo,
O<k;<n; k=0 Osk;<n; k#0

In order to see that the Lebesgue dominated convergence theorem completes
the proof of Lemma 2.1, apply Boole’s inequality to the left-hand side of the pre-
vious line to obtain a finite number of terms each dominated by an integrable
function.

Corollary to Lemma 2.1. Let X satisfy the same conditions as in Theorem
2.1, except that lim__, 0%(s)/0%(s) = C > 0. Then for any a >0,
P Jan/ct]) > ») y
lim =H,n, C'/%).

i o)

Proof. We have for the corresponding Y| in Lemma 2.1,

E(Yl(p)|X(0)=x—y/x)-—oC 6I*/2 as x — oo
and

Cov(Yl(p), Yl(q)IX(O) =x —y/x) — C(|p|a+ Iqla- Ip —qla)/Z as x — oo,

Now, set Y(t1 ce tN) = Y(Cl/atl, ceey, Cl/atN), where Y is the'process
defined in Theorem 2.1. Then

P( o ok >y [XO) =5 y/x) =P max Vo >)
O<k;<n; k=0 ‘0<k;<n; k*0

=P< max Y(Cl/aak)>y> as x — oo.
O<k;<n; k0

Lemma 2.2. Let X satisfy the conditions in Theorem 2.1. For any a > 0,

P(Z(D(x)) > x) N Nz* ) /2
lim ————=>a (1~ - o(2- 8
lin oy 2 (1-2"Z" - 02 (klay ).

where D =1p: p =ak/c(x) €D, k; integers} and 3* denotes the N-fold sum
over 0<k; <eo (G=1,---,N) but k£0.

Proof. Denoting the event B = {X(ak/c(x)) > x} and using stationarity we
have
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P(Z(D, ) > x) > P ( U Bk>

kel
>>--2PB)-% Y3 PB NB)
keX k=l; k,lek
> #(R) <P(Bo) S AL SEPED SI 1 (: Bk)>,
0<k<m; k#0

~

where X ={keRN: I, x(k) c D}, #(X) = the cardinal number of A,

la.x(k) ={p e RN aki/c(x) <p, < a(kl. +1)/elx),i=1,--+, N},

m = [tc(x)/al + 1, and [] denotes the greatest integer function.
We recall the result of Pickands [2, Lemma 2.3,

P(By N B,) < 2yl il - Blx(1 - (1L + p)- %)),

where p = plalk|/c(x)) is the correlation coefficient for X(0) and X(ak/c(x)) and
® is the standard normal distribution function and |k| = \/k% + k; 4o 4 k,%,. Now

we note that

HAVHOYG /™ (Y 1, 00) /l(o)aN —a N asx e

kek
since p(dD) = 0. Therefore we have

Pz, ) > x)
lin —-—L >a‘”;1—2Nﬁm‘ YooY -0 - p%a + o)A

pD)x) (cGN ~ X% oskism; k=0
To study the lim sup of the above sum, we partition the sum into three parts
according to (i) |kla <tg, (ii) |kla > t,, |kla/c(x) <8, and (iii) |kl > ¢,
|k|a/c(x) > &, where the values of 6> 0 and t,> 1 will be selected later.
Since the number of terms in =(1) is finite, we have

lim X7 0 -0 =3 lim (1-0).

X ~.00 X —00

We may ignore the third sum SR For |k|a/c(x) > 8, there exists a constant K
such that 1 - p>« > 0, and

Y L
3D l_q,(xc"") )‘S G (1 _ @lxik/2))) < mNiplaln/2)%)
+p

< (ec(x)/a)N exp (- kx2/2) — 0 as x — oo

Now for A, sufficiently small, we have A (A,)> 0. Then for all the terms
S0 when |kla/c(x) < A,, we have



1973] ASYMPTOTIC PROPERTIES OF GAUSSIAN RANDOM FIELDS 161

_ o\~
x<1 P) > xellkla/cte)) - - Sle/e0)
bre 2 5(1/c(x))

>A1(A1) rt;(|kla/c(x)).=A1(A1) (|k|a)a/2<H(|kla/C(x))>%

ST Sy 2 CHG/eG) )

By property (2.5), there exists a 8, > 0 such that H(|k|a/c(x))/H(1/c(x)) >
(|k|a)=*/4, provided |k|a/c(x) <&, and |k|a > ty> 1. Now for the definition of
30D, take 8=min(84, A,). Then

1-p\% A ()
inf x< p> > 12 (|k|a)a/4,

T<sx<oo I+p
provided |k|a/c(x) <8, |kla >, and T is large.

Finally, defining a,(x) = {1 - ®(x(1 - p)**(1 + p) ="} for |k|a/c(x) <& and
a, (x) = {1 - @2~ A 1(5)(|k|a)a/4)¥ for |kla/c(x) > §, we have

T swp a0 < 211 - 0274 (3 (K|aP/ D) < .

T<x<oo
Therefore, it follows that

Tm Lo L a6 <X G a,b)

X% 0gk;cm; k0 X=oe
~k
= 2011 - 02 H(k[a)R/ 1)} < w,
since

x(1 - p)* 1+ p)~% ~ X. o(lkla/c(x)) ~ 1 (—7-(—|k—lf/C(x)) —--»—1-(|k|a)a/2 as x — oo,

2 2 5(1/cx)) 2

Lemma 2.2 now follows.

Corollary to Lemma 2.2. For X satisfying the same conditions as in Theorem
2.1, except that lim__, 0%s)/0%(s) = C >0, we have

P(Z(D,_)> x) )
lim () sa M (1-2% X - 2 (IkIC 70/ ).
=% LDWe) (&~ M1 /)N

Proof. We have only to note that

x(1 = p)(1 + p)~ "% = Y (|k|a)y/ 2C% as x — o,

Lemma 2.3. Let X satisfy the conditions in Theorem 2.1. For a > 0,
P(z(D ) >x)  H (a)

(2.8) lim ’
5= (DY) (cG)Y  aN
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where 0 <H (a) = limn_.”(H {n, a)/n"V) < oo.

Proof. Let (X")N={k e RV: k, are nonnegative idtegers, i =1, .-, N}. For
ke (XHY, let
= {X(ak/cx)) > x},

and also for arbitrary n >0 and I € (XN, let
Iin—1 lon—1 INn—1

4= U u - U B

j1=U1-1Dn jor=(l=1)n iN=(IN-1)n
By stationarity, P(4,) = P(A; . |) for alll withthe [;> 1.

(2.9) P( U A,> <Pz, >x) < P< U A,),
leAq I€A,
where
=erN: 1My, A, =eRN: 1IN D £ gy
and
M=tpe RN: a(l, - Dn/cl) <p, <aln/clx), i =1,-++, N}
Consequently,

P(Z(D,,) > x) < #HAP(A | . )

Therefore, using Lemma 2.1, we obtain
P(Z(D( )) > x) #A )P(A ) H,(n -1; a)
(2.10) lim

<Iim
x=00 (D) (x) (DN T xoo ,u(D)x,Zl(x)(c(x))N aNaN
On the other hand, (2.9) and stationarity imply

PZ(D)>x) > 22+ ZP(A)——Z ‘2 P(a, nA)

leAq k=l; k,leA

(2.11)
> #(Al)gp(Al,,,,'l) N ARE D S > P(B; N Bs)i,

0<jy<n 0<s;<m; some s;2n
where m = [tc(x)/al + 1. We note here that

#(Al)/p(D)(c(x))N =2 Na N as x — e,

Again using Lemma 2.3 in Pickands [2], we obtain

. Pz(p, ) >x) ___**P(B,nB,)
Lim 2 >n"Na'N{Ha(n—l,a)—2N"l fim 2 __’-—-—}

%= (DY) G xms00 Y(x)

>n~Na=N {ua(,. SLa) -2V Tm X (1 - Bl - pL + p)-‘/z»},

X — 00
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where p = plalj - s|/c(x)) and

oo 0o oo nfl oo [
> Z Z(ZZ"'Z+ZE"'Z
71=0 IN=0 \si=nsy=0 sSN=0 s1=0 s)=n SN=0
n—1 n—1 50
s1=0 SN—1=0 sN=n

In the study of —l-i_ﬂ_lx_.oo S**(1 - @), we use the same device as in Lemma 2.2.

So we have

Pz, ) > x) *
(D)) > » >,,—~a—~{Ha(,._1,a)-zN )3l (1—@(2'1(|j—s|a)“/2))}-

am

% D)) (N

Since the left-hand side does not depend on n, we have

P(Z(D )>x) __H (n—-l,a) wx d.
(212)  1jm —_..__E_Z___..ﬁ >a~N Tim )N lim Y, =5
X0 p(D W ) (%)) 700 nN n—o N
Now Lemma 2.2 implies 2**4 i— < o and then Kronecker’s lemma implies
lim Z d /ﬂ =
71400
Combining (2.10) and (2.12) yields
aN Tim Hy(n-1,4) P(Z(D,,,) > x)
nooo —— < lim —mm
N x—o00 y(D)tﬁ(x)(c(x))N
P(Z(D ) > x) Hn-1,a)
-N ;. a
<lim ————-— <g lim —— .
%400 u(D)l,b(x)(c(x))N 00 nN

This establishes that lim (H /n, a)/n™) = H (a) exists and that

P(Z(D )>x) H,(a)
N

lim
X400 p(D)t,b(x)(C(x))N a
Now (2.10) implies Ha(a) < oo. Since the right-hand side of (2.8) in Lemma

2.3 is positive for all sufficiently large @, we know H (a) > 0 for all a > a,, say

For arbitrary @ > 0, we select an integer m such that ma >a ;. Then H(n, am) <

H (nm, a) implies 0 < H {am) < m"H (a). So H (@) > 0 for all a > 0,
Corollary to Lemma 2.3. Let X be a continuous Gaussian random field with
mean zero and variance one satisfying condition (1.1) for all p, q € D with

|p - gq| <. Then
H,(CTY%a) P(Z(D,,) > x)
_ <lim ——
aN X ;A(D)t//(x)(C(x))N
P(Z(D,,,) > x) H,(C31%a)
<

< lim <
x=00 (D )h(x)ctx))N aly

(2.13)
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for any CT, C: such that 0 < CT <C,<C,< C;.

Proof. Define two stationary isotropic Gaussian processes xM) x(2) having

o2 - gl) = E(Xp) — XD D) = 2CT1p — a*H(lp = a]) + ollp ~ 4|*H((p - g]))

as |p —gq| — 0. We use the label () in this proof to denote expressions involving
the process x@,
By hypothesis, we then have

a¥(|p - q) < 2¢,0X(p - q]) < o¥p, 9) < 2C,0X(|p - q]) < o3(Ip - q])
for all p,q € Ig”) (when x is sufficiently large) and uniformly for / € A,. So,
using Slepian’s result [5], we have

P(Al) < P(Agz)) for large x,

where A(IZ ). .. 1 is the event Al oo defined in terms of the process X2, Now
(2.19)  {im _}i(Z(D(")?:_i)_ <= #(AZ)p(A(lz)) Ha.(“’ C";l/ )
= lim = ,
x-00 y(D)tﬁ(x)(c(x))N X 00 u(D)t,//(x)(c(x))N NN
and also

1
P<U A,> > HAPA) -2 T3 P, A,
1

leA k#*
As in the proof of Lemma 2.3, the sum p3 P(Ak n Al) can be bounded above
by a sum X P(B;N B,). But
P(B,nB)= P(B{") +PB"-PB; U B
< PBM) + PBD) - P(BM U B = P(B nB{M.
Consequently, as in the proof of Lemma 2.3, the sum X P(Ak N Al) can eventu-
ally be ignored (as n — =). So
*1/a .
H (n, C7"/%a) lim PE(D(’Q) > x)

a

(2.15) lim — S T :
O x00 (D))l

From (2.14) and (2.15) follows (2.13).

Lemma 2.4. Under the same assumptions as in Theorem 2.1, we have, for
any a >0, 2_0‘/4 <b<1l, and y>0,

— PO <x—y/x, ZUla/cls - y/D> )
o Ylx)

where
Ila/c(x - y/x)} = {p e RN: 0 < p, <a/clx - y/x)},

Ma, y) = (WNa/2)™ 22N f: P N=0/ DR - b)(2/ayN ) 2%/ )
k=0
— 27 Yay/N/2)%/227k/ 2),
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and

R(x) =f:(l - ®(s))ds.

Proof. We note that
X0 < x - y/x, ZUla/clx = y/x))>x} S U Dy,
k:o
where

Dy

= max X2 Rj/clx = y/x) <x - yb*/x,
0sj;s2k-1

max X(aZ'k'Ij/c(x -y/%) >x -ybk”/x .
0sjjs2k+1-1

Also, D, C UO k-1 Ei,k where

<j;<

Ei B = 3X(a2_kj/c(x —y/x) <x - ybk/x,

max  X(@27Fl/clx - y/x)) > x = R+ /x (.
2j;sl;<25;+1
By using [4, Lemma 2.6], we obtain

P(E; )< Y pla- p2) AR (y),
€0

where p = pla2=*~1 \/;?:——T:—e-g/c(x - ¥/x)), X, is a sum over the set
{e#£0: € =0 or 1}, and y = y(x)= {1 = bbRpx " 11 - p2) ™% - x(1 + p)~11 - pD”,
Consequently,

o P{X(0) < x — y/x, Z(Ula/c(x - y/x)]) > x}
1
X — 00 (,/J(x)

<Tm ¥ X PE, AW

X=% o0 0sj;<2k-1

<Tim X 2% ¥ p711 - pD*%RG()).

xX=% B0 €0

By using property (2.6) when k is sufficiently large, we can obtain the following

estimates for large x,
xp—l(l _ pZ)‘/z < ZS—IAz . (YNa 2—k-—1)a/4’
and

y = y(x) 2 27 M1 - DIbRSAZ MR /ayN) /4 - 4(1 + $)T1A (2R Jay/N) T/ 4,

where § = infOSsSaW/c(x—’y/x)P(s) and A, = Az(a\/-N—/c(x ~ y/x)). From the

above estimate, we can prove
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) Mk sup T p7HL - pDHR( (%)) < o
k:o

T<sx<oo €#0

Therefore
— P(X(0)gx -y/x, Zla/clx - y/x)])>x)
im
X 00 K/J(X)
<Y Tim 2% X xp~ 11 - pH) " R(y(x))
k=0 *—% €0
- Z Nk Z(alep-k-l)a/ZR(y(l_b)bk(alelz—k—l)-a/Z_2-1(a|e|2-lc—l)a/2)
k=0 €0
< M(a, y).
Proof of Theorem 2.1. Define
. — P@ED)>x)
i, = lim ——————
x=00 (D)l,b(x)(c(x))N
and
- . P(Z(D)> x)
=lim —
x=2 (D) NN

Now, since clx — y/x)/c(x) — 1 and ¢lx - y/x)/y(x) =e” as x — o for y >0,
we see from Lemma 2.3 that
P2y, > x - ¥/x) " H,(a)
lim =e .

Hm® DY)V a®
For y > 0, we obtain

H (a) H,(a)
< H; -e”

aN aN
__ PZMD)>x)-PZD _, /. )>x~ y/x)
= lim

X0 p(D) () (e WV
P(z(D) > x, Z(D(x v/x )) <x —y/x)

- Y
Ha—e

= lim

X200 #(D)tﬁ(x)(c(x))N
#(A )p(x(g) <x - y/%, Z(Ila/c(x - y/x)]) > ")
< Tim
X200 (D Yl NGV

P(X(0) < x — y/x, ZUla/clx - y/x)]) > x)
Ylx)

_l_r—
Nx
Ma, y)

aN
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Therefore

H (a) d_ (@) M,y
(2.16) 0 <Hy - cnt TV (e
aN [lN aN aN

H ,(a)
)

Since H, and H; are finite, we can see that the lim sup and lim inf of Hu(a)/aN
as @ — 0 must be finite. Now choosing y = @ with 0 < B <a/2 in (2.16), we
have M{a, y)/aN — 0 asa —0and H, = H;: H, = lima_o Ha(a)/aN.

In a manner similar to the proof of Theorem 2.1 in [4], we can show

ST -N ® s
Ha—7l_1_‘n:°T (1 +f0 e P< sup Y(t)>s> ds>.
0s¢;<T

Corollary to Theorem 2.1. Let X be a continuous Gaussian random field with
mean zero and variance one satisfying condition (1.1) for all p,q € D with
|p —q| <8. Then

PzD)>x) __  P(ZD)>
2.17) H /%< lim —— 21 < Tm — )>x) <H ch/e,

= = 2
==y (DI NcGDN %% WD) eIV
Proof. If X satisfies the conditions of the Corollary to Lemma 2.1, then note
that

1/a
P(Z(D) > x) o alC 0 cNey,

im ——————————— = lim —

=2 uD) N 40 gN

Now let D C H?LI [0, t], let I be an arbitrary number < 5/\/17, and let the rec-
tangle Ii ={p € RN: 1. k]-SPjS l(k]. + D}, Let K = tk: Iiﬂ D # @}. Then by the
use of Slepian’s theorem, we have
P(Z(D)>x) < ¥ P(ZUL) > x) < #(K)P(Z D) > x),
keK
where Z(3)(4) = max, 4 X@Xp) and X?) is a process defined in the proof of the
Corollary to Lemma 2.3. Therefore

——  P(z(D)>x) BN P(Z(z)(lé) > x)
m - < im

= OGNV~ HO) = Ly ()Y

= ———— C*N/aH —»C;N/aHa as [ — 0.

Since C’; >C, is arbitrary, we have the right-hand side of (2.17).
Now by the Corollary to Lemma 2.3,

P(Z(D) > x) Pz ) > x)
lim ———-——— > }im
=2 PN x=e° (D) NN
Ha(CTI/aa)

=———————+CTN/aHa as a — 0.
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Since CT < C1 is arbitrary, we have the left-hand side of (2.17).

3. An asymptotic 0-1 behavior. In this section we will consider the w-set
Ay= {3ry: X(p) < p(|p]) for all |p| > 74}

for an arbitrary nondecreasing function ¢. Since X is a continuous Gaussian
random field, A¢ is an event. In earlier papers [4] and [5], the authors give a
criterion in terms of ¢ for deciding whether the P(A ¢) is 0 or 1 for pro-
cesses with an N =1 dimensional parameter space. Here this criterion is genera-
lized to random fields defined on RN with N > 1. The proofs are based on the

corollaries to Lemma 2.3 and Theorem 2.1 in §2.

Theorem 3.1. Suppose X is a continuous Gaussian random field with mean
zero and variance one satisfying part (A) of condition (1.1); that is, the correla-

tion function p(p, q) satisfies
(4) L= Cylo - qI*H(p gD < pl, ),

for all |p - q| < some &, |p| and |q| > some T, and some C,>0. If for any

positive nondecreasing function (r),
fm @11/ M M(p() ™ exp (- Y 2NN ~lar < =,
then
P(A,) = 1.

Proof. Let Th= nA, where A>0 and n =1, 2, ... From (2.17) we have,

for n sufficiently large,

P< max X(p)2¢(rn)>§const WK Yple N=1GE 11/t )N

TpS|PISTp 41

cexp-% ¢>2(rn)),
where K = {p: 7. S lp| < T4l §. The convergence of the right-hand side of (2.17)
can be shown to be uniform with respect to all the sets K ; we would need

#(Az)/u(Km)(C(x))N —n~Ng=N

uniformly for K_ as x — «. But
m

N-1 N-1y. /&
Osﬁéz)_ <_a'_l_>N L <SN(’m+1 +r WN (an/c(x)) SN3/2 an )
#(K,,,) c(x) VN(’ZH —rﬁ) A )

uniformly in m, where the coefficients Sy, V, satisfy NV =Sy Therefore, we

choose A small enough and then n, large enough that
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o0

) P< max X(@p) > ¢(rn)>

n=nQ nslplsrnq»l

< const Z #(Kn)(qs(rn))— G l(l/gﬁ(rn)))_Nexp -4 ¢2(rn))

n=n(
Sconst [ (BTG N1/ Nexp (- % TN T dr
r=npA

< oo,
So when we apply the Borel-Cantelli lemma, we obtain the conclusion of Theorem 3.1.

Theorem 3.2. Suppose X is a continuous Gaussian random field with mean
zero and variance one satisfying part (B) of condition (1.1); that is, there are posi-
tive constants C, 52, T, such that

(B) P(P9 q)Sl—Cl\P—ﬂaH(lP—ql)

for all p, q satisfying 0 < |p - q| <8, and |pl, |q] > T,
Suppose X also satisfies condition (1.3); that is, there is a y > 0 such that

(&) p(p, p+ q) = O(|q|'y) uniformly in p as Iql —> oo,

If, for any positive nondecreasing function @(r),
1(¢) =f“ @11/ NM(p() L exp (= B2 NN ~Ldr = o,
then P(A ¢) =0.

Before giving the proof we need the following lemma.

Lemma 3.1. If Theorem 3.2 is true under the additional condition that, for
large r, 2N log r < $2(r) < 3N logr, then it is true without this restriction.

Proof. The proof of Lemma 3.1 is accomplished in the same way as for Lemma
3.1 in Qualls and Watanabe [4). So we omit it.
Proof of Theorem 3.2. Let 7 = 2nA, for large A, and let

D,=lp=0 e,y y_y)ir, <r<r +A, 0<¢,<m, 0<Py_, <é

for €¢> 0. Let G be the set of lattice points in D obtained by dividing N-space
into cubes with sides of length 1// . Now we take / ~ (0~ 1(1/¢(rn + AL
Now by applying the Corollary to Lemma 2.3, we can estimate the probabilities
of the events E_ = {maxp <G, X(p) < @(r_ + A)} for large n. The convergence of
the left-hand side of (2.13) can be shown to be uniform with respect to all the sets
K; for example following inequality (2.11), we would need #(Al)/y(Kn)(c(x))N—.

n~Ng=N uniformly for K ~as n — o which can be done as in the proof of Theorem
3.1. Then
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P(ES) > const y(Dn)(?rl' 1(1/¢(rn + A)))"N(qﬁ(rn +A) lexp(- %(,‘bz(rn + Q)
implies

> P(ES) > const I(¢) = co.

n=n(

Next we show P(Efz i.0.) = 1, which would imply the conclusion of Theorem
3.2. Since l’l‘;;m P(Ek) =0, we need to show

00 \ [~]
1-P(ES i0.) = Lim <p< N Ek) -1 P(Ek)> -0,
22N\ \k=m k=m

Now, by Lemma 1.5 in Qualls and Watanabe [3], we estimate

Apn= P<ﬂ Ek> - [T PeY
b k=m k:m
y K; Kj
A, as > ‘;1 8@, + A), plr + A), Ap)dA,

m<i<jgn w=0 v=0

where p = p(pl. w P v)’ K, = #(Gn) =#p v=1,2,..., Kn}, and glx, y, p) =

n,V’

(2m)~ 11 = p?)~ VY Zexp(= 2711 = p2)~1x? = 2pxy + y2)).
Because |pi'#—pj‘,/| > A and because of condition (C), A can be chosen

large enough that, for some positive constant M,

Ip(pl.,#, p].'v)l <M(G =AY, forall j>i>m,

and |p| <y/6N. For m sufficiently large, Lemma 3.1 implies

w2((2i + DA) = 2N 1og (27 + DA) < $2((2i + DA) < 3N 1og (2 + DA) =v*(2i + 1)A)

for all i > m. Now

g\ 2i + DA), ¢((2 + DA), Ap)
< (2m)~11 = p?) % exp = % (21 + DA) = 2|p|$*((2] + DA) + (21 + DA
<(2m)~ 11 = (y/6N) 1)~ % exp (- U (2((2i + DA + (1 = 2|p)e((2j + DA)))
<(m)~11 = (/6N %11/i + DAV [1/(2 + DAV 312D,

Since 1, ~ (07 (1/¢((2i + DA™}, then

Ki ~ l’i\' p(D) ~ const (2i + l)N_l(;-l(l/qS((Zi + DA™Y as i - o,

From Lemma 3.1 and property (2.4), we see that K, < const (2 + l)N-l(log(Zi LN/ @-€)
for large i and some €> 0 such that a — ¢ > 0. Consequently, we have, tor

large m,
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(2 + DV=1(2j + DV~ 1log (2i + DV C=N1og(2j + IVE-O

Am'_m < const X

m<i<j<oo (] _1)”
x [1/(2i + DIN[L/2f + YN -31AD

2 - (log(Z(k+i)+1))2N/(a'e)<1 [ )l—aNlpl
2

gcons:xZZ i+ 1\ 2k +4) +1

i=m k=1 134

= 1-84y 148-7/2
Sconstx 3 37 <%> < - > (log (2(& + 7) + 1))2N/ @=€),

i=m k=1 2+ 1

Since logﬁ(x +y) < logBZx + log’BZy for any B> 0 and all x, y > 1, we see that
this last sum is convergent if we choose & so that y/2 <8 < y. Therefore

lim _ Am'm= 0, which completes the proof.
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