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ABSTRACT. The relations between differentials invariant with respect to
a finite group acting on a variety and the differentials on the quotient variety
are studied. If the quotient map is unramified in codimension 1 we have an iso-
morphism for Zariski differentials, but not in general for Kahler differentials.
Necessary and sufficient conditions for isomorphism of the Zariski differentials
are given when the finite group acts linearly. Examples illustrate the scope of
the theorems and some open problems.

Introduction. This paper is devoted to discussing differentials on quotients
of algebraic varieties by finite group actions. If X is a quasi-projective variety
over a field £ and G is a finite group of k-automorphisms of X, then the orbit
space X/G is a quasi-projective variety and the quotient map 7: X —X/G is
integral and of finite type. Varieties of the form X/G have been frequently
though not systematically discussed in the literature. For example, see Serre’s
Groupes algébriques [9, 111.12). Of particular interest are symmetric products
of a variety Y (here X = Y” and G is the r-fold symmetric group acting by per-
muting the factors), which have been discussed, for example, by Mattuck ([5]-
[7]). Moreover Briney [1] has shown that on varieties of the form X/G with X
nonsingular there is a “*good’’ intersection theory with rational coefficients.

In connection with both symmetric products and intersection theory it is de-
sirable to have detailed information about the relation between differentials on
X/G and invariant differentials on X. Some information in that direction is ob-
tained here.

We begin, in Chapter I, with some elementary properties of Zariski differen-
tials. There are two novelties—we introduce and work with the sheaf of Zariski
differentials, and we prove the (well-known?) result that the sheaf of Zariski
differentials is the double dual of the sheaf of Kihler differentials.

Chapter II is devoted to showing that if the quotient map is tamely ramified
in codimension 1, then the module of G-invariant Zariski differentials on X is
isomorphic to the module of Zariski differentials on X/G. This, combined with
other results about Zariski differentials, allows us to give examples showing
that no such results hold for Kéhler differentials.
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In Chapter III we give necessary and sufficient conditions for the module of
Zariski differentials on X/G to be isomorphic to the module of invariant Zariski
differentials on X when G acts linearly on the nonsingular variety X. (G acts
linearly on X if at every closed point the action of the inertia group of that point
on the completion of its local ring is linear.) The proof is by reduction to affine
space followed by detailed computations.

Chapter IV consists of examples to illustrate the significance of the theorem
of Chapter III together with other examples which indicate the difficulties of the
nonlinear case.

The main results of Chapters II-IV require the assumption that the base field
k is algebraically closed.

Parts of this paper—especially a special case of the theorem of Chapter IIlI—
formed the principal content of the author’s doctoral thesis which was submitted
to the Massachusetts Institute of Technology in August 1967. Special thanks
must go to my thesis advisor, Professor Arthur Mattuck, for his advice and criti-
cism while I was a student, and also for his insistence that I extend the thesis
to the full power and generality obtained here.

My deepest appreciation is reserved for my husband, Bob, whose patience
and encouragement made this paper possible, and who spent untold hours rewriting

it in a form others could read.
CHAPTER 1. GENERALITIES ABOUT DIFFERENTIALS

In this chapter we generalize some definitions and results of Zariski [11,
$8] on differentials to the context of sheaves and prove that the sheaf of Zariski
differentials is the double dual of the Kahler sheaf of differentials. This last
seems to be well known, but we know of no proof in the literature.

Throughout this chapter (X, OX) will denote a variety over the field £. The
definitions given here agree with those of Zariski [op. cit.] for (X, OX) a normal
variety over an algebraically closed field .

Let K be the field of rational functions on (X, Ox). Note that K may be
considered a constant sheaf on X, and OX is a subsheaf of K.

Definition. '(DK = Der, (K, K) is the K vector space of k-derivations of K.

Definition. .(Dx is the presheaf on X defined by fDx(U) ={D € fDK| for all
x in U, D(Ox) C GX }, with the obvious restriction maps.

Notice that if U is open in X, then OU = OX'U may be considered as a
subsheaf of K considered as a constant presheaf on U. Thus if D € @K’ then
D(OU) is a subsheaf of K, and we can ask when it is a subsheaf of OU'

Lemma 1. .(DX(U) ={D € fDKl D(®U) C OU where D is considered as a map
of sheaves}.
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Proof. For V openin U, @U(V) _C_@x for all x in V. Thus if D E@X(U),
then D(OU(V))_C_ D(Ox) C Ox for all x in V, i.e., D(OU(V)) c N Ox =
O, (. Thacis DO O,

Conversely if D(@U) C OU then of course D(@x) C @x for all x € U.

Directly analogous to the OX module of homomorphisms between two OX

xeV

modules is the OX module @uk(ex, M) of derivations of @X into an GX mod-
ule M. Moreover if M is quasi-coherent, then @uk@x, M) is quasi-coherent.
In particular if X = Spec A and M = M™ then fDenk(Ox, m = Der , (A4, M)™. For
details see [3, EGA IV 16.5.6, 16.5.2].

Lemma 2.
.(DX(U) — Der, (OU’ @U)
Dr— D'O
U

is an isomorphism.
Thus the presheaf ’(DX is isomorphic to the quasi-coberent sheaf

fDuk(Ox, OX) and bhence is a quasi-coberent sheaf.

Proof. Let D € Derk(OU, OU) and let Spec A be any affine open subvari-
ety of U; then D gives a k-derivation of A. Now since K is the quotient field
of A this derivation extends uniquely to a k-derivation D of K. We first show
that D4 is independent of A. Namely if Spec B is also an open affine set in U,
then Spec A NSpec B is an affine open set with an affine ring C containing
both A and B. Now since all are induced by D, DCIA = DAIA and DC|B =
DBIB, so DA = D® = DB, Denote this unique derivation of K gotten from D by
D'. '

To show that D’'| 0, = D .it suffices to show that for x € U, D'|g - D,

(the derivation of @x induced by D). x is in some affine open subse: Spec A
of U and Ox can be identified with A, where D is the prime ideal corresponding
to x; DIIA» =D_ since D[, = D |,-

Proposition 1. fDX is a quasi-coberent sheaf. If U= Spec A is an affine
open set in X, then D,|, = fDA'” where fDA ={D €9K|D(A) CAlx Derk(A, A).
Proof. This follows from Lemma 2 and [3, EGA IV 16.5.2].
Proposition 2. The stalk Jf @X at x is fDx ={D| D €fDK: , D(@x) c @x .
q
'bx

Proof. A typical element of is the germ of D, € fDUI where U, is an
open neighborhood of x.
If D, e EDUZ defines the same element of fDx as does Dl, then of course

Dllox = DZIOx and so we have a homom?rphism fDx —{D| D€ @k, D(Ox)-c- @x}_
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There is also the obvious isomorphism

{D| D € Dy, DO,) O} — Der, (O ,0).

Now given D€ Derk(ox, Ox) we can find an affine open subset Spec A of
X containing x so that D becomes an element of Derk(A,, A,), D being the
prime ideal of x. Let aj,+0,a, be generators of A, write D(ai) = bi/ci with
c;€A-pPandput f=c, -++c. Since D is a derivation D(A/) € A, Moreover
x € Spec A/ C X since f ¢ . D extends uniquely to a derivation D' in
@X(Spec A;) and so defines an element of .(Dx. This gives a homomorphism
Derk(GX, @x) - .(Dx which is clearly the inverse of the above map.

Definition. Q%*(K) = HomK(fDK, K).

Definition. QF, is the presheaf on X defined by 0%, (U) = {w € Q*(K)|Vx €
U,VDe .(Dx, (D) €®x} ={w e Q*(K)| V x € U, co(fDx) c Ox}. Note that EDX\U
is fDU since X and U have the same function field. %, is called the sheaf
of Zariski defferentials on X.

Lemma 3. For U =Spec A affine open in X and D € EDK there exists 0 #
c € K such that cD (:'EDX(U), that is, cD(Ox) C Ox for all x € U.

Proof. Let @, a, be a finite set of generators of A over k. Then
D(a) =b,/c, for some b, c. in A. Let c=c -+ c, so cD(A) C A. But then
cD(A,) C A, for b any prime ideal of 4, i.e., cD(@x) g(‘)x for any x € U.

Lemma 4.
QZX(U) N HomOU (SDU, ®U)

o wlfDU

is an isomorphism for U affine open in X.

Proof. Define f,: fDX(U) ®0, () K™ Dy by fyD® a) = aD. Then fy is
an isomorphism with inverse /U'1 where fU"l (D) = aD ® 1/a where a is any
nonzero element of K such that aD € fDX(U). Such an a exists by the last
lemma.

Now given g: '{DU—’OU we have g ®OU K: '(DK —K and this composed
with the inclusion SDU -’fDK gives an element of QZX(U). It is easily checked
that this is the inverse of w r—»w|9U.

Corollary 1. Q7 —'}(omox(@x, OX) is an isomorphism.

For any GX module F we will write F* for the dual module Hom ox(?, Ox).
With this notation Corollary 1 says that Q7 x is canonically isomorphic to fDX*.
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Corollary 2. Q% =l{w €07 | @) O 1

The defining property of the Kidhler module of differentials on X is that there
is a derivation d: @X —Q, so that
Homp, Qy» F) —Der, Oy, F)

[r+——1d
is an isomorphism for every quasi-coherent OX module J. QX is itself a quasi-
coherent OX module (see [3, EGA, IV 16.5.6)).

Corollary 3. H: O, — QX** is an isomorphism where H is defined by
H,lo) = 0™ and o**(f) = w(fd).

Note that this makes sense, for if f € QX*, i.e., f € Hom OU(QU’ @U), then
fd € Derk(ou, OU) which is identified, via Lemma 2, with EDX(U) C ‘(DK and so
fd is in the domain of w.

The basic property of Zariski differentials, which is used throughout the

rest of this work, is contained in

Theorem 1. Let X be a normal variety. For any point x of X, if a Zariski
differential o is in QF _ for every point x of codimension 1 passing through
xo> then © Gszo.
Proof. We want to prove that szo =N Q%  where the x are as in the state-

ment of the theorem. But this is the same as showing that szo = ﬂ(szo)p
where P ranges over all minimal primes of @xo. Now szo is reflexive because
szo = Q-xo**, and the theorem follows from the classical result that a torsion
free finitely generated module M over an integrally closed Noetherian domain
A is reflexive if and only if M = nMp as D ranges over the minimal prime ideals
of A (see Samuel [8]).

Corollary 4. Let X be as above. If o € Q*(K), U is open in X and o is
in ¥ for every x of codimension 1 in U, then w € Q% (U).

Definition. 4%: OX —QF, is defined, on sections over U, by d* ,(a)(D) =
D(a). Here T'(U, sz) is identified with fDX(U)* via Corollary 1. Note that
d* is a derivation.

Proposition 3. The diagram

commutes.
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Proof. For a EOX(U) and [ € QX*(U) we have H(d%(a))(f) = d*(a)(f o d) =
{(da)) = d**(a)(f).

Let e: @, — O ** be the canonical homomorphism and e': Qy = Q% the
unique homomorphism such that e’ o d, =d*,. Then from Corollary 3 and the

last proposition it follows that the diagram

QX
\
GX
(Jl %k
X

commutes.
From the above diagram we note that Ker ¢’ = Ker e. But Ker e = #Q,, (the torsion
submodule of Qx). In fact more generally we quote the well-known

Proposition 4. If R is a Noetherian domain and M is a finitely generated
R module, then the kernel of the canonical homomorphism e: M— M** is tM,
the torsion submodule of M [4, p. 897].

In the next chapter we will obtain conditions enabling us to compute Q%, -
in certain cases. If e were an isomorphism or even an epimorphism we would
have somewhat similar results for Q, s+ Unfortunately e is in general neithes
monic nor epic.

An example where e is monic but not epic is given by the cone X =
Spec kX, Y, Z)/(XY - 2%). ¥ X =Spec(k[X, Y, Z, WI/(XW - YZ, XZ - Y2, YW — Z2)),
the cone over the twisted cubic, then e is neither a monomorphism nor an epi-
morphism. I have been unable to find an example where e is epic but not monic.
Of course if X is nonsingular e is an isomorphism, but I know of no other cases
where this is so.

CHAPTER II. THE TAMELY RAMIFIED CASE

The notation here is as in Chapter I except that if confusion is likely we
write K(X), rather than K, for the field of rational functions on X.

From Thearem 2 (in $2) onwards the base field k is algebraically closed.

1. Invariant differentials. For f/: X — Y a dominant, integral morphism of
normal varieties we define a map Q%/: 0%, —/,Q0%, , of OY-modules as follows:
Since { is dominant we have the inclusion f*: K(Y) = K(X), and, since
the image of the respective d*’s generate Q%(K(Y)) and Q%(K(X)), there is a
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unique K(Y) homomorphism Q%f: Q(K(Y)} —Q*(K(X)) so that Q*fd* = d%f*. No-
tice that QFf is given explicitly by Q%f(w)(D) = o(Df*) for » € Q*(K(Y)) and

D e ﬁ)K(X)’ and the force of the above remark is that this formula makes sense,
i.e., Df* is in the domain of w. Finally we define Q%: Q% (V) — £, 0%, (U) by
Q*/(w)(D) = o(Df¥) for w € Q% ,(U) and D € D, (/~1(V). By the above remark
we know that Q7/(w) € Q%(K(X)), but we must check that it is in [,Q%, (V) =

Q= (1))

Now from the corollary to Theorem 1 of Chapter I QZY(U) is the intersection
of all sz'y with y a point of codimension 1 in U. Similarly sz(/’l(U)) is
the intersection of all sz,x for x a point of codimension 1 in f~'(U). Since f/
is integral there is for each y of codimension 1 in U an x of codimension 1 in
[~X(U) with f(x) =y. Thus it suffices to show that Q7 ) C (1,07, =

(x)=y sz.x for each such y. But

Qy , —&— 07, —S> 0X(K(Y)

e/, Jﬂzf
(,2y), = (1,07, —=— Q=(K(x)

is commutative and, y being a point of codimension 1 on a normal variety, Qy’y
is a free module of finite rank and so e’ is an isomorphism as indicated in the
diagram. Thus Qz/(QzY,y) C (07, )y as needed.

Now let X be a normal, quasi-projective k-variety and G a finite group of
k-automorphisms of X. Then there is a nomal, quasi-projective quotient variety
X/G and the quotient map m: X — X/G is a dominant, integral morphism. For
details see [2, SGA 1, Exp. VI.

7 being a dominant, integral morphism we have the map Q%m: Py
m 0¥ ,. As expected this factors through (rr*sz)G as we will see as soon as
we define it.

—

0 €G gives Q%0: 0y —0,Q%, and applying , to this gives 7,Q%0:
7, 7 —m0, 0¥y = m, 0%, and this defines an action of G on 7 Q%y. For
each open set U in X/G, we note that 7,07, (U) is a subset of Q%(K) and the
action of G defined above is the restriction of the action on Q%(K) defined by
0+ (D) = w(Dd*) for 0 €G, w € Q*(K) and D ¢ Dy. From this we get the pre-
sheaf (ﬂ*sz)G where T'(U, (ﬂ*sz)G) =T'(u, ﬂ*QzX)G. This is clearly a
sheaf.

Proposition 1. VadQ*, ) C (ﬂ*sz)G.

Proof. We need only note that (7,Q%0)0%7 = Q%o = O%r as maps from
Py, g to m Q7.
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Remark.
Q%
Py > (7,05)¢
yz dz/‘
Oy I 005 |
/ N
Dy /6 on = (n,0,)°

is a commutative diagram.

2. Reduction to consideration of the ramification group. Let X, G and 7
be as above. When is Q%n: QZX/G—'(W*QX)G an isomorphism? As a prelimin-
ary to answering this question, we prove in this section that for a point x in X
with image y in X/G and ramification group H, Qzﬂy is an isomorphism iff
(¥p, is an isomorphism where p: X —X/H is the quotient map and z = plx).
Moreover to show Q%7 an isomorphism it is enough to show that 0%z is an iso-
morphism at each point y of codimension 1. The proof of both these assertions
is via completions.

For a point y on X/G, (ﬂ*Ox)y is a semilocal ring on which G acts giving
OX/G,y as ring of invariants. We know that Q%7 : QZX/G’y—’(ﬂ*sz)yG is
an isomorphism iff its completion is. But G also acts on (W*sz)y and
((ﬂ*sz)yG)A_C_ ((ﬂ*sz)yA)G. It will be helpful to know that these are equal as
the second is easier to handle. Various formms of this situation occur so we

formalize it in

Lemma 1. Let A be a semilocal ring, G a finite group acting on A and
assume AC is Noetherian. Suppose G acts compatibly on a finitely generated
A-module N. Then (N®)™ = (N")C.

Proof. If T is the radical of A, then T NAC is the radical of the semilocal
ring A and the two adic topologies on N are the same. Consider the exact
sequence 0—N® —N —-'Ho"eG N of A® modules where i: N® — N is the inclu-
sionand g: N—Il__. N is defined by g(n) = (o(n) -~ n: o € G). Since comple-
€ " G N)". More-
over (HcreG N)  is naturally isomorphic to Il,ec N and the kernel of the com-
posed map N —'HaeG N" is (N)9, so (N®)" =(N")C as claimed.

Corollary. (47)% = (49)",

. . ~ ~
tion is exact we get the exact sequence 0 —(N®)" —-N" =
o

As a first step we reduce the problem to consideration of the decomposition

group of a point, i.e., the maximal subgroup of G which leaves the point fixed.
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Theorem 1. Let X, G and m be as above. Let x € X, let H be its decom-
position group, p: X — X/H the quotient map and z = p(x), y = m(x). Then

. z \G
O : Py 6.y X)

is an isomorphism.

— (7,0 is an isomorphism iff WFp : QZX/H . —’(p*sz)Hz

Proof. As = is constant on H orbits there is a unique map 7: X/H —X/G
so that 7p = 7. On X/H we have Q%p: Q%  —p Q0% . Applying r, gives us
7, 0%(p): r*sz/H—»ﬂ*sz on X/G. Now Q%(n) =7, Q%(p)Q%(7), so Q*(n) factors
through 7,Q%, . as well as through (ﬂ*QzX)G. We denote the intersection of
these two subsheaves of 7,Q%, by (r, 0%, /H)G-. For the remainder of the proof
X/H)G and B for the

inclusion of this into (W*QZX)G. a, is always an isomorphism. To see this

we will write @ for 0*(n) considered as a map into (7,07

note that from Theorem 1 of Chapter I it suffices to prove a an isomorphism at
every point of codimension 1 passing through y. Now if (r*QX/H)G and B' are
defined by the pull-back diagram

(r QX/H) > 0y
(ﬂ*QX)G —_”—'C:—“) ”*QX

and a': Qy /6 —(r,Q X/H) is the unique map such that B'a’ = Qn =7, QpQr,
then we have the commutative diagram

! B'

[ ! [
le Jr*e ln*e
a

0y s — (1,07 )¢ —L s (7,07,)6

in which the vertical arrows are isomorphisms at each point of codimension 1 on

X/G. Thus a, is an isomorphism iff a' is an isomorphism at each point of co-
dimension 1 passing through y. As H contains the ramification group of x, 7 is
tetale at z (see [2, SGA 1, Exp. V, p. 8]) and so O /6., ® T*OX/H,y_”*Qx/H,y
is an isomorphism. (The tensor product is over GX/G .) G acts on both these
modules in a fashion compatible with the isomorphism, so QX/G ®(r GX/H)G

G
*OX/H) = Oy /6, so (’* X/H) y =
QX/G y and this isomorphism is in fact a' ) From this it follows that a' is an

—(r QX/H) , is an isomorphism. But (7

isomorphism at every point of codimension 1 passing through y, and so a, is
an isomorphism as claimed.

Proof of the theorem has now been reduced to showing that B is an iso-
morphism iff (p_ is an isomorphism. One direction is clear: by Corollary 2 to
Lemma 4 of Chapter I both QF x/H.z 2nd (p*QzX) , may be considered to be



74 C. M. KNIGHTEN [March

subsets of Q%(K) and Q%p_ is then an inclusion. Moreover intersecting each of
these with Q3(K®) = Q%(K)C gives (r*sz/H)Gy and (ﬂ*sz)Gy respectively,
while Q%p_ restricted to this subset is By. So Q%p_ an isomorphism implies
By an isomorphism.

For the converse it suffices to prove that ﬁyA an isomorphism implies

-~

szz an isomorphism. Let Xy
y. Let z,=plx), so z;, +++, z_ are the distinct points of X/H lying over y.
Then from Lemma 1, ((r, Q% )9 = ((+,97 )")¢ and (7, Q% y)G)A =

((ﬂ*sz y)A)G. Moreover

X, be the distinct points of X lying over

X/H,y X/H,y

g g
z ~ z -~ z S~ z
m{d X/Hy = Hl Q X/H,z,; and 7, X,y = H Y Xz,
i=

with r*szyh the product of the maps Qsz~A' But By is the restriction of
z ° z “\G !
nlp, to (R Q% ) )7
G acts transitively on Zp, e RN
being the identity—so that ai(zl) = z,. These are a complete set of representa-

", Z, SO we may choose o © 0, in G0,
tives for a left coset decomposition of G by H.
z ~\H F : z
Let v, € (p,Q X,z ). If we can show that w, is in the image of Q Pz
the proof will be complete. Put w, = oi(wl') and @ = (‘"1’ eee, wg) so that
z “\G ~ . . . . * * *
w € (07, y )“. When B~ is an isomorphism there is ™ = (w0, , -+ ", ©, )

so that *(@*) = . But then szz;(col*) = w, as desired.

For the remainder of the paper the base field k is algebraically closed.

Theorem 2. Let X, G and n be as in Theorem 1. For x any point in X
write H for its ramification group, p: X —X/H for the associated quotient map
2z, . ¥4
and z = p(x). Then Q*m: Q X/G
. z . z 4
in X, Wp,: Oy 1y, 20 .

"'*(n'*QzX)G is an isomorphism iff for each x
W is an isomorphism.

The “‘only if’’ part of this Theorem is contained in the proof of Theorem 1
where the corresponding statement needed only that the decomposition group
contain the ramification group. For the other part we need the following:

Lemma 2. With the same notation as in Theorem 2 there is a closed point

x in the closure of x which also has H as ramification group.

The proof is clear once we note that G is finite and the ramification locus
of any 0 € G is closed.

Proof of Theorem 2. Let x € X, H and x be as above. Since & is alge-
braically closed, H is the decomposition group of x,, and so Q%7 an isomorph-
ism implies (by Theorem 1) that szzo is an isomorphism. But (Q%p_ is gotten

by localizing szzo at the prime ideal corresponding to z in V) and so

X/H,z
is also an isomorphism.
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3. The tamely ramified case. By definition 7: X —X/G is tamely ramified
at x iff the characteristic, p, of k& does not divide b, the order of the ramifica-

tion group.

Theorem 3. If 7: X = X/G is tamely ramified at every point of codimension

1, then Q¥m: QF z.)C

x 6 (M%) is an isomorphism.

Proof. We need only show that for each point x € X of codimension 1 and

with ramification group H, Q%p_: 0%, . —(p 0% Y is an isomorphism.

(As above p: X —X/H is the quotient map and z = p(x).) Now

p
QX/H,z ' P*Qx,z

el -~ p*e'

Qz nzp Qz
X/H,z > P X
is commutative and the vertical maps are isomorphisms since z is a point of co-
dimension 1. As p,e' is compatible with the actions of H it will suffice to
prove that Qp: Q. , — (p,Q, z)" is surjective (since Q%p is always injective).
Note that both Ox,x and @X/H’z
and QX/H . are free modules of finite rank. Moreover since H is the rami-

are discrete valuation rings and so

QX,x

. . - _ v4 _ v4
fication group of x, p*ﬁx'z = @x,x, Py . = Qx'x and p, Q0 Xz = Py .
For convenience in the remainder of the proof we will abbreviate our notation

to (9 =O Qz

X,x X/H,z
Now since x is the only point of X lying over z, @ is the integral closure

= 2o €tc.

of @ in K. Thus if « is a generator of the maximal 1dea1 of O ,» then u" is a
generator of the maximal ideal of O As p)b and k is algebralcally closed
TP — 4 is irreducible and is the mmxmal polynomial of . This shows that the
conjugates of u over k(u?) are u, &u, -+, P~ 'u, where ¢ is a primitive hth
root of unity, and so.H is a cyclic group with a generator o acting on O

O,[u] as olw) = &u.

To show that {p is an epimorphism consider an arbitrary element o in
(p*Qx,z)H. w=/[dg, + ©++ [dg  + [du with 15 1; 6@ and g, EO w is
invariant under H, i.e., o(co) =, so hw = 33_ 2” l01(/ ) dg + 2" $ o (NET du
and © = X7 1/ dg +/ du where f; *op-! 2”'107(/) and [*=
b~ lzb l ol (e, Now,/ 6((9 )H Oz, so 25 /s dg is in the image of
Qp and f *du is in (Q )H. Thus we have only to show that if fdu is in (Q )H
then it is in the image of (Qp. But [ may be written uniquely as f = 2" ola u?

with a. 6@ Now 0= ofdu) — fdu = Eb la (f’*l - Duldu. Moreovet Q isa
free Ox-module and so a torsion-free O - -module whence 2""1 a (f”l Dul = 0.

But then a(rf”'l—l) must be 0 for z_O cee, b1 andso az—O for
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i=0,.-+,bh—2 while a, is arbitrary (¢ isa primitive hth root of unity). Thus
fdu = au®~'du with a € @z. But au”~1du = h='ad(u?) which is in the image of
Qp as desired.

Corollary. Let X, G, n be as above. Suppose both X and X/G are non-
singular and that m is tamely ramified in codimension 1. Then Qm: Qy . —

(ﬂ*QX)G is an isomorphism.

Proof. If X and X/G are nonsingular, then ) and Q, - are locally free
and so each e’ is an isomorphism compatible with the actions of G. Apply the
theorem.

Note. If X and X/G are nonsingular but 7 is wildly ramified Q7 will not in
general be an isomorphism. A bountiful supply of examples is to be found in
Chapter TII.

4. Examples.

Proposition 2. Let X be a variety for which tQ,, the torsion submodule of

Qy, is zero. Then the kernel of Qm is 1Qy .

Proof. Look at the commutative diagram

Q ,
QX/G . QX

Py — LB
and remember that Q%7 is a monomorphism (§1) and the kernel of e’ is the tor-
sion submodule. (This follows from Proposition 3 of Chapter I.)

Allof the examples offered here are affine, so we will freely confuse vari-
eties with their affine rings and (coherent) sheaves with their modules of global
sections.

Example 1. Qm: Q, . —(Q,)° may be a monomorphism but not an epi-
morphism. Suppose the characteristic of & is not 2 and let o be the automor-
phism of A = k[T, T,] given by o(T,)) =- T, This gives an action of the cyclic
group of order 2 on the affine plane, and AC s k[le, nT,, T22] =
kU, V, W)/(UV - W?), i.e., X/G is the cone. This is a normal hypersurface so

according to Lipman [4, Proposition 8.1] ¢ =0, and thus 7 is a mono-

X/G
morphism. It is not an epimorphism: XdY is in (QX)G but is clearly not in the
image of Qn.

Note that here 7 is ramified only at the origin, so it is unramified in co-
dimension 1 and thus Q%7 QF —’(QZX)G is an isomorphism. This shows
that both e: Q, -—*QX/G** and e': Q, - — 0%y . are monomorphisms but

not epimorphisms.
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Example 2. Qn may be neither a monomorphism nor an epimorphism. This
example is taken from Suzuki [10]. Suppose the characteristic of k is not 3 and
let o be the automorphism of A = k[Tl, Tz] defined by a(Ti) = {"Tl. where £ is
a primitive cube root of unity. This gives an action of the cyclic group of order
3 on the affine plane and A® is k[T >, T 2T,, T ,T,2, T3] ~
KT, U, v, Wl/(U? = TV, V? = UW, UV = TW), i.e., X/G is the cone over the
twisted cubic.

To show that {7 is not a monomorphism it suffices to show that Qy ,; has
torsion. Consider the nonzero differential @ = — WdT + 2VdU - UdV in QX/
Then Tw=-TWdT +2TVdU - TUAV = - UVAT + 2U%dU - TUdV = Ud(U% - TV) = 0.

To see that Q7 is not an epimorphism note that lea’T1 is invariant under
o, but clearly not in the image of Q.

Again 7 is ramified only at the origin, so Q%7 is an isomorphism as is also
e'X: QX —’QZX (because X is nonsingular). Thus e'X/G and ex,G e both
neither monomorphisms nor epimorphisms.

I do not know whether (7 can be an epimorphism without being a monomor-
phism.

Our final result in this chapter relates the failure of Qm: N —'(QX)G to
be an isomorphism to the different.

Defintion. Let f: X =Y be a map of varieties. The different of Y over X
is the annihilator of the relative module of differentials QY/.X" We denote it by

9

y.sx+ For more information see [2, SGA 1, Exp. 1.

Let X, G and 7 be as usual. Let x € X be a point of codimension 1, y =
m(x) and let D be the different of X over X/G at x. Ox is a discrete valuation
ring and O = m. for some nonnegative integer n, m_ being the maximal ideal
of @ . Suppose o' € Q ( QX/G,yo where y, is the generic point of X/G)

and that Q') = w € Q Then we have
Proposition 3. ordy(w') >-n.

Proof. We may consider Q. CQ and Qy CQ . CQ and can then re-
state the proposition as saying that m "(Q N Q C Q This is the same as
saymg that m "(Q N Q G) is contamed in the i 1mage of the map Q ®0 —*Q ®K
-’Q (The tensor products here and throughout this proof are ovet é ) But
Q, ®O ~(Q ® 0,) N(Q, ® K®), so it suffices to show that m "(Q nQ
1s in the 1mage of Q ® KG—» Q@ K—»Q and in the image of Q ® O —',\
Q ® K—'Q . Smce Q ® K°=Q G’ the image of the first map 1s Q ¢
whlle for the second map we have the sequence Q ® O —Q, —tQ' -—'0
(where we have written Q' for the relative module of dxfferentxals of X over
X/G) and, as O annihilates Q' x» We have m ™} in the image of Q, ® @x —=Q,.
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Now my”Qx cm ™Q and

Q. ®0 —— 9
y x x

|

Q&K — 0
commutes, so we have the desired relation.

Example 3. (Poles of maximum possible order occur.) Suppose the charac-
teristic of k& is a prime p and let A = k[TI, T2]' Take G to be a cyclic group
of order p generated by the automorphism o which acts on A via o(Tl) =T,
and ofT)) =T, + T,?. Then A® = k[T, U] where U=T,? - T #®-Dr_

(this is proved in Chapter III). Let X be Spec A so X/G = Spec AC. Take x
to be the point (T,) of codimension 1 in X and let y = n(x). Consider the dif-
ferential Tl""(‘"l)dU in QKG. It has a pole of order p(p — 1) at y while its
image in Q, is dT, which is regular at x. But in this case 9 = (TI"("'I)),

so the above differential has a pole of maximum possible order.

In general the bound given by this Proposition will not be obtained. This
is partly because 9 measures only ramification. For example if # is ramified
but tamely ramified in codimension 1, then @Yv ,x Will be nonzero while Theorem
3 assures us that any differential in Q ¢ Vhose image is in ), x of codimen-
sion 1, will be in 0 (y = mx)). Even in the case where 7 is totally and wildly
ramified at x the bound provided by Proposition 2 may not be obtained. This
will appear from the computations of Chapter IIIL.

CHAPTER III. THE WILDLY RAMIFIED CASE

In Chapter II we showed that if the finite group G acts on a nonsingular
variety X in such a fashion that the quotient map =: X — X/G is tamely ram-
ified in codimension 1, then Q%x: Q%, _,(”*sz)G is an isomorphism. By
contrast if 7 is wildly ramified in codimension 1 the situation is very complicated.
For the case where the ramification group at each closed point acts “‘linearly”’
(definition below) our principal result, Theorem 1, gives necessary and sufficient
conditions that Q7 be an isomorphism.

Throughout this chapter k is algebraically closed.

Let O be a regular local ring so that its completion O is a formal power
series ring.

Definition. A group of automorphisms of O acts linearly iff the induced
action on O is linear (in the obvious sense).

We will also need the

Definition. Let H be a group of automorphisms of a local ring 0. Let 0
be the class of ideals q of O with the property that H is the decomposition
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group of every minimal prime ideal contained in g. Then Q has a maximal ele-
ment which we call the decomposition ideal of H.
The primary purpose of this chapter is to prove

Theorem 1. Let X be a nonsingular k-variety of dimension n, and let G be
a finite group of k-automorphisms of X with the ramification group of each closed
point acting linearly on the local ring of that point. If x, is a closed point of X
and 'y, =mlx), then QzﬂyO: QZX/G,yo—’(”*QzX)Gyo is an isomorphism iff for
each point x of codimension'l passing through x either:

(a) the ramification group H of x has order prime to p, the characteristic
of k; or

(b) there is a positive integer r so that the p subgroup H' of H is the
direct product of t (= the dimension or corank of the decomposition ideal of H)
subgroups of order p’, the index of H' in H is p" -1, and if r € H generates
H/H' (which is always cyclic—see the paragraph preceding Proposition 1 below),

then each of the direct factors H, of H' is invariant under conjugation by r.
Corollary. With X and G as in Theorem 1, Q*m: sz/c—*(rr*ﬂzx)c
isomorphism iff the ramification group of every point of codimension 1 has the

form specified in (a) or (b) of Theorem 1.

is an

The proof of Theorem 1 consists of a series of reductions followed by a
computation in affine space. We begin with X and G as in Theorem 1 and let
x, be a closed point in X, y, = mx ) G, the ramification group of x,, p: X —
X/G0 the quotient map and z;, = p(xo) By Theorem 2 of Chapter II, Qz
Dy /6.y0 T ()0, is an isomorphism iff @p, : O
is an isomorphism.

}’0
X/Go,zo (P*Qz )GO zg
To reduce the problem to considering affine space let O be the local ring

of x, and 07 its completion. By assumption there is a basis b, -+, b for
the maximal ideal m~ of O” so that each o in G, acts on the b via o(b )=
2 o, b with (a ) a nonsingular matrix with coeffxcxents in k. Defme an actlon
of G on the n-dxmensnonal affine space A” = Spec k.[Xl .o X"] by O(Xi) =
h oz.].Xi for each o in G,. Let a: A" —'A"/GO be the quotient map, and write
origin’’ of A", i.e. the point (X e+, X ). Write O for the local
ring of 0 on A”. Then we have a Go-compauble morphlsm O O which induces

o for the **

a G -compatible isomorphism @ — 0" on the completions. Thus we have al-
so QZAn —q’QzX,xo . Pecause this too is G y-compatible, Lemma 1 of Chap-
9 -

ter 1I tells us that Q%p is an isomorphism iff Q%a p ! Q0 An/Go.p

G ~
(a QZA ) 0 (p= a(o)) is an isomorphism. But szzo and Qzap are iso-

morphisms 1ff their completions are isomorphisms, so Q%p Pzo is an isomorphism
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iff Qzap is an isomorphism. Now Qzap is an isomorphism exactly when Q%a
is an isomorphism at every point of codimension 1 passing through p. And of
course we need only check those points of codimension 1 where a is ramified.
But as G, acts linearly on A" the only points of codimension 1 where a is
ramified are the generic points of a finite number of hyperplanes through o. Thus
Q%a is an isomorphism iff it is an isomorphism at every point which is the im-
age of the generic point of one of the hyperplanes along which @ is ramified.
Let h be the generic point of such a hyperplane, H the ramification group of

h, B: A” =A"/H the quotient map and q = B(h). Then from Chapter II we know
that Q%a is an isomorphism at a(h) iff Q*B_ is an isomorphism. Thus we are
finally reduced to showing that QZ,B is an isomorphism iff the conditions of
Theorem 1 hold. Note that as O and O have isomorphic completions, the group
H above is also the ramification group Qf some point of codimension 1 passing
through the closed point x, and conversely every subgroup of G o Which is the
ramification group of a point of codimension 1 passing through x, is also the
ramification group of a hyperplane passing through o. So now we can say:
Theorem 1 will be proved if we show that whenever H is a finite group of linear
automorphisms of A" ramified at one hyperplane and 8 and q are as above,
then Qz,Bq is an isomorphism iff H satisfies one of the two conditions in The-
orem 1.

Our problem is now an exercise in commutative algebra. We have a finite
group of linear automorphisms of the ring A = le[Xl yreey Xn] which is ramified
at one minimal prime ideal. As the group H acts linearly we may—by a suitable
change of coordinates—assume that the minimal prime is (X,). Weput q=
x)n AM and note that H is the ramification group of the dxscrete valuation
ring A(X y over A" . From the classical ramification theory (Zariski and
Samuel [12 Chapter 5 §10 Theorem 25]), H has a normal subgroup H' whose
order is a power of p and whose quotient group H/H' is cyclic of order m prime
to p. We note in particular that there is an element 7 of order m in H whose
coset generates H/H'. By another change of coordinates we may assume that
T acts as f(X ) = th (¢ being a primitive mth root of unity) and (X ) =
for i <n. Indeed smply note that as 7 is ramified at (X ), X )-X_ =
¢ - l)X for some & in k, so T(X ) = {"X and as 7 is of order m, fnxs a
primitive mth root of unity. For i < n note that if Y = (1/m) (X ) (the sum
being from j =0 to j =m - 1), then Y, is a linear combmauon of the X.’s (and

conversely), and 7(Y) = Y. Henceforth we assume that #(X )= £X and (X )
= X for i < n.

Proposition 1. With the notation above, H' is a direct product of cyclic
groups of order p.
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Proof. It suffices to show that if o is in H', then o has the form a(Xi) =
X, +aX ,a € k, for i <n and O(Xn) =X, , as such a o is of order p and any
two such commute. Now any o in H' is ramified at (X ), so o(X )=aX  for
some a in k. But the order of o is a power of p, so a?” = 1 for some r, whence
a=1, For i<n, a(Xi) -X, € (Xn), ie. o(Xl.) =X, +aX_ as desired.

Note that any o in H' is completely determined by its associated vector
a=(a, -+ a _,)in k"1,

Definition. Two elements ¢ and o' are of the same type iff their associated

vectors a and a' in k?~! are linearly dependent.

Lemma 1. H' can be decomposed as a direct sum of subgroups Hy,-+, H,
with each H, stable under conjugation by 1 and consisting entirely of elements

of a single type.

Proof. Let o be any nonidentity element of H'. Put H, equal to the sub-
group of all elements of the same type as 0. This is stable under conjugation
by 7, as the effect of conjugation on the associated vector is multiplication by
£. Now suppose we have gotten subgroups H,, +-+, H, stable under conjuga-
tion by 7, each containing only elements of the same type, and with H &...
® H, a subgroup of H'. If this is not already H', then there is an element o
which is not in this direct sum. Let H,,, be the subgroup of H' generated by
the orbit of ¢ under the conjugation of 7 on H'. This has only elements of the
same type as 0, is stable under conjugation by 7, and its intersection with
H, ®...0 H, consists of just the identity. Thus H®...& H is also a
subgroup of H As H' is finite this process eventually exhausts H .

Definition. A subset of H' is independent iff the set of associated vectors
in &”~! is linearly independent.

Note that in any decomposition of H', as in Lemma 1, the number ¢ of sum-
mands of H' is always at least as large as the size of a maximal independent
subset of H'.

Lemma 2. In any a'ecomposztzon of H' as in Lemma 1, if the order of H,
is p , then m divides p’*

Proof. The subgroup of H generated by 7 acts on H, by conjugation, and
the orbit of every element other than the identity contains m elements.

The next lemma will allow us to assume that H' has a maximal indepen-
dent set of the largest possible size.

Lemma 3. If the size, s, of a maximal independent subset of H' is less
than n — 1, then there is a linear change of coordinates (X LX) —
n

(Yl’”" Y X, ) so that H' acts trivially on Y, RERALE Yn-l’
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Proof. By finite induction. Suppose the lemma has been proved for the sub-

group H" of all automorphisms dependent on the independent subset {o,, - -, oq}

via the new coordinates (Z,, -+, Z X,) and suppose {o,, .-+, 0, .} is al-

n=1’
so independent. Let ¢ be the vector associated to o, relative to the “Z”’ co-
ordinates. If c =0, we take Y. =Z. If c # 0, we may, by suitably reordering

the coordinates, assume that €q4l # 0. Then we define Y.=Z for 1<i<qg+1

and Y, =c Z fori>q+1. As c # 0 this is a change of coordi-

ig41 Cq +1
nates; moveover, for i > g + 1, 0q+1(Yl.) =Y. Now if o is dependent on
1 " " . .
{01’ cen, °q+1}’ then 0 =0 0" where 0" is dependent on {01, LRI Gq}, while
o' is of the same type as 0,,1- For i>g+1, Y, is invariant under dny ele-
ment of H" (e.g. 0") and also is invariant under 04,410 SO it is invariant under o.
Returning to our basic situation of H acting on k[Xl, ey Xn], we know
. . . . . . .
that the maximal possible size of an independent subset of H' is in n - 1; if
the actual size s of a maximal independent subset is less than n — 1, then
s+1° ceey Xn. So
we have an action of H on k[X,, -+, X_, X ] and Q*B will be an isomorphism

iff the map of Zariski differentials arising from the quotient map AS+! —AS+l/y

Lemma 3 tells us that H can be taken as acting trivially on X

is an isomorphism. Thus we may, and from now on do, assume that H' has an
independent subset of size n - 1.

Let lo), +++, 0 _ 1 be such an independent subset of H'. Put K equal to
the subgroup of H generated by these o’s and by 7. Then the p subgroup K'
of K is the direct sum of the subgroups K5+ K _, where K, is the small-
est subgroup of K containing o, and closed under conjugation by 7. Moreover,
each of the K. has order p” where r is the smallest positive integer such that
m divides p” - 1.

The proposition from which we will derive Theorem 1 will come from com-
paring the quotients A”/H and A”/K. The quotient map from A” to A"/H

we’'ve called B; for lack of a better name, the quotient map from A” to A”/K
will be called p.

Proposition 2. Under the assumption that H' bas a maximal independent
subset of size n~1, Q*B: OF —'(.B*QZA,,)H is an isomorphism iff H = K

A"/H
and m=p" - 1.

More precisely, if m = p” - 1, then Q%pu: Q% ,, (o — (u, 07 n)K is an iso-
morphism, while if m < p” ~ 1 then s (and hence Q%) is not an epimorphism. Al-
soif K+# H, then O*B is never an epimorphism.

Since all the varieties involved in Proposition 2 are affine and all the sheaves
are coherent we may, and do, consider this as a result in commutative algebra.

And this is how we will prove it. In particular we henceforth will speak of the
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ring A = Ie.[Xl yeee, Xn], the ring of invariants A" the inclusion B: AH 4,
the A-module Q7 , etc., instead of the variety A", the quotient variety A”/H,
. Z
the quotient map f3, the sheaf () At EEC .
The proof of Proposition 2 will consist of explicitly computing the ring A
and then the modules QZAK, (Q#, K, QZAH and (QZA)H. This will be accom-

plished with the aid of the following sequence of five lemmas.

Lemma 4. The coordinates in the polynomial ring A can be chosen so that
K acts as fX )= X, for i <n and (X ) =£&X , while oi(X].) =X, for i#j, and
ai(Xi) =X, +aX_ witha £0.

Proof. Suppose we have gotten coordinates Yi,eee, Y., Xk+1’ e, Xn so
that the ¢’s and 7 act as desired as long as i >k or j > k. Consider the inde-
pendent set {0, ++-, 0, ;). The proof of Lemma 3 shows that we can change

coordinates to Yl, ey, Yk-l’ Xk, Xk+1’ e, Xn with Xk a linear combination

of Yy, -+, Y, insuchawaythat 0(X ) =X, for i=1,..+, k-1 and g,(X,)
= Xy + 4, X . Note that necessarily a, # 0 for otherwise {0}, -+, 0 _ | would

7
be dependent. Now ak(Y].) =Y, +bX forsome b. Put Y '= bX, - @Y.

'
k=12 Xk’

*+» X, for which the o’s and 7 act as desired as longas i>k~1 or j>k-1.

Then ak(Yj') = Y].'. Thus we now have the coordinates Yl feee , Y

Since this process can be started with k£ = » and must stop when k = 1, we are
done.

From now on we assume we have chosen such a coordinate system.

Lemma 5. If the automorphism o of the polynomial ring k[XI, cee, Xn] is
given by O(Xl) =X, + aan (a €k, a£0, q apositive integer) and (o) is the
group generated by o, then A2 klU, Xysere, Xn] where U = le -
ab-lx Q(P—I)Xl_

n

Proof. Write B for kU, Xysoees Xn], and note that B C A7, Moreover,
X, is a root of the monic polynomial P(T)=T? - a"'IXn 26=1T _ U over B,
so A is integral over B. Since P(T) has degree p and o has order p, the
quotient field of B is the field of invariants of the action of o on the quotient
field of A. As A is integrally closed, B = A7 follows.

As every element of K, has the same type as 0,, it follows that each ¢
in K, acts on A in the fashion a(X].) =X if i#7j, and O(X{) =X, +a,X .
Proposition 1 shows that K, is a direct sum of cyclic groups of order p.

The next three lemmas provide an inductive computation of Akt To sim-
plify the notation we use G5 *++, 0, tostand for independent generators of K,
so that K, =(0)® .-+ & (9,). Note that this use of the symbol 0, has nothing
in common with its earlier use. We write K, for the subgroup of K, generated

by Ol,o.o’oi.
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K,
Lemma 6. Suppose we know that, for 1 <i<s, A 'i= k[Ui’ Xy, x"]
where U.=U. P —gpb-lx @=-10p'"1y,
i i-1 i n i-1
Uy =X, . Suppose also that o is an automorphism of A having the form o(Xj) =
X; for j>1 and olX\) =X, + X, a# 0; that oU,_)=U__ +cX 0"\ c40;

that o acts nontrwially on AKIs | Then o(U )— U + bX P° with b ;4 0 In
particular, if we assume that, for all ]>s, o; (U )— Ug_, + c; X, p® wztb
c; # 0, and that o, acts nontrivially on A “, tben o(U Y=Ug + b X, 2 where

b]. = (Cj - c]a b= 1) Moreover, it follows that A K1 s“ (AKIS s+1’ _
kU X s X Twith U =U -b b-lx (=-DpSy
n s s+l n s

s+l1? 422" s +1

with a. a nonzero element of k, and

Proof. Since olU)) = U  +bX % with b = (c? —ca ?=1)_by computation—
and a(X ) = X; for j> 1 o w;ll act nontrivially on A Kis iff b £ 0. The remain-
der of the lemma follows from Lemma 5.

Kis

Once we prove that O ,1 acts nontrivially on A (and this is done in

. . . . K
Lemma 8) Lemma 6 provides an inductive computation of A" !

Lemma 7. Suppose that o and o are two automorphisms of A which act as
o(x) X; —a(X) for j>1, olX ) =X, +aX 2% 4nd o'(X)) =X, +bX 2% for
some nonnegatzve integer q. If o' acts as the identity on A< ) tben o' = for
some 0<s<p-1, ie. b=sa.

Proof. A= k[U, X Xyreeer X ]w1th U=X p_ap 1X pa-Dy 1» SO a
acts on A as a(X)—X] for j>1 and AU = U+ (P — at p)x p9+1 rpu
o' acts trivially on A iff b =0 or a1 =71 je. b=0or b= fa for &

a (p — 1)th root of unity. Since the (p — 1)th roots of unity in k are 1, 2,
p — 1 the lemma follows.

, . . K
Lemma 8. With the notation as in Lemma 6, 0,1 4cts nontrivially on A li

Proof. We will actually show that if o is an automorphism of A having the
form o(X,) = X, +aX_ and O(Xj) =X, for j>1 which acts trivially on akti
then o € K,,. Lemma 7 (with ¢ = 0) is just the case i =1 of this claim. As-
sume that the lemma is true for i <g + 1. Consider an automorphism o having
the above form whose restriction to A<1:9+! s erivial . Look at both o and

. K
0, as restricted to A la,
Lemma G tells us that this ring is k[U X,y +++5 X,] and that o(U ) = U, +
bX pq, aq“(U )= U, +cX, % G acts mv1ally on A 1‘1, so Lemma 7 tells us
S

-5
that o=0,, when restncted to this ring. Thus 00, 1 is the identity on
-S

Ky
q . . . . .
A and so 00, 1 is in Klq. Therefore, ¢ is in Kl’t”1 and the lemma is

proved.
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- q
Corollary. Akt _ k[Ul, Xy eees Xn] where U, = b chnpr qulp (the
sum being from g =0 to q =r), with c =1 and c, £ 0.

For any om K' but not in K, we note that o(U )=U Uj,so K, ®:.- &

K,_, acts on A¥1 jn sucha faShlon that we can mducuvely compute AK I. The
result is
1 .
Proposition 3. AX' —k[U,, -+, U, |, X Vwhere U, =T ¢ x Pr=#9x P

(the sum being from q =0 to q =7r), with ¢’ ~1 and c* | #0.

Clearly 7(U)) = U, so AX = (AK "\ 2 k[Ul, ey U X ™) As AK s a
polynomial ring Q is a free module and so is naturally isomorphic to QZA K=
K(dU .. a’Un_ d(Xn"’)), i.e. the free AX module generated by dU , +--,
u__,, d(Xn”'). As ¢’ £ 0 this is the AK submodule of Q%, generated by
X =2 X P X m’lan where o, = X dX,- X dX .

@ys n- n’
Now we wish to compute Q* ) and to do thlS we W1ll compute (Q%,) 1

@, L finally (Q7,)K.

Let w = 2 a dX_ be an element of (0% ,) K1 and let o be an element of K,.
Then olw) - w = 2 (o(ai) - ul.)Xm. + aoo(ai)dxn = 0. (Here as before o(Xl) =
X, +a,X, and 0(X)=X for j>1.) Thus ola)) =a, for i <z and ola ) -

=- doﬂl But as o 1s ramified at X _, @, must be of the form al'Xn for

1

3 “in A1, so ©w=a, [X Xm*deXn]+a2dX2+---+an_lan_1+

ra +a, X ]dX , which is in 4K (co dX,, -+, dX \, which in turn is containea
in (Q%,) KL hus Q2 ) _A"l(w dY ,dX ).

Sxmxhar computations show that (Qz \" = 1K (w e, dX ).

Now (Qz X' and 7, )™ are both subsets of QZA and their intersection
is (Q%, K., But AT - k[X s X6 X '”] so (Q%, ) = Q% i =
A<”(dx ceedX X m1gx e Soif w e (QF K, then ®=bdX +---+
b,_ ldx 1t b X '""ldX thh b, € A7 and also w Sao e ta, o
+a, dX with a, € AK . Comparmg coefficients we see that b =aX, for i < n.
But as b € A" the fact that X divides b, 1mplxes X, m leldeS b and so

a,=a, 'x ”"1. And as a; GAK it follows that a, GAK . Now

some a

—3 * s 0 ’m—l— D% . e 0 ! m-l
a,=a; X + +a, X, | +b,X] =la,'X, + +a lxn—l+bn]xn ,

n-—-

.. ' ' ' ' -1
w = - m=1.
or writing a [a1 X, + ta, X+ bn], a,=a X ; and here too

we have a ' € AX". Thus o= a0 +vvva, o |+ a,'dX Ix ™1,
which is in X "1, oo, X "7 lo |, X 771X ). Thus (7 ,)K =
AKX, ), - T

Thus Q%p: QZAK —‘(QZA,‘K, always an inclusion, is not an epimorphism if
m < p" - 1; for then Xnm_lwl, for example, is not in its image. Thus, Q%p is
an isomorphism iff m = p" - 1.
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Clearly Xn”"'lwi and Xn'"‘lan are in (9% ), so (@ ) =
ARx mlg ..., xnm-lwn_l,xnm-ldxn). Soif m<p’~1, then X ""la,
for example, is in (QZAV)H but not in the image of Q%B, i.e. Q%8 is not surjec-
tive.

To complete the proof of Proposition 2 we must show that if m = p” — 1, then
Q7B is an isomorphism iff H =K. As @ , = (@F K when m =p"~ 1, the
““if”” part is done. Now suppose H £ K, so thatalso H' £ K'. Let o be an ele-
ment of H' not in K' and let H, be the subgroup of H generated by K and o.

Note that the p subgroup of H, is the subgroup of H' generated by K' and o.
Lemma 9. o acts nontrivially on AK,

Proof. If o acts trivially on AK , then o acts trivially on AK' , and so it
K18 ®Kn-2_41u, Uy X, X ) as olU) = U, olX, )=
X, _ptaeX , o(X )=X n As 0 acts tnvxally on A Lemma 8—su1t1ably inter-

preted—shows that there is an element 0 _, of K _, so that aon_l“l acts as

K1®+®K, _>

actson A

the identity on A . Similiar such arguments—using Lemma 8 at each

stage—show that there are o0, € K, so that o(o) «-- an_l)"l acts as the iden-

. . !
tity on A. Thus o=o0 o,_, and so is an element of K.

Lt O,y
Thus by making a suitable change of coordinates we may assume that o

acts on AKX as oU)) = U, +bX P with b £0, o(UJ)—U for]>1 and

oX )=X_. From this we deduce tha AK - (AK YOk, Uy eee, U X P
where V| = U ? —5X,2*®=DU . Thus A" k[vl, uz, Un—l’ an' 1,
and so Q aH1= AHl(dV du,, dUn-l’ Xn""'zdxn). Thus even if m =

p’ -1, if H#K, then Qzﬁ is not surjective as, for example, 4U, is not in the
image of (*B as it is not even in QZAHI . This completes the proof of Propo-
sition 2.

Proof of Theorem 1. Let x be one of the points of codimension 1 passing
through x, and let H be its ramification group. If the order of H is prime to
p, then Qzﬂy is an isomorphism by Theorem 3 of Chapter II.

If H satisfies (b), then H' = H ®... ®H where each H. is invariant
under conjugation by 7 and each has order p”. From our earlier work we may
assume that H acts on A =k[X, -+, X ). As 7 acts on H. by conjugation
and has order p” — 1 while H, has order p’, it follows that all elements of H,
have the same type. But then, as remarked just before Lemma 2, the size of a
maximal independent set in H' is no more than ¢. Now suppose {ol, ceey, as}
is a maximal independent set in H'. Then by Lemma'3, H' can be assumed to
act trivially on X _
SRR
the corank of the decomposition ideal is ¢, therefore t =s. In fact if o, is any

NERRED X". Therefore the decomposition ideal of H contains
, Xn) and so has height > 7 - s and corank <s. Butby assumption
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nonidentity element from H,, then {o, -+, 0} is a maximal independent subset
of H'.

Now, as established in the remarks immediately following Lemma 3, we may
safely assume that t =n - 1. Let K, K " and K, be as defined earlier in the
text. K,CH_ and m divides order (K.)-1, and so K,=H. But then K'=H'
and K = H. Proposition 2 now tells us that * is an isomorphism, and so by
our original reduction O’Zﬂy is also.

For the converse, note that either the order of H is prime to p (condition (a))
or not. If not, but Qzﬂy is an isomorphism, then Q*B is also an isomorphism.
Let {al, cee, at} be a maximal independent subset of H'. Form K, K' and the
K, as in the text. Considering H as acting on the local ring A(Xl:"’:xn)' the

decomposition ideal will be the extension of (X o, Xn), and this has co-

rank ¢. But the morphism from Oo to O establits+l:ed in the first reduction at the
beginning of this chapter induces a bijection between the prime ideals of the two
rings, and so the corank of the decomposition ideal of H acting on O is also t.
Again the remarks following Lemma 3 tell us that we may assume that ¢t =n - 1.
But then by Proposition 2, H=K, H' =K'= K, ® ... ®K, each K, has order

p” and K/K' has order p” — 1. Simply putting H,= K, gives condition (b).
CHAPTER IV. EXAMPLES AND COMPLEMENTS

The theorem of Chapter III does settle one important case affirmatively.
(Keep in mind that the base field is algebraically closed.)

Proposition 1. Let X be an arbitrary nonsingular variety. Let G be the
r-fold symmetric group acting on X" by permuting the factors, so that X'/G is
the r-fold symmetric product of X. Then ¥n: szr

_,("*szr)G is an iso-
morphism.

/G

Proof. If the dimension of X is greater than 1 or if the characteristic of &
is not 2, then 7 is tamely ramified at each point of codimension 1. If the dimen-
sion of X is 1 and the characteristic of K is 2, then the inertia group of a point
of codimension 1 is Z/2Z and, as G does act linearly, condition (b) of the
theorem is satisfied.

Remark. This proposition holds equally well if any subgroup of the symmetric
group is used for G, as the inertia group of a point of codimension 1 will be
either the identity of Z/27Z.

Another case which is rather easily settled is when a group G acts linearly
on a 2-dimensional variety. For simplicity suppose the characteristic of & is
p # 0, and suppose G is a linear group of automorphisms of A2, which is the

ramification group of a point of codimension 1. As G can contain only one type
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of automorphism, the order of G is mp” where m divides p” — 1. In this case
Theorem 1 of Chapter III tells us that *7 is an isomorphism iff the order of G is
prime to p or else is (p” = 1)p” for some r > 0. Thus in the case of dimension 2
we have an isomorphism iff the inertia group at every point of codimension 1 has
the “‘right’’ order.

Now suppose G is a linear group of automorphisms of A”, n> 2, which is
the ramification group at a point of codimension 1. If the order of G is divisible by p,
but Q%7 is an isomorphism, then the order of G is (p” — 1)p"° with s <=n. Unlike
the case n = 2, the order of G being “‘right’’ is not enough to insure that Q%7
is an isomorphism. In fact with k algebraically closed, for any positive integer
r, any n> 2 and any 1 <s <n there are groups G and H of order (p” — 1)p”s
which act linearly on A”, are ramified at a unique point of codimension 1 and are
the ramification groups of that point, so that for G the map of Zariski differentials
is an isomorphism, but for H it is not.

Example 1. Let A =[x, ..., X 1 with n>1. Let r be any positive inte-
gerand 0<s <n. Let G be the group of linear automorphisms of A generated
by a(X)—X +X for 1<i<s, o(X)—X for j #i; T(X)— ]. for j<mn,
r(X ) fX W1th f a primitive p’ —-1 root of unity. In thlS case G is ramified
at (Xn) G is the ramification group, and the decomposition ideal has corank s.
Putting G, equal to the smallest subgroup of G which contains o, and is closed
under conjugation by 7, we see that G' = G,®...®G_ and that each of these
has order p”. Thus in this case the quotient map induces an isomorphism for the
Zariski differentials.

Example 2. Let A, n, 7 and s be as in Example 1, except assume that
s >1. Let H be the group of linear automorphisms generated by o, (X ) = X, +
€X with £, a primitive p? ~ 1 root of unity for 1 <i<s, o(X )= X, for ]> 1;
r(X ) = X for j<n, r(X ) = fX with ¢ a primitive p” - 1 root of umty H is
ramxfled at (Xn) and H is the ram1f1cat1on group. H has order (p" - 1)p"™S a
desired, but H' has elements of only one type, while the corank of the decomposi-
tion ideal is 7n — 1. Thus in this case Q%7 is not an isomorphism.

Remark. If, in Example 1, mm' = p" = 1, then by considering instead of G
the group generated by 7 and the o’s we will get a group of order mp™ with
m <p" —1 so that the condition “‘m = p” = 1’* in part (b) of the theorem is not
redundant.

If H is the ramification group of some point of codimension 1 on A” and H
acts linearly, then of necessity the order of H is mp” with m dividing p" - 1.
While the order of H does not—except when 7 = 2—tell us if Q%7 is an isomor-
phism, it does go a fair way. If the action is not linear, then even if n = 2 the
order seems to tell us nearly nothing. In particular the order of H will be mp”
with m prime to p, but m need not divide p” - 1.
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Example 3. Let A = k[X, Y] with the characteristic of k£ =2. Let H be
generated by o(X) = X, oY) = Y + X?; #(X)=€X, «(Y) = Y with £ a primitive
cube root of unity. Note that o7 =70 so that H is the cyclic group of order 6.
Thus m=3, p=2 and r=1 so that m does not divide p" - 1.

1]

By computations similar to our earlier ones we find that AH
K3, (Y + X3, Q7 = AF(X%dX, X2(YdX + XdY)) and (Q% )
AH(X24X, X?(YdX + XdY)). So in this case the map Q%7 is an isomorphism.

Example 4. Let A = k[X, Y] with the characteristic of ¢ = 2. Let H be
the cyclic group of order 2 with generator ¢ acting by o(X) = X and o(Y) = Y +

It

X2. If this were a linear action, then we would have an isomorphism of Zariski
differentials. But here A" = k[X, Y(Y + X?)] so that Qz = Afldx, x2ay)
while (Q%, W - AH(dX, dY). Thus the two modules are not 1somorph1c.

In general the situation for nonlinear actions, even on affine space, seems

very different. Results of computations have led me to feel that isomorphisms

are very rare and '‘accidental’’.
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