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ISOMORPHISM OF SIMPLE LIE ALGEBRAS
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B. N. ALLISON

ABSTRACT. Let £ and £ be finite dimensional simple Lie algebras  over a

field of characteristic zero.   A necessary and sufficient condition is given for

£ and £  to be isomorphic.   The anisotropic kernel of £is also studied.   In par-

ticular, a result about this kernel in the rank one reduced case is proved.   This

result is then used to prove a  conjugacy   theorem for the simple summands of

the anisotropic kernel in the general reduced case.   The results and methods of

this paper are rational in the sense that they involve no extension of the base

field.

0. Introduction.  Let J- and it' be simple Lie algebras over a field í> of char-

acteristic zero.   In this paper, we study the problem of determining when i. and

i.   are isomorphic.   One approach to this problem has been taken by Satake in L3]

and Tits in [6].   (They actually studied the corresponding problem for algebraic

groups.   See Seligman's [4] for their results in the Lie algebra case.)  Their method

involves extending $ to a splitting field ÎÎ for i- and =L and then using the classi-

cal criterion for isomorphism of =La and °Lo, .   The main theorem of Tits and Satake

is nonrational in the sense that both the statement and the proof of the theorem

involve the extension field 0/0 in an essential way.   Our main theorem (9.1) on

the other hand gives rational criteria for isomorphism of i. and X.  .   The proof of

9.1 is also rational and makes no use of the Tits-Satake result.

Vyl through 5 provide us with the tools which will be used in our study of

the isomorphism question.   In §6, we give rational proofs of certain results about

the anisotropic kernel in the reduced case.   In particular, we prove a conjugacy

result for the simple summands of this kernel.   The basic tool here is the study of

the rank 1 case.   In §§7 and 8, we return to the preparation for the proof of 9.1.

In §9, we state and prove the isomorphism result.

In the succeeding sections, we will introduce notation for certain objects

associated with i..   It will be assumed without comment that the corresponding

primed notation has been introduced for J-  .
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1. Preliminary facts about Jl.  In this section, we introduce certain fundamen-

tal notions about the simple algebra Jl.   Proofs for all the results of this section

can be found in the first three sections of [4].

1.1. A split toral subalgebra of Jl is a commutative subalgebra X such that

adj¡>(K) is semisimple with characteristic roots in $ for all  K € X.   We assume J

is a maximal split toral subalgebra of Jl. Any two such subalgebras are conjugate

under the automorphism group of Jl.   The dimension r of J  is called the rank of X.

1.2. We may write Jl = ©2   Jl      where y runs over all elements of the dual

space T* of J and £y = {L e £: [L, T] = yiT)L for all T 6 3"¡.   The y e J* for

which Jl    ^ (0) are called the roots of J .   Let 2 be the set of nonzero roots of 5'.

Then,

£ = £o®r?A.

where Jlq is the centralizer of S in Jl and hence J Ç Jlq.

1.3. Let £ be the center of £„.   Then, J Ç (2 and £Q = £ © [£Q, £„], where

[i_0, oLQ] is semisimple.   [Jlq, Jl0] is called the anisotropic kernel of Jl.   If Jl„ =

J , we say Jl is split.   In the split case, J  is a Cartan subalgebra of Jl.   In any

case, J  is always contained in a Cartan subalgebra of Jl.   If J = (0), Jl is said to

be anisotropic.

1.4. We have [Jl   , JCg] C Jl      j for y, 8 e J   .   Thus, if y e 2, we have [L   ,

LQ] C Jl    and hence Jl    is an JL0-module under the adjoint action.' In fact, Jl    is

an irreducible JLQ-module.   We denote the corresponding representation by Jlq _2£

End . (Jl   ).   If y, 8, y + 8 6 2, we have  [Jl   , JLg] /= (0), and hence, by irreducibility,

\X-7, i-s] = ̂ -r+s-
1.5. We denote the Killing form of Jl by ( , ).   This form when restricted to

Jlq, S, (_, or [Jlq, Jlq]  is nondegenerate.   We obtain a corresponding form ( , ) on

the dual space J    in the usual way.   Let \    be the Q-subspace of J    generated

by 2.   Then, y_ generates J     as a <I>-space and  v    has dimension r over Q.   The

form ( , ) restricts to a positive definite form on y    relative to which 2 is a roor

system, i.e., if y, 8 e 2, then 2(y, S)/(S, 5) is an integer and y - j8 € 2 u [0!

for every integer / between 0 and 2(y, 8)/(8, 8).   We may choose a fundamental

system II for 2, i.e. a linearly independent subset II of 2 such that every element

of 2 is a positive or negative integral combination of elements of II. 2     (resp. 2 )

is defined to be the set of positive (resp. negative) roots relative to II.

1.6 If y € 2 and ky e2 for some k e <&, then k = ± ]/2, ±1, or ±2.   If 2y ¿ 2

for all y e 2, we say Jl is reduced.

1.7 We may associate a Dynkin diagram to II in the usual way with the follow-

ing additional convention:   If y e II and 2y e 2, we place a square around the point

of the diagram corresponding to y.   If Jl is reduced, only the usual possibilities

exist for the Dynkin diagram.   If Jl is not reduced, the Dynkin diagram is either
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*=B or H•   .    • c

(the first possibility exists when r > 1  and the second when r = 1 ).   In either

case, we say i- is of the type BCf.

1.8. For ye X, define X2   ^    X£ DY f  r= ( ~ 2^6' yV(yt y)   for ff^.

The group W generated by !^.y!ye2 is called the Weyl group of X..   UJ is generated

by Uylyen-

1.9. Suppose y e X. Then, there exists a unique element T of J such that

T e [£ , £_ ] and y(Ty) = 2. Moreover, for Xy 4 0 in £r, there exists V^ ^ 0

in X-_     such that \.Xy, Y   ] = T„.

Putting S    =$X    © $i    $$y   ,S     is a three dimensional split simple

Lie algebra with multiplication table [Xy, Yy] = Ty, [Xy, Ty] = 2Xy,  ÍYy, T ] =

- 2 y   .   The representation theory for a     is well known (see for example p. 83 of

Ll] or p. 6' of [4]) and will be used without comment.

1.10. lTy\yen is a basis for S and hence J has a basis consisting of ele-

ments T such that ado(T) has integral characteristic roots.

1.11. Lemma. Suppose Jl —> End ^ (Ö) is a representation of X. Then, LÇ

is semisimple and Tp is semisimple with characteristic roots in $ for LQ e i_0

and T e J.

Proof.  For y e X, it follows from the representation theory for a    that Ty is

semisimple with characteristic roots in $.   Thus  Tp has the same property for

T e J .   Since ¿-q is completely reducible (by Theorem 3.18 of [l]), it remains only

to show that if E e Lp is nilpotent, then E = 0.   Suppose E 4 0.   By Theorem

3.17 of [l], there exist nonzero H, F £ £g such that [E, F] = H, ÍE, H] = 2E, and

ÍF, H] = - 2F.   From the representation theory for $E © $ H © $P, it follows

that ad   AH) is semisimple with characteristic roots in 3>.   Hence, H 6 J'".   But

P and P do not commute, giving a contradiction.

1.12. We define G to be the group of automorphisms rf> oi a. such that J    = J

and rp = exp(ad(Lj))... exp(ad(L¿)) for some Lj, L2,.. . , L, e £ such that ad(Lj),

• • • , ad(L, ) are nilpotent.

2. Reductive algebras and inner automorphisms.

2.1. We recall that a reductive Lie algebra is a Lie algebra M such that M =

centerOlï) © y\i, Mi and Dïï,Dïï] is semisimple.   In particular, £„ is reductive.   The

following lemma is well known:

2.2. Lemma.   // 3 is an ideal of a reductive Lie algebra M, then a = (§ n

center^)) ©fin DR, TO).

2.3. Let JTÏ be a reductive Lie algebra.   An automorphism ifi of M is said to be
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inner if there exists a finite extension Q/$ and elements M.,. • • , M, £ JIIq such

that ad(M, ),•••, ad(M^) are nilpotent and 0 = exp(ad(Mj)). • • exp(ad(Mfe)).

2.4. Lemma.  Let if/ be an inner automorphism of a reductive Lie algebra JÍi.

Then,

(i) if/ commutes with the centrum of M,

(ii) if/ fixes the elements of centerQÏÏ),

(iii) if/ stabilizes each ideal o-fM,

(iv) // 3R —♦ End.(ö) is a representation of M such that Mp generates End^fu)

as an associative algebra with 1, then there exists an invertible element rj of

End^C) such that r¡~ l Mpr¡ = (M^)p for Mel.

Proof,  (i), (ii) and (iii) are clear.   To prove (iv), choose O/O and Mj,..., M, £

Ml ¡j as in 2.3.   We may assume M j, • • • , M,  £ DU, 1] ñ and íí/$ is Galois with

Galois  group C,.   Since adr^  jji   (AL) is nilpotent, Al^ is nilpotent, z = 1, • • • , &.

Moreover, one easily checks that if f = exp(M^). • • exp(Mf), then (M^O1" = f~   Mp ¿;

for Mel.   Then, applying Hubert's Theorem 90, it is easy to see that a¿; £

End#(ö) for some a £ 0 .   Put r¡ = a¿¡.

2.5. Lemma.  Suppose if/ £ G fixes the elements of S.   Then </f|JL0  is inner.

Proof.  Write iff = iff if/ , where ift    is semisimple and if/    is unipotent.   Then,

if/    and if/     ate automorphisms  of Jl fixing the elements  of 3" and if/    =

exp(log((/f  )).   log(i/f  ) is a derivation of Jl which is zero on J .   Hence, log(i/f  ) =

ad(L) for some  L £ Jlq.   Thus, ad(L) is both nilpotent and semisimple (by 1.11).

Therefore, ad(L) = 0 and hence if/ = if/     is semisimple.   Let JLj   be the set of ele-

ments of Jl fixed by if/.   If 0 is the algebraic closure of $, (Jlj)^ contains a Cartan

subalgebra of (°l)q (by Theorem 7 of [2]).   But then since Jl    is reductive (Theo-

rem 1 of [2]), any Cartan subalgebra of JLj   is a Cartan subalgebra of Jl.   However,

one such Cartan subalgebra K can be chosen containing S.   Thus, there exists a

Cartan subalgebra K of Jl containing J  and fixed by if/.   Since K is abelian, H C Jlq.

But then H = C ffi (X n U-0, Jlq]).   Thus, if/ fixes the elements of C and the ele-

ments of a Cartan subalgebra of [Jlq, Jlq].   This implies that if/\£-0 is inner.

3. Subalgebras of Jl. Suppose P is a nonempty subset of 2 such that y - 8 ¿2

for y, 8 £ P and P    Ci   for some W £ ib.   Let Yp be the Q-subspace of y    gen-

erated by P.   Let \P) (resp. \P) ; \P/~) be the set of y 6 2 which are integral

(resp. positive integral; negative integral) combinations of elements of P.

3.1. Lemma.  \P) is a root system in yp with fundamental system P.   Hence,

(P) = {P)+ u <P>- and (P)+ O ( P>- =0.

Proof.  In this proof, n    and «g denote nonnegative integers.   \P) is clearly

a root system.   P is linearly independent by Lemma 4 of [5]-   To complete the
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proof, we must show that if X«y > 1 and Sns> 1, then XWyy- X«SS / X, where

y and 8 run over disjoint parts of P. This however follows from an easy induction

on  1ny + Xzg.

3.2. Put £P = Xy e (p) L£y, £_r], f = f>(eSrf(P) £y), and let %p

be the centralizer of X.    in ¿-0.

3.3. Lemma. ¿0 = X     pL£y, £_y] and ^     is the centralizer of X y€pX

in =Lq.

Proof. Suppose  Z ei0 centralizes X     pi.     and suppose 8= 'iyepnyy £

\P).   We must show that L^g, £_ g] Ç Xp L°Ly, £_y] and that Z centralizes =LS.

If Xtt., > 0, these assertions follow easily by induction on Xn     (using 1.4).   Sup-

pose  X«    < 0.   Since  LXg, =L_g] = L <*-_s> £g]> we need only show that Z central-

izes Xg.   But Z centralizes £_§ and hence for Lg e ¿L§ and L_g e¿L_g, (LPg,

Z], P_S) = (L8, ÍZ, L_s])= 0.   Thus, [Ls, Z]= 0.

3.4. Proposition,   (i) XQ = ¿    © ¿L„, where «     and A.,   are orthogonal ideals

of £0.

(ii) i.     z's a semisimple subalgebra of X. with maximal split toral subalgebra

Jn£P^y = (Jn2p)©(în^).

(iii) \P) zs r¿e z-ooí system of X    relative to S O i_0 and X.    = oLfl  ©

(X      (p^ =L   )  ¿s /¿e roo/ decomposition.

Proof,   (i) i   and  £0   are certainly ideals of =lq.   Let (=LQ )    be the set of

all Z e i.0 which are orthogonal to j_0.   We must show that ¿>    - \xQ)    and

«    ^ J-Q = (0).   The first fact follows easily from the invariance of the Killing

form.   Suppose Zf «    O i.Q .   Then, Z = "£ .[M -, N ■], where for each z there ex-

ists  y e \P) such that AL e X    and /V. e =L_y   Since  Z e %   , we have  LZ, M.] = 0

for all i.   Thus, ad£(Z) = X¿[adf (AL), adf(/V.)] and Ladf(Z), ad£(AL)] = 0 for all i.

By Lemma 2.4 of [l], adp(Z) is nilpotent and hence, by 1.11, Z = 0.

(ii) X     is certainly- a subalgebra of X.   To show that X,    is semisimple, we

show that any abelian ideal J\ of X     is (0).   By (i), .a is normalized by XQ and

hence by J .   Thus, 5\ = (5\ n i,0) © (Xy£ <p) ÍR n £   ).   Suppose for contradiction

that 31 O £y ^ (0) for some y e(p).   Choose  Xy ¿ 0 in ÍR n £y.   By 1.9, there

exists   yy e £_y such that [Xy, yy] = Ty.   Then, yy = lA\iXy, Yy], Yy] 6 ÍR.

But  LX   , yy] ¡¿ 0 giving a contradiction.   Therefore, S n £y = (0) for all y 6 (p).

Thus, £ Ç ££.   But for y e (P>, L£y, ÍR] Ç ÍR n £y = (0) and hence S Ç 2P.  Thus,
% Ç ÎP n 2P = (0) and hence S = (0).

To prove that J = (J Pi 2P) © (J n £p), it suffices to show that if  T e J,

Tj e A?   , T2 £ XQ, and  T = Tj + T2, then  T2 e J .   Since  T2 £ XQ, it suffices to

show that adf (T2) has characteristic roots in 0.   Now, ad„p (T2) = ad  p (T) and

therefore  ad   p(P2) is semisimple with characteristic roots in $.   Thus, we may
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imbed   T~   in a maximal split toral subalgebra of Jl   .   Thus, by 1.11, adjp(T2) has

characteristic roots in 0.

J  n X.     ¡s certainly a split toral subalgebra of Jl   .   Suppose J\ is a split

toral subalgebra of Jl    containing J  n Jlq .   Then, (J D aj   ) © J\ is a split toral

subalgebra of Jl containing J  and hence (J  n ¿   ) © J\ = J .   Thus, J  O Jlq = J\.

(iii) Since J = (J ^ ¿ ) © (J O JLn), we may identify each element of \P)

with its restriction to J n Jlq. (Each such element is zero on J n« .) (iii) is

then clear.

3.5. By 2.2, we have ££ = (ÊjnC) ©(££ n[J?0, £„]).   We define

fip = [£^£p = ££n[£0,£0]

in which case Ci     is the anisotropic kernel of Jl    and Jlq = (Jcn O c) © Lt   .

3.6. Let y e 2.   Applying the definitions of 3.2 and 3.5 to P = [y!, we define

Jl^, Jl^, 2r, and U-r.   If y, <5, y + 8 £ 2, since Jl      g = [£   , Jcs], we have %y t~\

zsc%y+\

3.7. Lemma. Let y £ 2 a«¿ Zer il be a nonzero ideal of Jl^. Then, Û. aioes

wor commute with any nonzero element of Jl

Proof.   Let t = {Lyely: [Ly, 3] = (0)}.   We must show that 1 = (0).   Since

(l is an ideal of Jl^, M is an JL0-submodule of Jl        But since LI g! &   , we have

K¿£y.   Thus, 1 = (0).

3.8. By 3.3, we have  Jlq = 2yep£^ and hence SP = 2      pSy.   But Jl     is

certainly an nonzero ideal of Jl and hence Jl = Jl   .   Thus, Jlq = 2      jjlj and

[£  £ i - 2     ®yix0, x0j _ ¿ren^  .

4. The centrum of Jl.  The centralizer T of adjp(JL) in End^(JL) is called the

centrum of Jl.   (See Chapter X of [l].)   T is a field and Jl is an algebra over Y,

where scalar multiplication by c £ Y is defined by cL = Lc for L £ Jl.   Jl is said

to be central if T = í>.

4.1. Proposition, (i) VJ   is a maximal split toral subalgebra of Jl/I"1.

(ii) The map  Y ®qS —' Y S is a ^-isomorphism (and hence we may identify

^-linear maps S —> 3> with their extensions to Y-linear maps Y S —► Y).

(iii) With the identification of (ii), J and Y S have the same root systems and

root decompositions.

(iv) // Ü is an ideal of [Jlq, Jlq]/Í>, then LÎ is an ideal of [Jlq, JLQ]/r.

Proof,   (i) Y7 is clearly a split toral subalgebra of X./Y.   Suppose Jv is a

split toral subalgebra of X./Y containing TJ .   By 1.10, J\ has a T-basis consist-

ing of elements R such that ad^(P) has integral characteristic roots.   Each of

these elements must lie in J  and hence Jv = Yj .

(ii) and (iii) Let   y £ 1 U \0\.   Then, for c £ Y,   T £ 7, and   Ly £ £     we have
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ÍL   , cT] = cÍL   , T] = cy(T)L   .   Thus, there exists a T-linear map Y S —• T,

which we temporarily denote by y, such that X.    C £~ and y(cT) = cy(T) for c£Y

and  T £ J .   Thus, £ = X£~ and, since the y are evidently distinct, this sum is

direct.   But X. = ©X£    and hence £_. = £~ for y £ X U {0¡.   Hence, 7V = T~
/ / y ' y y

for y e X.   Therefore,

dimr(rJ) = diniQÍQ-space generated by T^r, y 6 Xj

= dimgig-space generated by Ty, y £ Xi =  dim    (3").

(ii) and (iii) are then immediate.

(iv) O = [Ö, £0] and therefore TO = HS, £q] = [ff, r£Q] = [ff, £<,] = ff.

4.2. Proposition. Lei y e X sb¿ let Y be the centralizer of X-0y in End4(£ ).

Then, the restriction map defines a monomorphism Y —> Yy of <f>-algebras. If y is

conjugate under (l) to the highest root of X, then this map is an isomorphism, YT   =

Proof.  Since elements of Y commute with ado(J ), the above restriction map

makes sense, i.e. the root spaces of £ are stabilized by elements of Y.   Since Y

is a field the map is a monomorphism of ^-algebras.   Denote.the image of an ele-

ment c of Y in Y    by c" and denote the image of F in Y    by Y.   Suppose now that

y is conjugate under IL to the highest root of X.   By rechoosing II, we may assume

y is the highest root of X.   Since Y Ç Y   , the centralizer of Y    in Endlj)(£y) is

contained in the centralizer of Y.   To show that Y = Y   , it suffices to show that

these two centralizers are equal.   Suppose 6 £ End^X   ) centralizes Y.   We may

extend 9 to a ^-linear map £ —> X. which centralizes Y, by putting 6 equal to zero

on £Q and on all root spaces of £ other than £y. Let £:^-»End^(£) be the adjoint

representation of £.   For any Lie algebra ff, let u(d) denote the universal en-

veloping algebra of ff.   Then, p (resp. p   ) extends to a representation «(£)
P

P.
End$(£) (resp. u(X.Q) —^» End(J)(£y )).   Since i/f centralizes Y, we may choose   U£

u(x) such that Up = \fi.   Let £    (resp. £~) be the sum of the positive (resp. nega-

tive) root spaces of £.   Then, by the Poincare'-Birkhoff-Witt theorem we may write

U = U0 + l/j + U2, where   PQ £ «(£„), P, £ £~«(£0 © £"), and  V2 £ £+«(£).

But  Pp stabilizes £      P^ maps £    into £0 + Xge2;_jyj£   , and  UP is -zero on £  .

Thus, 6 = v>|£y = Pp|£y = Pp|£y = Por|£y.   Therefore, 6 £ «(£</r and hence

6 centralizes Y     as required.

It is easy to check that (c Ty/2)Py = c for c £ Y.   Thus, Y = (YTy)Py Ç

(T(C n $y)fy = (C n çyjy ç ry and since f = ry and Py is faithful on ££,

we have YTy  -= g o££.   But by 3.5, we have ££ = «E n ££) © ffr = T Ty © ff?.

Since £Q? = (£^) y  we have the following:

4.3. Corollary. Suppose y £ X are¿ y z's conjugate under ffl /o r¿e highest root

of X.    Then, the following are equivalent:
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(i) Jl is central,

(ii) x7  is central,

(iii) Jlq     generates End$(£   ) as an associative algebra with 1.

4.4. Corollary.  Suppose £ is of type A, D, or E.   Then, £Q = Y T © [£Q, £„].

Proof. £0 = 2yen££ = 2yenrrr © ay = rJ © [£0, £0].

5. The automorphism <£ (w).    In this section, we recall the definition of cer-

tain automorphisms of Jl corresponding to elements of (l) and record some facts

about these automorphisms.   (See for example p. 38 of [4].)

5.1. Proposition.   Let W e ID.   Then, there exists (p(vl) e G such that

^vI(t"PW>) - ¿;{T) for T £ J  «W £ e v   •   Any /wo szzcè automorphisms differ by an

automorphism which is inner on Jlq.

Proof.  The last statement follows from 2.5.   It clearly suffices to prove the

first statement for W = W      where y £ 2.   Choose X    ¡¿ 0 in £_/ and Y_, ¡^ 0 in

£_y such that [X   , Yy] = T   .   Then,

oS(wr) = exp(ad(Yy)) exp(ad(Xy)) exp(ad(Yy))

is the required automorphism (p. 39 of [4]).

5.2. It follows from the proof of 5.1 that for each y £ 2, we may choose <pW  )

in such a way that the elements of ¿>'   are fixed by <f>ivl   ).

5.3. We assume from now on that for each W £ ÍV there is some fixed choice

of (ßiw)  satisfying 5.1.   The following is clear:

5.4. Proposition.   Let W £ ffi.   Then, £*(v2) = £0 and £*M ?-- £   ^ for y £ 2.

If P is as in §3, then (£p)^> = £pv2, (£p)^> = £pW, <2P)*M>7= 2pW> ^

(gP)¿W) = Ö*"*4.

5.5. Lemma.  Suppose y £ 2 and 2y¿2.   Tien, (££ ne) = jL0 e C: Lfvl7) =

- L0! a«¿ (Zy n C) = \L0 e (£: L*(,V = Ln|.

Proof.   By 5.1, the conclusion of the lemma does not depend on our choice of

(f>i*d   ).   Hence, we may assume c/>(w   ) fixes the elements of ¿r .   It remains to

show that LQ    y   = - LQ for LQ £ £y n C.   But, by 4.2, JlJ n C = rrTy, where

ry  is the centrum of £'.   This clearly implies what we are after.

5.6. We assume for the moment that £ has rank 1, £ is reduced, II = \y\, and

<f> = exp(ad(Y)) exp(ad(X)) exp(ad(Y)),

where X -/ 0 in £y, Y / 0 in £_y, and [X, y] = Ty.   Write S = $X   © $Ty © $y.

By the representation theory for fl, we may choose a basis for £ as follows:
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xoxr,-x«

S.S----S AnA,..-A12 m 0    1 n

Y  Y   • • • Y
' O1 1 ' n'

where the vertical lines are each bases for «-irreducibles; A . = LX ., y],   y. =\_A .,

Y] (i = 0, • • • , n); and the horizontal lines are bases for (from top to bottom) £„,

£0 and £_y.   We note that each S¿ commutes with X and y and hence ST = S{,

i: = 1, • • •, m.   If Jl. = $X . © $A . © $ y., one easily checks that the matrix of

<f>\Sl ■ relative to the basis  X., A., Y. is

i = 0, • • ■, n.   Thus, <f>   = 1, A:=-Ai (i = 0, • • • , n), and c/> is diagonalizable

with characteristic roots 1 and - 1.

Suppose now that 3 is a subalgebra of £Q stabilized by <f>.   Then, we may

write  5 = 3+  © J_, where 5+   (resp. 5_ ) is the eigenspace for <f> corresponding

to the eigenvalue 1 (resp. — 1).   From the previous paragraph it follows that

5+ = ii-rj e 5: U0, X] = Oj = \LQ £ 5: [LQ, Y] = 0}.

One also checks easily that  5+ and 5     are orthogonal to each other.   We have

[5+,5 + ]ç5+,ta.,5jç5+,and  [5+~5   ]Ç5   .   If 5 = tá, ál, then  tá+, á   1 =
L-

Finally, we note that AQ, • •. , A    is a basis for (£fj)_ and XQ, • • • , X    is a

basis for X      and therefore  dim^(£y) = dim^i 0)_).

6. Reduced, rank 1 algebras and their applications.

6.1. Theorem.  Suppose £ is a reduced rank 1 simple Lie algebra and II = \y\.

Then, the only ideals of L£0, £Q] stabilized by çS(w   ) are (0) and \.XQ, £Q].

Proof. By 4.1, we may assume £ is central and hence, by 4.4, £Q = J  © L£Q,

<^0].   We use the notation of 5.6 and we may assume <f>(vi   ) = (f>.   Suppose for con-

tradiction that there exists a proper nonzero ideal ff of [£ , £Q] which is stabi-

lized by cp.   There is an ideal S of [£<,, £Q] such that ff 0 SB = [£„, £„].   Then,

i)    = m and

£0 = a+© íb+© j©ff_© %_,

where the summands are mutually orthogonal subspaces of £„.

For any O-subspace 5 of £Q, put 5 = [5, X] and § = Là,  y].   By 5.5, we
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have Jt\  = $X + CÎ    +S    and£^ = í>y + (J    + $   .   We note now that it suf-

fices to show [C?_, $_] = (0).   For one easily checks that [il_, S + ] = (0) and

hence [(?_, S] = (0).   But then by 3.7, we have S_ = (0) and hence, [<î_, X] = (0).

Therefore, since [S + , X] = (0), we have  [Ö, X] = (0) and hence, by 3.7, S = (0)

(a contradiction).   Thus, we must show that [(l  , JS   J is orthogonal to i", fl   , and

For A_ ed_, A_ £&_, ß_ eíB_, and B+ 6 $+, we have ([Â_, Â_], [ß_,

ß+1) = (LA_, ßj, [A_, ßj) + ([A_, ß_], [ß+, ÂJ) = 0, since [(?_, 33+] = (0) and

[CÎ_, S + ] I (OX Jhus, since S_ = [#_, ÍB + ], we have [(?_, fl_] orthogonal to $_.

Similarly, [S   , iß   ] is orthogonal to U_.   From the first of these facts, i^follows

that U     is orthogonal to [Cf   , A   ]  and from the second, it follows that Jo    is

orthogonal to [Cf_, Jj_] =   [Cl_, Jj_].   It remains to show that  [li_, Jj_]  is orthog-

onal to   Y.    This however follows from the fact that (l_ and JS_  are orthogonal.

6.2. Corollary. Suppose £ is a reduced rank 1 simple algebra with II = {y!

flrafl1 suppose LI z's a proper nonzero ideal of [£Q, £Q].    Then, [£q, £q] = Lt ©

CÎ^(viy)«Wdimr((î)=dimr(£y)-l.

Proof.  We may assume cpivi   ) = r/> (as in 5.6).   Since 02 = 1, Ct + a* and Cl O

â*  are stabilized by c/>.   Thus, S + fl^ = [£Q, £Q] and fl n Ö* = (0).   Hence,

[£0, £0] = S © fl*.   Now, [£0, £0]_ = [A -A*: A e fl} and hence dimr(£y) =

dimr((£0)_) = dimr([£0, £Q]_) + 1 = dimr(S) + 1.

We now drop the assumption that £ has rank 1 and prove

6.3. Lemma.   Let (l and X) be simple ideals of [£q, £g>    Then, there exists

y e2 such that a + S qQA.

Proof. We may assume il / Jo.   We induct on the rank r of £.   If r = 1, the re-

sult is clear.   Suppose r > 1.   We may choose y1; • • • , ys £ II so that y. + y.   ,e 2

for  i = 1, • • • , S — 1, U Ç U       and Icä   s.   By the induction hypothesis we may

assume s = r and â £ Qy 2   ' "   Jt    Thus since U. is simple, d C%   ■ r.

But a£ZriandZyi2Z"(y2 + ,"+rr)^2yi + ",+rr = 2r2+"-+rr   n

Zyi + -"+r'andhencea£:2yi + --'+r'.   Therefore, 3 Ç (T 1 + ' " + J\   Similar-

ly, we may assume 33 C S ''.   Put y = y j + • • • + yr-

6.4. Corollary.  Suppose £ z's fl reduced simple Lie algebra.   Then, the simple

summands of [£Q» J-qJ are conjugate under G.

Proof.   Let (f and m be simple summands of \A0, £0L   Choose y e 2 such that

& + % Ç 07.   By 6.2, we have either S = S or (î*^ = S.

6.5. Corollary. Suppose £ z's o/ type D or E.   Then [£Q, £Q] = (0).

Proof.  We may choose a subset  P = iyj, y,> y?) yJ of fl with Dynkin diagram
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Suppose  L£0, £q] ¡¿ (0).   Then, since all roots of X are conjugate under (L, we have

ff72 ¡¿ (0).   Thus, we must have ff71 n ff72 ¿ (0).   (For if ff71 H ff72 = (0), then

fi7lc272 and therefore, by 5.2, ffri = (ffri/(W^)=ffri+r2.   Similarly,

ff72 = ff71 + 72 and hence ff72 = ff7 ! O ff72 = (0), a contradiction.)  Similarly,

ff73nff7^(0)andffr4nff7^(0).   But the sum (ff7 * n ff72) + (ff7 3 n

ff72)+ (ff72 Off72) is direct.   (Indeed £71 çZ73 and therefore £71 H £73 . (0).  Simi-

larly, £71 n £74 = (0) and £73 n £74 = (0).) Thus, ff72 contains at least three nonzero

distinct simple ideals, contradicting 6.2.

6.6. Corollary.  A central simple Lie algebra of type D or E is split.

Proof.  This is a consequence of 6.5 and 4.4.

7. Extension results.

7.1. If V is an JK-module and V   is an M -module, where JIÏ and M   are Lie al-

gebras, and if JK —*■ 3TÍ   is a Lie isomorphism, then a ô-equivalence of V onto v'

is a linear bijection  V —» V' such that (vM)71 = v71 M   for v £ V and AI £ M.

If MI is a Lie algebra, a decomposition of M is a triple  (5K_j, 5HQl M^) such

that )R_1,3R0l ÎR,   aresubalgebrasofîR, [ÎRpîRnlÇÎHpand  [JH_lfJll0]c)H_,.   If

V is an 5lI-module, we denote by  V       the set of all v £ V which are annihilated

by 511 j.   V   ! is an 5li0-submodule of V.   N. R. Wallach (see L7] and L8]) has studied

these decompositions and we use his results to prove:

7.2. Proposition.  Suppose Jll and m are Lie algebras with decompositions

(511     , ÎIÏn, 511.) and (5n_ , , 5ïï0, 5lîj) respectively.   Let V be an M-module on which

5», andm.   act nilpotently and let V be an M  -module on which M_^ andM^ act

nilpotently.   Let JIÏ —» m  be an isomorphism which preserves the decompositions

{i.e. 5Hf =%'.for i = - 1, 0, 1).   Put 60 = 6ß0.   Then, any d^equivalence  V%^

V extends to a 6-equivalence  V —► V  .

Proof.  We may assume without loss of generality that Jll = JR   and 6 is the

identity.   We must show any Jll0-module isomorphism V      —* V extends to an

JK-module isomorphism vX v'.   By §2 of L7], we may imbed each 51ï0-module W in an 5ll-

module W   in such a way that any 5H0-module isomorphism W —> W 'extends to an 5H-module

isomorphism W AE, "/'  .   But by Theorem 3.1 of L8], we have an 5R-module isomorphism

V —> (V    )   which is the identity on V    .  Similarly we have an JH-module isomorphism

V'-Z*' ty'*1)* which is the identity on V' %1.   Put ff = rrjV ~l.

7.3. For the remainder of §7, we fix an element y £ II.   If S £ X UJOi and

8 = Xf ej]wee> we ca^ ny  tne Y'beight of 8.   Let m be the y-height of the highest

root of X and let x... be the sum of the root spaces corresponding to elements of
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2 U [OS of y-height i,  i £ Z.   Then, £ = 2™=_m£(¿) and [£(¿), ^-y1 Ç £(t+ •), for

i, j £ Z.   We have £Q Ç £(0) and, if II ^ \y\, then £(0) =£    + £Q = £    + %p,

where P = II - \y\.   For  i £ Z, £.., is an £/0y-module under the adjoint action.

7.4. Lemma,  (i) £(1 ^ = [£(2y ^(_i)J an^    (- 1 ) = ■•   (-2)'    (l r '/ m - ^"

(ii) £ç2 j = [x^, x^j^J and x^_2^ = Lx^_ j y Xç_ j ^J.

(iii) £(■> is a completely reducible X-.^ymodule for i / 0.

(iv) £/   ■.  is an irreducible £,^-module.

(v) Tie restriction map Y —'Y,   >  is an isomorphism, where Y ,   -.is the

centralizer of ad (£,Q,) z>z End.(£,   /).

(m ) r (m )

£(0)) z'zz End^
■ (m)

Proof,   (i)   We  prove only the first equality as the second is similar.   Let 5

be a root of y-height 1.   We must show that £5 Ç [£/2\> £(_i)J-   Now, x_2. / (0)

and hence there exists a chain 8 = yn, y;, • • • , y,   of elements of 2 such that y .—

y¿_ j £ II for i = 1,« • •, k, y, has y-height 1 for  i = 0, • • •, k — 1, and yfe has y-

height 2.   Now, £ = [£     , £ ]C [£,->■,> £f_i J and hence we may
7fe-l 7fe      rk-\~yk K  '      y     '

choose a smallest integer j £ \l, • • • , k - l\ such that £y   C [£,2n> Jl,   j .].   If

this integer is not zero, we have X = [£    , £ _    ] C [[£-2„ X,   j.],

(0)   — ̂    Í2V     (- l)-"  an£i a contradiction.   Hence, £ - = X       C L£,2« X,   j -J.

(ii) is proved similarly.

(iii) It suffices to prove that £ is a completely reducible X.0,-module.   If

II = jy!, ad(£,0O = ad(£Q) and ad(£Q) = ad(C) © ad([£Q, £Q]), where ad(C) con-

sists of semisimple transformations.   If II / ¡y! and P = II — fy!, then  ad(£,„, ) =

ad(2P) © ad(£P) = ad(ZP n C) © ad(ZP n [£0, £0]) © ad(£P), where

ad(-j    n C) consists of semisimple transformations.   Thus, in both cases the re-

sult is a consequence of Theorem 3.10 of [l].

(iv) is easy to check using 1.4.

(v)  By (iv), r,   , isa division algebra.   Thus, the restriction map Y,   ,—► Tg

is an injection, where S is the highest root of 2.   But by 4.2, the composite map

r —' r,   \ —' Tg is an isomorphism.   Hence, F —* ̂ im) 1S an isomorphism.

7.5. Lemma.  Suppose X ¿5 central and m < 2.   Let £(1 -, —> £(1 -, be an £(0f

module automorphism such that [L j , L ] = 0 for all Lj e £„,.   Then, there exists

a e $   such that L® = aL   for L. e £(1\.

Proof.   By 7.4(v), we may assume m = 2.   Let iî be the algebraic closure of $.

If (£(i))¡j is an irreducible  (£,00$¡-module, the result is immediate.   Thus, by

7.4(iii), we may assume   (£(1))o, = öj © • • • ©ö^, where the  Ö. are irreducible

(£(0)){¡-modules and / > 2.   Now, by 7.4(ii), [ö;., 0.] / 0 for some i, j £ {l, 2,- ■ • ,

/!•   Thus, LU¿, C]  is a nonzero  (£(0))o-submodule of (£(m))jj-   Therefore, by

7.4(v), (£(2))Q = [ÖI, C.].   Then, by 7.4(1), we have  (£(1 J)n = [(£(2 ,)„,  (£(_1))Q] =

[[0¿, ö;], (£(_I))n]CÖ;.+ (5..   Thus, since  l> 2, we have  U 2, and U, j\ = {1, 2j.
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Therefore, (£(1))n = 131 © ö2 and [üv 13A ± (0).   Now if K is a Cartan subalge-

bra of £ containing J , then U, and U2  are each sums of 1-dimensional root spaces

for KQ, and hence 13. and U, are not isomorphic as Kß-modules, and therefore

they are not isomorphic as  (£,00o,-modules.   Thus, (J.   = 0. and hence there ex-

ists fl.eO* such that V® = a{Vi for V{ £ Öf,  z = 1, 2.   Linearizing  [L[, LA = 0,

we obtain LPf, MA = [Ll, A1¡] for Lx, Mt £ £(1 y   Choosing  Vx £ öj and V2 £ 132

such that [V1, V2] ^ 0, we have [a{Vv V2] = LVj, a2V2] and hence al = «2.   Put-

ting a = a. - «2, we have   Lj  = aLj for L; e £,jn and hence a £ 3> .

Suppose £    is another simple algebra and y ' e II .   Define m   and X. .. (i e Z)

as in 7.3.

7.6. Proposition.  Suppose X and X   are central and m- m   < 2.   Suppose there

exists an isomorphism =L(0\  -^ "'-(o)  and suppose there exist 6^-equivalences

£(i)^ £;,,, -1,2.

Then, there exists an isomorphism x —> £   and «£$   such that 6\x.0. - ö„,

6\x .., = 6 , and ö|£f2> = a 62.

Proof.   In this proof, L. and AI. will denote arbitrary elements of £... for
B l z ß ß

ieZ.   Define £,   ..^J £.'    .. so that (L . \ L_ f ') = (L ., L   .), z = l,2.   (Here ( , )

denotes both Killing forms.)  Then, ([L_., Lq] ~\ L.i)= ([L_., Lq], L.) =

(L.^0, L.])= (L^S [L0, £..]% = (l£'f [L°0°, Lfl)- (IL*;', L^f') and
ö   ■ ß   ■      ß

hence  1P_¡-, P0]  -* = [P_~!, EQ ], z = 1, 2.   (Subsequent identities have similar proofs

and so we omit their verifications.)   This combined with our assumptions gives

LL, L0]9i = [L9i, L90], - 2 < z < 2.   Therefore, (L*0, Al^0) = (L     M  ).   Hence,
ß ß        ß

one easily checks that ÍL ., L_ .]     = ÍL.', L_~l],  i' = 0, 1, 2.   If m = wz' = 1, we

may define 6 by $|£, ^ = 6., i = - 1, 0, 1.   Suppose then that  m = m' = 2.

Put £(   ) = £,_2)©£,0-©£,2. and L = £(I, © £._j..   £(   ' is a Lie algebra

with decomposition  (£(_2\, ^(o)>     (2))>      's an irreducible £l   '-module; and the

set of elements of 0 annihilated by £(2\ *s     <IY   ^e nave similar definitions and

remarks for £'(2)andö'. Define£(2 > 6^ £'<2> by putting 0(2)|£(¿) = 6., i = _ 2,

0, 2. By the previous paragraph, 0( ' is a Lie isomorphism. By 7.2, the (^-equiv-

alence i,,, —» £,j« extends to a 0(   '-equivalence  Ö —» D .   Thus, by 7.4(i),

^-D^f-l-^-D-   Then, [LltL_/-l=tL^L^2] and [L^.l/u

^-T   ' ^2  ^"   ^s a consecluence» it is easy to check that  [L      , M     ] =

\.L_~\ M_-{] and hence [L_~l ~1,P_1]=0. Then, by 7.5, there exists a £ $*

suchthat L_-l = aL9_-\ Hence, [£.,, L_2f-1 = [Ldl, a~l L_-2], lL_lt l/1 =

LP_i   , flL2^J, and a   AL_ {, M_ A  ~ ¿ = ÍL _ ~ ', M_ ~A J.   One checks as a result
¿D Ñ Ñ

that atPj, Alj]      = [Lj   , Mj  ].   These last four identités, together with the first
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a i

paragraph, tell us that the map £ —> £   defined by $|£,.. = 6-, z = - 1, 0,1, 0|£. .=

ad2, and 0|Jl,   2-. = a~  $_2> is a Lie isomorphism.

7.7. Corollary. Suppose £ and £' are central and m = m =1.   Then, any 6„-

equivalence £,,.    '£,,-. extends to an isomorphism £     * £ .

8. Compatibility. We assume in this section that X is another simple Lie al-

gebra and we assume there exists some fixed isomorphism y —> y' of 2 onto 2  ,

i.e., y —» y' is a bijection such that ii y, 8 £ 2, then y + 8 £ 2 if and only if

y' + 8   £ 2 , in which case  (y + 8)  = y' + 8 .   The map y —, y' induces a group

isomorphism W —> ̂ ' of (l) onto (0   such that (w   )' = w   , and (y   )' = y'*¿'   for

y e 2 and w e ÍD.

8.1. Proposition.   Let (£, J ) —* (£  , S  ) be an isomorphism which induces

y —, y' on the root   systems (i.e. T    = T   , for y £ 2).    Let 0Q = 0|£Q.   Then,

QQ<f>(vl )6q   <f)(vl)~     is inner on £Q for vl £ W.

p_f    r ^v . öo^w')       -¿W')       _ <*>(*J)t50
rrooi.  For y £ z,, we have  T_ =  T   ,        =   T ,  = T_ and

,      . . r y „. (rw)        r
hence 60(f)(vl )6Q  </>(w)       fixes the elements of J.   The result follows now from

2.5.

8.2. The proposition motivates us to make the following definition.   Let  (£Q,

J) _^»(X0, S  ) be an isomorphism which induces y —> y   on the root systems.

For W £ ¡2, we say ÖQ  ¿s compatible with *2 if d0(p(vî') 8~ (pivi)'1   is inner on

£q.   If W = Wy, we say 6Q is compatible with y.

The choice of t^(w) and </>(«! ) is by no means unique.   Nevertheless, compat-

ibility is well defined.   For if <£j(w) and 0j(w ) are other choices of <f>(*i) and

cf>(vî ) (resp.) satisfying 5.1, then

öo^1u,)e-v,U)-1 = (öo^1u')^wO-1öö1)(öo*^w,)öö1^)"1)(^)01U)-1).

By 2.5, 60<f).(\i')<f>(*A )~  6q   and ç!>(«î)t/>, (w)~    are inner on £Q.   Hence,

6Q(f>(w')dQ <f>(w)~     is inner on £Q if and only if ö0<^j(w')ög ^(^í)-     is inner

on £q.   I.e., compatibility is well defined.

In order to check that 0Q is compatible with W = W.W2, it suffices to check

that Öq is compatible with W, and with W2, where W,, W2 £ iii.   This remark fol-

lows from the identity d^cp^^ )<p(*¿'2)6~'licf>('¿l)(p (w2))~ : = if/xcp(^. x)ifj 2cp(^. x )~ l,

where t/f¿ = 0o<£(vä! )ö~ 0 (w .)""   , i'= 1, 2, and the fact that we may choose <p(^ f¿2)=

0(w j)<f>(vi  ) and c/>(«2jW2)= <p,(wl)(f>(>¿2).   Thus, if ÖQ is compatible with all yell,

it is compatible with all w £ It).

For the remainder of this section, we assume (£Q, J ) —'(£()> ^   ) is an iso-

morphism which induces y —> y   on the root systems.

8.3. Lemma.  Suppose 6Q is compatible with all W £ iv.   Suppose 8 £ 2 and
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there exists a 6^-equivalence £g —*^~%i •   Then, for any y £ X conjugate to 8

under Iv, we have
(i)   (%y)d° = %yl,

(ii)   (£7)Ö° = £ó7 ', provided that 28 ¿ X,

(iii) There exists a 8^-equivalence x.   —£ X   ' , provided that X. is central

and 8 is conjugate to the highest root of X under ffl.

Proof,  (i) Certainly, (Z8/0 = %%>.   But for w £ S, ^(w')«?-1^)-* sta-

bilizes Z8 (by 2.4) and hence (2,Bvi )$0 = 2(SW) Jor all «4.

(ii) As in (i), it suffices to show that (£Q)     = £Q    .   But xQ = (c n£Q) ©

ff   and £Q     _ (C   O £Q    ) © ff    .   Since ff    is the sum of the simple summands

of [£q, £q] which act nontrivially on £g, we have (ff )     = ff    .   Also, C

C .   Hence, by 5.5, we need only show that for  LQ e C, we have  LQ = - LQ

if and only if L S     = - LQ .  This however follows from the fact that

9Q(f>(vi   , )(9q1 <£(Wg)-1  fixes every element of C.

(iii) Choose W £ G) such that S = yW.   Let t/r = 0n0(^' )Oq10(ví)- '.   By 2.4

and 4.3, there exists an invertible 7/ e End^(£   ) such that ??"  ad p   (PfJ7? =

ad«   (L^).   It is easily checked then that if £   -X £ ' , is defined by 0y =
y y

T¡(p(vi)6g(f>(vî )     , we have

ö^adj   (L0)Öy = adf,/(L0°),

i.e.  0    is a ö0-equivalence.

8.4. Lemma.  Suppose ÖQ z's compatible with all *¿ £ W and suppose all the

roots of X are conjugate under Ui.   Suppose for some  8 £ X, there exists a 6Q-

equivalence =Lg -§♦ £.i.   Then, we may identify the centrum Y of £ ifziè the cen-

rrz¿7?2 r   of X.   in such a way that 0Q and 0g are Y-linear.

Proof.  By 4.2, we have an isomorphism T —> T   which is the composition of

the maps Y —► Y § —> Y   i —> Y , where the first map is the restriction map, the

second map is conjugation by 0g, and the third map is the inverse of the restric-

tion map.   If we use this isomorphism Y —'T   to identify Y and Y , it is easy to

check that  (cLg)     = cLg    for c e T and Lg e £g.   It remains to check that

(cL0) ° = cL0°for L0 £ £Q. SB

Let c £ Y and LQ e £Q.   Then, for  Lg £ £g, we have [Lg  , (cL^)    ] =

[LS, cL0f* = [cLg, L/* = [(cl/\ LJ°] - [cL^, L*°] - [L¡, cL^]

and hence   cL*0 - (cl/0 £ ZS'.   Thus, for   W =ffl, 2(SW)' contains

fcfôo_, ,  nöo^(w')_^,öo^W)   , ,  Jo¿te')     ,MW80    ,,  sH>te)e0
v    o      ^cljo'   '        ~CLo ~ (c^o' =cLo ~ (cLo-)

,.W>w.80    . rH>(.^í)A9n ,     i i
c(L0        )     -(cL0 ) u, where ^ = 0or/.(w )6»-1ç7(wr1.   Therefore, since
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£** W) = £0, we have  cL^ - (cl/° £ Z(SW>'for all weffi.in which case
fl fl

cLQ ° = (cL0) °, since 8"1 runs over all elements of 2.

9. The isomorphism theorem. Suppose £ and £   are central simple Lie alge-

bras.   Let [Sj,.. • , 8k\ be a set of elements of 2 which represents all root lengths

of 2 exactly once. (Thus, k = 1 if II is of type A, D, or E; k = 2 if II is of type

B, C, F, G, or BCX; and k = 3 if II is of type BCr (r > 2).)  We assume  Sfe is of

maximum length.

ß       i       i
9.1. Theorem. Suppose  (£Q, J)—>(£q, -J   ) is an isomorphism which induces

an isomorphism y —► y    of 2 onto 2   and   which is compatible with all y £ II.

Suppose there exist d„-equivalences ij.—U £§.,  i =!,•'•, k.   Then, there ex-

£Ñ    Ci ' * n '
—>£   which extends 6Q and which extends öj, ¿/ i = 1 or

i/k.

Proof. We may assume r > 0.   The proof is by induction on the rank r of £.

If r = 1, the theorem is a consequence of 7.6.   Suppose r > 2.   By 6.6 and the

classical result, we may assume II is not of type D or E.

We consider the reduced case first.   Label the roots of II as yx, y2, • • • , yr,

where  y. is connected to v.   j (i = 1, •••, r — 1) and yr is of maximum length.   Put

P = iy j, - • • , yr_i!-   Rechoosing II, we may assume the 8¿ of minimum length, Sx

say, is contained in \P).   By 8.3((i) and (ii)), (^   )     = •"     and (£Q )     = £Q

Then, 0OI    o and ög    extend to an isomorphism £    —► £        .   (To see this, one

considers two cases.   If 11 is of type  Br  (r > 3) or F ., then (P) contains two root

lengths and the statement follows from 8.3(iii),  4.3, and the induction hypothesis.

On the other hand if II is of type  Cf (r > 2), Af (r > 2), or G2, then (P) contains

one root length and the statement follows from 8.4 and the induction hypothesis.)

Let £,.x  (z £ Z) and m £ Z be defined as in 7.3, using the root y ■   Define £,.>

(z £ Z) and w' similarly.   Then, 1 < m = m ' < 2.   We define an isomorphism £f0^ =

£p © ZpeL°> £;0)= £' >'© %p'~hy putting ö(0)|fp = öp and 0(o)|Zp = öo)ZP. By

7.6, it suffices to find ö(0>-equivalences £, ,-il),£. .,,  i = 1,... , m.   But

(2y e (P>_£y, £Q) 2 , £y) is a decomposition for £(0)> and tne submodule

of £(m) annihilated by 2 .  £y is £f where ( is the highest root of 2.   More-

over, by 8.3(iii), we have a  (^-equivalence, ££ —* £f'•   Hence by 7.2, there is a

(0)_equivalence x(m^ —► £(m).   It remains to find d,x^ when m = 2.   In this case £

is of type  G2 or F4.   Put À = 3yj + y2 in the first case and À = 2yx + 4y2 + 3y,+

y4 in the second.   By 8.3(iii), we have a  #0-equivalence £    —' £ ,   , which ex-

tends, by 7.2, to a Ö^Q.-equivalence £/jx_1H£, Xy

We turn now to the nonreduced case.   The roots of II may be labelled so that

II has Dynkin diagram:
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•     •    •
y2   73       y,

*

Put  P = iyj,- • • , yr_1l-   Rechoosing II and relabelling the 5¿, we may assume

8   £ (P), 82 = y, + y2 +• • •+ yr_ j, + yT, and S?  is a root of maximum length.   De-

fine £,..,  (z e Z)   and £,..,  (l £ Z) as in the reduced case.   As in the reduced case,
ß i

we may extend  0Q and 0S    to an isomorphism £(0)_^]£ (OV   0nce aSain we Iook

for  0(o)-equivalences 0(1)and 0(2), this time requiring that  0(1 ^ extends 0g

0(2n  is found exactly as in the reduced case.   Finally, since  £g     is the submodule

of £(1) annihilated by  X +£   , we have the required  0(O)-equivalence 0^

extending 0g    by 7.2.

9.2. If k = 2 or 3, the theorem does not guarantee, that 0 extends 0g . How-

ever, we note that (0|=^g )0g commutes with the adjoint action of £Q on £g and

hence, by 4.2, 0|i-g   and 0g    differ by at most an element of $ .

9.3. We now give an example to show that the  0Q-equivalences 0g. cannot be

removed from the hypothesis of 9.1.   Let A be a central division algebra of degree

d > 1 over $.   Suppose / (resp. / ) is an involution of A of the first kind such that

the skew elements of A relative to / (resp. / ) have dimension Vid(d - 1) (resp.

Vidid + 1)).   Let X (resp. X.  ) be the Lie algebra of skew transformations with re-

spect to a /-hermitian (resp. / -hermitian) form of index r, on a space of dimension

2r over A.   Then, x and X.   are central simple with root systems of type C .   £Q

and i-0are both isomorphic to r copies of A.   In fact there is an isomorphism y—>

y   of X onto X    and an isomorphism  (Xq, J )   Al (£n, J   ) inducing y —> y    and

compatible with all W £ w.   Moreover, if y is a short root of S, these maps can be

chosen so that  there is a  0Q-equivalence X    _% X    , .   However, if 8 is a long

root, J-g and X   , have different dimensions (namely  lAd(d - 1) and /¿did + 1) re-

spectively).   Therefore, £ and £   are not isomorphic.

In concluding, the author would like to express his gratitude to Professor G.

B. Seligman for suggesting the isomorphism problem and for his helpful comments.
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