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ABSTRACT. Let £ and £'be finite dimensional simple Lie algebras over a
field of characteristic zero. A necessary and sufficient condition is given for
?and &' to be isomorphic. The anisotropic kernel of £ is also studied. In par-
ticular, a result about this kernel in the rank one reduced case is proved. This
result is then used to prove a conjugacy theorem for the simple summands of
the anisotropic kernel in the general reduced case. The results and methods of
this paper are rational in the sense that they involve no extension of the base

field.

0. Introduction. Let £ and £’ be simple Lie algebras over a field ® of char-
acteristic zero. In this paper, we study the problem of determining when £ and
£ are isomorphic. One approach to this problem has been taken by Satake in [3]
and Tits in [6]. (They actually studied the corresponding problem for algebraic
groups. See Seligman’s [4]for their results in the Lie algebra case.) Their method
involves extending ® to a splitting field  for £ and £'and then using the classi-
cal criterion for isomorphism of 539 and g;; . The main theorem of Tits and Satake
is nonrational in the sense that both the statement and the proof of the theorem
involve the extension field }/® in an essential way. Our main theorem (9.1) on
the other hand gives rational criteria for isomorphism of Land &'. The proof of
9.1 is also rational and makes no use of the Tits-Satake result.

§31 through 5 provide us with the tools which will be used in our study of
the isomorphism question. In §6, we give rational proofs of certain results about
the anisotropic kernel in the reduced case. In particular, we prove a conjugacy
result for the simple summands of this kernel. The basic tool here is the study of
the rank 1 case. In $$7 and 8, we return to the preparation for the proof of 9.1.
In §9, we state and prove the isomorphism result.

In the succeeding sections, we will introduce notation for certain objects
associated with £. It will be assumed without comment that the corresponding

. . . !
primed notation has been introduced for .
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1. Preliminary facts about £. In this section, we introduce certain fundamen-

tal notions about the simple algebra £. Proofs for all the results of this section

can be found in the first three sections of [4].

1.1. A split toral subalgebra of £ is a commutative subalgebra X such that
adf(K) is semisimple with characteristic roots in ® for all K € K. We assume I
is a maximal split toral subalgebra of £. Any two such subalgebras are conjugate
under the automorphism group of £. The dimension 7 of J is called the rank of £.

1.2. We may write £- @2 £ , where y runs over all elements of the dual
space J * off‘.andﬁ ={Le&: [L T]—y(T)L forall T €J}. The y € T*for
which 53 £ (0) are called the roots of J. Let 2 be the set of nonzero roots of J .
Then,

£- go ® 'ygzg’Y’

where £0 is the centralizer of J in £ and hence J C 530.

1.3. Let C be the center of EO, Then, J C € and £0 =Ceo [£0, go], where
LSEO, £0] is semisimple. [530, £0] is called the anisotropic kernel of £. If go =
3', we say is split. In the split case, J is a Cartan subalgebra of £ In any
case, T is always contained in a Cartan subalgebra of . ¥ T = (0), L is said to
be anisotropic.

1.4. Ve have [£, £,1C® s fory, 6 €T™ Thus, if y € Z, we have [L,
LO] C ‘E'y and hence é,y is an go-module under the adjoint action.” In fact, f,y
an irreducible go-module We denote the corresponding representation by £0 &,7
Endt(g ). Iy, 8 y+8¢€Z, we have [53 £41 £ (0), and hence, by imreducibility,
[£,2)-8

1.5. We denote the Killing form of £ by (, ). This form when restricted to
530, T,0C, or [‘9'0’ e ] is nondegenerate. We obtain a corresponding form (, ) on
the dual space J* in the usual way. Let Xg be the )-subspace of J* generated
by 2. Then, X g generates J* as a P-space and X has dimension r over Q. The

is

form (, ) restricts to a positive definite form on Xy relative to which 2 is a root
system, i.e., if y, & € 3, then 2(y, 8)/(8, 8) is an integer and y - j6 € 2 U {0}

for every integer j between 0 and 2(y, 8)/(8, 8). We may choose a fundamental
system Il for 3, i.e. a linearly independent subset II of % such that every element
of 2 is a positive or negative integral combination of elements of II. st (resp. 27)
is defined to be the set of positive (resp. negative) roots relative to II.

1.6 If ye X and ky € 2 for some k € D, then k=11, 1, 0r £2. If 2y £ X
for all y € 3, we say £ is reduced.

1.7 We may associate a Dynkin diagram to Il in the usual way with the follow-
ing additional convention: If y € [l and 2y € %, we place a square around the point
of the diagram corresponding to y. If £ is reduced, only the usual possxbxhtxes
exist for the Dynkin diagram. If £ is not reduced, the Dynkin diagram is either
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= '::¢:E] or El

(the first possibility exists when 7> 1 and the second when 7 =1). In either
case, we say £ is of the type BC.. w

1.8. For y € %, define ¥, "y Xy by € Y=€-2e y)/(y,y) foree Xy
The group © generated by {‘Q'y}yez is called the Weyl group of £. W is generated
by {Mz,y }'y en:

1.9. Suppose y € 2. Then, there exists a unique element T, of J such thae
T,y € [g,y, «53_ .),] and y(T,y) = 2. Moreover, for X,y # 0 in g,y, there exists Y,), £0
in g_,}, such that [X.y, Y.y] =T,.

Putting 5,}, =0X, & 0T & oy, 5,}, is a three dimensional split simple
Lie algebra with multiplication table [Xy, Y,y] =T, [X,y, T,y] =2X,, [Y,y, Ty] =
- ZY,y. The representation theory for Sy is well known (see for example p. 83 of
[1] or p. 6 of [4]) and will be used without comment.

1.10. {T'yg'yen is a basis for J and hence J has a basis consisting of ele-
ments T such that adg(T) has integral characteristic roots.

P
1.11. Lemma. Suppose £ > End ® ©) is a representation of £. Then, L7
is semisimple and TP is semisimple with characteristic roots in ® for L,e go
and T €J.

Proof. For y € 2, it follows from the representation theory for S,y that T@ is
semisimple with characteristic roots in ®. Thus T” has the same property for
T €J. Since £6’ is completely reducible (by Theorem 3.18 of [1]), it remains only
to show that if E € £§ is nilpotent, then E = 0. Suppose E £ 0. By Theorem
3.17 of [1], there exist nonzero H, F € «g’g such that [E, Fl = H, [E, H] = 2E, and
[F, Hl = — 2F. From the representation theory for ®E @ ®H @ ®F, it follows
that adf p(H) is semisimple with characteristic roots in ®. Hence, H € J°. But
E and H do not commute, giving a contradiction.

1.12. We define G to be the group of automorphisms ¢ of £ such that T =9F
and ¢ = exp(ad(Ll))- .o exp(ad(Lk)) for some L,, L,,.--, Lk € £ such that ad(L,),

.., ad(Lk) are nilpotent.

2. Reductive algebras and inner automorphisms.
2.1. We recall that a reductive Lie algebra is a Lie algebra M such that M =
center(M) & DN, M and DN, M] is semisimple. In particular, go is reductive. The

following lemma is well known:

2.2. Lemma. If§ is an ideal of a reductive Lie algebra M, then §= (§ N
center()) & (¢ n DN, ).

2.3. Let ) be a reductive Lie algebra. An automorphism i of M is said to be



176 B. N. ALLISON [March

inner if there exists a finite extension (/® and elements My,eer, M, € mg such
that ad(M,),+-+, ad(M,) are nilpotent and ¢ = exp(ad(M,))--- exp(ad(M,)).

2.4. Lemma. Let  be an inner automorphism of a reductive Lie algebra M.
Then,
(i) ¥ commutes with the centrum of N,
(ii) ¢ fixes the elements of center(N),
(iii) ¢ stabilizes each ideal of N,
. P . . e
(iv) If mnos Endd,(O) is a representation o[m such that M generates EndQ(O)
as an associative algebra with 1, then there exists an invertible element 1 of

End‘b(@) such that T]'1 MPp = (M¥)P for M€ .

Proof. (i), (ii) and (iii) are clear. To prove (iv), choose {/® and M,.-., M
3119 as in 2.3. We may assume M ..., M, € on, 3!1]9 and Q/® is Galois with
Galois group §. Since ad[m,m]Q(Mi) is nilpotent, Mf is nilpotent, i =1,++., k.
Moreover, one easily checks that if = exp(Mf')- o exp(Mf), then (MP)P = £~ MP¢E
for M € . Then, applying Hilbert’s Theorem 90, it is easy to see that af €
End, ©) for some a € Q*. Put 7= aé.

k€

2.5. Lemma. Suppose y € G [ixes the elements of J. Then ¢|£0 is inner,

Proof. Write ¢ = ¢ ¢ , where i _ is semisimple and ¢ is unipotent. Then,
¥ and (//u are automorphisms of £ fixing the elements of J and x//u =
exp(log(l/lu)). log(,) is a derivation of £ which is zero on J. Hence, log(t,bu) =
ad(L) for some L€ ‘EO' This, ad(L) is both nilpotent and semisimple (by 1.11).
Therefore, ad(L) = 0 and hence ¢ = ¢ is semisimple. Let 531 be the set of ele-
ments of £ fixed by ¥. If Qis the algebraic closure of ®, (£1)9 contains a Cartan
subalgebra of (53)n (by Theorem 7 of [2]). But then since 531 is reductive (Theo-
rem 1 of [2]), any Cartan subalgebra of 531 is a Cartan subalgebra of £. However,
one such Cartan subalgebra H can be chosen containing J. Thus, there exists a
Cartan subalgebra Hot £ containing J and fixed by . Since H is abelian, }(_C_ £0'
But then H=C & H n [530, gol). Thus, i fixes the elements of C and the ele-
ments of a Cartan subalgebra of [£0, 530]. This implies that ¢|£0 is inner.

3. Subalgebras of £. Suppose P is a nonempty subset of 3 such that y - 8 £2
for y, 8 € P and P C =% for some w € 0. Let Xp be the Q-subspace of Xy gen-
erated by P. Let (P) (resp. (P)*; (P)~) be the set of y € 2 which are integral
(resp. positive integral; negative integral) combinations of elements of P.

3.1. Lemma. (P) is a root system in X p with fundamental system P, Hence,
(P) = (PY* U (P)= and (P)* n(P)- -g

Proof. In this proof, ., and ng denote nonnegative integers. (P) is clearly
a root system. P is linearly independent by Lemma 4 of [S]. To complete the
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proof, we must show that if 212,), >1and 2ng> 1, then Zn,yy -32ngd £ %, where
y and & run over disjoint parts of P. This however follows from an easy induction

on En,y + 2ng.
3.2. Puc £7 -3, 5 (£, £ 1, £P-2F @ (D =, (5, £.), and ler ZP

be the centralizer of in 0

3.3, Lemma. 535 =2 [gy, g_y] and 3P is the centralizer of X e

yeP YyeP Ty

in 530'
Proof. Suppose Z € £ centralizes 2, cp £'y and suppose §=2, pm,y €
(P). We must show that [£ 5 e _slC Z,yep [53 £ ] and that Z centralizes Sf
If Zn > 0, these assertions follow easily by mducuon on En (using 1.4). Sup-
pose En < 0. Since [gs, e 3] =[£ s £3]’ we need only show that Z central-
izes £ But Z centralizes f__s and hence for Lg € £ and L_se€ 52_3, (LLs,

Z), L_ )=(L3, [z, L_sD = 0. Thus,[Ls Z1=0

3.4. Proposition. (i) £, = 2P @& 8F where ZP and £F are orthogonal ideals
of SZO'
(i1) PP isa semisimple subalgebra of£ with maximal split toral subalgebra
TP nd T - (T N 2P & (T n £P),

(i11) (P) is the root system of P relative o T N £OP and £F = £g ®

(zye P) £ ) is the root decomposition.

Proof. (i) 2P and go are certainly ideals of 53 Let (gg)l be the set of
all Z € £0 which are orthogonal to Q{)’ We must show that 2P = (gg)l and
ZPn gp = (0). The first fact follows easily from the invariance of the Killing
form. Suppose ZeZPn fp. Then, Z = X [M N ] where for each i there ex-
ists yE(P>suchthatM €£ and N, ef v Smce Z € ZP, we have [Z, M]—
for all 7. Thus, ade(Z) = 3. [adi,(M ), adg(N )] and [adf(Z) adg(M 3] = 0 for all .
By Lemma 2.4 of [1], adg,(Z) is nilpotent and hence, by 1.11, Z = 0,

(i) £F is certainly. a subalgebra of £. To show that £ is semisimple, we
show that any abelian ideal R of £7 is (0). By (i), R is normalized by Q and
hence by J. Thus, R = R n £P) ® (2, (p Rnf ) Suppose for contradxcuon
that R N £ # (0) for some y €<P> Choose X # 0 in R nf By 1.9, there
exists Y,y€£ such that [X,y, Y, =T T,,. Then Y, = /[[X.),, Y, Ly ] e R.
But [X., Y ] ;é 0 giving a contradxctlon Therefore, 9{ N £ = (0) for all y €(P).
Thus, % But for y € <P> [53,),, R1 C Rn 53 = (0) and hence R C ZP, Thus,
Rc&fn ZP = (0) and hence R = (0).

To prove that T = (T nZP) @ (T n &P o) it suffices to show that if T € J
T, €2 » T, €£P, and T=T, + T,, then T €J. Since T, E’Eo» it suffices to
show that adg(T ) has chatactenstxc roots in ®. Now, ad oP (T )=ad ¢P (T) and

therefore adfp (T ) is semisimple with characteristic roots in <I> Thus we may
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imbed T, in a maximal split toral subalgebra of £¥. Thus, by 1.11, adg(T,) has
characteristic roots in ®.

In gg is certainly a split toral subalgebra of £P. Suppose R is a split
toral subalgebra of eP containing Jn ﬁg Then, TnZPreR isa split toral
subalgebra of £ containing J and hence (F N ZP) @R =T. Thus, T N £g =R.

(iii) Since J = TnZPre T n fg), we may identify each element of (p)
with its restriction to J N 535 (Each such element is zero on J N 3P)) (iii) is
then clear.

3.5. By 2.2, we have £F = (@F nC) @ (8F n[€, £)). We define

in which case @% is the anisotropic kernel of £P and £g = (gf; nC & RP,

3.6. Let y € 2. Applying the definitions of 3.2 and 3.5 to P = {y}, we define

£7, gg, Z”,and @7, If y, 8,y + 8 € %, since £ [g,y, £4], we have 27N

8:
28273, T

3.7. Lemma. Let y € 2 and let @ be a nonzero ideal of Q'g Then, @ does

not commute with any nonzero element of g,y,

Proof. Let N = {L,y € 537: [L,y, (] = (0)}. We must show that M = (0). Since
@ is an ideal of 53?)', M is an go-submodule of g,},. But since (@ Z 27, we have
M£E,. Thus, M= (0).

3.8. By 3.3, we have £§ = E,yepg?; and hence @F = 2.),“,@7. Buc &7 is
certainly an nonzero ideal of € and hence £ = 1. Thus, £0 =3 fg and

€, &,1-3 4.

4. The centrum of £. The centralizer I' of adg(g) in Endq,(g) is called the
centrum of £. (See Chapter X of [1].) T is a field and £ is an algebra over I,
where scalar multiplication by ¢ € I" is defined by cL = L€ for L € L. Lis said
to be central if T" = ®.

yell
vell

4.1. Proposition. (i) I'T is a maximal split toral subalgebra of £/T.

(ii) The map T ®¢j — T'J is a ®-isomorphism (and hence we may identify
O-linear maps J — ® with their extensions to I'-linear maps T'T — ).

(iii) With the identification of (ii), J and T'T bave the same root systems and
root decompositions.

(iv) If @ is an ideal of (£, 8 )/®, then @ is an ideal of [£y, £ /T

Proof. (i) I"J is clearly a split toral subalgebra of £/T". Suppose R is a
split toral subalgebra of £/T" containing I'J. By 1.10, R has a [-basis consist-
ing of elements R such that ad ¢(R) has integral characteristic roots. Each of
these elements must lie in J and hence R =T'J.

(ii) and (iii) Let y € 2 U {0}. Then,for c€I’, T € T, and L,y € 53,),, we have
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[L,y, cT] = C[L T] = cy(T)L Thus, there exists a I-linear map 'Y — T,
which we temporauly denote by y, such that £ C £~ and y(cT) = c Y T) for ceT

and T€J. Thus, £ = ZQ«, and, since the y are evxdently distinct, this sum is
direct. But £ = @253 and hence 53 £~ for y € 2 U{0}. Hence, T, = T
for y € . Therefore,

dlmr(l_'f) = dimg{Q-space generated by T7, y € X}
= dimQ{Q~space generated by T, y € 2} = dimt(j').

(ii) and (iii) are then immediate.

(iv) a - @, £0] and therefore I'®@ = '@, £0] - @, Fgo] =[Q, 530] = Q.

P
4.2. Proposition. Let y € X and let T, be the centralizer of £,7 in End,(g,y).
Then, the restriction map defines a monomorphism I" — P of ®-algebras. If y is

conjugate under ® to the highest root of %, then this map is an isomorphism, FT
e ﬂgy, and £’Y PT e R,

Proof. Since elements of I' commute with adg(j), the above restriction map
makes sense, i.e. the root spaces of £ are smbilized by elements of I". Since I'
is a field the map is a monomorphism of ®-algebras. Denote the image of an ele-
ment c of I'in ", by ¢ and denote the image of I in F by I Suppose now that
y is conjugate under ® to the hxghest root of 2. By rechoosmg II, we may assume
y is the highest root of 2. Smce F cr v the centrahzer of F in Endd,(g ) is
contained in the centralizer of F To show that F r ) it sufflces to show that
these two centralizers are equal. Suppose 0 € Endq,(g ) centralizes T We may
extend 0 to a ®-linear map £ = £ which centralizes T, by putting 6 equal to zero
on 530 and on all root spaces of £ other than £ . Let £2 End,l,(f.) be the adjoint
representation of £. For any Lie algebra @, let u( @) denote the universal cn-
veloping algebra of Q. Then, p (resp. p,y) extends to a representation u(£)
EndQ(g) (resp. u(go) Py, Endq,(g )). Since i centralizes I', we may choose U €
u(g) such that U” = Y. Let et (resp. £-) be the sum of the positive (resp. nega-
tive) root spaces of £. Then, by the Poincaré-Birkhoff-Witt theorem we may write
U= Ugy+ Uy + U,, where Ugeu(), U; € £-u(8) ® L"), and U, € £*u(L).
But Up stabilizes £ U maps 5‘3 into 5‘30 + 2852 {‘Yfﬁ , and U'o is zero ong
Thus, 0 = (/f|£ = Up|i = Up|i = Up'yll Therefore, 0 € u(i )Py and hence
0 centralizes F as required.

It is easy to check that (cT /2) Py =c for c €. Thus, F = (FT )p,y C
re n&N”=ECn £7) Y C I‘ and since I’ = I, and p,, is faxthful on £

we have l_'Ty =C ﬂgo. But by 3.5, we have 7 - (G ﬂfg) oR” - I"T,y 0@7,
Since .E'g'y = (53'5')’07 we have the following:

4.3. Corollary. Suppose y € X and y is conjugate under O to the bighest root
of 2. Then, the following are equivalent:
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(i) £ is central,
(ii) &7 is central,

(111) 5307 generates Endq,(g,y) as an associative algebra with 1.
4.4. Corollary. Suppose £ is of type A, D, or E. Then, £0 =I're [£0’ 530].
Proof. go = E,},enfg = E'yenr T,y @ -TT ® [£0, £0]

5. The automorphism ¢ (®). In this section, we recall the definition of cer-
tain automorphisms of £ corresponding to elements of ® and record some facts
about these automorphisms. (See for example p. 38 of [4].)

5.1. Proposition. Let « € 0. Then, there exists ¢(w) € G such that
fd(TqS("Q)) =é(T) for T € T and £ € Xg* Any two such automorphisms differ by an

automorphism which is inner on &L .

Proof. The last statement follows from 2.5. It clearly suffices to prove the
first statement for @ = ®,,, where y € 2. Choose X, # 0 in ‘QY and Y, # 0 in

£_ such that [X,y, Y,y] =T Then,

Y v

¢(~Q,>,) = exp(ad(Y,,)) exp(ad(X,,)) exp(ad(Y,,))

is the required automorphism (p. 39 of [4]).

5.2. It follows from the proof of 5.1 that for each y € 2, we may choose ¢>(~ey)
in such a way that the elements of 27 are fixed by ¢(~Q ).

5.3. We assume from now on that for each « € (0] there is some fixed choice
of ¢) satisfying 5.1. The following is clear:

5.4. Proposition. Let « € . Then, qu(“” £ and S‘fd’("‘” £ o fory € 2.
If P is as in §3, then (£P)P) - £P¥, (£")¢<MD 5?"”“ (Z")Wl) z”“’ and
(@PyP @) _ @P%.

5.5. Lemma. Suppose y€2q§znd 2y £ 2. Then, ( £’>’ NCy= {Loee: L(g(@'y)=
~Loland (370 @) =1Ly € C: 777 = Lok

Proof. By 5.1, the conclusion of the lemma does not depend on our choice of
¢(~Q ). Hence, we may assume ¢(M2 ) fixes the elements of 2”. It remains to
Plady) gv C. LXne-1”
show that L =-LyforLje€ N But, by 4.2, I'V'T,,, where
I'” is the centrum of 537. Th1s clearly implies what we are after.
5.6. We assume for the moment that £ has rank 1, Lis reduced, IT = {y}, and

¢ = exp(ad(Y)) exp(ad(X)) exp(ad(Y)),
where X£0in £, Y£0in&__,and [X, Y1 = T,. Write = &X © ®T & Ov.

By the representation theory for S we may choose a basis for L as follows
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XoXjoee X

n

§,S,eerS  AgA -4
YoV oY,

n
where the vertical lines are each bases for S-irreducibles A = [X Y], Y —[A
Y] (i=0,..., n); and the horizontal lines are bases for (from top to bottom) 53
530 and 53_.),‘ We note that each §; commutes with X and Y and hence SQS Si
i=1,ce0,m I T(l X, DDA, @ ® Y, one easily checks that the matrix of
¢mi relative to the basis X, 4, Y, is

0 0 4%
0 -1 0|,
2 00

i=0,00s,n Thus, =1, AP =— A, (i=0,.-+, n), and ¢ is diagonalizable
with characteristic roots 1 and - 1.

Suppose now that J is a subalgebra of go stabilized by ¢. Then, we may
write =94, ® ﬂ_, where §, (resp. J_) is the eigenspace for ¢ corresponding
to the eigenvalue 1 (resp. — 1). From the previous paragraph it follows that

g,=tLge gLy, XI =0 ={Lye J: (L, YI= 0L

One also checks easily that 34. and ﬂ_ are orthogonal to each other. We have
[ﬂﬂ ﬂ+]§s+, [ﬂ__: 5_] g z(j+’ and [gh 3_]gg_' If g= [ﬂy g]’ then [gh f]_] =
g._.

Finally, we note that Aj,..., A is a basis for (£0)_ and Xj,+++, X isa
basis for S.').,y, and therefore dimQ(g,y) = dim‘b((g o))

6. Reduced, rank 1 algebras and their applications.

6.1. Theorem. Suppose L is a reduced rank 1 simple Lie algebra and 11 = {y}.
Then, the only ideals of [£0’ go] stabilized by ¢(Mz,y) are (0) and [5.3.0, go]

Proof. By 4.1, we may assume £ is central and hence, by 4.4, 530 -Je [£ 0
£ ] We use the notation of 5.6 and we may assume ¢v(~«l ) = ¢. Suppose for con-
tradiction that there exists a proper nonzero ideal @ of [Sfo £ ] which is stabi-

lized by ¢. There is an ideal B of [QO’ £ o) such that eB- [530, £ o)+ Then,
B - B and

L-t,oB 0oTod 03,

where the summands are mutually orthogonal subspaces of £
For any ®-subspace g ofgo, put § = (9, x] and ﬂ = [S Yl. By 5.5, we
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have £7—®X+é +33 andg —(I)Y+é +B_. We note now that it suf-
fices to show [@ B _1=0. For one easily checks that [& B,.1=(0)and
hence [&- $B] = (0). But then by 3.7, we have @_ = (0) and hence, [@_ X1 = (0).
Therefore, since [a.“ X] = (0), we have [®@, X1 = (0) and hence, by 3.7, @ = 0)

(a contradiction). Thus, we must show that [é_, B 1 is orthogonal to Y, @_, and

B_.

For A_e@ A G, B_eB_,and B,eB, wehave (A_, 4 )18,
B ])—([A B ] [A BJ)+([A » B_ ] B,,A_D=o, since [@ $+]_(O)and
[@ 33 ]— (0) Thus since % [.(B 3 1, we have [@ @ ]orthogonal to B .
Similarly, L(B .‘B _lis orthogonal to @ - From the first of these facts, it follows
that @_ is orthogonal to [@ B_] and from the second, it follows that is
orthogonal to [@ _, 8 1= [é ') _l. It remains to show that [@ B_1is orthog-
onal to Y. This however follows from the fact that a_ and 93_ are orthogonal.

6.2. Corollary. Suppose £ is a reduced rank 1 simple algebra with 11 = {y}
and suppose @ is a proper nonzero ideal of [‘EO’ go]' Then, [‘EO’ £0] -G

@%“7) 4nd dim (@) - dim (L) - 1.

Proof. We may assume qS(Ml,y) = ¢ (as in 5.6). Since ¢?=1,Q + @% and @ N
Q¢ are stabilized by ¢. Thus, @+ Q% - [530, e ] and @ Nk - (0). Hence,
[£0, 2 ol = @ @ @%. Now, [£ L ol_=1A- A®: A € @} and hence dxmr(g )=
dxmr((go) )= dxmr([go, Llr+1= dlmr(@)+ 1.

We now drop the assumption that £ has rank 1 and prove

6.3. Lemma. Let @ and B be simple ideals of [530, £0]. Then, there exists
y € Z such tbat@+$§@y.

Proof. We may assume (£ £ B. We induct on the rank r of £. If 7 = 1, the re-
sult is clear. Suppose 7> 1. We may choose y,,:-+, y €Il so that Vit Vi€ h3
for i=1,¢0+,s5-1, @ C ®@”! and B C @’s. By the induction hypothesis we may
assume s =r and @ Z @72 ¥y Thus since @ is simple, @ C gyttt
But@gzylandZ“”gZ“”* Y A FY 1A +'y,=c7’>'2+ t7Yr A
Z71* " *77 and hence @ Z Z71** 77 Therefore, @ C @71 *77 Similar-

ly, we may assume 93g@y1+.'.+y’. Put Y=Y ety

6.4. Corollary. Suppose £ is a reduced simple Lie algebra. Then, the simple
summands of [530, £ o] are conjugate under G.

Proof. Let @ and B be simple summands of [Mzo o] Choose y € 2 such that
@+ B c@”. By 6.2, we have either & = B or Pely) _

6.5. Corollary. Suppose £ is of type D or E. Then [fo, £,1= (o).

Proof. We may choose a subset P ={y,, y,, Y32 ¥4} of Il with Dynkin diagram
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/3
71 7N

V4

Suppose e 0 530] £ (0). Then, since all roots of 2 are conjugate under m, we have
@72 £ (0). Thus, we must have @71 @72 £(0). (Forif @71 NQRY2- (0), then
@71 272 apd therefore, by 5.2, @’ . (@71)4)(‘&72): @”1*72, Similarly,
®”2-®@”1*”2 and hence é,?'z -@1n@”2- (0), a contradiction.) Similarly,
@73 N®@”2 £(0)and @74 N @72 £ (0). But the sum (@71 N @”2)+ (@73 N
72)+ (@2 NQ7?) is direct. (Indeed £7 ' CZ”3 and therefore 2183~ (0). Simi-
larly, g?)’l 2l 53?)/4 = (0) and 53?),3 N fg“ =(0).) Thus, @72 contains at least three nonzero
distinct simple ideals, contradicting 6.2.

6.6. Corollary. A central simple Lie algebra of type D or E is split.
Proof. This is a consequence of 6.5 and 4.4.

7. Extension results.

7.1. If V is an M-module and V' is an m'-module, where M and M are Lie al-
gebras, and if e is a Lie isomorphism, then a f-equivalence of V onto v'
is a linear bijection V —» V' such that (vM)" = v"™M% for v € V and M € NN,

If M is a Lie algebra, a decomposition of Mis a triple (?ll_ 1 )T(O, ml) such
that m-l’ mo, Wl are subalgebras of n, [)lll, 3110] C )III, and Uﬂ_l, )T(o] C ?II_I. If
V is an M-module, we denote by Vl1 the set of all v € V which are annihilated
by ml. 1% M is an mo-submodule of V. N. R. Wallach (see [7] and [8]) has studied

these decompositions and we use his results to prove:

7.2. Proposition. Suppose M and M’ are Lie algebras with decompositions
(m_l, 3110, )T(l) and (mil, m(’), W{) respectively. Let V be an W-module on which
.W_l and‘)'ﬂ1 act nilpotently and let V'be an W' -module on which 311'_1 and m{ act
nilpotently. Let m LA M be an isomorphism which preserves the decompositions
(i.e. mf’ =m;/or i==1,0,1). Put 0,=06M,. Then, any 6 equivalence vRi—

v’ * extends to a O-equivalence V — V'.

Proof. We may assume without loss of generality that M = M and 6 is the
identity. We must show any mo-modnle isomorphism Vn1 2y ”1 extends to an
M-module isomorphism vE& V. By $2 of [7], we may imbed each mo-module W in an M-
module W* in such a way that any mo-module isomorphism W L4 W'extends to an Memodule
isomorphism W*—qsv* W', Bu by Theorem 3.1 of [8], we have an Memodule isomorphism
VL M Y* which is the identity on y, Similarly we have an M-module isomorphism
v’ W' ml)* which is the identity on V' ”l‘ Put £=rp*r' —1,

7.3. For the remainder of $7, we fix an element y € [Il. If § € £ U{0} and
6= 26 enne€ we call n, the y-height of 0. Let m be the y-height of the highest
root of 2 and let g(i) be the sum of the root spaces corresponding to elements of
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3 U {0} of y-height i, i € Z. Then, £=27_ _ £ and [Sig), Lalc S;?(M), for
i,j€Z. Wehave £ gﬁ(o) and, if I # {y}, then £(0)= £ +£0= £P 4 2ZP,
where P =l - {y}. For i€ Z, £(i) is an g(o)-module under the adjoint action.

7.4 Lemma. () £,,=(8,, 8 _Jand & _|,=1&_,) £,)]lirm>2.
(i) £,,=8,, £, amd £ _,)= 2 _,), &)}
(iii) ‘S‘a'(i) is a completely reducible g(o)-module for i £ 0.
(iv) g(m) is an irreducible g(o)-module.
(v) The restriction map I" — F(m) is an isomorphism, where F(m) is the

centralizer of adf(m)(g(o)) in Endq,(g(m)).

Proof. (i) We prove only the first equality as the second is similar. Let
be a root of y-height 1. We must show that £5 C [53(2), £(-1)]' Now, g(z) # (0)
and hence there exists a chain 6= yg, y;, -+, v, of elements of 2 such that Yi=
Y;.q €llfori=1,.++, k, y, has y-height 1 for i=0,--+, k-1, and y, has y-

height 2. Now, £7k-1 = [g,yk, gyk-l”yk] C [‘E(Z)’ f(__l)] and hence we may

choose a smallest integer j € {1,-+., k — 1} such that g,}, C [‘g(z)’ £(_1)]. If
i

-8 el En)

£y, Bay L)

this integer is not zero, we have ‘Q'y
j-1

£(0)] C [Si)(z), g(_l)] and a contradiction. Hence,'S?8 =L,

(i1) is proved similarly.

(iii) It suffices to prove that fisa completely reducible £ oymodule. If
I = {y}, ad(€ 4,) = ad(€ ) and 2d(€) = ad(@) ® ad((€, £ ), where ad(©) con-
sists of semisimple transformations. If Il £ {y}and P = II - {y}, then ad(ﬁ(o) )=
ad(ZP) ® ad(®P) = ad(2P N C) ®ad(ZP n [£, &) ® ad(®"), where
ad(zp N C) consists of semisimple transformations. Thus, in both cases the re-
sult is a consequence of Theorem 3.10 of [1].

(iv) is easy to check using 1.4.

(v) By (iv), I'_y is a division algebra. Thus, the restriction map I' = T's
is an injection, where & is the highest root of 2. But by 4.2, the composite map
I'— 1T y— I's is an isomorphism. Hence, I' = I"_, is an isomorphism.

7.5. Lemma. Suppose £ is central and m <2. Let g(l) 4 "'(3(1 y be an ‘Q(O)'

module automorphism such that [L?, Ll] =0forallL, € 53(1)- Then, there exists
a € * such that Lclb =aL, for L, e f(l).

Proof. By 7.4(v), we may assume m = 2. Let { be the algebraic closure of ®.
If (£(1))9 is an irreducible (g(o))g-module, the result is immediate. Thus, by
7.4(iii), we may assume («8(1))ﬂ = Ol ... @@l, where the Oi are irreducible
(£(0))Q-modules and / > 2. Now, by 7.4(ii), [@i, C\]] # 0 for some i, j€{l, 2,...,
/}. Thus, [Oi’ @]] is a nonzero (Q(o))g-submodule of (g(m))ﬂ’ Therefore, by
7.4(), €50 =10, C.1. Then, by 7.4(0), we have € )q=L® ;)0 € _,)gl=
[[Oi’ O,’]’ (‘g(-l))ﬂ] C Oi + O," Thus, since [> 2, we have /=2, and {i, j} =11, 2}
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Therefore, (53(1))9 = Ol ® Oz and [@1, 02] # (0). Now if H is a Cartan subalge-
bra of £ containing J, then Ol and 02 are each sums of 1-dimensional root spaces
for }(Q, and hence L and C) are not isomorphic as }( -modules, and therefore
they are not 1somorph1c as (g(o))n-modules Thus, O O and hence there ex-
ists a; € Q* such that VqS =a,V for V€ O i=1, 2 Lmeanzmg [L L,)=
we obtain [L?, Ml] = [Ll, M{ ] for L, M € £(1). Choosing V, € Ol and v, € 02
such that [V, v J#0, we have la Vl, V J =1V}, a,V,] and hence a, = a,. Put-
ting a=a, = az, we have L‘f =aL, for L, € £<1) and hence a € .

Suppose £’ is another simple algebra and y' € I1'. Define m' and £ n GeL)

as in 7.3.

7.6. Proposition. Suppose L and &' are central and m = m "< 2. Suppose there
exists an isomorphism g(O) 29, £(0) and suppose there exist 0,-equivalences
28, im0,

Tben there exists an isomorphism L9 Q" and ae ® such that 0|£(0)= 00,
01£,,=6,, and 6£,,= a0,

Proof. In this proof L. and M. will denote arbitrary elements of £

()
i € Z. Define g(_. = f )sothat (L % L_," (L L_ ) i=1, 2, (Hete(,)

denotes both Killing forms ) Then (L i L ] " L, ’)— ([L i LO], Ll.)=

(L[l L= g, L)%= i 1, L,.']>= (L7, L0, L7%) and

hence [L_, L) =*=[L_7% L 0] i=1, 2. (Subsequent identities have similar proofs
and so we omit thexr venfxcatxons ) This combmed w1th our assumptions gives
[L L, % [L iL 0] -2<i< 2 Therefore (L 0) = (L,, My). Hence,
6
one easily checks that [L, L_ ] [Li’, L_i-'], i=0,1,2. Um=m'=1, we
may define 6 by 0|£ ()= 01., i=-1,0,1. Suppose then that m = m'= 2.
(2) _ 9 (2) :

Pur £ £( 2)$£(0)9£(2)and(/=£“)®£(_l). £2) is a Lie algebra
with decomposition (‘g(_z)? 0y 53(2)); C is an irreducible g(Z)-module; and the
set of elements of O annihilated by £<2) is g(l) We have similar definitions and

remarks for £ ) and 0. Define £ 9 53'(2) by putting 62 )Ig 0= l, i=-2,
0, 2. By the prevmus paragraph, 02 is a Lie 1somotphlsm By 7.2, the 6 )-equiv-

alence £(1) AN 9(1) extends toa 0( )-equlvalence 0= 0. Thus, by 7.4(i), >

3 2 -1
Q(—I)_[g(l), £(__2)] —[g(l)) g( 2)]—[£(1)£( 9]—5(—1)- Defme g(_gl)————v
® by € =€ ) Then, [L,L_F-1_ (L} L 53 and [L_lé L1
o M =22

o_ _ _16° .
[L_II: M_fl '] and hence [Lfl -1 L—I] = 0. Then, by 7.5, there exists a ¢ ®*
_ o_ 6_ 6, _,. 6. P
fll=lZL_ll. Hence,[Ll, L—Z] l=[L11,a lL_Zz]s [L_lq LZ] l—

such that L~
6. 6 - 6_ 6 %
(L3 L uLZZ], and a I[L_l, M_,] 2= [L_l‘l, M__ll]- One checks as a result

[L_]'l, L22]. As a consequence, it1 is easy to check that [L

6 6
that a[Ll, M) 22 (L, L M, 1. These last four identites, together with the first
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paragraph, tell us that the map £ 2, @' defined by 0|£(l.) =0,i=-1,0,1, 6|

@~
ab,, and 0|£(_2) =a~'0_,, is a Lie isomorphism.

7.7. Corollary. Suppose £ and £' are central and m = m'=1. Then, any 0,-

equivalence g(l)—' 53('1) extends to an isomorphism L—¢g'.

8. Compatibility. We assume in this section that £'is another simple Lie al-
gebra and we assume there exists some fixed isomorphism y — ¥’ of 2 onto EI,
i.e., y — y' is a bijection such that if y, § € Z, then y + & € 2 if and only if
y'+8'€ 2', in which case (y + 8)'=y'+ 8'. The map y — y' induces a group
isomorphism % — «' of 0 onto ® such that (@,)'=w_, and G =y for

yl
yeZand= € 0.
2] ]
8.1. Proposition. Let (£, ) =&, T') be an isomorphism which induces
y — y' on the root systems (i.e. T76’ =T, fory €Z). Let 6o = 0|£0. Then,
00¢(~Q')061 ¢(~Q)'l is inner on £0 form € 0.
6 ! ! 6
(VLA AL RN SITEE SANLPPY:
' 1 1 4 (y*)
hence 00¢(M2 )06 d)™" fixes the elements of J. The result follows now from
2.5.

Proof. For y € %, we have

8.2, The proposition motivates us to make the following definition. Let & 0
KD __Q(Q('p 3") be an isomorphism which induces y — y' on the root systems.
For w € lﬁ, we say 00 is compatible with « if 00¢(v2') 00'195(4&)'1 is inner on
S‘fo. If w=uw,, wesay 0, is compatible with y.

The choice of ¢(«) and ¢(«') is by no means unique. Nevertheless, compat-
ibility is well defined. For if ¢,(«) and ¢'l(“l') are other choices of ¢(«) and
é(') (resp.) satisfying 5.1, then

0op. (w051, (@)1 = (6,6, (@ )B(") 71051 (8,05 Blua) = 1) (@lu)p, (2) = V).

By 2.5, 00951(«2')(;60&' )'100'l and ¢(~a)¢l(~c)'1 are inner on £0. Hence,
00<;15(w')06‘1q,'>(w)"l is inner on 530 if and only if 60¢1(~«z')061¢l(«d)'1 is inner
on £,. Le., compatibility is well defined.

In order to check that 6 is compatible with «@ = w®,, it suffices to check
that 00 is compatible with @, and with «,, where «,, «, € ®. This remark fol-
lows from the identity 00¢(~e'1 )¢(~¢;)00‘1(¢(~«21)¢(~02))‘1 =Y P )Y ,p0e;)” 1
where ¢, = 00¢(~elf)051¢ w,)” 1 i1, 2, and the fact that we may choose Bl R,)=
bG ) p(,) and (;b(wl'w;) = ¢p(;)p(w,). Thus, if 0 is compatible with all yell,
it is compatible with all « € U,

For the remainder of this saction, we assume (‘Eo’ D) —6—0»(£:), g') is an iso-

. . . 1
morphism which induces y — y  on the root systems.

8.3. Lemma. Suppose 0, is compatible with all « € ®. Suppose 5 €2 and
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there exists a 0 -equivalence £8 -9_8"88" . Then, for any y € 2 conjugate to &
under 0, we bave

O (@) -2,

(ii) (53'())’) £ v , provided that 28 ¢ 2

(iii) There exists a Gooequwalence £ 7 £ !, provided that 8 is central
and 8 is conjugate to the bighest root of % under (ﬂ.

Proof. (i) Certainly, (zs)a0 = ZSI. But for « € D, 00¢(~¢')051¢(~«z)"1 sta-
bilizes Z° (by 2.4) and hence (% )70 =Z<3“’>'_for all w.

(i1) As in (i), it suffices to show that (£8 fo = glsl. But £8 =€ ﬁgs
®@% and Q 8' = (@ N 5‘3’ 5’ )@ &5 . Since ®@?% is the sum of the sxmple summands
of [go, £ ] which act nontrivially on 5?8, we have (&8) @8 . Also, C7o-
e'. Hence, by 5.5, we need only show that for L, € C, we have quws} ==L,
if and only if L °¢(M13') - 9 . This however follows from the fact that

0¢»(~e8, )(95'1 ¢(~\l 8) fixes every element of C.

(iii) Choose @ € I such that 8 = y*%. Let ¢ = 6 ()03 ()~ 1. By 2.4
and 4.3, there exists an invertible n € End (53 ) such that n'ladf (Lo)Tl =
adi, (Lo) It is easily checked then that if 53 g'; , is defined gy 0

7]¢(~Q)08¢(~Q )’ we have
63! 0 o
Fady (Lo, =adys, (Ly")

i.e. 07 is a 0 -equivalence.

8.4. Lemma. Suppose 0 is compatible with all « € O and suppose all the
roots of X are conjugate under ©. Suppose for some & € 3, there exists a 0,-
equzvalence £ 53 . Then, we may identify the centrum I of £ with the cen-
trum T of 8" in such a way that 0 and 05 are I'-linear.

Proof. By 4.2, we have an isomorphism I' — "' which is the composition of
the maps I' = I'y — I"s, — T, where the first map is the restriction map, the
second map is conjugation by 05, and the thltd map is the inverse of the restric-
tion map. If we use this lsomorphlsm r—rI't identify I" and I, itis easy to
check that (CLS) = cLss for c € I" and Lse S? It remains to check that
(CLO) = cL for Lye&,.

Let c € F and L € £ Then, for Ly € £, we have [LS ) (CLQ)GO] =

6 4 6
(LgcL, 1% —[CLS,L 178 L ) S L °]—[cL38,L °]-[L8 , L 0]
and hence CLO - (cLy % € Z8' . Thus, for « =0, Ze ) contains
6 6 6P (W' 0 ' 6
(eLo% = (L) OPWI_ o 0P (o (ot Wb _ ()

Yd) 0 b (). 6 e
c(L, )0~ (cL, ) 0, where Y = 0, ¢ )901¢(M2)'1. Therefore, since

Y ()6 _
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U
g‘é’d’(w): £0’ we have cho - (cL0)90 e 208 for all w € @, in which case

6
CL0'90 = (cLo) 0, since 8" runs over all elements of 2.

9. The isomorphism theorem. Suppose £ and £ are central simple Lie alge-
bras. Let {31, N Bk} be a set of elements of 2 which represents all root lengths
of 2 exactly once. (Thus, k=1 if Il is of type A, D, or E; k= 2 if Il is of type
B,C, F, G,or BC,;and k=3 if Il is of type BCr (r >2).) We assume 8k is of

maximum length.

9.1. Theorem. Suppose (53 ?) (£0, Ty is an isomorphism which induces
an isomorphism y —y' of X onto 3" and wbzcb is compatible with all y € Il
Suppose there exist 0 -equzvalences £3 —4 533 y i=1,444, k. Then, there ex-

ists an isomorphism 5‘2 6,8 which extends 6, and which extends 03 ifi=1or

i £ k.

Proof. We may assume r > 0. The proof is by induction on the rank 7 of £.

If 7 =1, the theorem is a consequence of 7.6. Suppose r > 2. By 6.6 and the
classical result, we may assume II is not of type D or E.

We consider the reduced case first. Label the roots of Il as Yir Yot s ¥y
where y; is connected to y; ;(i=1,---, r = 1)and y, is of maximum length. Put
P={y,,+-+,y,_;} Rechoosing I, we may assume gthe d; of minimum lengtP '3
say, is contained in (P). By 8.3((i) and (ii)), (% ZP and (QP) £ P
Then, 00|£0P and 031 extend to an isomorphism £P £ P . (To see this, one
considers two cases. If Il is of type B, (r>3)or F, then (P) contains two root
lengths and the statement follows from 8.3(iii), 4.3, and the induction hypothesis.
On the other hand if Il is of type C, (r>2), A, (r>2), or G,, then (P) contains
one root length and the statement follows from 8.4 and the induction hypothe51s )
Let £ @ (€ Z)and m € Z be defined as in 7.3, using the root ¥, Define £
(i€Z)and m 31m11arly Then, 1 <m=m'< 2. We define an isomorphism 53(0) =
P e ZP Y Eé 0)= L'Pggr by putting 0(0)|£P 6P and 0 )lz” =0 [ZP By
7.6, it suffices to find 6(0)-equ1valences f( = (1) E( g 1=1,++, m. But
(276 (P)_Sf go, 2 g,y) is a decomposition for £(0), and the submodule

ye(p)t

of £( y annihilated by 2 y is £ where € is the highest root of 3. More-

ve(p)t
over, by 8.3(iii), we have a Go-equxvalence £ — £'1. Hence by 7.2, there is a

€
9(0)-equ1valence .53( y £( y It remains to fmd 0(1 y When m = 2. In this case S
is of type G, or F,. Put =3y, + ¥, in the first case and A = 2)/l + 4y, + 3y, +
Y4 in the second. By 8.3(iii), we have a 6 o-€quivalence 5‘3 — &' , » Which ex-
tends, by 7.2,to a 0(0)-equ1valence ﬁ(l)__*g( 1y *
We turn now to the nonreduced case. The roots of Il may be labelled so that
I has Dynkin diagram:
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Put P=1{y,,-++,y,_}- Rechoosing Il and relabelling the 0, we may assume
5, € (P), 8,=y,+Yy+*+*+¥,_1+V, and 85 is a root of maximum length. De-
! .
fine g(i) (i € Z), and g(i) (i € 1) as in the reduced case. As in the reduced case,
6 ' .
we may extend 90 and 931 to an isomorphism ‘9(0)&‘9 (0y Once again we look
for 0 yy-equivalences 0(;yand 0,,, this time requiring that 0, extends 032.
0(2) is found exactly as in the reduced case. Finally, since £52 is the submodule

of f.(l) annihilated by Eye(P),r S‘By, we have the required 0(0)-equivalence 9(1)
extending 682 by 7.2.

9.2. If k=2 or 3, the theorem does not guarantee, that 0 extends 63k' How-
ever, we note that (6|& Sk)eglle commutes with the adjoint action of £ on fskand
hence, by 4.2, 9|£3k and 65k differ by at most an element of o*.

9.3. We now give an example to show that the 6 -equivalences 051, cannot be

removed from the hypothesis of 9.1. Let A be a central division algebra of degree
d>1 over ®. Suppose | (resp. |') is an involution of A of the first kind such that
the skew elements of A relative to ] (resp. J') have dimension %d(d - 1) (resp.
Y%dd+1)). Let £ (resp. f') be the Lie algebra of skew transformations with re-

spect to a J-hermitian (resP. J'-hermitian) form of index 7, on a space of dimension
2r over A. Then, £ and £ are central simple with root systems of type C,. QO
and géare both isomorphic to r copies of A. In fact there is an isomorphism y —
y' of 2 onto 3" and an isomorphism (go: ) QQ, (53;, 3’) inducing y — y' and
compatible with all « € (0. Moreover, if y is a short root of %, these maps can be
chosen so that there is a 6 -equivalence g,y _B_X f;, . However, if § is a long
root, £8 and g;, have different dimensions (namely Y%d(d - 1) and %d(d + 1) re-
spectively). Therefore, £ and £’ are not isomorphic.

In concluding, the author would like to express his gratitude to Professor G.

B. Seligman for suggesting the isomorphism problem and for his helpful comments.
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