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POLYGONAL RANDOM FUNCTIONS(})
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LUIS G. GOROSTIZA

ABSTRACT. A class of random functions is formulated, which represent the
motion of a point in d-dimensional Euclidean space (d > 1) undergoing random
changes of direction at random times while maintaining constant speed. The
changes of direction are determined by random orthogonal matrices that are ir-
reducible in the sense of not having an almost surely invariant nontrivial sub-
space if d > 2, and not being almost surely nonnegative if d = 1. An invariance
principle stating that under certain conditions a sequence of such random func-
tions converges weakly to a Gaussian process with stationary and independent
increments is proved. The limit process has mean zero and its covariance ma-
trix function is given explicitly. It is shown that when the random changes of
direction satisfy an appropriate condition the limit process is Brownian motion.
This invariance principle includes central limit theorems for the plane, with
special distributions of the random times and direction changes, that have been
proved by M. Kac, V. N. Tutubalin and T. Watanabe by methods different from
ours. The proof makes use of standard methods of the theory of weak conver-
gence of probability measures, and special results due to P. Billingsley and B.
Rosén, the main problem being how to apply them. For this, renewal theoretic
techniques are developed, and limit theorems for sums of products of indepen-

dent identically distributed irreducible random orthogonal matrices are obtained.

1. Introduction and notation. In this work we present an invariance principle
which is an extension of results obtained by M. Kac, V. N, Tutubalin and T. Wa-
tanabe. Let n be a positive integer and consider a point moving in the plane,
starting from the origin at time zero, mairtaining constant speed c , and changing
direction in the following way: it stays on the ith direction for a random amount
of time Tni and then changes direction by a random angle a.. Suppose the a; are
independent with common distribution p. M. Kac has shown in [5] (although not
stating the problem this way) that if Cp=m 7, .= 1/n for all i, and p is symmetric

(i.e. p(A) = p(~ A)), then at time ¢ = 1, that is, after the nth step, the two coordi-

nates of the position of the point, suitably normalized, jointly have an asymptotic
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distribution as n — oo which is that of two independent Gaussian random variables.
V. N. Tutubalin has the same result in [8] when a; is 0 or — 0, each with probabili-
ty 1/2, and 0 is incommensurable with respect to 27 (and other minor differences),
as a special case of a three-dimensional theorem of a type different from ours. T.
Watanabe in [9] has proved that when thte To,i BT€ independent and exponentially
distributed with parameter cfz, and the a; are uniformly distributed on -7,
and independent of the 7, the process (the space of trajectories) converges
weakly to planar normalized Brownian motion when ¢, ©as n— . Our pur-
pose is to extend such results both in the type of the distributions involved and
in the dimension of the space where the motion takes place. Since the complete
definition of our random functions is long, we shall give now a rather nonstringent
formulation of them and their invariance principle. Let a point move in a d-dimen-
sional Euclidean space (d > 1), changing direction at random times as above, with
the direction changes being given by independent (and independent of the previous
direction) and identically distributed random orthogonal matrices; assume these
matrices are irreducible in the sense of not having an a.s. invariant nontrivial sub-
space if 4> 2, and not being a.s. nonnegative if 4 = 1, and moreover let them de-
pend on 7, as do the random times; suppose the random times tend to zero in some
adequate way, and ¢, — o as n — oo; then under certain more technical than quali-_
tative conditions the process determined by the trajectory of the point, suitably
normalized, converges weakly as n — o to a Gaussian process with stationary
and independent increments, mean zero and covariance matrix function which we
can exhibit. The limit process is Brownian motion if the change of direction ma-
trices satisfy a certain property (Condition (A)). Important parts of the proof are:
a theorem of B. Rosén [G], used to prove the weak convergence of the one(time)-
dimensional distributions, which turns out to imply the convergence of all the fi-
nite-dimensional distributions; the use of inequalities of P. Billingsley [1] ($12)
to prove the basic Lemma 3.4, which implies the tightness of the sequence of ran-
dom functions and is used in applying Rosén’s theorem; renewal theoretic tech-
niques that are employed throughout the proof; and limit theorems for irreducible ran-
dom orthogonal matrices, which enter into the application of Rosén’s theorem and
are the tool that made the proof possible for any dimension > 3. Kac’s three-di-
mensional result in [S] is not included in our theorem.

In the remainder of this section we establish the notation. In §2 we define the
random functions, state the invariance principle and some observations about it,
and notice that the results previously cited are special cases. The proofs of the
invariance principle and the observations form $3. $4 consists of the renewal
theoretic results, and §5 contains some facts and the limit theorems regarding ir-
reducible random orthogonal matrices. These two sections, although they are part

of the proof, have been separated due to their independent nature, and for the same
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reason the results therein are sometimes more general than is required by the proof,

but only to the extent that seems natural without much extra effort; also, they will
be used for further work.
U . .« .
Notation. Vectors are column-vectors, denotes matrix transposition, (, )

stands for i mner product of vectors and tr for the trace of a matrix. The vector
norm ||x|| = (2 , with x = (x,-+o, x ) and the matrix norm ||A] =

supi||Ax|: ||x[| = 1} are used. E stands for expectation, E [ | 1 for conditional ex-
pectation with respect to the Borel field F, and E[ X, a€ (] for conditional
expectation with respect to fﬂxa, a € (1}, the last symbol denoting the Borel field
generated by the random elements X, a € (. With the above norms we have for
a random matrix A of order d and a Borel field F the basic inequality
JELAIFIN < va EUATIF] aus.,
whlch is a consequence of the elementary inequalities (2 )1 2 < 21—1 x| <
\/d(z 2)1/2. The distribution of the random element X is denoted Iy > and 8x
is the probablhty measure concentrated at the point x. The symbols 9, P and
a.s. are abbreviations for ‘‘in distribution’’, *‘in probability’’ and “‘almost sure-
ly”’. [ ]denotes the integral part of a real number, and when a real number ap-
pears in a position where there obviously should be an integer it is interpreted
as its integral part. The symbol * stands for positive part. The indicator func-
tion of the set S is denoted ls. The identity matrix is I.

The spaces D[0, T1¢ and D[0, %)? of functions from [0, T] and [0, =), re-
spectively, into the d-dimensional Euclidean space R? (4> 1) which are right-
continuous with left limits everywhere are the same sets as the d-fold products
of D[0, T1! with itself and D[0, »)! with itself, respectively. C[ 0, «)? is the
subspace of D[0, «)? consisting of functions continuous everywhere. A metric
on D[0, «)? exists which is separable and complete, and for each finite T > 0
its restriction to the set {/1[0 7] :f e Dlo, «)?} is equivalent to the Skorokhod
metric p on D[0, T1¢, namely plx, y) = max, . .0, ), for x = (xp,eee, xdx)
and y = (yl,... , yd) with

Nx,y)=ij (1) = 5.
x; )’,) irelf\ oz?ET lxl(t) yl(/\(t))| + sup

0<s,t<T; st

log —

s -t

Als) = A(r) I

where A is the set of all strictly i mcreasxng and continuous functions of [0, T]
onto itself (see [7], [11]). Do, 2)? Wil denote this metric space. Convergence
of random elements of this space is convergence in distribution, or weak conver-

gence of their distributions. Our basic source for the weak convergence theory
used here is P. Billingsley’s book [1].
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2. The random functions and the invariance principle.
2.1. The random functions. The random functions we shall study arise from

the following physical process. A point moves in a d-dimensional Euclidean space
R? (d > 1), starting from the origin at time = 0 in a random direction (unit vec-

tor) &, with constant speed c, for a random amount of time 7,»at which time it takes
on a new direction, Alf, where A1 is a random orthogonal matrix, and the motion
continues on by repetition of this pattern; thus, departing from the position crlf
the point travels in the random direction A I{", with constant speed ¢, for a random

amount of time 7., when it takes on the new direction AZAlf, where A2 is a ran-

27
dom orthogonal matrix; et cetera. We consider a sequence of such random motions,
and define the nth random function Xn(t), t > 0, to be the position at time ¢ of the

point in the nth motion. Thus, for n =1,2,...(with An’o =1)
L)
X =c, Z A ic1 An, o
() '

n
+c, |t- Z T i An,Nn(z)"'An,Ofn’ t>0,

k . ..
where N (t)=max{k: 2. 7 . <t}, t>0,and c_isa positive constant (the
n i=1 n,i-— = n
speed). The function
N (1)

n
@ Xﬂ(l):cn. 1 7n,iAn,i—1“.An,0§"’ t>0
1=

describes the pure jumping motion which consists in staying at each turning posi-
tion until the time of the hext turn. We make the following assumptions. For each
n, the nonnegative random variables (times) Toi? i > 1, are not identically zero,
are independent, and have the same distribution (possibly with an atom at 0), the
random matrices A i 1 > 1, are independent, identically distributed and jointly
independent of {7}, and the initial random direction £ is independent of {r i
A, J So defmed the Xn are random elements of D[0, oo) and the X are random
elements of the subspace Clo, =) of D[0, =)?. A probability space (Q 5. P)
on which X and X are defined of course exists, and we follow the usual practice
of omitting the mdex n from the notation of the probability measure.

We wish to obtain an invariance principle for random functions of the types
(1) or (2), that is, given a sequence of such functions satisfying certain condi-
tions, we want to prove the existence of, and exhibit, a weak limit of the (possi-
bly normalized) sequence, which limit, expectedly a diffusion, depends on the dis-
tributions of the random times and random matrices involved in the definitions of

the elements of the sequence only through some of their moments. It will be seen
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that under the conditions of the invariance principle weak limits of the sequences
{Xn} and {5("} are the same, and therefore the principle need only be stated for
(X1,

As they are at this point, our random functions are too general to yield the
invariance theorem we want, and therefore we make further assumptions. The times
7 . should somehow tend to zero as n — c. We shall assume that there is a se-
q,:l’ence {r,} of random variables and a sequence {6} of positive real numbers con-
verging to infinity such that 7 wi=T /b Letting N(t) = max{k: 2 7, < t},t>0,
we have N (1) = N(b 1), t2>0. Regardmg the orthogonal matrices A i in order
to prevent the motion from remaining in a proper subspace of RY, d 2 2, or from
not being able to change direction in R, we require that they be irreducible, the
definition of an irreducible (as opposed to reducible) random matrix A (of order d)
being that P[AV CV]<1 for every nontrivial subspace V of R?, for d > 2, and
that the single entry of A not be a.s. nonnegative for d = 1. We mention at this
point that if a random orthogonal matrix A is irreducible the matrix [ — EA is non-
singular (see §5). We do not require the orthogonal matrices An’i to be proper
(i.e. with determinant + 1). These qualitative conditions complete the definition
of the class of random functions that concerns us here.

2.2. The invariance principle.

Theorem. If
(1) Erf< oo for some p > 3,

(i1) {An.l’ n > 1} has no reducible weak limit points and limn_.oo(l - EAn,I')—l
exists, and
(iii) a,, a,,+ - -are positive real numbers such that limn_m(c”/anb:l/z) =1,
then as n — o the sequence of random functions {Xn/ani converges in distribu-
tion on D[0, ) to the Gaussian random function X with stationary and indepen-

dent increments, mean 0 and covariance matrix function EX(#)X(t)'= tC'/dErl,

where

C=Varr I+ (Er)? ¢ lim [(1-EA )~'+(-EA! )-1-1

n—n0

Let us make a few observations, some of which we will verify at the end of

$3.

1. Even with the provisions of irreducibility of the A, and their weak limit
points, the limit X may be degenerate. Example: In R3, with 7, constant and
1 0 0 0 -1 0
Ani=Ai=<O 0 _1),(1 0 o)
’ 01 0 0 0 1

each with probability J for all », we have rank C = 2, so that X concentrates on a



418 L. G. GOROSTIZA [March

two-dimensional subspace. What happens in this example is that, if x, y, z are the
coordinate axes, the y-component of Xn/an is bounded by V 3cnrl/a"bn,which con-
verges to zero as n — . To see why this is so letu , Uy, U, be the unit vectors

along the corresponding coordinate directions and let U =1{u_,—u_,u_,—u_,u_,—-u_};
x x4y y Uy 25

since for each i, Ai-l e AIU C U, it suffices to take u,or—u,  as the @nitial di-
rection; now, it can easily be seen that with probability one Aluy lies in the xz-
plane, A, _,--: Aluy does not lie in the x z-plane for some i > 2, and for the first
such i, Ai-l rE Aluy ==, and that d:e same holds with — u, in place of u;
hence the y-component of (cn/an)zl.:1 Toifpic1t A 04, 180, c,;ry/a b or
- cnrl/anbn. In this example we also have that in the xz-plane the component pro-
cesses of the limit X are dependent. In general we can say, however, that the
limit X is degenerate only if 7, is a.s. constant, that rank C > 2 when d > 3, and
that, for d =1 or 2, X can be totally degenerate (i.e. C =0), which occurs if and
only if both 7, and all weak limit points of {An,li are a.s. constant. For d > 3
every (constant) orthogonal matrix is reducible and hence cannot be a weak limit
point of {An'li (this is why X cannot be totally degenerate), but, for d =1 or 2,
{An,l} can have a.s. constant weak limit points (- 1 for d = 1).

2. Of special interest are random motions of our class whose changes of di-
rection satisfy the following property. If A, A, and A; are independent and
identically distributed random orthogonal matrices (of order d), then, as functions
of the direction x, the distributions of the projection of A x on x and of the pro-
jection of A;A ,% on x are invariant under the transformation A |» i.e. for any di-

rection x
(A4, 402 (Ayx, ) and (44,4, 410 2 (454, ).

It follows from this that the random matrix A = A1 satisfies the condition

E(A'"(EA + EA")A)= EA + EA' and E(A'"(EA'EA)A)= EA'EA,
or equivalently, by Lemma 5.2,
Condition (A). EA + EA'= al and EA ‘EA = Bl for some constants a and (3.
This condition holds automatically for 4 = 1, and when A is proper, also for

d = 2. If the matrices A | = (ai.;.’)) satisfy Condition (A), then

d (n)y2
L Ea)

C=|Varr + (Erl)2 lim — - 11
ne (n) d (n)y2
1-2Ea0+ 35| (Ea )

1-3

where i is arbitrary. Therefore the limit X is a d-dimensi®al Brownian motion
process (understood here as a d-dimensional vector process whose components are
independent (one-dimensional) Brownian motion processes with the same variance

parameter), and hence for d > 3 it is nondegenerate. We further remark that under
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Condition (4), for d > 3 if A is a weak limit point of {A_ }then [EA| <1, be-
cause ||[EA| =1 is equivalent to A being a.s. constant and hence reducible. We
note that the matrix A | in the above example does not satisfy Condition (A).
3. For d = 2 we represent the proper rotation A in the form
cosa, - sina,
A = b
n,l
sina cosa,

where o, is a random variable taking values in the interval [- 7, 7). The con-
dition of irreducibility takes the form p # p8_” + (1= p)ﬁo, 0<p<1. The

n
limit X is a two-dimensional (or totally degenerate) Brownian motion process with

variance parameter

1-(E cosan)2 -(E sirlocn)2

2Er. Varr, + (E'rl)2 lim
1 7% (1 - E cos an)z +(E sinOLn)2

Suppose that o is a weak limit point of {a } (u #pd_, +(1-p)5;, 0<p <1
If ais a.s. constant X has the minimum possible variance parameter,

Var rl/ZErl; but if ais not a.s. constant the o can be shifted (mod the interval

[- 7, ) so that X has any variance parameter in the interval

[(ZErl)’1 (Varr + (ETI)Z,B)a (ZETI)'l (Var )+ (ETI)Z,B“1> ] ,

where
1=((E cosa)? + (E sina)?)!/?
"1+ ((E cosa)? + (E sina)?)t/?’

B

In particular, if E cos a= E sin a= 0 we have the unique limit variance param-
eter Erf/ZErl, and we note that in this case the limits as » — > of the mean
and variance parameter of Xn/an are equal to the limits as » — o of the mean
and variance parameter of the random vector & N (n) where the unit vector ¢
has the Haar distribution and is independent of {rl}.

2.3. Special cases. We will include here only special cases that yield re-
sults obtained by other authors, and other means, for d = 2 and proper rotations.

Let a, 2 & for all n, with a symmetrically distributed (i.e. p(4) = p (- A)
for each Borel set A); then the limit Brownian motion process has variance param-

eter

2 1 21+ Ecosa
- \V/ T s
o ZETI ( arrl+(Erl) l—Ecosa>'

. - . ' .
Withr =1, b =c =n,a,=Vn & = (cosa, sinag) and ¢t = 1 we obtain

that the random vectors
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1

~
!
—
-

n 1

L2
\/;Ii=l

where a, , ] >0, are independent and a; , ] > 1, are distributed as a, converge

cos

"'M .

1
oiV;i % ’

in dlstrxbuuon asn—xt (N,N ) , where N, and N, are independent normal
distributions with mean 0 and variance 0% = (1 + Ecosa)/2(1 - Ecosa). This
central limit theorem appears in M. Kac’s book [5], with a, also distributed as a
and without an explicit limit variance, and in V. N. Tutubalin’s paper [8], with
Bo= (89 + 5_9)/2 and the requirement that 8 be incommensurable with respect to
2w, which, as we have seen, is unnecessary.

Now let 7, have the gamma distribution I'(8, A), b = sz’ a =land{ =
(cos dn’o, sin an’o)', and let @ ., j > 1, be distributed as a . Then the corre-
sponding vector processes (which we might call generalized scattering transport
processes) converge weakly as #» — ~ to the planar Brownian motion process with
variance parameter
B 1 - (E cos an)2 - (E sina.n)2

—+—lim

2_1
2\A 7 X p—oo

g =

(1 - E cos an)2 + (E sin ot.n)2

If all a n,j T€ uniformly distributed on [~ 7, 7) and ,3 A=1 (sothat 7, is
exponentlally distributed with parameter cz) then 0% = 1, which comc1des with
T. Watanabe’s result in his paper [9].

3. The proof. The hypothesis of the invariance theorem and the basic in-
equality ($1) will frequently be used without mention. The proof employs the re-
sults of $$4and 5. To simplify the notation we will assume that a =1, which
implies no loss of generality, and we can obviously assume p <5.

3.1. Preparatory lemmas. We will show first that weak limits of the random
functions X and their associated jumping processes )?n given by (1) and (2),

respectively, are the same.

Lemma 3.1. If Er{ < o for some a > 0 and the sequence {cn/bfla'l)/a§ is
bounded, then {X"} and {)?n} both converge weakly to the same limit or neither

converges.

Proof. Since the Skorokhod metric p on D[0, T]¢ is dominated by the sup
norm metric we have from (1) and (2) that

N_(t) c N(t)
(X , X)< su t-z r ) =% su t—Zr.
P n’ n —C" OStET i=1 n,t bn <tSPbT i=1 ! ’

and the last random variable converges to zero in probability as n — oo by Lemma

4.1 (put b =d %, then c /b =(c /b1 (1/d)). This implies that the con-
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clusion is true for the random functions restricted to the time interval [0, T] for
each finite T > 0 (see [1, Theorem 4.1]), but this is sufficient (see [11]). O

We remark that this lemma is valid if the matrices An,i are only contractive.

From the hypothesis of the invariance theorem we see that the conditions of
Lemma 3.1 are satisfied with @ = 2. We may then work with X or )?n for inves-
tigating weak convergence, whichever is more convenient, and therefore we make
the following notational convention: both (1) and (2) shall be represented by Xn
throughout the proof, and where appropriate we will point out which one we are
using.

Next we will prove three preparatory lemmas.

Lemma 3.2. Let t and b be real numbers such that 0<t < b, b, real numbers
such that b, — b as n —» o, and T, random variables that are independent of all
the random elements which determine X, such that T < b, a.s.and Tna’—s; tas
n —oe. Let 0<a<2, Thenif h=t

. +
lim E|X (b)-X (T)]*< 0,

n—"0

and there is a constant K such that if h > t there is an integer n, depending only
on b -t such that, for all n> n,,

EIX () - X (TD]* < Kb - 0°72,

and if b and t, are real numbers such that 0 < t,<bh, and (bn - tn)"1 = O(bn)
as n — oo there is an integer n, such that, for all n > n,
a a/2
ENX (b)) = X ()]® < Kb~ 1 )*/2,
Here X  is (1) or (2).
Proof. X is (2). By straightforward computation one obtains

o0

EIX () - X (TD2=c2 2 X Fl
n r=0 S=f+1 +
IN THy=r,N (b )=s]
n n n n

s s-1 s

2
L2 XX oo B A
i=ryl ™ izrpl jmigl TP WIS ™

(EAn’l)""An,l._ 1t An,ofn)

By Lemma 4.3 the indices of the 7,,i can be changed to obtain, performing the
summation on j,
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+y\12 _ .2
EIXb) - XTI =] & X B
[Nn(Tn)=r, N (b )=s]
n n

s~1
e
{(s lgva, e X (A, 1A, b,

i=r+1

en,i,sAn,i-l. * 'An,0§n) ’

where 0

e

—i+1
nyi,s (EAn,l - (EAn,l)s o )(I- EA
1< 200 - B4, D=1,

n 1)'1, and hence, because
,

n,i,s
EIX (b)) = X (TN
+ 2 -1
< ciE(Nﬂ(bn) - Nn(Tn)) (7Nn(bn) + 4"(1- EA,,'I) "TNn(bn)" ern(hn ).

Using the assumption on 7 , and the Hélder inequality with 1/p+ 1/q =1 and p
an integer large enough so that Erj_‘”l < o0, we obtain

, 2

EIX (b)) - X (T

1/p
NG b )-NGb TH)

b

n

C2
<z
b

n

2q v)1/2q¥’

2 1/ -1 24 E
UERY, , 91+ A=A DTNENRE, o1 E NG b,

whence the conclusions follow by Lemmas 4.4 and 4.6 and Liapunov’s inequality,
for X given by (2).

It is easy to show that there is a constant M such that, with the notation of
(1) and (2),

(Ellx (b)) - X (TDID2 <(E|X (b)) - R (TDID/2 + M/6Y2,

n

which yields the lemma for X givenby (1). O
In what follows it will sometimes be convenient to introduce the initial direc-
tion in the notation of X_, and to view X  as a family of random functions, one

member of the family for each initial direction; thus X (x) is the member

: N_(¢)
n
X, 0=X (e, ) +c  \t- > Tn.i An.N"(t)'“An,Ox’

i=1
where
N ()

y(n(x, t)=r:’z r LA ---An,ox, t>0,

i=1 n,i n,i-=1
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We say that two random functions of our class have the same distribution when
they are identically distributed for each initial direction.

In the next lemma we express the fact that after a turning time the process
X, is influenced by its history up to that time only through the direction after the
turn (which depends on all the previous directions).

Lemma 3.3. Given t> 0 there is a random function Y  in our class, defined
on the same probability space as X , which is distributed as X and independent
of {Xn(r), r < t}, and such that for s >t

X (€ s) =X (E,D=Y (L (s=T, v (n, )+

and also
Xn(‘fn’ s) = Xn(rfn, t) = Yn(én, s—1)+ 6,

where
Nn(')+ 1

(:n = An,N”(l)+ 17 An.O‘fn’ Tn,Nn(t)+l = i§l T, i
and El||¢_||*= O(b;a’/z) for0<a<p-1 and E||(9n||2 — O0asn —oco. Here X is
(1) or (2).

Proof. Xn is (2). It is easily verified that the first expression holds with Y
defined by

N (b)

Y B =c, 2

FOA L A 0% bh>0,
1o
1=

1 n,l-l n,

Nn(b) = max{k: El.ez

with Tn i~ Tn,Nn(t)+l+ir

i>1, A, ;=1 and
¢n = Cnrn.N,,(t)-b lAﬂ'Nn(l). e Anyof"ll[T"'N"(l)+ 155]’

and then it is clear that X and Y have the indicated distribution properties.
From El¢_[*<(c /b )* ET?\I(bnt)H and Lemma 4.4 it follows that Ef¢ [*=

O(b;a/z) as n — . For the second expression we put

0 = (Y (L,s-0-YLuls =T, n o) )i

n

then by Minkowski’s inequality

C
(E10,191/2 < S5 (Erky, o, D12+ EIY( = 0= ¥, (5= T,y )DIDV
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the first term on the right converges to zero by Lemma 4.4, and so does the sec-
ond one by Lemma 3.2 because s -t > s - Tn,Nn(¢)+ la—'f»'s —tasn — oo,

For X  given by (1) the proof is similar. O

Lemma 3.4. If b_and t_ are real numbers such that 0<t_<h_,
n n - n n

lim inf _ (hn - tn) > 0 and lim supn_m(bn - tn) < oo, there is an integer n, de-

pending only on the sequence {bn - tn}, and constants K and c such that
Kb -t )
Pl sup X () x () se] cmontad”
t_sss<h n nont= - 2y
n n €

for all n > nyand all € > c lim sup,,_ (b, - 1), where y = (p - 1)/2 (note that
1<y<2). Here X is (1)

Proof. Let 8n =bh,-t, and

=tn+8ﬂk/[brlz/2], k=0,...,[b’12/2];

rn,k

then

P[ sup | 1X,(9) = X, (¢l > ]

t <s<
n

€
@ <p[ max 6, ) - X6, 0 23]
T n

+ P

[/ 7))

t

€
w o X, ) =X )= max X G )X, GO 3;] .

L " n lsksbn

To study the first term on the right of (a) we set Sn,k =
2?:1 (Xn(rn ) - X, (r, i-l))’ k=1,.-+, b'll/z, and S ;= 0; then (as in (1, p. 88D

21

p[ max {0 0= X, 00, 0 ziz]

lsksbl
n
€
) <P[ max  mindls LIS - n;>_]
- Yk S =
[lsksb 2 i apl/2 " 8
n n
€
. p[ max X, ) - X, o zg] :
lsksbn

We will now obtain an upper bound for the first term on the right of (b). Let i, j
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and k be integers such that 0<i<j<k< bl/2

n

A) we have for A> 0

n,k ~ “n,p?

. By and in the notation of Lemma

3.3, applied to §

PLis

=S 2 AlS, =5, A2
= PUX G, )= X0, 2 MK, ) = X, 2 A
< Plig, I > A/2)
+ P["Xn(’n,j) - Xn(rn,i)“ 2 A " Yn(én’ (rn,k - T"'Nn('n_i)"' 1)+)" 2 A/21.
For the first term on the right of (c) we see by Chebyshev’s inequality and Lemma

3.3 that, as n — o, Plll¢ || >2/21<A=270(b>?), and since lim inf _ 8, >0,
k-i>1,and b — oo, then, for all sufficiently large n,

(c)

) PlIg, Il > W21 <A™27 (8 (k- /161 72D).
For the second term of (c) we have

PUX (7, )= X (o, N2 MY ey = Ty o 5y Dl 222
’ ' ’ Y ntn,g

= [ PUIX G, ) = X D> Y A2 M2

n'n,i

+
¢, =% ('n,k - T"’Nn('n D+ 1) = r]#n(dx, dr),

where p is the joint distribution of £, and (r_ , - Tn’N"(’n s I)‘*, We will

study this integral separately over the sets b;l STty k= T and 0<r< b;l.

’

Under the condition { = x and (r, p= T )* =+ the random vectors

n,N (r_ D+1
n n,
X (r )-X(r .)and Y, (x, 7) are independent, and Y (x, ) is independent of

n n,j n n,i
the random elements appearing in the condition; using these facts together with

Chebyshev’s inequality and the last part of Lemma 3.2 it follows that there are

constants K and K; such that, for all sufficiently large n,

27 y/2
A Kolry =707

f 1 /2
P _ Y
b—l< r<r -r . )\vy Ko(r":j r"yi)

n n,k” 'n,j

Y
1 an(k—i)

< 2y 11,172
A (e,

The integrand over 0<r< b;l is bounded above by 1 because

< <
1Y, ()]l < c,r, and hence fossb"l < l[cn/bﬂ 2N/2

A> 0 and all sufficiently large n because cn/bn — 0 as n — o, so that, for each

le, /6, 22/2]
Ik which equals zero for each

A > 0 and all sufficiently large n,
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L8, k=0 \7

< ——
-1 S
OSer” )\27 [b'll/Z]

In conclusion, there is a constant K, such that, for each A > 0 and all suffi-
ciently large n,

POIX (- V=X ( Z)L,HY"(C",(r”’k— ToN ')+1)+)||2)t/2]
n-n,

n'n,j n n,i
(e)
SAT2Y(K,S (k- /(6227 .

From (c), (d) and (e) we see that there is a constant K3 such that, for each A > 0
and all sufficiently large n,

-2
PLIs, ;= S, A2 MlS, o =S, 12N <A™ (K6 (k- /1Y),

whence follows, by Theorem 12.1 of [1], that there is a constant K4 such that,
for each ¢ > 0 and all sufficiently large 7,

b4
. €
® p[ max miallS, . 1S 1/2‘5n,k"’2§] Ko

1<k<b n,b
n n

We can treat simultaneously the second term on the right of (a) and the second term
on the right of (b) because they have a common bound; indeed, the following in-
equalities are easily verified.

P[, sup O =X - max X0, ) - X0, Ol 2 A:I
n n lsksb"
<P max sup ||Xn(s) - Xn(tn)”—"x,,(f,, k) _ Xn(‘,,)“ i.>. N
1<k<bV? \Tnk=155%"nk ' !
<b, ,
(8)
<P max sp X, )= X 2 a]
lsksb'lz/z T k=155Tp &
<1 y ’
1/2
le,8,/ls,/?12a]
and
P| max ||Xn(rn'k) - Xn(rn,k-l)“ >A <1 2 ;
(h) lsksbn/2 [cnSn/[bn 122l

and clearly if lim sup,_ 93, < ¢/ 8 then, for all sufficiently large =,

1 =0,
1) [Cn sn/[b’ll/z]zc/B]
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(a), (b), (f), (g), (h) and (i) establish the lemma. O

3.2. Weak convergence.

Lemma 3.5. {X (), 0<¢<T; n=1,2,...} is tight for each finite positive
T. Here Xn is (1).

Proof. It is enough to show that for each ¢> 0 and n> 0 there is a §, 0<
8 <1, and an integer n; such that

P[,Si‘;&s IX, () = X O]l e] <&n

for all # > n, (n, independent of t) and all ¢, 0< ¢t < T - 3 (see [1, p. 58]). In
Lemma 3.4let t =1, b =t+ 8 and choose 8 so that cd < e and K87 ~1/27 <7, O

In the next two lemmas we will prove that the finite-dimensional distributions
of the sequence {Xn} converge weakly to the desired limiting distributions. By
the finite-dimensional distributions of a random element X of D[0, 0)? we mean
all the k-dimensional distributions of X, for £ =1,2,..., the k-dimensional dis-
tributions of X being the (kd-dimensional) distributions of the random vectors
(X(t)),+ o+, X(2})) for all 1y <ty <eee<t,.

Lemma 3.6. Let X be a random element of D[O, ) with stationary and in-
dependent increments. lf the one-dimensional distributions of Xn(fn) converge
weakly to those of X, independently of {rfn}, as n — oe, then all the finite-dimen-

sional distributions of X converge weakly to those of X as n —s ce. Here X, is

(1) or (2).

Proof. The proof is by induction on the dimension of the finite-dimensional
distributions, the initial step of the induction being the hypothesis. Let us as-
sume the truth of the result for the k-dimensional distributions and consider arbi-
trary times £, <t, <.:. K¢, =1t< ty,1 =5 The convergence of the (k +1)-dimen-
sional distributions associated with these times will obtain if we show that for an

arbitrary function f: RUk+1)d _, R, continuous with compact support, it holds that
Ef(X (), X (), X, (t, )= X (2,))
— Ef(X(t)),~++, X(tp), X(t,,, ()= X)) asn —,

. . . . a.s.
or, since X has stationary independent increments and X(0) ="0,

fE[[(xl,- ce Xp, Xn(s) - X"(t))l Xn(ti) =x;, 1=1,000, k]#n(dxl,- .., dxk)

_.fE/(xl,..., Xpy X(s = Dp(dxy,e--, dxk) as n—oo,

where p is the distribution of (X (¢,),---, X (t,)) and p is that of X(ty)yeee,
X(tk)). By and in the notation of Lemma 3.3 we have
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Xn(:fn, s) - Xn(fn, t) = Gn + Yn(én, s—1),

and hence, since { is uniformly continuous, given arbitrary € > 0 there is a > 0
such that

JEUy,on, 0 X ()= X O X () = xp i = 1,eee, Rl (dry, oo, i)
- fE[/(xl,...,xk, Y (s =D X () =x,i=1,0ee, Rlu (dxy,eee, dx))

<e+2 sup |/(z)|P[||0n|| > 8l,
z€R )d
and therefore, since we know by Lemma 3.3 that |6 || P, 0as n — oo, it suffices
to show that

Elftx ), eve, x, Y (s =D X (1) =x, i=1,.00, k]
_’E/(xl"",xk,x(s—t)) as n — oo

uniformly for (x;,+++, x;) in compact sets of Rk (it is easy to see that
Eftx)," ", %, X(s - 1)) is continuous on de), or equivalently that

Elfx X Yls =X () =x i=1,000, k]

210"

—Eflxy, 00, xy, X(s-1) asn -

when (x j,e0v,x, ) —(xy,0ee, x;)as n —oce. Let us demonstrate that this
’ ,

is true. Let
gn(.)= /(xn'l,...’ xn'k, . ) and g(o): f(xl’-.-’ Xpy );

hence gn(xn) — g(x) when X, — X as np—oe, and since the condition Xn(ti) =

X o i=1,.44 k, affects Y ({ , s - t)only through ¢ , and by hypothesis

n,i?

Y, ({,, s - ) converges weakly to X(s - t) independently of {{,}s it follows that

subject to the condition X (¢,)=x i=1,..., k, for each n,

n,i?

gn(Yn(s -1) 2>g(X(s -1t) asn —sos;
finally, since the g are uniformly bounded we have that

E[gn(Yn(s - ) Xn(ti) =x i=1,..., k] 2 Eg(X(s-1) asn o,

n,i?

the desired conclusion. O
Lemma 3.7. The one-dimensional distributions of X (£,) converge weakly,

independently of {£ }, to those of the Gaussian random function X with stationary

and independent increments, mean 0 and covariance matrix function EX@)X(@¢) =

tC/dErl, where
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C=Varrl+(Er)? I lim [(I-EA D7 4+ U-EA! )"N-1}  asn —os.

n—oo

Here X, is (1) or (2).

Proof. Xn is (1). We note first that C can be written as

C=Erjl+ (Er)*lim [EA_ ((1-EA )=+ EA! (1-E4’ )-1i.

n—o0

The conclusion follows from a theorem of B. Rosén [6], and we need only to veri-
fy that its conditions are satisfied.

Let us fix ¢t > 0 and denote s, =ti/n, i=0,1,.++, 7,
Yn.i=xn(si)—xn(si—l)’ i=1,e00,m,

and
S (@)=X (anl/n), 0<La<l.

We have

an
S @)=2Y 0<a<l,
i=1

n,i?

and we wish to show that Sn(l) 3, X(t) as n — . In our case sufficient condi-

tions are
(1) there is a positive constant K such that

an 2

lim sup E 2z v <Kla-B) for0<B<a<l,

n—oo i=fn+1 ™! - -

(i)

(a+5)n 2

lim lim sup 5-E1 s v -0
a i=an
Bsetdn v, Jad

§l0 n—oo o
z=an+l

for 0<a<1 and every €¢> 0

(this implies condition (C4) of [6]),

(a+8)n
(i) lmswE|E | 2 Y S @] =0 fr0<a<a+d<],
700 icansl i - -
and
(@a+8)n [(248)n !
(iv) lirr?_.srng E i=§n+l Y"’i i=§z'+l Y"’i S"(a) —3755'—1-C =0

for0<a<a+8<1.,
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Let us see that these conditions are satisfied.
Condition (i). By Lemma 3.2,

an W 2
. : tlon] i,
lu:_.sgp E i=BZn+I Yo il = lu:_s:p Ef|X, (—ni>- X, (—%) < Mtla - B),

where M is a constant.

Condition (ii). We have the identity [1, p. 223],
(a+8)n

X vy

izan+1

2
El

TR v a4 l

izan+l

= ezP[ Xn éﬁgﬁlﬁ» - Xn (t tzn]> , Ze]
, .
00 d(a + 8)xn] tlan]
' f€2 P[ X” (-—-n———> ) Xn ( " >

whence the result follows by using Lemma 3.4.

n,i

ZSI/Z] dS,

We will verify Conditions (iii) and (iv) for X given by (2). It is easy to see

that these conditions will then hold for X given by (1) also.

Condition (iii). We will omit the procedure since it is similar, but much sim-
pler, to that for Condition (iv), which we will treat in some detail. The following
obtains

(@+3)n
el X v w
i=0.ﬂ+l n,1 n

where ¢ = tlanl/n and b, = tl(a + 8)nl/n. The condition follows from the hypoth-
esis of the theorem and Lemma 4.4.

E

Cc
<Vd =z (Er +2|(U-EA_ )Y Er ),
-\/—bn NOTRNEE U T

Condition (iv). Let
gn,i= ?{f‘ﬂ’ A"’O’-o Yy Aﬂ,i-l’ fn’l’- LN Tﬂ,i'fl}, 1 Z 1’

97;,0: 3:{7”'1}9

Fpu =4 €T AN ) - il €§,  for each i 0},

t, = tlan)/n and b, = tl(a + 8)n)/n. Then

(a4d)n
Loy, =Xb)-X), S@=X)

izant+l ™

and ?{Xn(tn)} C 3‘.""", so we have
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[(a+5)n (@+dm '
el X v |\ X v . S(a.)]
izan+l ™ \izan+1 ™ ”

N, () N ()

=c:E;E[ > z

r.T .
i=N (e )41 j=N (¢ )41 00 "

A GMPISTELY M- [V T --A"'ofn)'lff"""] Xn(tn)%’
and
[(“*5)" @+ , ]
E|lE Y . -5
i=§nil ™t is§|+| Y"'i S"(a) aarrl ¢

NG NG
ZE[ > p>

T
n i n,f
iasN_ (¢ )+1 =N (¢ )+1

<VAd Elle

(A A, 0€)A

nx-

?"",.]'87'5{ c"

ny-l"'An

We will show that the last expression converges to zero. Denote

N () N_ (b))
Y =E Z Z Tnyin,j
n i=N_ (¢ )+1j=N_( )+1 * ’

‘ (A j=1"" 'An,Ofn)(A

n,i

1'"An.0§n)’?

nyj-

and [ (r, s) = I[Nn(tn)zr' Nn(b”)gs]' Using Lemmas 4.2 and 4.3 we can write

Ya e ,=Zo sgz E[/ (r, s)r" r+l A An,O fn)‘(An,f * °An'of")'|g""]

+ T B0 ¥yt 7l iy B, 0D, iih (£

i=r42 n,s+l 0, nyi-1

w4, A 06N A, ...-Amofn)')@m,]

+ Z Elf (7, s)r2

i=r42 ns nz—

o'f )(An,i-l "‘An,ofn)llgn,r]

+ Z Z E[l (” S n,s-lrn.s((An.i-l.“ n, 06 )(An y=1 "An,ofn)'

i=r+2 j=i+l

+ (An =1 -4 n, Of )(An,x-l' ”An.ofn),)lgn.r]
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Let us introduce random matrices {Bn 10 Bpgreee } that are distributed as {A" 10
?, ‘9 1]

A, gt } and are independent of everything determining X, and let Cn,' = An’,_l

e A o€, (£, is measurable with respect to QN). Then, using the indepen-

dence assumptions, performing the summation on j and applying Lemma 4.2 again

we obtain

a.S. 2
Y, =% EUN (b)) - Nn(tn))’n,Nn(bn)Un

’
+ N () = N (e, n g, )1 Tn,Nn(b")(vnen +6,V,) ?Mn] +R_,

-1
where on = EAn,l(I - EAn,l) ,

N (b )=N (¢t )
n n n n
- 1 _ > EB_ ..-+B_ 9 )B_..--B_.n)'|n]
U"— N,, bn ‘.N"(t") P n,j n,1'In n,j n,1''n n?

N (b )=N (¢t )-1
n'n n n

1 . '
Vo= & -5 ( z E[(B s+ B )(B .+« B TI)'T]]
" Nﬂ?zﬂ -Nn tn) j=2 7,7 n’lnn n,] ﬂ,l n n

with 7, = C”’Nn('n)’ and

2 '
R,=E rn_N"(‘n)'lE[(Bn,ln")(B".lr]") [n,)

N (b )-N_(¢ )
n’n’""n''n
-1
+ Tn.Nn(tn)+]’n,Nn(bn)((EAn,l - (EAn.l) - EAn.I) E[(Bn.lﬁn)(Bn,lnn)llnn]
N (b )-N () .
' ' ' -
+E(B, 1,)(8, n)'|n,)EA, | ~(EA, ) Wi-EA, D7D

-7 T
N (b )-1 N (b))

N (b )=N (¢ )-1
N, (b )=N, (e )=k+1

k2=2 (E[(Bn.k. a Bn.l"n)(Bn.lz’ B, lﬂn)'lnn](EA:.,l) i

' y=1
(- EA"J)

N (b )=N (1, )=k+1

+(EA, ) (1-EA, )7VEWB, 4B, 11,) (B, 4+ B"’lr]")'h"])lffm‘" .

i i r . we have
Using the assumption on 7 . we hav
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czY - 35- (Erzl+(Erl)2 lim (6, + 6 ))

2
o, Nep)-NGL) s
S A

. {rz U +r1, 7
NG b )"n™ "N(b b )=1'Nb b )

“5[’ NG b )ﬁn - Er}

’ . ’
+(6)+ t9n)(E[r,~,(,,nbn)_I rN(b,,”,,)ﬂn,:"] - (Er)?) -
L] 2 1
YoE E [fN(bnbn) (Un';r)
i 0,0 1
+rN(bnbn)-l'N(bnb") Vn—y nt Un Vn‘?
2

tg E&‘E'l ;0"'+0n-litm (0;+0")%
n

.. ]

o

2
+ c" 1) T, {Erll + (Er, )2 hm (6, +6)}+ 2R ;

n'ind
n

hence s

E||cZy, -8 L c l;‘)+c§5||Rn||,

dEr

where (by using the basic inequality and the Hélder inequality with 1/p + 1/q =
and ¢ an integer large enough so that Er2?*! < ce, and the fact that | U, [, |V |

and || Gn“ are bounded uniformly in 7, say by a common bound K)

2 [ NGB b)-NGL) s, q)l/q
1

CYI
(1) _
g, \f

n

5 Er,

n

1/ 2 2p 1./2p5 2
A, ey )) pK+(ETN€b"b")-l E’N(bnbn>) 2K,
2
(2 ‘n 5t lE|F[72 |ff - F72|
n b, Er_] NG b ) e T

2KE|E ¥, 1-(Er 2|4,
+2 l[’N(bnbn)_er(b"b")l e, VAV,

q)l/q

2p 2p 1/2p
e 2KETRR, |\ L ETRG, 5 ) E
nn nn

1
U"_Ti

2
C
(3) 2p 1/p
L =4 E’n i(ErN(bb)) <E
n

q\ 1/q
I a
Vn‘d—" ) s v

2
n 8t ' . '
lf'“ b TEr1||0 +9n—l:lm (0n+ 9")"1 and
li” - 1’ {Er +(Er )ZZKl
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By the hypothesis of the theorem I( 4) -0 and I( 3) 0. By Lemmas 4.4 and
4.6, I(l) —.0, since b, — t(a+ 8)and t, — ta. By Lemma 4.7, 1(2) — 0, be-
cause Erzl”+1 < oo for some p > 1 (notxce what cf ", iswith7 .= rl./b"). By
Lemmas 4.4 and 5.3, I{3) — 0, as N(b_b ) - N(b ¢ )Ls'o- and | || = 1. Now,

c2E|R || < J4D + 1,‘12’, where

1 2 1/2
TP = (e /b)) L{EfN(b ¢ )+1+(E’N(b ¢ )+1E’N(b b )) }

and, using the Hélder inequality as above,

(2) < ) 2 l/2p< Nb,b,)-N(b,,)-1 \2q\ 1 /24
= 4 4
I, = 7 L\Erats b -1 b b ) E\ ————

n

N(b,b )-N(b, 1 )-1 Nbb,)-Nb t )+1-k 24\ 1/2q
1 )3 '
. E||——————— I J(EA! )
k=2 ' "'

N, b )-N(b, 2 )-1
N b )-N@b,t )-1 N@,b,)-Nb t )+1-k

n ntn 2gq\1/2q
Bl —r X (EA_ ) I ” f
( NG b )-Nb )1 k=2 ™1 mk

where I, = EL(Bn,k' e Bn,l"n)(Bn,k' . Bn'lnn)'lnn] and L is a constant. By
the hypothesis of the theorem and Lemmas 4.4, 4.6 and 5.4, ]fll) — 0 and ]522)—.

Oas n — oo,

The proof is complete. For X  given by (2) it follows from Lemma 3.1. O

Lemmas 3.1, 3.5, 3.6 and 3.7 prove that tor every finite positive T the se-
quence of random functions {X (1), 0< < T;n=1,2,+-+} converges weakly on
Dlo, T)? to the Gaussian random function X(t), 0<t< T, described in the invari-
ance principle (see [3]). The works of Stone [7] and White ([10], [11]) show that
this implies the conclusion of the invariance principle.

3.3. Completion of the proof. Here we will verify some of the observations
made after the invariance principle.

1. We have C = Varr, [+ (Erl)zM, where M is the matrix of the theorem in §5.
Therefore C is singular (X is degenerate) if and only if 7, is a.s. constant and M
is singular, and the statements about C follow from the properties of M at the end
of §5.

2. This follows directly from the results at the end of $s.

3. The variance parameter may be written as

a
. Varr, + (Er,)? lim Re _l_+£e__ﬁ
2 Tl 1 1 n—00 N
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Therefore, since the mapping (1 + z)/(1 - z) of the complex plane carries the cir-
cumference |z| = a, 0<a <1, onto the (generalized) circumference with center on
the real axis and crossings of the real axis at the points (1 - @)/(1 + a) and

(1 + @)/l - a), and if 0 is a fixed angle

i(a, +6) i(a, +9)

0 . ja . ;
Re(l + Ee /(1 - Ee )= Re(l + ei%Ee’ /(1 - e’eEela”),

then by shifting a, (mod the mterval [-am, 77))
QEr))~ 1(Varr + (Er Y2Re(l + Ee' ")/(1 - E¢ ")) can be made to take any value
in the interval

[ZE (Varr + (Er, )2;8 ), = (Varrl + (Erl)z—[_-)lr;)] s

ja . 1a
where B = (1 - |Eel /(1 + IEel "|), which is positive since a_ is implicitly
assumed not to be a.s. constant. The desired results follow from this.

4. Renewal theoretic lemmas. All the statements in this section refer toa se-
quence 7, 7,,+++ of nonnegative, nonidentically zero, independent and identi-
cally distributed random variables, and to the random variable (the number of re-
newals up to ¢) N(t) = maxik: 2f= 1 7;<th 2 0. We define 7, = 0for i < 0. The
underlying probability space is denoted ({2, ¥, P). Some indications will be given
of only those proofs that are less elementary; other proofs and further results ap-
pear in [4].

Lemma 4.1. If Er] < os for given a > 0, then

N(s)
L sup s - Z 7; EvO as t —s oo,

t i=1
OSSSta

Let 7, 00, 91, .+« be a sequence of random elements (of some topological
space), with 00 constant, which is independent of the sequence 7,, 7,,+++, and
consider the Borel fields Qn = ¥y, Oprostr O 1sT1sts s rn“} for eachn> 1,
and 90 = ?{rl}, and the Borel field ?z generated by 0, 0g,c+, 0, 1,7y, 7
up to the random index N(t), that is fft ={AeF: AnIND=nle Qn for each
n> 0}, for each ¢ > 0. If X(t) is a measurable function (with values in an arbi-

trary measurable space) of 7, 6, , One,y_ 157150 "5 Ty, 10 then Fix(e)} C ?z’

L.emma 4.2. For any random vector X and for each n> 0 and t > 0,

E[l[N(t) ]XU 1% E[l[N(t) n]x‘g]

Lemma 4.3. For each n> 0 and k > 1, for any permutation o of {1,---, k} and
any integers i, .+, i such that 1 < iy <+++<i < k, and for any measurable vec-

tor X defined on R™ or R™ for appropriate m,
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E[I[N(t)=n+k]X(71’“" L) rn+i1"" 1oy i Tn+k+l"'°)|9n-1]

a.s.
= E[l[N(t)=n+k]X(71’ IREINE fn+0'(i1)’ T (ij)’ Tekals " )|gn-1]’

and in particular (with Q_, ={p, O)

- ...)dP
I[N(t)=k] X(Til" ’Tzi’ Ter1r" ")

= .[[N(t)=k] X(T”(il)"“ ’ Ta(ii), LI yap.

Lemma 4.4. For all a > 0, if Ercl"*1 < oo, then, for every integer n> 0,

a
Slt.lp E’N(t)-;- 1op <o

Lemma 4.5. For every integer m > 1 there is a constant K such that, for all
t> 0,

EN(t)™ < K max{l, t™}.

Lemma 4.6. Let t and b be real numbers such that 0<t < b, T, and H, non-
negative random variables that are jointly independent of {r,, i > 1} and such that
T,<H, as., Tn‘fv"t and Hnaf»'b as n — oo, and for a positive integer m and some
6> 0, sup, EH:’"’ 8¢ oo, and let b, b,,+++ be a sequence of positive real numbers
converging to infinity. Then

N H)-NGB,T,)
lim E - s = O’
n—o0 b Erl

n

and there is a constant K such that if b —t> 0 there is an integer n, depending
only on b -t such that for all n> n

E(NG®H,) - NG, T, )/b, )" < Kb = ",

and if t and b, are real numbers such that 0<t < b and (b, - ).‘”)'1 = 0(b,) as
n — oo there is an integer ny such that for all n > n

E(NG H,)- N, T N/b )" < Kb =1 )"
(The last assertion is valid for every positive integer m, with K depending on m.)

Proof. For ¢ > 0 the first assertion is obtained from the following result. If
F(s), s > 0, are positive random variables that are independent of N(s) for each s
and such that F(s)/s 251 as s oo, and for a positive integer m and some & > 0,
sup, ., E(F(s)'/s)"'+8 < o0, then

lim E

s —00

N(EGs) 1 |7
L2 -

Erl
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Let us prove this. From the strong law of large numbers we have N(F(s))/s s

1/Er| as s — o0, and hence it is enough to show that {{(N(F(s))/s)™, s> 1} is uni-
formly integrable (see [2, Theorem 4.5.4]), which is true if supszlE(N(F(s))'/s)”“’8
< o, but this follows from the inequality

ENE()/ )™ < K(1/s™+8 4 B(F(s)/s)m* 9),

which is obtained by using the independence hypothesis and Lemma 4.5 (K is the
constant of Lemma 4.5). For t = 0 the proof is similar.

We now prove the second assertion. It can be shown by elementary methods
that

E(N(b,H,)~ N, T, )" <EL+ NG, H, - T, )"

Using this inequality together with Lemma 4.5 we obtain that there is a constant
K; such that

NG, H )-NG® T) \™ ~ E(H,-T )
E <K, —————
b" k=0 pm=k
n

Now, since E(H" - Tn)"' — (h=-t)kfor k= 0,.--, m, and bn — o as n — oe, there
is an integer n(, depending only on b - ¢, and a constant K, such that, for k =
0,--+,m and all n>n,, E(H ~ T Y/b™=* <K, (h-1)". The conclusion then
follows.

The last result has a similar proof. O

Lemma 4.7. If given nonnegative constants c,++, Cons1r

plmyDmaxfc , -+, ¢ o1
™ r Pmel < o0

for some p> 1, and if a, and B,, t > 0, are real numbers such that lim inft a > 0
— 0

lim sup, _,, B, < and lim inf, (B, -a) >0, then

1)

E —0

E ‘1 m+13. < Cmel
TN-‘(IBtt)-m o o TN(ﬁtt) att - ETI v ETI

as t — oo (f}:a ; is as defined after Lemma 4.1).
t

Proof. I is simpler and more general to prove that

E —0

E [/(’N(ﬁ,f)—m""’ ’N(ﬁ,t)) tT“,t] ~Eftryyeey 1, 00)

as t — o for a measurable function f: R™*! - R such that Elf(rl,- <oy )|?

Tm+l
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< oo and suptEI/(rN(t)_m,. vy Ty y|? <o when Er) <oce. The conclusion will
then follow by using the generalized Hélder inequality and Lemma 4.4.

Let K=1/Er,. Choose ¢ so that 0< ¢< K. Then for ¢ sufficiently large so
that (K - e)Btt > m we have

EU(TN(B,‘)-M’ ey TN('Btt))lffatt]

=T+ E[I[IN(ﬁtt)/,Btf—KP"] U [IN(a.lt)/att-K |2¢

-
) /(’N(B,z)-m’ T ’N(ﬁ,n)“a,t]’

where

T= E[I[IN(Btt)/,Btt-K| <€ |N(e,0)/a t-K| <€]/(TN(,Btt)-m’ HR TN(ﬁ,H)IS:a,t]’

which using Lemma 4.2 can be written as

T X E[I[N(f'stl)=s, N(ﬁtl)=r]f(rr—m"”’ r')lgs]’

!
where 2 indicates summation over |r — KBl <eB,ty |s - Kag| < €a,t. Let e be
so that (K + ea, < (K - €)B,, with ¢ so large that (K - e)Btt -m>(K+eat+1;
then in the above sum the indices of summation 7 and s satisfy s + 1 <r—=m in

their ranges, and therefore by Lemmas 4.3 and 4.2 we obtain

a.s

T = )

.

I[IN(atl)/alt-Kléf] E/(Tl,' L Tm+l

-Ell (NG, r/a-Kl<e, INGO B -K] ze]/(rN(atth 2" TN, me 2)|'('Fa11]°

Hence

E ?“t‘ ]_E/(rl,...,,m“)

E [/(TN(ﬁtt)—m’ Tt rN(,Btt))

S Elf(fl:" ) T,,,+1)|P[‘N(a,t)/a,t - K| > €.|

E : .
* 1[IN(ﬁtt)/,Btt-KIze]{V(TN(atl)+2’ ’ TN(a.tt)+m+2)|

W5 0mmr7 e

+ EI[IN(atl)/at"‘Kl26]‘/(71\1(,3")’”” cee, TN(BIZ))I.

The proof is completed by using the Hélder inequality with appropriate parameter,

2. S,

and the facts that (TN(a D+2° " NG t)+m+2) 2 (11,. Ty l) and N(@t)/t =
K as t — oe, to show that each of the terms on the right of the last expression con-

verges to zeroas t — o, 0O
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5. Irreducible random orthogonal matrices. Covariance limit theorems. Ma-
trices are real, of order 4, and vectors are d-dimensional column vectors (d > 1).
An underlying probability space (@, F, P) where random elements are defined is

assumed to exist.
For d > 2 we define a rundom matrix A to be irreducible when PlAV C V] < 1

for every nontrivial subspace V of R%, otherwise, i.e. when 4 has an a.s. invari-
ant nontrivial subspace, we say that A is reducible; for d =1 we define A to be
irreducible if its single entry is not a.s. nonnegative. Some elementary properties
of this definition are: when A is constant it implies the definition of irreducibil-
ity in the usual sense (for d > 2 if A = (aij) is the matrix of an operator relative
to a basis of R then none of the nontrivial subspaces generated by basis vectors
is invariant under the operator, or equivalently, there is no decomposition {M, N}
of {1,.--, d} such that a,.=0foralli€eM and j € N, and for d =1 the single en-
try of A is nonzero) but not conversely; if A is irreducible and T is a random non-
singular matrix independent of A (in particular if T is constant) then T=1AT is
irreducible; if A is nonsingular then A is irreducible if and only if A-1 is; and
for d > 3 an a.s. constant orthogonal matrix is reducible. The verifications of
these properties are straightforward and we will omit them. Less elementary is

the following property:

Lemma 5.1. If A is an irreducible random contractive matrix then the matrix

I1- EA is nonsingular.

Proof. The result is obvious for d=1. For d > 2 if | - EA is singular there
is a nonzero vector x such that EAx = x, which implies that Ax 2 x because
the point EAx is an average of points that lie in the convex set {z: ||z|| < ||x||}
and hence can be x on'ly if A fixes x with probability one (one can also see this

by showing that if T is the projection onto the subspace spanned by x then

a.S. . . .
TAx "= x); but then the subspace spanned by x is a.s. invariant under A. O

Lemma 5.2. If A is an irreducible random orthogonal matrix and S is a random
symmetric matrix satisfying the equation E[ASA'|S] ¢S5, then S ™2 (e )/

Proof. The result is obvious for d = 1. For d > 2 it suffices to obtain the
conclusion for each point @ € ) for which the condition holds; thus we may assume
that § is a constant matrix satisfying the equation E(ASA')=S. There is an or-
thogonal matrix Q and a diagonal matrix L such that QSQ "= L, and therefore L
satisfies E(BLB') =L, where B = QAQ' is ah irreducible random orthogonal ma-
trix. Denoting L = (11.81.].), where (31.].) =1, and B = (b;), we see that the numbers
I; satisfy the equations 1.0, = 2, LE(b;,b,,) and in particular, for j=1, I, =
Zk lkEbfk, i=1,.-.,d, where we may suppose [, </, <.--<[,. Assuming that

lj=eee=1, <1 <eoo< 1y with u < d we have IS Ebl, =30 1 Ep?

k=u+1l k=u+ 1"k~ " ik?
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i=1,-++, u, because £ Eb}, = 1; this implies that Eb}, = 0, i=1,e++,u, k=
u+1,..+,d, and hence b, A 0, i=1,ev+,u, k=u+1,-++,d; but B is irre-
ducible. Therefore /.= 1, i=1,-+., d for some /, and we conclude that this is

the solution to ll. Bij = Zk lkE(bikbjk)‘ We have shown that L = /I for some con-
stant [, whence the conclusion follows. O

Lemma 5.3. For each n> 1 let A, » 121, be independent and identically
distributed irreducible random orthogonal matrices, and let fn, n> 1, be random
vectors such that, for each n, {A p 12 1} and f are independent: Assume that
A,
formly integrable and there is a random variable v such that Hrf 2 2» v asn — os.
Then

P 1} has no reducible weak limit points, and that ||§ "2; n> 1} is uni-

A EVIEN R T s

m
1
— Eﬁl ElA, -4, ,6)4,
and if v is constant and {"fnuzp, n > 1} is uniformly integrable for given p > 1,
then

m

L ¥ EH@A, A, €A

1=

14
— 0 asn,m— oo

e An,l gn)’l‘fn] -—dli [

Lo
n,i

Proof. Let us denote

m

Hom, ")=7t‘ Zl EA, eea, (ENA, oea, [ E)IE ]

1=

&(m, n) exists because [|(A A £)A Ap 'l < ||§n||2, and has

. Lo
n,i n,i

the properties
(1) ¢(m, n) is a random symmetric matrix bounded a.s. by \/71“{" |2, with
tr glm, n) = € ||?, and
' ) ¢plm, n) - E[A Iqﬁ(m, n)A 1l¢(”l’ M 20as m, n — oo.
The verification ot (1) is elementary We will prove (2): By the independence

of A i -fn we have (with A =1

n,l’”.’ n,0

m
Bom, ”)=%n' = ELAn,lE[An,i-l"“4n,o‘fn§r: A;,o n 1-1|‘f ]An 1|‘fn]

1=

=ElA, | #(m, WA (€ 1+ Ylm, n),

where

(,ll(m, m) = —1}1— E[(A‘n,l 'fn) (An,l ‘fn)’ - (An,m+ 17 An,l én)(An.m+ 17" An,l fn)'|€n];

and-since ||(m, n)|| < 2Vd/m)|€ ||* a.s. and {l€ 1%} is uniformly integrable,
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E[lytm, n)| — 0 as m, n ~ oo, and therefore E|ELy(m, n)|¢(m, n)l|| — 0 as m,
n — oo, so that E[y/(m, n)|¢(m, n)] = 0as m, n — es; but since ¢(m, n) is a mea-

surable function of (the elements of) fn,

Ely (my n)|¢(m, m)] 25 b (my m) - E[An,l b (m, n)A;’ll¢(m, ),
and the conclusion follows.

The first assertion of the lemma will be proved if we show that for every pair
of sequences {rn} and {sn} of positive integers converging to infinity there is a
subsequence {n,} of {n} such that q’)(rnk, S"k) 3D, vI/d as k — . Both {gm, n)}
and {An,I} are relatively compact; hence for each pair of sequences {r_}and {s }

as above there is a subsequence {n,} of {n} such that ¢(r_ ,s ) 2L and A,
k k n,’

D . . . . k
2, A as k — oo, where the random matrix L is symmetric with tr L 2 v, because of
(1) and the fact that the trace is a continuous function, and the random orthogonal

matrix A is irreducible by hypothesis. Since Asn 1 is independent of ¢(rnk,snk)

k
and {A_  ,} is uniformly bounded, the elements of the matrix
n ’

Sy 0s,) = E[Asnk,IqS(r,,k, snk)Asnk,}lcb(rnk, 5p))

are linear combinations of the elements of ¢(r s, ) with coefficients which
k

n ?
converge as k — oo, and therefore converge jointly in distribution as k — oo to
the same linear combinations of the elements of L with the corresponding limits

of the coefficients as coefficients; thus

! 9 1
¢(rnk, S"k) - E[Asn ’Igb(rnk, Snk)As '1‘¢(r"k’. S"k)] S L-EALA'|L] ask — oo
k "k
From property (2) it follows that E[ALA ‘IL] % L, so that, by Lemma 5.2, L 2
vl/d, as desired.
The second assertion follows from the fact that ¢(m, n) B vl/das n, m — oe

and {|@(m, n)||?} is uniformly integrable. O

Lemma 5.4. Let A, and £, be as in Lemma 5.3 but with €, 1% not neces-

sarily convergent in distribution. Then

m

1 1-i / ! L
_m_ z: (EAn’l)rrH» ZE[(An,i“'An,lgn)(An,i”‘An,lfn) lfn] 0 as n, m — o,

i=1
and if {annzp, n> 1} is uniformly integrable for given p 21, then

p
— 0 asn,m-—oo

F % i=21 (EA",l)mH_iE[(An,i“;Anﬂgn)(An,i”'An,lgn)lwn]l
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Proof. Since

L 3 (Ea, A, AL £)(A
m n, n,1 n,1 °n

i=1

An,l ‘fn)’|§n]

n,i

m
=E|l A '“An.lfn)(An.m+l' * nlf =Z nm+1".An.i+1§" ’

n,m+1

and “(A’2 w1t A fn)(An’”H P A, fn)'u < ||fn||2, it suffices to show that

(1/m)21_l Apma1 A vt L 0as n, m — =, or equivalently, that

(l/m)z n AL 2’0asn m — oo, Since {(1/m)2”’ IA" Ry } is rela- -
tively compact, for each pair of sequences {r }andls_ f of positive mtegers con-

verging to infinity there is a subsequence {n,} of {n} and a random matrix M such that

_-——ZIA 1'°°As ig)-aM as k — oo,
k 1= nk’ nk’
To obtain the desired result it is enough to show that M ®Z° 0, and for this we

need only to prove that EMM'= 0. By direct computation we obtain

m
E 21,1 A EA AL
1= 7, 7

n,l n,i i=1

m—1

-i+1 -1
cmie ZE@, e, LB, - (B4, TTDU-EA, )

+(EA! | -(EA i (1-EA) )AL e AL ),

where (I - EA 1)‘ and (1- EA' 1)' exist by Lemma 5.1. Now, the terms of
the sum are bounded uniformly in n, for if not it would be because {(I - EA ’1) Iy
became unbounded, but if [[(I- EA,,,I)-IH = K, can become arbxtrauly large,
since there are vectors x_and y such that fx =1, lly Il = and
(1-EA_)'x =y, orEA 1z =z ~w_wherez, =y, /K, andw =x /K, and
since there is a subsequence {nki of {n} such that, as k — oe, An 1 @-» A and
hence EA nyl — EA, and z, n, = z with ||z]| = 1, it follows that EAz = 2, so that
I - EA is singular, which by Lemma 5.1 contradicts the hypothesis that {A ,1}

has no reducible weak limit points. Therefore

E ZA LA ZA . =o(m2) as n, m — 00,

P R A Ani
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which implies the result we need because
,71 14

EMM' =lim E

i s
k—o0 r"k 1=1 nk "k

The first conclusion is thus proved.

The second conclusion is obtained as in Lemma 5.3. O

The following covariance limit theorem derives from Lemmas 5.3 and 5.4 by
elementary computations (similar to part of the proof of Lemma 3.7), and therefore

we omit the proof.

Theorem. For each n>1let A . i>1, be independent and identically dis-
tributed irreducible random orthogonal matrices, and let f , n> 1, be random vec-
tors such that, for each n, {A w12 1} and £ are independent. Assume that
A, 1
exists, and that {||£_ ||2, n> 1} is uniformly integrable and there is a random vari-

n> 1} has no reducible weak limit points and lim _ (- EA l)-

able v such that |& | 23, asn — oo Then if
—_— m
Xn,m = (1/\/m) l.;An,i”.An,lfn

we have

n,m

9 v
E[(Xn'm - EXn’m) X - EXn’m)’|§n]—>_aTM as n, m — oo,

where

=lim LU-EA 7'+ (-EA; D=1,

n —oo
and if v is constant and {"fn“u’, n > 1} is uniformly integrable for given p > 1,
then

E|[Fx - Ex ) _-EX, )] —7:—M

— 0 asn,m-— oo,
n,m n,m n,m

The matrix M has the following properties. It is clearly symmetric and non-
negative definite. If d> 3 then rankM > 2, but if d =1 or 2 then M can be zero,
which is possible only if all the weak limit points of {A \} are a.s. constant
(-1 for d = 1) (in this case it is enough for the theorem that e, 12} be tight).
If the 4 | = (ag;‘)) satisfy Condition (A) of $2, then

1- zd I(Ea(n))z
M= lim I,
n— o0 (n) , 5d (n)y2
1-2Ea}’ + 27 (Ea;?))

where i is arbitrary.

Let us prove these properties. Let A be a weak limit point of {An 1}; then
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M=(-EA)~!+(I- EA')~' - I, or equivalently I - EAEA'=(I - EAM(I- EA"),
and from this expression we see that M = 0 if and only if EAEA' = I, that is

A "= EA, and that rank( - EAEA") = rank M; now if rank(l - EAEA') = 1 then
EAEA'has d - 1 characteristic values equal to 1, which can be shown to imply
that the other characteristic value must also be 1, but then rank(l - EAEA Y= 0,
a contradiction; furthermore for 4> 3, A cannot be a.s. constant because by as-
sumption it is irreducible. If 4 =1 or 2 then A can be a.s. constant. If the An'1
satisfy Condition (A) we have EA | \EA = a land (I-EA, NI-EA )=
B,I with B, > 0, and therefore

-1 roy~-1
(I-EA D)= +U-EA )" -1
=Bl -EA, (+1-EA -(U-EA )U-EA )
-1 -1
=B;MI-EA, EA ) =B](1-a)l,
where

d d
2 (n) (n)y2
a = j; (Ea}?)) and /3” =1- 2Eai;' + ]§1 (Eaj;' )

forany i=1,..+,d.

Finally, we remark that Lemmas 5.3 and 5.4 and the theorem admit the possi-
bility that {||EAn'1|H have 1 as a limit point. However, if the A  , satisfy Con-
dition (A) this is possible only for d =1 or 2, for if A is a weak limit point of
{An’li and ||[EA|| = 1, there are vectors x and y such that ||x| = ||y| =1 and EAx =
y, hence Ax "= y and therefore A 'y %= xand EA'y = x, so that EAEA'y = y; on
the other hand A satisfies Condition (A), in particular EA'EA = al; we conclude
that a=1, so that A BeSe EA, which is possible only for d=1 or 2.

Acknowledgement. The author would like to thank the referee for an improve-
ment in the proof of Lemma 5.2.

Added in proof. S. Watanabe and T. Watanabe, Convergence of isotropic
scattering transport process to Brownian motion, Nagoya Math. J. 40 (1970), 161—

171, have extended the result and method of proof of [9] to any dimension, under

the same hypothesis. This result is still a special case of our theorem.
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