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ENVELOPES OF HOLOMORPHY AND HOLOMORPHIC CONVEXITY

BY
ROBERT CARMIGNANI

ABSTRACT. This paper is primarily a study of generalized notions of envelope of
holomorphy and holomorphic convexity for special (algebraically restricted) subsets of C"
and in part for arbitrary subsets of C". For any special set S in C", we show that every
function holomorphic in a neighborhood of S not only can be holomorphically continued
but also holomorphically extended to a neighborhood in C" of a maximal set S, the
“envelope of holomorphy” of S, which is also a special set of the same type as S. Formulas
are obtained for constructing § for any special set S. “Holomorphic convexity” is
characterized for these special sets. With one exception, the only topological restriction on
these special sets is connectivity. Examples are given which illustrate applications of the
theorems and help to clarify the concepts of “envelope of holomorphy” and “holomorphic
convexity.”

Introduction. Using Rossi’s representation in [10] of the envelope of holomor-
phy of an arbitrary Riemann domain as the spectrum of a Fréchet algebra,
Harvey and Wells introduce in [6] the notion of envelope of holomorphy of an
arbitrary subset of a Stein manifold which is characterized as a projective limit
of Stein manifolds. In this paper we derive, since envelopes of holomorphy are
unique up to biholomorphism, an equivalent construction of envelopes of holomor-
phy of arbitrary subsets of C” via H. Cartan’s construction in [4] of the envelope
of holomorphy of an arbitrary Riemann domain, although we could have
extended this construction to arbitrary subsets of Riemann domains. It should be
pointed out that both Cartan’s and Rossi’s constructions depend on Oka’s
solution to the Levi problem in [9] to prove that the envelope of holomorphy is
a Stein manifold. Also, the characterization of the envelope of holomorphy of a
Riemann domain as a projective limit of Stein manifolds is similar to the notion
mentioned by Bremermann (“. .. for the proper notion of intersection ...”) in
[3, p. 176] and in a subsequent paper we show that this can be done.

In §II we construct the envelopes of holomorphy of Reinhardt sets and tube sets
in C" and complete Hartogs sets in C?; with the exception of tube sets the only
topological restriction is connectivity. Also, we prove that each of these special
sets has a schlicht envelope of holomorphy, that is, the envelope of holomorphy can
be represented as a subset of C”. Without connectivity we could show holomor-
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phic continuation to a maximal subset of C" but not in a univalent manner.
Except for Reinhardt domains which intersect the variety {z, - z, - - - z, = 0} and
do not contain the origin, the construction of the envelopes of holomorphy of
Reinhardt domains and tube domains in C" and complete Hartogs domains in C?
can be found in [12]. The lemmas of §I construct the envelope of holomorphy of
any Reinhardt domain. Using this and by showing that the projective limit
reduces to an intersection of domains of holomorphy, we construct in §II the
envelope of holomorphy, S, of any compact connected Reinhardt set S and then
obtain S for connected Reinhardt sets. In a similar fashion we handle complete
Hartogs sets in C2. We show the extension property for polygonally connected
tube sets, but for maximality we require that the base of the tube be compact. We
prove that if S is connected and is a Reinhardt set, complete Hartogs set in C2, or
a polygonally connected tube set with compact base, then S is holomorphically
convex (S = §)if and only if S is an intersection of domains of holomorphy. This
is not true in general.

§$1I1II consists of eight examples. In particular, 3.1 is an example of a domain in
C? whose envelope of holomorphy is not spread over a domain of holomorphy.

Capital letters are used to indicate theorems which can be found in the
literature, the exceptions being 1.7 and 1.10. A different proof of 1.7 appears in
[12, p.174]. In the same reference [p. 182] essentially the same proof is given for
1.10.

CA is a notation for the complement of A, A/B is the set A N CB, and
AC CB means 4 is a compact subset of B.

This research was partially supported by the National Science Foundation
(grant GP 8997) and represents a major portion of the author’s Ph.D. thesis
written at Rice University under the direction of Professor R. O. Wells, Jr.

1. Basic definitions and lemmas.
Definition 1.1. A subset T C C”" is called a tube set if there exists a subset
7 C R” such that

T=1+iR" (iR"={i(x,x3,...,%,) : (x,...,%,) €ER"},
7 is called the base of the tube T').

Let Exp be the map: C" — C” defined by Exp(z;,...,z,) = (e™,...,e™).
Definition 1.2. A subset S C C” is called a Reinhardt set if (z,,...,z,) € S
implies (¢®'z,,...,e'%z,) € S for arbitrary real 8,, 0,, ..., 6,.
Definition 1.3. Let V be the complex analytic variety defined by

V={(,....2,) 12,23 23"+ 2, = 0}.

If Tis a tube set then Exp T = {(e",...,e") : (#;,...,t,) € T}is a Reinhardt
set such that (Exp T) N V = @ and if S is a Reinhardt set then Exp™' {S} is a
tube set with base R” N Exp™' {S} = {(x},...,x,) ER": (e*,...,e™) € §}.
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Definition 1.4. A Reinhardt set S is said to be logarithmically convex if
Exp~! {S} is the intersection of open convex sets. The logarithmic hull of S, S o8,
is the intersection of all open logarithmically convex Reinhardt sets containing S.

The following lemma for open convex sets in R” is the analog of Theorem
2.6.11, p.48, Hormander [7] for pseudoconvex open sets in C”.

Lemma 1.5. If © is an open convex set in R", then there exists a strictly convex
Junction f € C* () such that:

MR =HxeQ:f(x)<c}C CQforallc €R.

2) = UZoQ, Q#* @ and (Vf) %0 on 09, for each k=0,1,2,...,
where Vf = (3f /9x,,...,0f/dx,) and 3 is the boundary of Q.

Remark. Sard’s theorem shows that Lemma 1.5 is still valid if we delete the
words convex and strictly convex.

For a detailed account of the analogies of geometric and complex convexity
see Bremermann [2].

Definition 1.6. An open set S C C”" is called a domain of holomorphy if there
are no open sets S, and S, in C" with the following properties:

@Qa#*S CSnS

(b) S, is connected and not contained in S.

(c) For every f € O(S) there is a function f, € O(S,) such that f = f, in §,.

Lemma 1.7. If S is an open logarithmically convex Reinhardt set such that
S N V = @ (Vis the variety of Definition 1.3), then S is a domain of holomorphy.(")

Proof. One could prove this lemma using the theorem of Cartan and Thullen;
however here we prove it via the Levi condition and Lemma 1.5.

Let & = R" N Exp~! {S}; then Q is an open convex set in R". Take f to be
the function in Lemma 1.5 and define the functions p, (k=0,1,2,...) as
follows:

( _ f(log|z|,...,log|z,|) — k, forzinsS,
P20 20) =\ 52, 8) + 1, for zin CS

(where § is the Euclidean distance function in C"). Because f € C®(Q) we have
pr € C*(S). Let S, ={z:p(z) <0}); then S= UX,S,. Since Vp,
= 3((1/2))0f /3x,, ...,(1/2,)3f /9x,) we have that Vp, 7= 0 on 38, = {z : p,(2)
=0} foreachk =0, 1,2,.... It is easy to verify that 8%p, /32,92, = (1/4)(1/z,)
(1/2))3%f/3x,;9x; for all z € S,. Since f € C*(RQ) is strictly convex, its Hessian
at each point in  is a positive definite Hermitian operator on R". Hence its
extension must be positive definite on C”. We obtain the following:

i 3%p;

i1 02,0z

S ) wi (Wi
@ww,; = 4.',,2-1 m(loglm,...,log]z,,|)z—i(z—j)
>0 forallwin C"and z € 3S,.

() Lemma 1.7 can also be proved using the fact that the map Exp is a regular covering map.
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So by the solution to the Levi problem S, is pseudoconvex. Because S, C S;,,
(k=0,1,2,...) and pseudoconvex domains are domains of holomorphy, the
result follows.

Lemma 1.8. If S is an open Reinhardt set, then the logarithmic hull of S, S o8, is
open.

Proof. Since S is open, Exp~! {S} is an open tube in C". Let T = Exp~! {S},
then Exp T'= Sl /V. It follows that $' /¥ is open because Exp is a local
biholomorphism from C” into itself. Thus §'&¢ = Exp (T) U (S N V).

Definition 1.9. For S an open set in C" denote by O(S) the space of
holomorphic functions in S.

Lemma 1.10. Let S be an open connected Reinhardt set such that S N V = &.
Then for each f € O(S) there exists a function f € O(S'°®) such that /S = f.

Proof. We need the following theorem due to Bochner. For a proof see [1] or
[71.

Theorem A. If T is an open connected tube set, then for each f € O(T) there
exists | € O(T), where T is the convex hull of T, such that f = fon T.

Let

R={z:3 iwithz;+7z < 0andz -z =0} and
log be the function: C" — R — C" defined by log(zy,...,z,) = (log z,, ...,
log z,) where log z; is the principal branch of logarithm fori =1, 2,..., n.

If f€ O(S), where S is a Reinhardt domain such that S N V = g, then
fo Exp € O(Exp~! {S}) and if we let T = Exp~' {S}, by Bochner’s theorem we
know there exists f € O(T) such that f/T=fo Exp. Thus folog
€ O(§'8/R) can be extended to a single-valued function f € O(S°¢) (recall
S N V=) such that f|gu,z=f o log. Because Exp o log extends to the
identity map on C" we have

f]S/R=]° log ls/r = f° Exp °@|sm=f|sm'

Consider the funtion g = f | s —f € O(S); since S is connected and g = 0 on the
open set S/R, we have g = f s —f = 0 on S. This completes the proof.

For any a = (a),a,,...,a,) € R", let o, be > 0(0 < k < n) and «;, be
< 0 (k < j < n) such that for each &, a;, is one and only one component of a.

Lemma 1.11. If C is any positive constant and o 5= 0 is as above, then the
following hyperbolic half-spaces are domains of holomorphy:

HE, ={z 1 |z,|™ .. .|z, | < Clzy,, |7 L |Zi,._u,-l_m""},

HE ={z: |z, [z | > C|z,~j“ |7 L IZ.',-,‘,,|_%"’}-
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Note thatif ¢; > 0 (i = 1,2,...,n), HE, is a complete Reinhardt domain.
Proof. We prove it for HZ ; the case H. is proved similarly. Let

p@) = oy log|z, | + ... +a,log|z;

Ik

1

zij-«-l

1

zin—kij

-, logl -, log‘ —log C;

then HES ={z: p(z) < 0} and we have that p(z) is plurisubharmonic in Q
={z:z,,| >0 for k <j < n} since a linear combination with nonnegative
coefficients of plurisubharmonic functions is plurisubharmonic. Thus because £
is a domain of holomorphy, it follows from the following theorem that H¢, is a

domain of holomorphy.

Theorem B. If Q is a domain of holomorphy and p is a plurisubharmonic function
in Q, then {z € Q : p(z) < 0} is a domain of holomorphy.

For a proof see [12, p. 103].
Let P, be the map defined by P(zy,...,2;,...,2,) = (21,...,0,...,2,).

Lemma 1.12. Let S be an open connected Reinhardt set in C"; then

NERL N L:J| {B(S'8) : P has a fixed point in S)
is a domain of holomorphy.

Proof. First to show § is open: $!¢ is open by Lemma 1.8. Suppose there
exists a point z° = (z9,...,22,,0,z3,,...,25) € S and let ¢ be any element of
S92 ; then it follows by the logarithmic convexity of § that there exists a polydisc
{z:]z—§| <8j=1,...,n} C S™ such that the polydisc {z : |z; — ]| < §,
JF# iz < |&| + 8} C S. Thus for each point P(£) € P(S°®) there exists a
neighborhood of P(¢) contained in §. This shows § is open.

We shall complete the proof of the lemma by induction over the dimension n.
Since every open set in C is a domain of a holomorphy, it is true for n = 1.
Suppose it has been proved for n — 1 dimensions. We shall prove it for n
dimensions by invoking the following theorem of Cartan and Thullen:

Theorem C. Let S be an open subset of C"; then to each p € 3S, there exists a
function f, € O(S) which cannot be holomorphically continued to p if and only if S
is a domain of holomorphy.

Theorem C follows immediately from the definition of domain of holomorphy
1.6.

We need to consider the following three cases:

Case 1. Suppose z° € 3§ and z° N V = &; then Exp~! (z°) € 37, where
T = Exp~! (§). So by the geometric form of the Hahn-Banach theorem and the
logarithmic convexity of S there exists a hyperbolic half-space H¢, (or HE. as
defined in Lemma 1.11) such that § C HZ, and z° € 9HE, (§ C HE, since
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Exp T C H¢s). By Lemma .11, HZS is a domain of holomorphy; hence by
Theorem C there exists a function F € O(HZS, ) such that F cannot be continued
to z°.

Case 2. Suppose z° € 3§, z; =0 for some integer j (1 <,j < n) and
SN P(S)=g. Let F(z,,...,2,) =1/z;. Then F € O(S) and cannot be
analytically continued to z°.

Case 3. Suppose z° € S, z; =0 for some integer j (1 <j < n) and
S N B(S) # @. Here we use the inductive hypothesis that the lemma is true for
(n — 1) dimensions. Let g; be the map: C" — C"! defined by

8i(Z1s e sZimsZp Zinrs oo 520) = (215 3 Zj 15 Zns Zigts v v 5 Zpmt)

and let f; be the map from C” into itself defined by

fj(z,, ceesZiy s Zy) =212y s Zn-152})-
Let 7, be the map from C" onto C"! defined by

T(Zys o s2y) = (2150520 1)

Then g; = m, o f; is an open map since the projection 7, is an open map and f; is
a biholomorphism. It is easy to see g maps Reinhardt sets onto Reinhardt sets.
Since the restriction of g to R” maps convex sets in R” onto convex sets in R*!,
it follows that g;(S) is logarithmically convex.

Let B! : C"! - C*! be the map defined by

PNz, o yzZi e Zyny) = (215225 005000 i i Z0my) (1<i<n-1).

Suppose P! has a fixed point in gj(S' ); then there exists z° € § such that
z; = 0 and the ith component of g;(z;, . .., z,) is z. Since P,(§) C § we have
P 1(g;($)) C g;(8). Thus g,($) satisfies the conditions of the lemma and is
C C™ !, so by our induc*.ve hypothesis it is a domain of holomorphy. g;($) X C
is a domain of holor-orphy in C” since the product of domains of holomorphy
is a domain of holomorphy. Since f; is a biholomorphism of C" onto itself
f(£:(S) X C) is a domain of holomorphy and contains § since (zy, .. .,2,)
€S = [ Zr s Zab ) =2 A, 2,) € fj(g,(S') XC)V AeC.
If z° were in j}(g,(S") X C), then z° = P(z°) would be in S. But this is
impossible since z° € 3S. It follows that z° € 3f(g($) X C) because every
neighborhood of z° contains points of §. By Theorem C there exists a function
F € O(£(&(8) x C)) such that F cannot be continued to z°.

Any point z° € 3§ is as in Case 1, 2 or 3; thus by the sufficiency part of
Theorem C, S is a domain of holomorphy in C”. This completes the proof of
Lemma 1.12.
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Definition 1.13. Let S be an open set in C" and f € O(S); then f can be
holomorphically continued to a point z° € 9S if there exist open sets S; and S, in
C” with z° € S, and S, connected such that (1) @ %= S, C S N S;, (2) there
exists f € O(S,) such that f= fin §,.

Definition 1.14. A subset S C C” is called a Hartogs set in the ith component
if (zy,...,2,...,2,) € Simplies (z,,...,e"z,...,z,) € S for arbitrary real 6.

Theorem D. If S is an open, connected Hartogs set in z; and if there exists z° € S
such that z; = 0, then every function in O(S') can be holomorphically continued to
each point of § = {(zy,...,A2;,...,2,) 1z € Sand || < 1}.

See [12] for a proof of D.

Lemma 1.15. Let S be an open connected Reinhardt set; then for each f € O(S)
there is a function f € O(S) where S is as in Lemma 1.12 such that f = f on S.

Proof. Given f € O(S), consider f |, € O(S/V'), where V, recall, is the
variety {z:2z,z;...z,=0}. By Lemma 1.10 there exists a function f!
€ O(S8/V) such that fls,, =f' on S/V. Define the function f2 on S
U (Sle/V) = St as follows:

fl@2), z € OSke/v),

2 =
FO=\fe, es

This is permissible since S N ($¢/V) = S/V and S/V is connected. The
connectivity of S/V follows because V' is a complex analytic subset of S and S is
connected.

Thus f!'=f on S/V a connected open set; this implies f> € O(S¢) and
f=f*onS.

Suppose P, has a fixed point in S; then consider ¢ as a Hartogs domain in
z;.Ifw € P(S'8)butw & S, it follows from the logarithmic convexity of S '°¢
that w € 9S'¢ and so by Theorem D there exists an open connected set S,
containing w, an open set S, such that g = S, C §!¢ n §,, and a function
f» € O(S,) where f, = f2 on S,. Since § is a domain of holomorphy S, C § and

$D028 nSkecs,n (§/ iL:Jl {P(S'8) : P has a fixed point in S})
=8,n S/V)y=58/V

because S, C S.
We have that S,/V is connected since S, is connected. S, /V = 5, implies
S, N $'¢ is connected because S,/V C S, N S C S,. Let

_[f'e) z €8,
M=t zes,
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Since S, N $'8 is connected, f, = f2 on S, N $'°¢. Thus for each w € P(S %)
where 1 < j < nand F has a fixed point in S we can extend f, € O(S$'8) to a
function f, € O(S'e U N,) where N, is a neighborhood of w contained in §
and $'°¢ N N, is connected.

Define f as follows. Let

f22), z € S,
Ju(2), 2 € U {R(S"8) : P has a fixed point in S).
Suppose w € N, N N,, where f, € &S U N,,) and f, € OS¢ U N,,).
Then we have

§o(SuUN,)Nn (S U N,,)=Sy (N, NnN,,)DS/V
since N,, U N,, C S. S being connected implies $/V is connected, so S '

U (N,, N N,,) is connected because S§/V =S§. This means fo,=f, on
(S'e y N,) N (St U N,,). Thusf € O(S)and f=f,, [s=F s

I1. Envelopes of holomorphy and holomorphic convexity.
2.1. Open sets. We now state for open subsets of C” the fundamental existence
theorem for envelopes of holomorphy first proved by Cartan [4] and Oka [9].

f@=

Theorem E. Given any open subset U C C" there exist:

(1) a Stein manifold U,

(2) a biholomorphism x : U — x(U) C U such that for each f € O(U) one can
findf € O(U)sothatfox=fonU,

(3) a local biholomorphism w : U — w(U) C C" such that w o x = identity on U
( is sometimes called the projection or spread of U in C").

Furthermore, U is unique up to biholomorphism.

Remarks. Uniqueness is due to B. Malgrange [8]. Also, 7(U) need not be a
domain of holomorphy. For an example see 3.1.

Definition 2.11. For U open in C" any Stein manifold satisfying (2) and (3) in
Theorem E is called the envelope of holomorphy of U, which we shall denote by
U. If = is injective, then U is said to have a schlicht envelope of holomorphy and
furthermore if U is connected then the domain of holomorphy #(U) C C" is the
schlicht envelope of holomorphy.

Theorem 2.12. If S is an open connected Reinhardt set in C", then S has a schlicht
envelope of holomorphy S given by:

S =Sk y l;)l {P(S'®) : P has a fixed point in S}.

Remark. In [5], it is proved that if K is a compact connected Reinhardt (circled)
set and if int K meets {z; = 0} whenever K does, then K is holomorphically
convex if and only if K is rationally convex. Also, the rationally convex hull of
K is explicitly constructed. From this we can obtain the envelope of holomorphy
of any Reinhardt domain. The author would like to thank the referee for pointing
this out.
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Proof. By Lemma 1.12, § is a domain of holomorphy. The extension property
is Lemma 1.15.

Definition 2.13. A Hartogs set S in z; is said to be complete if (z,, . ..,z;,...,z,)
€ S implies (z,,...,Az;,...,2,) € Sforall A € Csuch that |A| < 1.

Lemma 2.14. If S C C" is a complete Hartogs domain in z,, then there exists an
upper semicontinuous function g on m,(S) (where m,(zy,...,2,) = (215 ,2Zp_1))
such that

S = {Z : |Z,,| <g(z|,..., ’Zn—l) : (Zl"“’zn—l) € '”n(S)}

Proof. g(z,,...,2,-1) = Supg,,... .. es|Z,| is the function.

.....

Theorem F. If S C C? is a complete Hartogs domain in z,, then S has a schlicht
envelope of holomorphy § given by

S={z:lz] <e"®,z, € m(S))

where V is the least superharmonic majorant for In g in m,,(S) (g the defining
function for S given in Lemma 2.14).

Proof. The extension property can be found in [12, p. 183). The function P,
defined by P(zy,2;) = |z;| — V@), is plurisubharmonic in =, (S') X C, a domain
of holomorphy. Thus by Theorem B, § ={z: P(z) <0} C 7, (S)XC is a
domain of holomorphy.

Theorem G. If T is a tube domain, then T has a schlicht envelope of holomorphy,
T, the convex hull of T.

Theorem G follows from Bochner’s Theorem A and the fact that open convex
sets are domains of holomorphy.
2.2. Reinhardt sets. The following is due to Cartan:

Theorem H. If U, and Uy are open subsets of C" and U, C Uy, then there exists
a local biholomorphism ¢, of U, into 17,3 such that the following diagram is
commutative:

1
_—
xal lxﬁ
~ ~
Vo = G

(where i is the inclusion map).
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For a proof see [8, p. 36]. Let S be any subset of C" and {U,: a € 4}
be the family of open neighborhoods of §, where U, C U, if and only if
a> B If @ > B > vy, then itfollows from Theorem H that ¢z, = g, © @, -
Thus it is possible to define:

Definition 2.21. For S any subset of C" and (U, : @ € =4} as above, we shall
call the projective limit, § = lim, U,, the envelope of holomorphy of S. (Compare
Harvey and Wells [6].)

The maps, x, : U, = U, and 7, : U, > 7,(0,) C C" defined in Theorem E
induce maps

x:8§->S$ and 7:8 - () ccC

such that x is injective and # o x = identity on S because x, is injective and
7, © X = identity on U, for each a € A.

By f € O(S) we mean 3 U, such that f € O(U,). Then 3 f € O(U,) that
lifts £, i.e., f o x, = fon U,. Let p, be projection from $ onto U,, then f o p, lifts
fe o(S)toS.

Definition 2.22. S is said to be holomorphically convex if x is surjective.

Definition 2.23. If 7 is injective, then S is said to have a schlicht envelope of
holomorphy.

Remark. Theorems E and H are valid for Riemann domains so we could have
extended these definitions to arbitrary subsets of Riemann domains. However,
the spreads x, and hence the map x need not be injective.

If (V3 : B € B} is a fundamental system of open neighborhoods of S, then S
can be equivalently characterized as limg V. Furthermore, if each ¥} is connected
and has a schlicht envelope of holomorphy and 2 is the domain of holomorphy
associated to V3, then S has a schlicht envelope of holomorphy S = Mg 2. More
precisely, we have the following:

Lemma 2.24. If S is a connected Reinhardt set and {U,: a € A} is a
fundamental system of open connected Reinhardt neighborhoods of S, then S has a
schlicht envelope of holomorphy § given by:

S=n0=n (Ua'” ] L:Jl {(P(Ult) : P has a fixed point in Ua})

a

= §log U',L:Jn {P(S'8) : P has a fixed point in S}.

Proof. By Theorem 2.12 each U, has a schlicht envelope of holomorphy
U,= Ole y UL, {P(U)¢) : P has a fixed point in U,}. Thus the map = : §

— C” must be injective since each =, is injective. This shows S has a schlicht
envelope of holomorphy
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§S=N0-=n (Uu"’g U L:Jl {P(Ul¢) : P has a fixed point in Ua}).

Slg is by definition the intersection of all logarithmically convex Reinhardt
domains containing S, and since {U, : a € &4} is a fundamental neighborhood
system for S it follows that S'¢ = N, Uke. For each i=1,...,n we have
P(N, Ule) = N, B(Ulke) since P, is a projection. It follows that

Slteg y L:J1 {B(S'°¢) : P, has a fixed point in S}

= (Q U,,‘°3) U (Q (_CJI {P(UJe#) : P has a fixed point in Ua}))

=0 (Ua"" U L'.lJl {P(UJ) : P has a fixed point in Ua})

because if z € U°¢ and z is not in P(U.#) for some i and a € 4 such that P
has a fixed point in U,; and if z is not in Ug*® and z € UL, {R(Uj®): P hasa
fixed point in Uy}, then we obtain a contradiction since i can be chosen so that
P, has a fixed point in S.

Lemma 2.25. If K is a compact Reinhardt set in C" and if K; = {z : §(z,K)
< Vj}y(j=12,...), then the family {K;:j=1,2,...} forms a fundamental
neighborhood system of open connected Reinhardt neighborhoods of S.

Proof. Since K is compact and 8 is continuous it follows that given any U D K
there exists an integer N such that if j > N, then K C K; C U. It remains to
show K; is a connected Reinhardt set. If w € K;, then there exists k € K such
that 8(w, k) < 1/j. It follows that {z : |z;| = |w,| for each i=1,...,n} C K,
since K is Reinhardt; that K; is connected follows from the facts {tw + (1—1)k:
t € [0,1]} C K; and the union of connected sets with a point in common is
connected. This completes the proof of the lemma.

In [5, p. 513] it is proved that K is the projective limit of compact Hausdorff
spaces. Hence K is compact since the projective limit of compact spaces is
compact.

Theorem 2.26. If K is a compact connected Reinhardt set, then K has a schlicht
envelope of holomorphy K given by:
K =K' L:Jl {P(R'8) : P, has a fixed point in K}.
Moreover, K has a fundamental neighborhood system of domains of holomorphy.
Proof. By Lemma 2.25, K has a fundamental neighborhood system of open

connected Reinhardt sets K;. Lemma 2.24 implies

R=N R =Ry L_J] {P(K'¢) : P has a fixed point in K.

J=1
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By the preceding remark K is compact, and since 2,, = N7Z, K; is a domain of
holomorphy for each m we have that {Q, : m=1,2,...} is a fundamental
neighborhood system of domains of holomorphy for K.

Theorem 2.27. If K is a compact connected Reinhardt set in C", then the following
are equivalent:

(1) K is holomorphically convex. .

(2) K has a fundamental neighborhood system of domains of holomorphy.

B) K =K' y UL {P(K'"8) : P, has a fixed point in K).

Proof. (1)=(3). K being holomorphically convex means x : K — K is a bijection
onto K; thus 7 : K — C" is injective and so it follows that K has a schlicht
envelope of holomorphy K = K. By Theorem 2.26 we obtain the formula in (3).

(2)=(3). Let {24 : B € B} be a fundamental neighborhood system of domains
of holomorphy for K. By Lemma 2.25 for each {; there exists K; such that
K C K; C Q. The definition of domain of holomorphy (1.6) shows that
K, C Q4. Thus K = N, K; and from this, Lemma 2.24 implies

K=Kl y L:Jl {P(K'"8) : P, has a fixed point in K}.

(3)=(1). Theorem 2.26 and (3) together imply K = K. Thus x : K > K must
be surjective, but this means K is holomorphically convex.

(3)=(2). This is clear.

For a point p = (py,...,p,) € S, a Reinhardt set, let K, = S|, | X ... X §|,,
={z:|z]| = |p;| for each i = 1,..., n}; then K, is a compact connected Rein-
hardt set and S = U, K,,. From this we obtain:

Lemma 2.28. If S is a connected Reinhardt set in C", then S has a fundamental
neighborhood system of Reinhardt domains.

Proof. If U is an open set containing S, then U D K, for each p € S. By
Lemma 2.25 there exists a Reinhardt domain ¥, such that U O ¥ O K, for each
p € S. Itfollows that U D U,es D U,es K, = S. If V' = U,es I, then Viis
an open Reinhardt set because the union of Reinhardt sets is Reinhardt and each
¥, is open. Since C” is locally connected the component of V containing S is
open. This completes the proof of the lemma.

Theorem 2.29. If S is a connected Reinhardt set, then S has a schlicht envelope of
holomorphy S given by:
S=Sley L”Jl {P(S'8) : P. has a fixed point in S}.
Moreover, § = N, U,, where each U, is a domain of holomorphy.

Proof. By Lemma 2.28, S has a fundamental neighborhood system of open
connected Reinhardt sets U, each having a schlicht envelope of holomorphy U,.
The result follows from Lemma 2.24.
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Theorem 2.29.1. If S is a connected Reinhardt set in C", then the following are
equivalent:

(1) S is holomorphically convex.

(2) S is an intersection of domains of holomorphy

3)S=S"e y UL {P(S'8) : P, has a fixed point in S }.

Proof. (1)=(3). This is proved just as in Theorem 2.27.

(2)=(3). Suppose S = N, D, where {D, : a« € 4} is a family of domains of
holomorphy, then by Lemma 2.28, S has a fundamental neighborhood system of
open connected Reinhardt sets {Rg : B € B}, just as in the proof for the compact
case we obtain S = Mg R;. So by Lemma 2.24 we have

S=2S8ke y L"J] {P(S'¢) : P, has a fixed point in S}.

(3)=(1). The same proof as in Theorem 2.27 works here.

(3)=(2). This is clear.

2.3. Hartogs sets. Let S C C? be a complete Hartogs set in z,. For each
p=(p1,p2) €S, let {p)} XDy, ={z:2 =p, and |z;| < |p,|}; then §=
Uyes {P1} X Dyp,. From the proof of Lemma 2.25 it follows that the sets
S,i={z:1z—p| <1/}*x{|]z| <|p,| + 1/j} form a fundamental neighbor-
hood system for { p,} X D,,,|. Because for each p in § and each positive integer
J» S,,; 1s a complete Hartogs domain, and the union of complete Hartogs sets is a
complete Hartogs set we have:

Lemma 2.31. Every connected complete Hartogs set has a fundamental neighbor-
hood system of complete Hartogs domains.

Proof. By the remarks above one can find a fundamental neighborhood system
of open complete Hartogs sets. The lemma now follows from the local connectiv-
ity of C".

Theorem 2.32. If S C C? is a connected complete Hartogs set, then S has a
schlicht envelope of holomorphy S given by:
S ={(,2) 12| < &)z € m,(S)}
U {(z1,22) : |22] = §(z1) and z, € m,(S))

where §(z) = inf {h(z) : In h is superharmonic in a neighborhood of =, (S) and
h > g} (g is the defining function for S given in Lemma 2.14).

Proof. Theorem F and Lemma 2.31 imply S has a fundamental neighborhood
system of open sets whose envelopes of holomorphy are schlicht. The result now
follows just as in the Reinhardt case.

The proof of the following theorem is also similar to the Reinhardt case:
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Theorem 2.33. If S is a connected complete Hartogs set in C2, then the following
are equivalent:

(1) S is holomorphically convex.

(2) S is an intersection of domains of holomorphy.

(3) S = § as given in Theorem 2.32.
Moreover, if S is compact, then S has a fundamental neighborhood system of domains
of holomorphy.

2.4. Tube sets. A close examination of the proof of Theorem A as given in [7,
p. 41] yields the following:

Theorem 2.41. If T is a polygonally connected tube set, then for each function f
holomorphic in a neighborhood of T one can find a function F holomorphic in a
neighborhood of T, the convex hull of T, such that F = fon T.

If a tube set is connected and has a compact base, then T is a closed convex
set. Thus 7 is the intersection of domains of holomorphy because open convex
sets are domains of holomorphy. This helps to establish the following:

Theorem 2.42. If T is a polygonally connected tube set with base T either open or
compact in R", then T has a schlicht envelope of holomorphy T. Furthermore, the
following are equivalent:

(1) T is holomorphically convex.

(2) T is an intersection of domains of holomorphy.

3 T=T

Proof. The preceding remark makes (2)<>(3) obvious. Since 7(T) = T we have
that (2)=(1). Finally Theorem 2.41 shows that (1)=(3).

Because tube sets do not have fundamental neighborhood systems of open rube
sets we do not obtain results for arbitrary tube sets. For an example see 3.6.

Remark. Just as in 2.21, one can define the notion of envelope of meromorphy
of an arbitrary subset S of a Riemann domain . Since the envelope of
meromorphy and envelope of holomorphy of any Riemann domain U C £
coincide, it follows that the envolope of meromorphy and envelope of holomorphy of
S, also, coincide. Thus all the theorems and lemmas given here remain valid if
we change the words holomorphic, holomorphically and envelope of holomorphy
to meromorphic, meromorphically and envelope of meromorphy respectively
whenever they appear.

I11. Examples.

3.1. A domain in C* whose envelope of holomorphy is not spread over a domain of
holomorphy. Let D ={(z),z;):3 p € (,1)and 3 1 € (0,2n7) with n > 1
where z, = pe’, and —}+ 1t < |z| <}i+1t} and @ ={(z},25,23) : 3 < |7)]
< 1,0 < Im z; < 2nm, and |z,| < j + Im z3}. Then the envelope of holomor-
phy, D, of D can be described as follows:
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D={z€Q:z —e® =0}

Since Q is a domain of holomorphy, D is obviously Stein. To see the extension
property note that D = {(z,,2;,z;) : 3 p € (},1) and 3 ¢ € (0,2n7) with z,
=pe', |z, <3+t and z; =log p + it}. An application of Theorem D for
Hartogs domains shows each f € O(D) extends to D.

Let 7(zy,2,,23) = (21,2;); then (D) = {(z,,2,) : 3 p € (},1)and I ¢ € (O,
2n7) with z; = pe, |z, < f(1) where

_fi+2n— D7, fort € [0,2(n — 1)m),
S0 = {% + 1, for t € [2(n — 1)m,2nm))}.

By Theorem F it follows that the envelope of holomorphy of 7(D) is
{(21’22) : % < |Z|| < 1,I22| < % + 2n77}

because w(D) is a complete Hartogs domain and the least superharmonic
majorant of In fis the constant function In(3 + 2n7). D was given by Thullen in
[11, pp. 64-76] as an example of a domain having a nonschlicht envelope of
holomorphy.

3.2. 4 convex set S C C? which is not holomorphically convex. Let S = {(z,,2;) :
|z)] < 1 and |z;] < o} U {(21,23) : |z;| =1 and |z,| < 1}. S is a connected
Reinhardt set and $'8 ={(z,,2,) : |z;| < 1 and |z,| < o} = D X C (where
D = {z : |z] < 1}) because each open convex set containing {(log|z,|,log|z,]) :
log|z;[ < 0 and log|z,| < oo} U {(log|z],log|z,|) : log|z,| = 0 and log|z,|
< 0} contains {(log|z,|,log|z,|) : log|z;| < 0 and log|z,| < oo}.

Thus by Theorem 2.29 each f holomorphic in a neighborhood of S extends to
a function holomorphic in a neighborhood of § '°g.

3.3. A closed lower dimensional set in C* whose envelope of holomorphy is a
domain of holomorphy which is not simply connected. If

S={(z1,2) 1 e < |z] < e?,1 < |z] and log|z,| = (1/(2 — log|z,|))-1}
U{@1,2): 1 <|z] < el < |z and log|z| = (1/ log|z,|) — 1}

U{@E12) : |z =6z < 1},

then S is a connected Reinhardt set. So if A ={z:1 < |z| < e?}, then Sl
={(z1,2;) : 1 < |z,] < e?,z; € C} = C X 4, a domain of holomorphy.

3.4. A set in C* whose envelope of holomorphy is neither open nor closed. If
S={(G1,2) : |z1| £ L|z;] < 3/Az :|z;] = 1,|z,] = 1}, then S is a connected
Reinhardt set such that S = $18 y P,(S) U P,(S). Thus by Theorem 2.29 we
have § = §.
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3.5. An open convex set whose closure does not have a fundamental neighborhood
system of domains of holomorphy. For p > 0 let S, = {(z,,2;) : |z;| < p}; then
S, ={(z1,22) : |z1| < p } is a holomorphically convex Reinhardt set, but S, does
not have a fundamental neighborhood system of domains of holomorphy since
every open convex set containing {(log|z,|,log|z,]) : log|z,| <logp}={(x,») "
x < log p} C R? contains a uniform neighborhood of {(x,y) : x < log p}.
However, the variety lim,_¢S, = {(z,,2,) : z, = 0} has a fundamental neighbor-
hood system of domains of holomorphy.

3.6. A closed convex tube set which does not have a fundamental neighborhood
system of domains of holomorphy. Let S = C X iR ={(z,,2;) : z; € Cand z, + z,
=0}= R + iR?; then S is a connected complete Hartogs set and since any
subharmonic function that is —o0 on R C Cis = —o0, we have by Theorem 2.32
that every function holomorphic on a neighborhood of S extends to a function
holomorphic on C X U, where U is an open set in C containing the real numbers.
However, it is easy to find neighborhoods of C X R not containing C X U for any
U open in C.

3.7. A holomorphically convex set which is not the intersection of domains of
holomorphy. Let

S={(@1,z) : |lz1] < L]z =0} U {(2,22):21 =0,]z,| < 1}
00
v G {emigh<ial s hlal=1-1}.

S is a compact Reinhardt set. Every domain of holomorphy containing S must
contain {(z,,2;) : 172! < |z,] < 1/2%,|z,| < 1 — 1/i}. But S is holomorphically
convex since each component of S is holomorphically convex. This example is due
to J. E. Bjork.

3.8. A logarithmically convex Reinhardt domain which is not a domain of
holomorphy. Let S ={(z1,23) : |z;| < 1,0 < |z3] < }/(2},2,) : 2, = 0,|2,|
= 1/2}; then S8 = §, but § = {(z;,2,) : |z;] < 1,0 < |2z,] < 1} by 2.12. Note
that the extension property also follows from Hartogs theorem [7, p. 30] since §
is connected and {(z,,2;) : z; = 0,|z,| = 1/2} is compact.
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