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A CHARACTERIZATION OF THE INVARIANT MEASURES FOR AN
INFINITE PARTICLE SYSTEM WITH INTERACTIONS(Y)

BY
THOMAS M. LIGGETT

ABSTRACT. Let p(x,y) be the transition function for a symmetric, irreducible,
transient Markov chain on the countable set S. Let 7, be the infinite particle system on S
with the simple exclusion interaction and one-particle motion determined by p. A
characterization is obtained of all the invariant measures for #, in terms of the bounded
functions on S which are harmonic with respect to p(x,y). Ergodic theorems are proved
concerning the convergence of the system to an invariant measure.

1. Introduction. Spitzer’s motivation for introducing his models of infinite
particle systems with interactions came, to a large extent, from the fact that many
of them have interesting classes of invariant measures [8]. The classical Gibbs
measures of statistical mechanics, for example, are invariant for one of his most
interesting models—that of speed change and exclusion. Much of the study of
invariant measures for these models has concentrated on showing that certain
measures, which are more or less explicitly known, are stationary for the model
in question. This raises the natural problem of finding all of the invariant
measures in any given case. In this paper, we solve this problem for one of
Spitzer’s simplest models—that of simple exclusion.

The simple exclusion model is described in terms of a transition function
p(x,y) for a Markov chain on a countable set S. If there were no interactions, the
particles in the system would move independently of each other according to a
continuous time Markov chain on § with transition probabilities p(x,y) and
waiting times with constant parameter 1 at each point. The interaction of simple
exclusion is superimposed on this motion in a way which makes it impossible for
more than one particle to be at any point in S at any given time. If a particle
attempts a transition to a point which is already occupied, then that transition is
prohibited, and the particle must remain where it is until it next attempts a
transition.

Since multiple occupancy is excluded in this model, the set of all configurations
is X = {0, 1}5, which is given the product topology. The interpretation of n € X
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434 THOMAS M. LIGGETT

is that x € S is occupied if n(x) = 1 and vacant if n(x) = 0. The infinite particle
system can then be defined as the Markov process n, with state space X whose
infinitesimal generator is described in the following way. Let C(X ) be the space
of all continuous functions on X with the supremum norm, and let 3 C C(X)
be the subset of those functions which depend on only finitely many coordinates.
For x,y € § and n € X so that n(x) =1 and n(y) =0, let n,, denote the
configuration which results from n after a transition has occurred from x to y:

NeyU) =)  fuxy,

=1 ifu=y,

=0 if u=x.
For f € 3, define Qf € C(X) by

Ym= 3  peylfng,) —f()]
n(x)y=1;n( y)=0

The generator of the process 7, is then the closure of @ in C(X). It is shown in
[6] that © has a unique closure which is the generator of a strongly continuous
semigroup S(¢) of contractions on C(X), and therefore generates a strong
Markov process on X, provided that p(x,y) satisfies sup, >, p(x,y) < . The
results of this paper will be restricted to the case in which p(x,y) is symmetric, in
which case this condition is automatically satisfied. The semigroup S(¢) on C(X)

induces in the usual way a semigroup on the space of probability measures on X
via the relation

[ raisou@n = [ 180 fKmndn).

Spitzer observed [8, p. 280] that if p(x,y) is symmetric, then 7, possesses the
following important property, which plays a fundamental role in our work and
explains one of the basic reasons for the symmetry requirement:

Theorem 1.1 (Spitzer). Suppose p(x,y) is a symmetric function of x and y. If
$,6 €E Xand 3, §H(x) < oo, then

PSi(n, > &) = Pa(§ > ),

where the inequalities are to be interpreted componentwise.

This result often permits the reduction of a problem concerning the infinite
particle system to one relating only to the corresponding finite particle system.
For example, an immediate consequence of this theorem which shows its
relevance to the invariant measure problem is

Corollary 1.2. Suppose p(x,y) is symmetric. If u is a probability measure on X,
define a function g on X by g(n) = p{§|$ > m}. Then p. is invariant for the process
n, if and only if E"[g(n,)] = g(n) for all q for which F, n(x) < co.
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Proof. By definition, u is invariant if and only if P*{n, > n} = g(») for all 9
for which 3, n(x) < oo. But, for such 7,

PEm, > m)= [ PS(n > mp(dg) = [ P(n, < $)p(dd)

- [ [z =] wats
y<§
=3 P71 = V8 = Elg(n)

It follows from this that any probability measure on X with respect to which
the random variables n(x) are exchangeable is invariant for {,}, since in that case
g(n) depends only on 3}, n(x). Our basic problem then is to find necessary and
sufficient conditions on p(x,y) so that there are no other invariant measures for
{m}, and to find all other invariant measures in cases where others exist.

We solve this problem under the assumptions that p(x,y) is a symmetric
function of x and y and that the Markov chain on S with transition probabilities
p(x,y) is irreducible and transient. These assumptions will be made throughout
the remainder of this paper (except in §2). In order to state the main results, the
following notation is needed. J will denote the set of all probability measures on
X which are invariant for the process {7,}, and g, will be the set of extreme points
of J. Since J is a compact and convex set in the topology of weak convergence
of measures, the Krein-Millman theorem guarantees that J is the closed convex
hull of 4,. Put

H = {a(-) on S|0 < a(x) < 1 and ; p(x,y)a(y) = a(x) for all x € S}.

Then o# contains every constant between zero-and one, since 3, p(x,y) = 1 for
each x. Finally, define », for @ € S to be the product measure on X such that

vinln > v} = Hl a(x)

y(x)=

forall y € X such that 3, y(x) < oo. The main characterization theorem is then

Theorem 1.3. Assume that p(x,y) is the transition function for a symmetric,
irreducible, transient Markov chain on S. Then

(@) p, = lim,,, S(t)y, exists for each a« € S, and p, € 1,.

() pofn | n(x) = 1} = a(x) for all x € S.

(c) The map a = p, gives a one-to-one and onto correspondence between 4 and
q,.
(d) u, = v, if and only if a is constant.
€ Z={pe€dpninx)=1n(y) =1} < p{n|nx)=Up{n|n(y) =1}
for all x 5 y}.
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Corollary 1.4. J consists only of the measures with respect to which the random
variables m(x) are exchangeable if and only if the only bounded solutions of
>y P(x,y)a( y) = a(x) are the constants. In particular, this is true if S is an Abelian

group and p(x,y) = p(0,y — x).

Proof. The first statement is a consequence of De Finetti’s theorem [2, p. 225],
and the second follows from the first by the Choquet-Deny theorem [1].

Remark. There are many choices for p(:, -) which satisfy the assumptions of the
theorem and for which ¥ does not consist entirely of constants, and hence 7,
does not consist entirely of product measures. An example is the simple random
walk on the free group on two generators.

Theorem 1.3 will be proved in §4. We conjecture that the theorem is true
without the assumption of transience, although the proof in the recurrent case
will probably be quite different. (In the recurrent case, of course, ¥ consists only
of constants.) The following remarks should be helpful in understanding the role
of the transience assumption in the proof. Theorem 1.1 and its corollary permit
the reduction of the problem to one dealing with the system consisting only of a
finite number of particles. Since an interaction occurs only if a particle attempts
a transition to an occupied site, one would expect that if p(x,y) were transient,
then only a finite number of interactions would occur over all time for the finite
particle system. Therefore one would expect the finite particle interacting system
to behave very much like the corresponding finite particle system without
interactions, which is much easier to study. The relationship between the
interacting and noninteracting finite particle systems is studied in §3. In doing
this, several results concerning Markov chains are needed, and these are proved
in §2. Added in proof: Theorem 1.3 does hold in the recurrent case. See
forthcoming papers by Spitzer and Liggett in Trans. Amer. Math. Soc.

The final section deals with ergodic theorems for the process u,. Since the
system has infinitely many invariant measures, they take the form of describing
the domain of attraction of each of these. It suffices to do this for extreme
invariant measures, so the problem is to describe {pon X | S(¢)p — p,} for
a € S in some way which is independent of the infinite particle system. In order
to state the main result, put

A S A
py) =& 2 5p0(x,y)
k=0 K-
where p®)(x, y) are the k-step transition probabilities for the Markov chain on §
which has transition function p(x, y).

Theorem 1.5. Suppose the conditions of Theorem 1.3 hold, that . is a probability
measure on X, and that « € . Then S(t)p — p, as t = oo if and only if

(1.6) ; p(x)M(y) — (] =0
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in probability with respect to p as t — oo for each x € S.

Remark. Intuitively, the content of condition (1.6) is that the random variables
7(x) satisfy a type of mixing condition with respect to p. This will be seen more
explicitly in Corollary 5.5.

As a consequence of this theorem, it will be shown in §5 that if S is an Abelian
group, p satisfies p(x,y) = p(0,y — x) in addition to the conditions of Theorem
1.3, and p is stationary and ergodic, then S(¢)p — p, as t = oo, where a is the
constant p{n | n(x) = 1}. In particular, this holds in case p(x,y) is the transition
function for the simple random walk in Z* for k > 3. Using entirely different
techniques, Spitzer (private communication) has proved this result in this case for
allk > 1.

Results of this type for other models of infinite particle systems with interac-
tions have been obtained by Holley (see [3], [4], and [5]).

2. Preliminary results. This section is devoted to obtaining several results
concerning discrete time Markov chains which will be needed in the next section.
They will be applied there to show that the finite particle interacting process is
absolutely continuous with respect to the finite particle noninteracting process.

Lemma 2.1. Let p and v be probability measures on a measurable space (2, B),
and let B, be an increasing sequence of sub-o-algebras whose union generates B. Let
w, and v, be the restrictions of u and v to B, respectively. Suppose that v, < ., for
each n, and that f = lim,_,, dv,/du, exists and is finite a.s., with respect to v. Then
v L .

Proof. For each n, let p, = u3“ + p be the Lebesgue decomposition of p,
relative to »,. Then

dpd*c /dy, = [dy,/dp,]™".

So, for 4 € B,,

i) 2 e = [ [22]"

and therefore

way> | (2] v

By Fatou’s lemma,

(22) B(A) > [, 1 dv.

Since U, B, generates B, (2.2) holds for all 4 € B. Since f~! > 0 a.s. with
respect to », it follows that » < p.
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This will now be applied to Markov chains. Let p(x,y) be the transition
probabilities for a Markov chain X, on the countable set S. Take C C S, and let
¥, be the Markov chain on C with transition probabilities

q(x.y) = p(x,y)/s(x) ify € C,

where s(x) = 3 cc p(x, ). (If s(x) = 0, put g(x, x) = 1.) Fix a common starting
point x, € C for both chains, and let u and » be the measures on S generated
by {X,} and {Y,} respectively.

Theorem 23. If 3, [1 — s(Y,)] < o0 a.s., thenv < p.

Proof. First note that by assumption »{X € S® | s(x;) = 0 for some i} = 0.
Therefore, we may assume throughout that s(x) > 0 for all x € C. Let B, be
the o-algebra generated by the first n coordinates, and p, and », be the
restrictions of p and » to B,. Then », < p, and dy,/dp, is the function on S”
given by

ﬂ(xl, X)) = q(xgsx;) - q(Xp15X,)

d‘-"n P(xo,xl)'  P(Xpoy5 Xp)

if x; € C for each i < n and the denominator is not zero, and dy,/dp, =0
otherwise. So, a version of dv,/dp,, is

dy, ol . .
d#"(xl,...,x,,)—il-lom if x; € C for all i,
=0 otherwise.

But by assumption, 3, [1 — s(x,)] < o a.s. with respect to », so [], s(x,)
> 0 a.s. with respect to ». The desired conclusion then follows from Lemma 2.1.
Remark. It is interesting to note that the assumption of this theorem can be
interpreted as saying that the number of times that Y, “attempts” to leave C is
finite.
For the final result in this section, we assume that the Markov chain with
transition probabilities p(x, y) is transient, and define

(24) G(y) = 3 pOx).

Lemma 2.5. For x % y, G(x,x) + G(y,y) — G(x,y) — G(y,x) > 1.

Proof. For x € S, 7, will denote the hitting time of x. Then G(x,x)
= [P*(1, = 0)]™!, and G(x,y) = P*(1, < 0)G(y,y) for x 5 y. Also,

(2.6) P*(1, = ) < P*(r, = o0) + P(1, = o0)
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follows from P* (1, < o0) > P*(1, < 00)P”(1, < 0). Therefore, for x £ y,

G(x,x) + G(».y) = G(x,y) = G(y,x)
= P’(1, = 0)G(x,x) + P*(1, = 0)G(p,y) 2> 1

by (2.6).

3. The finite particle system. While the infinite particle system with the simple
exclusion interaction must be discussed in continuous time, it is convenient in
discussing the system with only finitely many particles to consider the embedded
discrete time process. This is then a Markov chain ¥, on 7, = {X € §" | x; # X;
for i 5= j}, where n is the number of particles in the system. It is defined on all
of S” by letting all points in S” \ 7, be absorbing. Its transition operator ¥ is
then defined for nonnegative functions f on S” by

3% p(x,-,x,)]f(i)
i=] jm=]

i#j

fG) = E3f(X) = %.[

1 n
ﬁzl #24¢.p(xi’u)f(xl’°"’xi—l’u’xi+l""!xn)
=] wgEx;; i

+

if X € T,, and Vf(X) = f(X) otherwise. The transition operator for the corre-
sponding Markov chain X; on S” in which the particles are permitted to move
independently is

USG) = EFOR) = 5 3 3 200 ) (5101 Ficts it ).

Much of this section is devoted to the study of the relation between the
processes X; and ¥, the results of which will be used in the next section to study
the general infinite particle system. In order to make the required comparisons,
it is necessary to impose throughout the conditions of Theorem 1.3. Since p(x, y)
is transient, G(x, y) can be defined as in (2.4). This will be useful in studying the
two particle system. For the general n particle system (with n > 2), we need

G5t - %) =2 3 3 Gxiux).

=1 j=1
i#j

The first result states that G, is excessive for the operator U,, and in fact that
it is the potential of a nonnegative function -/ith support on " \ T,.

Lemma 3.1. Fix n > 2, and let

h(X) = % EI EI pO(x;, x;)
=i
i#jf
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forl=0,1,2,...,and X € S". Then

(32) S utn=5% h.

k=0

In particular, 3.0 U¥hy = (n/2)G,.

Proof. A simple computation gives U,k = (n — 2)h;/n + 2hy,,/n. So, by

induction,
k k=j J
un=5(5)(1-7) " ()

Summing on k yields (3.2).
This is now used to show that if the n particles move independently, they tend
to get far away from each other.

Lemma 3.3. G,(X,) = 0 a.s. as k = oo for any initial configuration X € S" of
particles.

Proof. By Lemma 3.1, U* G,(X) = EZ[G,(X,)] | 0, so G,(X;) — 0in L,. Since
U,G, < G,, G,(X,) is a supermartingale, and therefore G,(X;) — 0 as.
Forn > 2 and X € T,, define

- n n
&3 =71 3 3 i ).
i)
Lemma 34. 32, ¥ *g, < nG, for X € T,.
Proof. Forx € T,,

UG ~ KGE) = 7 3 3 pl 5IGE,5) + Gt %) = 26 ()

> Ega()
by Lemma 2.5. By Lemma 3.1, U, G,(X) = G,(X) for X € T,. Therefore,

(3.3) £:(%) < 1[G, (%) = KG).

Since ¥, maps functions on 7, to functions on 7,, ¥, can be applied repeatedly to
(3.5). Summing the resulting inequalities yields the desired conclusion.

Theorem 3.6. G,(Y;) — 0 a.s. as k = oo for any initial configuration X €T, of
particles.
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Proof. Let ¥, be the Markov chain on 7, which is obtained from ¥, by
“ignoring” attempts to go to points in $” \ T,. In other words, ¥, is the Markov
chain with transition operator

— L} —.
NG = 5 33 P0G E X B = gy,
i=1 usx;, jFi

Since ¥, differs from Y; only by a random change of time and ¥, is not eventually
constant with positive probability, it suffices to show that G,(¥;) — 0 a.s. Let p
and » be the probability measures on (S")® generated by the Markov chains X,
and Y, respectively with the same initial state X € 7,. By Lemma 3.4,

E[SRog (B <o, o Seog(%) <o as. But Z2,g.(%)
< 30 8.(Y;), since the summands are the same in the two series, but some of
the terms are repeated several times on the right-hand side. Therefore
320 8.(Y) < 0 as. By Theorem 2.3, » < p. Let

A={G,%,...) € (S| G(¥X,) — 0}

Then u(A4) = 1 by Lemma 3.3, so »(A4) = 1 also. This shows that G,(¥;) = Oa.s.,
thus completing the proof.

Corollary 3.7. If f is any bounded function on T, such that |f| < G,, then
Vkf(X) > 0as k > oo.

Proof. If Y, has initial state X € 7T,, then f(¥;) — 0 a.s. by Theorem 3.6. Since
fis bounded, K,*f(X) = EZ[f(Y)] = 0 as k — oo by the bounded convergence
theorem.

The following lemma will be important in relating X, and Y.

Lemma 38. If 0 < f< 1 on S", then |U¥f(X) — K*f(X)| < nG,(X) for
X€ET,.

Proof. Write
(39) U~ V=S VAU, - KIUE.
i=0

A short computation shows that if 0 < A < 1 on S”", then |U,h(X) — ¥ h(X)|
< g,(xX) for X € T,. Therefore,

UK R) - KA < k2; Kia @) < 3 Hig.() < nG,

for X € T, by Lemma 3.4.
For n > 1, define

Gy={fonS"|0<f< LUS=f},
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and
H={fonT,|0<f<L¥Kf=f).
Note that ¥, = G, = I, which was defined in §1.

Lemma 3.10. There is a one-to-one correspondence between G, and S, forn > 2,
which is given for g € G, and h € H, by any one of the following equivalent
conditions:

(@) |8(X) — h@)| < nG,(X) for X € T,;

®) h() = lim,,, *g(F) for % € T,;

(c) g(X) = limy_,, UXA(X) for X € S", where h is any extension of h to S™ such
that 0 < A(X) < 1.

Proof. Fix n, and define u(X) = min(nG,(X),2). We will show first that the
three conditions are equivalent. (a) implies (b), since ¥, *u(X) — 0 for X € T, as
k — oo by Corollary 3.7. (a) implies (c) since

- — n n 0
18(X) — A(X)| < nG,(x) + 21 le‘ )(xi, %),
5
and therefore U*(g —h) =g — Ukh — 0 as k = oo by Lemma 3.1. On the
other hand, (b) implies (a) since

lg(X) — kgD < nG,(3)

for X € T, by Lemma 3.8. A similar application of the lemma shows that (c)
implies (a). To complete the proof of this lemma, it suffices to show that the limit
in (b) exists if g € &, and the limit in (c) exists if h € ,. We will show the first
of these only, since the other is similar. If g € G, then Ukg = g, so

(3.11) 1g(X) — K*eg()| < u(X)
for X € T, and k > 1 by Lemma 3.8. Therefore, for / < kand X € T,,
IV'g(X) — Kre()| < K'u(x) >0

as | — oo by Corollary 3.7. Hence lim,_,, ¥, *g(xX) exists and is in <,.

As a consequence of this lemma, the map 7, : G, = J4, can be defined by
h = 1,(g) for n > 2. It is natural to define 7, to be the identity map on S It
should be noted that g € G, is a symmetric function if and only if 7,(g) is a
symmetric function.

Corollary 3.12. Suppose g € G,, g is a symmetric function of its n arguments, and
forX € T,

(3.13) 28(X) < (X1, X1, X35+« .5 Xp) + 8(X2, X2, X3, v 2y Xp)-
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Then h(X) < g(X) for X € T,, where h = 7,(g). Furthermore, g = h on T, if and
only if equality holds in (3.13) whenever p(x,,x;) > 0.

Proof. For X € T,
g - %g®) = U,g(x) — hgX)

n
2 P X80 s Ximts Xjs X+« + 5 Xn)

Jj=i+1

M:

=1
=n

[}
—-

i
+ 80Xy, - X Xy X5 - - - y Xpg) — 2g(3c')].

So, ¥,g < g on T,, and equality holds if and only if equality holds in (3.13)
whenever p(x;,x;) > 0. Therefore, ¥, *g is monotonically decreasing in k for
X € T,.. Since h(X) = lim,_,, ¥,*g(X) on T,, the conclusion follows.

The following result, which is of independent interest, characterizes the
bounded harmonic functions for the independent finite particle system in terms
of those of the one-particle Markov chain.

Lemma 3.14. Suppose 0 < g < 1 on S”. Then U,g = g if and only if

(315) ; p(xi,y)g(x,, ces Xic Vs Xigls - - ’xn) = g(})
forallx € S"and1 < i < n.

Proof. It follows immediately from the definition of U, that condition (3.15)
implies that U,g = g. For the converse, note first that &, can be regarded as a
compact, convex subset of I (S") with the weak* topology. So, by the
Krein-Millman theorem, G, is the closed convex hull of its extreme points. Let
g be an extreme point of &,, and define

ui(}) = ; p(xi,y)g(xl, ces Xim Vs Xiggs - e - ’xn)

for 1 < i < n. Then U,u; = u; and 0 < u; < 1 for each i, so u; € G,. Since
g=Uzg=nu + - +u,) and g is an extreme point of &G,, g = ; for each i.
Therefore (3.15) holds for each extreme point of &,, and hence for eachg € &,.

It will be convenient in §4 to use also operators W, which are closely related
to U,. W,f is defined for nonnegative functions f on S” by

Wf () = H PO f ().

l-] YES Jj=1

Lemma 3.16. (a) W,*G, > 0 as k — oo.
(b) Takeg € G, and let h = 1(g) € H,. Then W,g = gandlim,_,, W h = g.

Proof. (a) follows immediately from
W GEH =533 S p0x,x).

i=] jm] |m2k
i#j
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Now, if g € &, then W,g = g by Lemma 3.14. The final statement follows from
part (a) of Lemma 3.10 and part (a) of this lemma.

The final preliminary fact about the finite particle system which will be needed
is

Lemma 3.17. Suppose fon T, is bounded and satisfies | f(X)| < Gy (X1, - - - s Xn>Y)
forall X € T, and somey € S. Then V,*f(X) > 0ask — o for X € T,.

Proof. Let u(X) = 3, G(x;,»). Then
Gos1 (X1, -+ - X, ») = nG,(X)/(n + 1) + 2u(xX)/(n + 1).

By Corollary 3.7, it suffices to show that ¥, ¥u(x) — Ofor X € T,. To do this, first
compute Uk u(X) = S, u(x;) where for x € S,

=% (4)(1- )7 (38 o).

=0 \J /=y
Since K v(X) = U,u(¥) for X € T, if v is any function of the form v(X)
= 3", w(x;), it follows that ¥, Uku = Uk*'u on T,. So U¥u = ¥ *u on T, by
(3.9). Therefore ¥, *u(xX) — 0 since lim,_,,, u,(x) = O for each x € S.

4. The characterization. This section is devoted to the proof of Theorem 1.3. It
will be assumed throughout that the conditions of that theorem hold. We begin
with a slight extension of Corollary 1.2, which is restated using the notation
introduced in §3. Its proof is the same as before.

Lemma 4.1. Let p be a probability measure on X, and define

L@ =p{n|nex)=1fr1 <i<n} forXeT,.

Then
(@) p € Jif and only if V,f, = f, for each n, and
(b) if lim,_, ., ¥,*f, exists for each n, then v = lim,_,, S(t)p exists, and

vn | n0e) =1 for 1 < i < np=Jim GGG Jor ¥ € T,

Theorem 4.2. If a(-) € S, then

(@) p, = lim,_, S(?)», exists, and therefore p, € 0.

(®) kofn | 1(0) = 1) = a(x) for all x € S.

(© 0 < TILt &(x) = pafn | () = 1 for 1 < i < m) < nG,(¥) for ¥ € T,
(d) pu, = v, if and only if a is constant.

Proof. Define f,(X) = [[%, a(x;) for X € S". Then U, f, = f, by Lemma 3.14,

i=1

so f, € G,. By Lemma 3.10, lim,_,,, ¥;*f, exists for X € T,. So, since

LG =w{n|n0x)=1forl <i<n
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for X € T, p, = lim,_ S(¢)», exists by Lemma 4.1 and
pofn [ m(x;) = 1for 1 <i < n}= lim Kk fu(X)

for X € T,. p{n | n(x) = 1} = a(x) since V,f; = U, f; = f,. The second inequal-
ity in (c) comes from part (a) of Lemma 3.10. The first inequality is a
consequence of Corollary 3.12, since

’

oGt Xps X3, 0oy X)) + S, Xg, X3, 00, %) = 2f,(X) = fI a(x)a(x;) — a(xy)]?

i=

which is nonnegative. Another consequence is that u, =y, if and only if
a(x) = a( y) for all x, y such that p(x,y) > 0. Since p(x, ) is irreducible, p, = »,
if and only if « is constant.

The remainder of the results of this section have as their goal the proof that
for « € S, p, is an extreme point of J and that a — p, maps onto ,. The
proof relies heavily on monotonicity considerations.

Lemma 4.3. Take . € J, and define

ha(X) = p{n | n(x;) =1 for 1 < i < n}

for X € S". Then lim,_,, Ukh, exists, and

h,(x) < lim Uth, (%) for X € T,.

Proof. The restriction of A, to T, is in J, by part (a) of Lemma 4.1. Define
g, € G, by h, =1,(g,). Then g,(¥) = lim,_,, U¥h,(X) by Lemma 3.10. So, it
remains to be shown that h,(X) < g,(¥) for X € T,, which will follow from
Corollary 3.12 if we verify that g, satisfies condition (3.13). By Lemma 3.16,
W,kh, — g, as k — o0, so it suffices to show that W,*h, satisfies (3.13) for each
k. But

Wk, (O, X0, X3y ooy Xn) + WRR (X0, X0, X3, « o2y X)) — 2W %R,y (X)
2 n -
= 2 H [p(k)(xlsyi) - P(k)(xz,)’i)] Igp(k)(xj’yj)hn( y)
j=

yES" i=1
= [ ) — w2 I et > 0,
since h,( ¥) = fy ([T, n(y)lu(dn), where w(x,n) = 3, p®(x,y)n( ).

Lemma 4.4. Suppose that u € J, and z € S satisfies p{n|n(z) =1} > 0.
Define a probability measure v on X by v(A) = u(A4,m(z) = 1)/u{n| n) = 1}
Then v = lim,_,, S(t)v exists, and therefore v € J. Furthermore,

p{n|nx)=1 > r{n|n0x) =1}
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Jor x 5~ z.
Proof. Let h,(X) = p{n | n(x;) = 1for 1 < i < n}, and

L@ =v(alne) =1for 1 <i < n)=hyy(x,.... %0 2)/h ().
Since p € 4, h, € H4,. Define g, € G, by h, = 7,(g,), and put

~ (2 _gn+l(xl""’xmz) - n
g.(x) = ") for x € S".

Now g,,1 EG,,; and 0 < g, < 1, so g, € g, by Lemma 3.14. Therefore
7.(£,) = lim,_, . ¥, *§, exists by Lemma 3.10. However, by the same lemma,

|fn(;) - gn(;)l = (l/h.(z))lh,,+,(x,, cee ’xmz) - gn+l(xl’ s ’xn’z)l
< (n+ DGy (x5 ... 5%,,2)/hy(2).

By Lemma 3.17, lim, W *f, =lim, ¥ *g,=1,(g,) on T,. So, ¥
= lim,_,,, S(#)» exists by Lemma 4.1, and

#{n [ n(x;) =1for 1 <i < n}=r1,(&,)X)
for X € T,. To obtain the inequality, note that, for x € S,
v{n [ n(x) = 1} = n(£)(x) = &1 (x) = 8:(x,2)/h(2),
and
v{n | n(x) = 1} = hy(x,2)/hy (2).

But h,(x,2) < g,(x,z) for x = z by Lemma 4.3.
The following basic theorem is a direct consequence of this result.

Theorem 4.5. If p € J,, then for x # z,

(4.6) p{n | n(x)=La@) =1} < p{n|n0x) = Bp{n | ) = 1}.

Proof. If u{n | n(x) = 0 for all x} = 1 or u{n | n(x) = 1 for all x} = 1, then the
result is obvious. In all other cases, 0 < p{n | n(x) = 1} < 1 for all x € S, since
p{n | n(x) = 1} € FHby Lemma 4.1. Fix z € §, and define probability measures
v, and v, on X by »(4) = p(4,1() = 1)/p(n | 1@)=1},5,(4) = p(4,7() = 0)
/u{n | @) =0} Put A = u{n|n() = 1}. Then p= Ay, + (1 — A)»,, s0

p=S)p=AS(0p, + (1 — NS0,

By Lemma 4.4, », = lim,_ S(¢)», exists. Therefore », = lim,,, S(¢)», exists
also, and p = A»; + (1 — A)p,. Since », and », € 7, and p € 7, it follows that
p = », = 7,. By the second part of Lemma 4.4,
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pln | n(x) =13 = v {n | n0x) =1} > ri{n|nx) =1}

_b{nlnx)=1,n@) =1}
p{n @2 =1}

for x = z, which completes the proof.

Remark. For a € &, p, satisfies (4.6) by part (c) of Theorem 4.2. So, Theorem
4.5 would have been immediate if we knew at this point that 7, = {p, | « € H#).
However, this theorem plays a crucial role in proving this fact.

Lemma 4.7. Suppose u is a probability measure on X and define f(x,y)
=pu{n|nx)=Ln(y)=1}forx,y € S. If

(4.8) fx») < fOaX)f(y,y)  for x =y,

then

2
var[ 2 909900 = [, { e - s 00N} du
< 3 la@n?
whenever g(x) > 0and 3, q(x) < oo.

Proof.

2
var[ 3 109 = [ [2 1090 | o - [3 5990
= 2/:0)9x)q(y) = Z f (60 f(1.2)9()9(y)
< 3 [gWPf D0 - S 0] < 3 g1,

where the next to the last inequality follows from (4.8).

Corollary 4.9. In addition to the assumptions of Lemma 4.7, suppose that q;(x)
satisfies q;(x) > 0and 3, q;(x) < 1 for 1 < i < n. Then

{J 1[5 a0 - sxmraen] an} < pin [ a)]

Proof. Since |3, (n(x)q;(x) — f(x,x)q;(x))| < 1 for each i, the result follows
from Lemma 4.7 by applying Holder’s inequality.

Theorem 4.10. Suppose p. € 7, and define a € FH by a(x) = p{n | n(x) = 1}. If
 satisfies

p{n [n(x) = La(y) =1} < a(x)a(y)

for x #= y, then p = p,.
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Proof. That the a so defined is in J follows from part (a) of Lemma 4.1. Define

ﬁl(xla"'axn)=“{n|n(xi)= 1 fOI'l S i S n}

and
Ba(xys o xn) = po{n [ m(x;) = 1for 1 <i < n}.

If suffices to show that f, = h, for each n > 1. The proof is by induction on n.
The case n = 1 is an immediate consequence of part (b) of Theorem 4.2 and the
definition of a. Assume now that f,_; = h,_,. Then

WEfR) = Wrkh (R = 3 11 P90 (P = hu( )]

yes" j=1

= fx 11 gs (n(y) - a(y))p""(xi,y)] dp

i=]
- T[540 = a0mpn | du,

where the first equality comes from the definition of W,, while the second comes
from the induction hypothesis. Therefore, by Corollary 4.9, since both p and p,
satisfy the assumptions of Lemma 4.7,

172
A — Wtk @ < 2 in, (3 17O 1)
<isn y
= ; QK (y ¥ ))172
2 min (p©9(xi, x;))"*.

But this term tends to zero as k — oo for each X € S” since p is transient. Since

fo» By € S, by Lemma 4.1, g,, §, € G, can be defined by f, = 7,(g,) and

h, = 1,(g,). Since W,kf, — W,*h, > 0 as k - oo, Lemma 3.16 gives that g,

= g,. Since 7, is one-to-one, f, = h, and the induction step is complete.
Theorems 4.5 and 4.10 now yield

Corollary 4.11. 7, C {p, | « € FH}. Therefore, 9 = closed convex hull of
{po | @ € H}

To complete the proof of Theorem 1.3, it remains to be shown that for each
a € S, p, € J,. In order to do this, it is convenient to give H C [, (S) the
topology it inherits from the weak* topology on /,, (S). With this topology, o is
compact. Let C(¥) be the space of continuous functions on # with the
supremum norm.

Lemma 4.12. Let 3 be the collection of all functions on ¥ of the form
f(@) = T[x, a(x;), where n > 1 and x; € S are arbitrary, and in addition the
constant function 1. Then the linear span of 3 is dense in C(H).
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Proof. The linear span of 9 is an algebra in C(<#) which separates points and
contains the constants. So, the result follows from the Stone-Weierstrass theorem.

Lemma 4.13. Let G be the collection of all functions on H of the form
f@ = fyn(x)...n(x,)dp,, where n > 1 and x; € S are arbitrary, and in
addition the constant function 1. Then the linear span of 3 is dense in C().

Proof. For X € S" and a € ¥, define

gGia) =TT o) and hGia) = [ym(n)...n(x,)db.

Then for each a, h = 7,(g) by Lemma 4.1 and Theorem 4.2. Therefore,

(4.14) h(X; ) = Jim Vkg(X;a) forX € T,,
and
(4.15) g(X;a) = Jim Ukh(X;a) forX € S"

by Lemma 3.10. An examination of the proof of that lemma shows that the
convergence is uniform in a. Since g(X;a) is continuous in a, it follows from
(4.14) that h(X; a) is also. But U¥h(X; ) is in the closure of the linear span of 3,
and therefore g is also by (4.15). The desired conclusion then follows from
Lemma 4.12.

Theorem 4.16. For each a € H, p, € J,.

Proof. By Corollary 4.11 and Choquet’s theorem, it suffices to show that if

(4.17) ha= |, s(dB)

where » is a probability measure on &, then » is the point mass at a. From (4.17),
it follows that

(4.18) f@= [, f(B)"dB)

for all f € 9. So, (4.18) holds for all f € C(#) by Lemma 4.13. Therefore, » is
the point mass at a.

5. Ergodic theorems. This section is devoted to the proof of Theorem 1.5 and
several of its consequences. The assumptions of Theorem 1.3 are to hold
throughout. It is convenient to introduce the continuous time versions of the
operators U, and V:

- - & k —.
GIG) =" 3 G Uf G,
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and

tk ke
071{ ().

Ms

hifX)y=e"
k

Lemma 5.1. Suppose 0 < f(X) < 1 forX € S", g € G,,andh = 1,(g) € H,.
Then

lim ¥'f(X) = k@) for all X € T,
if and only if lim,_,, U'f(X) = g(X) for all X € S".

Proof. Suppose lim,_,, U/f = g on S". Then for X € T,,

%SG — D] < KSR = UfR + |USR) - g@)| + |2G) — hF)|
< 2nG,(X) + U f(X) — ()|

by Lemmas 3.8 and 3.10. Therefore, lim sup,_, |}, f(X) — h(X)| < 2nu(X) where
u(X) = min(G,(X),1). Since h € &,, ¥,'h = h. Using ¥,'** = ¥*¥', it then
follows that

ﬁf}}’iuPM'f(}) — h(X)| = lilgiqu'(f— h)(%)|
< v [lim supli (- )]
< 20K u@®).
By Corollary 3.7, lim,_,., ¥,*u(X) = 0, so lim,_,, ¥, f(X) = h(xX). The converse is

proved in the same way, using Lemma 3.1 instead of Corollary 3.7.
Proof of Theorem 1.5. Let u be a probability measure on X and a € 4. Define

g, (%) = Hl alx;) for ¥ € S,
B(X) = po{n | n(x)=1for 1 <i<n} forX €T,
and
LG =p{n|ne)=1for1 <i<n) forX € S

From the proof of Corollary 1.2, it is easily seen that lim,_,, S(#)p = p, if and
only if

(52) lim %', = hy(3)
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foreach X € T, and n > 1. Since h, = 7,(g,), Lemma 5.1 shows that (5.2) holds
if and only if

(53) lim Ui,3) = 2.()

for each X € S" and n > 1. However,

UG =3 3 np,( I AP,

i=] y,ES Jj=1

So, applying (5.3) for n = 1 and n = 2 yields
lim ; PV L) = alx),
and

‘ILIg E pt(x’.V)Pl(x’ z)fZ(y’ Z) = [a(x)]z’

which says that

(54) S {Z penn = o A} du o0

as t = oo and hence that (1.6) holds. Conversely, if (1.6) holds, then

'/:\’.IEI] {; P(xi, M y) — a( y)]} dp—0

as t = oo for each n > 1 and X € S". The proof that (5.3) holds is then by
induction on », and is omitted since it is quite similar to the proof of Theorem
4.10.

The following simple consequence shows that if p satisfies

alx) =p{n|nx) =1} € H

and p is mixing in an appropriate sense, then S(#)p — p, as t = oo. In order to
define mixing, it is necessary to have some concept of distance in S. This is done
in terms of the function G(x, y), the idea being that x and y are far apart if G(x, y)
is small.

Corollary 5.5. Suppose p. is a probability measure on X and
a(x) = p{n [ n(x) =1} € H.
Put f(x,y) = p{n | n(x) = Ln(y) = 1}. If
o im  1f(6y) —axa(y)]| =

then S(t)p = p, ast — oo,
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Proof. In order to apply Theorem 1.5, it suffices to show that (5.4) holds, since
it is equivalent to (1.6). Given ¢ > 0, choose 8 > 0 so that | f(x,y) — a(x)a( y)|
< & whenever x = y and G(x,y) < §. Then

2
Sz pentn - e} du
= yE PP, 2 f(y,2) — a( y)a(2)]
< e+ pylx,x)+ 67! 2 P y)P(x, )G (1, 2).

The proof is complete, since the second two terms tend to zero as t — oo, and &
is arbitrary.
The final application of Theorem 1.5 is

Theorem 5.6. Suppose S is an Abelian group, p(x,y) = p(0,y — x), and p is a
stationary ergodic probability measure on X. Let a be the constant p{n | n(x) = 1}.
Then lim,_,, S(t)p = .

Proof. Let T' be the group dual to S, and » be the spectral measure of the
process 7(x) determined by p:

p{n:n@x) =Ln(y)=1}—a*= ﬁv(x = y)n(dy).

Define a function & on T by A(y) = 3,5 P(0,x)y(x). Then |A(y)| < 1, and
h(y) = 1 if and only if y = 1 since p is irreducible. Note that 3, p,(x,»)y( )

= y(x)exp{—t[1 — h(y)]}. Therefore, putting Z,(x,n) = 3, p,(x,y)n( y), it follows
that

[ 1Zxm) = Z,xmP? p(am)
= J {exp [=26(1 = Ky + exp [25(1 — h(x))]
~ 2exp [~(s + 1)(1 — Ay Y),
which tends to zero as ¢ and s tend to co. Therefore,
(5.7) Z(x,m) = lim Z,(x,m)

exists in mean square. Since by definition

Z,s(x,m) = g Ps(x, V) Z,(y,m),

it follows that Z(x,n) € I for a.e. n( ). Since p is translation invariant, <
consists only of constants. Therefore Z(x,n) = Z(0,7n) a.s. (u). This says that
Z(x,m) is an invariant random variable, so since p is ergodic, it follows that
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Z(x,m) is constant in 1 a.s. (u). Since f Z(x,n)u(dn) = a, we conclude that
Z(x,m) = a a.s. (u) for each x € S. The result then follows from Theorem 1.5,
since lim,_,, Z,(x,m) = a in mean square.
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