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ON UNAVERAGED CONVERGENCE OF POSITIVE OPERATORS IN
LEBESGUE SPACE

BY
H. FONG(l) AND L. SUCHESTON(2)

ABSTRACT. Let T be a power-bounded positive conservative operator on L, of a o-
finite measure space. Let e be a bounded positive function invariant under the operator
adjoint to T.

Theorem. (1) f |T"f| - e = 0 implies (2) { |T"f| = 0.

If T and all its powers are ergodic,and T satisfies an abstract Harris condition, then (1)
holds by the Jamison-Orey theorem for all integrable f with f f- e = 0, and hence also (2)
holds for such f. A new proof of the Jamison-Orey theorem is given, via the ‘filling scheme’.
For discrete measure spaces this is due to Donald Ornstein, Proc. Amer. Math. Soc. 22
(1969), 549-551. If T is power-bounded, conservative and ergodic, and 0 < f, = Tf,, then
fo-e € L, implies f; € L,, hence (2) implies that T"f converges for each f € L,.

Theorem. Let T be a positive conservative contraction on L ; then the class of functions
{f— Tf,f € Lt} is dense in the class of functions { f — Tf,f € L,}.

1. Let (X,4,m) be a o-finite measure space. We consider a positive linear
operator T on L, such that sup,|7T"|, < oo. It is known [13] that X decomposes
into sets Y and Z, such that f € LT(Y) implies lim, { T"f > 0; f € L,(Z)
implies 7f € L,(Z) and lim, { |T"f| = 0; moreover, there exists a function
e € LY such that supp e = Y and T*e = e. If T is conservative and ergodic, i.e.,
f>0, f20 implies 32, T'f= o0 a.e., then either X =Y or X =Z. We
investigate in the present paper the convergence to zero of |[T"f|,. If X = Z, there
is nothing to investigate since the convergence to zero is assured for all f;
therefore we may and do assume X = Y. The papers of Orey [8] and Jamison and
Orey [5] discuss the same problem for 7 Markovian and in a probabilistic
context. Assuming that the measure is discrete, D. S. Ornstein [9] showed how to
reduce the present situation to the Markovian case. Here this is done for general
measure spaces and without assuming T ergodic (Theorem 2.1). We give in all
detail the deep arguments only sketched by Ornstein. Since we do not assume
that the measure is discrete or T is ergodic, our proof is more involved, and we
need also to appeal to the theorems of H. Rost [12] giving conditions for the
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‘filling scheme’ to terminate in the limit. A variant of this argument is also used
to give a new and nonprobabilistic proof of the Jamison-Orey theorem (Theorem
4.1); Ornstein [9] sketched such a proof of Orey’s theorem (discrete case of
Jamison-Orey). The argument also yields a strengthening of an L, decomposition
theorem due to Chacon [1]. Our result (Theorem 2.4) may be briefly stated as
follows: If T is a positive conservative contraction then the classes of functions
{(f—-Tf:fe L} and {f— Tf: f € L})} have identical closures in L. Y.
Derriennic and M. Lin having read a first version of this paper produced a
shorter proof of Theorem 2.1, based in the ergodic case on the observation that
the T*-invariant function e may be identified with lim,sup 7*"1. The argument
given here nevertheless has the advantage of allowing unified proofs of Theorems
2.1, 2.4, and 4.1.

As an application of Theorem 2.1 we obtain a ‘power-bounded’ non-Marko-
vian version of the Jamison-Orey theorem (Theorem 3.1). For a probabilistic
interpretation of positive non-Markovian operators, see e.g. the book The Theory
of Branching Processes by T. E. Harris. Because of the existence of such an
interpretation, we believe it worthwhile to also give limit theorems for power-
bounded non-Markovian transition measures (Theorems 3.2 and 3.3).

2. Let (X, <4, m) be a o-finite measure space. L,(m) denotes the space of real-
valued integrable functions on (X,4,m). All sets and functions below are
assumed measurable; all relations are assumed to hold modulo sets of m-measure
zero. Let T be a positive linear operator on L,(m). Assume that T is power-
bounded:

2.1) sup|T"|, =M < o0

and conservative:

(2.2) f € Lt, f= 0 implies i Tif= o0 or0on X.

i=0

We also assume that X = Y; i.e.,
(2.3) there exists a function e € LY, such that T*e = ¢ > 0 on X.

As remarked in §1, the assumption (2.3) can be made without loss of generality
if T is conservative and ergodic. However, the following theorem does not
assume ergodicity.

Theorem 2.1. Let T satisfy (2.1), (22) and (23). If f € L,(m) and
lim, { |T"f|ledm = O then lim, { |T"f|dm = 0.

Proof. We introduce a new measure v defined by dv = edm. Clearly, v and m
are equivalent measures, and a function f € L,(v) if and only if f- e € L,(m).
Since { Tfdv= { Tf-edm = { f-edm = { fdv for every f € L,(v), it is seen
that T is a Markovian operator on L, (v).
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We recall the following definition [9], in which all functions are assumed
nonnegative. A function g is a version of g if it is obtained from g as follows: let
g =8 + 8, 78 = g, + §,, and in general, Tg; = g;;, + gi1+1, and for some n

(24) §=38+z.

=
Remarks. (a) Tk'g = 3, Tk~ig, + Tkng, for k > n. Indeed, it follows from
g=g +g and Tg, =g, + 841, | <i < n-—1,thatfor k > n we have

T*'g =Tk lg + T* g,
and
Tk-ig, = Tk-"lg,, + Tki-1g,,, 1<i<n-1

Adding yields the desired formula.

(b) If g; (or g,) is replaced by a version of g; (or g,), the result is still a version
of g. Indeed, let § = 3., g; + g, be a version of g; it suffices to consider the case
where g, is replaced by a version g, where g, = 3, g1« + Z1m» 81 = 811 + B11>
TZix=8ia+1 + Bix+rs 1 Sk <m—11m<n letg)=g,,8 =8 +8&.,;
then T8 = T8 + T8, =(82+82) + (82+812); let ga=g,+ 2, 8 =28,
+ 812, and in general, let gi=g,+g,;, 8i=8 +&, for 2<i<m-—-1;
8m=8m+t 8im+ 8Bim; Bi=8 fori > m,g;=g fori > m+ 1 Then

n m—1 n
21 gitg =8, 22 (8+8)+(8n+8m+EBmt+ X 8&+E,
= =

i=m+1
m _ n _
=X 8kt 8im)t+tD&+E,
k=1 i=2
n
=g + 22 8+ 8,
&

is obviously a version of g. The case where m > n can be treated similarly.
(¢) f §dv = { gadv. This is clear since T preserves integrals with respect to the
measure v.

(d) For any integer N, T¥g is a version of g. To see this, in (2.4) choose g; = 0
for1 <i< N,theng =T"'g,1<i< N.Letgy, =Tgy=TV g and gy,,
=0.

(e) The ‘filling scheme’: given any two nonnegative functions w, r € L,, let

wy =W —r)t, n=wAr, FF=W-—r)

wy=(w — TH)", n=w N TF, Bp=w-Tr)

Wot1 = (W,, - T?n)+’ he1r =W, A Tfn Frp1 = (Wn - TT‘,,)_.
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Clearly, F=n +...+r,+ F, is a version of r. We have for all i > 1, w; + r,
= w,_,, where wy = w. Summing over i, | < i < n, we obtain w, + r, + ...+,
= w; hence

(2.5) é < w.
i=1

H. Rost ([12, p. 263]; see also Meyer [6, Theorem 4]) has shown that
lim, { 7,dv =0 if and only if { r-hdv < { w- hdv for every deficient h; i.e.,
h € LY, and such that A < Sh, where S is the adjoint to T acting on L, (v). Since
T is conservative, the only deficient functions are S-invariant, hence lim,, [ 7, dv
=0 if and only if fr-hdv < { w- hdv for every S-invariant h € L},. In
particular, if 0 < r < TVw for some integer N then for each S-invariant
he L,

[rohav< [ 1% -hdv= [ w-S*hdv= [ w-hdv

which implies lim, { 7,dv = 0. Rost [12, p. 265] has also shown that lim, { w, dv
=0 if and only if fw-hdv < [ r-hdv for every excessive, hence in the
conservative case S-invariant, h € LY.

(f) Let g € L} (m). For each 8 > 0 thereisann > Osuch thatif 0 < p < g
and [ pdv <, then { pdm < 4.

Proof. Let 8 > 0. For each ¢ > 0 let A4, = {e > ¢}; then A, increases to X as
¢ — 0 since e > 0 on X. The Lebesgue dominated convergence theorem implies
that there is an ¢ > 0 such that f,c gdm < 8/2. Choosing n = § - ¢/2 we have
whenever 0 < p < gand  pdv < n:

fpdmgL:gdm+L,pdm<g+%L‘pedm_<_g—+%fpdv < 8.0

We now assume that f € L,(m) and lim, { |T"f|dv = 0. Since f |T"f|dv
> |f T"fdv| we have f fdv = 0. Write f=g — h, g > 0, h > 0, where we may
and do assume that { gdv = f hdv = 1. If lim,lim; { T*|T"(g — h)|dm = 0,
then for any & > O there exist integers j and N such that { TV|TV(g — h)|dm
< ¢/M. It then follows from positivity of T and (2.1) that

T [ (T (g = Widm <Tm [ T¥IT"(g ~ Widm < e

¢ is arbitrary, hence lim, { |T"(g — h)|dm = 0. We now show that the assump-
tion

(2.6) lim lim | T/|T"(g — h)ldm >a >0

n i

leads to a contradiction.
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Let K be an integer larger than (4 M3/a) - { gdm. Since g € L} (m) we can
apply remark (f) to obtain an 7, 0 < 7 < 1, such that if 0 < p < g and
S pdv < mthen [ pdm < a/4 M?. Since lim, { |T"(g — h)|dv = 0 by assump-
tion, we can find an integer N such that if n = T¥g A TVh, TNg=1n + 5,
T¥h =n, + s{, then
2.7) [ rnav>1-naxn,

Moreover, by choosing N larger if necessary, we obtain from (2.6) that
lim f T/|TV(g — h)|dm = lim f Ti|s, — si|dm > a.
i—>00 i»o0 vV |

Hence we can assume lim;_,o, f T's; dm > a/2, and by (2.1) we have

(2.8) lim f Tis,dm > a/2M;

if (2.8) holds with s{ replacing s,, the argument is similar.

We next use the ‘filling scheme’ discussed in remark () withw = gand r = n,
to find a version 7y = r,; +...+n, + 7, of r; it follows from remark (e) that
lim, 7, ,dv = 0since n < TVg. Let n be such that if 7, , = r’{ then

(2.9) f ri dv < n/4K+1,

Letting ri =n, +...+n, we have, by remark (c), f (ri + r{)dv= [ nadv. It
follows from (2.7) and (2.9) that

(2.10) f ridv > 1—19/2 4%,
and, by (2.5),
(2.11) 0<ri<g

Write g = r{ + f;; then

ff,dv=fgdv—fr;dv<n/2-4"<'q
and hence [ f,dm < a/4 M?. It follows from (2.1) that

(2.12) Tm [ T'fdm < asaM.

Let us summarize: §, = TVg = r, + s, is a version of g (remark (d)); #, = r} + r/
is a version of r;, hence r} + r{ + s, is a version of g by remark (b).

Lets, = TVri A s,.Sinces; < TVg = TVr} + TVf,, 5, < s, + Tf,. Apply-
ing (2.8) and (2.12) we have

Q13) lim [ Tis,dm > lim [ T'sdm—Tm [ T'fidm > a/4 M.

i—00
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Write TVr| = s, + r,, where r, > 0 since s, < T¥r}. Moreover, (2.7) implies
f s1dv < n/4 %+, hence applying also (2.10) yields

(2.14) frzdv=fTNr’,dv—fszduZ fr’,dv—fs,du
>1-79/2 4K — n/4K+1 > 1 — y/4K,

Note that T¥r; =r, + s, is a version of rj; we have thus obtained a version
g,=n+r{ +s +s, of g, where s, satisfies (2.13) and r, satisfies (2.14).
Repeating the argument with r, in place of r, we first obtain a version
B=ry+ry of n, with frydv>1—-n/2-4510<ry; <g Letting s
= TNry A s, and T¥rj = 53 + r we thus obtain a version §; of g, g3 =rn, + r{
+ ry + 5, + 5, + 53, Where

(2.15) h_mf Tissdm > a/4 M,

i—00
(2.16) [ v > 1~ /ax-r.

Next obtain a version A =rj+r; of b with fridv >1—17/2-4%72,
0<riy<gandlets,=TNry A s;,ra=TNr;— s, etc.

Continuing the process we obtain a version g of g such that § > s, + 5,
+...+4sg, where for 1 <j < K, lim,_,, f T'sjdm > a/4 M. Hence

lim [ Tigdm > Ka/aM > M?*- [ gdm.
1—00

Let § =g, +...+g, + g, be the representation of g as a version of g. If k is
large, then remark (a) implies

fT""gdm=g f Tkig.dm + f Tkng,dm
> %[g f T"g,-dm+fT"g,,dm:|

=L [ rgam>m- [ gam

This contradicts (2.1) and completes the proof. [J

It may be worthwhile to point out that Theorem 2.1 also gives some insight
into the behavior of iterates of Markovian operators, as may be seen from the
following:

Theorem 2.2. Let T be a positive linear contraction operator, conservative and
ergodic (hence Markovian) on L, of a o-finite measure space (X,#,v). Let h be a
measurable function, positive on X and such that, for each f with { | f| - hdv < oo,

(2.17) sup [ |T"flhdv < co.
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If § |f|hdv < oo and lim, f |T"f|dv = O then lim,  |T"f|hdv = 0.

Proof. Set dm = hdv, e = 1/h. We have [ Tf-edm= [ f-edm for each
f € L(v). Since L;(v) N L,(m) is dense in L,(m), it follows that T*e = e,
where T* is the adjoint of T on L,(m). Note that e need not be bounded, but the
proof of Theorem 2.1 remains valid; hence [ |T"f|dm = [ |T"f|hdv — 0.
Actually, it can be shown that e is bounded, unless X = Z, in which case
lim, { |T"f|dm = 0 for each f; this follows from the fact that 7* admits at most
one real-valued invariant function (see e.g. the proof of Theorem 1.2 [11]).

R. V. Chacon [1, Theorem 4] announced the following decomposition theorem
for L, which for the sake of simplicity we state here in a slightly less general
form (the infinite measure case given in [1] follows by an easy change of
measure).

Theorem 2.3 (Chacon). Let T be a positive conservative contraction operator on
L, of a probability space (X,4,v). Then L is the direct sum of Banach spaces I and
G where G is the closure of G={g:g=f—Tff€ L\},and I={h:h € L,,
Sh = h}, where S is the adjoint of T, naturally extended to act on L,.

It is known (see e.g. [2]) that S-invariant functions are exactly those measura-
ble with respect to the o-field 7 generated by sets 4 such that S1, = 1,. Hence
Chacon’s theorem may be restated as follows: The class G of functions
g=f—Tf, f € Ly, is dense in the Banach space Ly ={f:f € L,,E’f =0},
where E7 is the conditional expectation with respect to J. Our improvement
consists in showing that f may be required to be in LT rather than in L,.

Theorem 2.4. Let T be a positive conservative contraction operator on L, of a o-
finite measure space (X,A,v). Then Ly is the closure in L, of the class of functions
of the formf — Tf, f € L}.

Proof. Let g € Ly, and set g=w — r, where w=g" and r=g . E/%g=0
implies that
(2.18) [w-hdv=[r-hav, sh=heL.

Apply the ‘filling scheme’ described in remark (e) to find a version 7 of r,
F=rn+...+rp+7,. Wenote thatw=r, +... 47 + w,. Summing , = —F, + r
and 1y = —Fy + TF, 1 <i < n-—1, yields that 7 =r — f, + Tf, where f,
=7 +...+F,_, > 0. Therefore

(219)  [g-Th+hli=Iw—r—Th+fl,=Iw—F| =|w - Tal)
which converges to zero by remark (e) and (2.18). [

3. In this section, we assume that the operator T is induced by a transition
measure T(x,A) defined on X X #; i.e., we assume that
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T(x, -) is a measure on <4 for each fixed x € X;
T(-,A) is an —#-measurable function for each 4 € 4.
The transition measures T"(x,4) are defined inductively by:

TO(x,4) = 1,(x),
G Tred) = [ T1(y,4) T(x ),
xEX,AEAn=123,....

We assume that T is null-preserving: if A € 4, m(A) = 0, then T(x,4) = 0 m-
a.e.; the exceptional null-set where T(x,4) #* 0 may depend on A. This
assumption guarantees that T defines an operator on L, (m), identified under the
Radon-Nikodym map with the space of finite signed m-continuous measures on
(X,4):

(3.2) vT(4) = [ T, d)n(dx), v €L, A€ A

If we let f = dv/dm, then Tf = d(vT)/dm.
The operator T* adjoint to T on L,(m) acts on L (m) as follows:

(33) T*h(x) = [ T, d)h(y), x € X, h € Lo (m).

We further assume that the o-field o4 is separable (=countably generated); it is
then possible to find a function d,(x,y), measurable with respect to the product
o-field 4 X A, such that

(34) T"(x,4) = [, dy(x,y) m(dy)
where, for each n and each x € X,
T"(x’ )= 72"()‘, )+ T;n(x’ ');

T."(x, -) is absolutely continuous with respect to m, and T,"(x, -) is singular with
respect to m(see e.g. [10, p. 226]).

To apply Theorem 2.1, we assume that the operator T induced on L,(m) by
T(x, A) satisfies conditions (2.1), (2.3), (3.5) and (3.6):

Foreachn > landeachf € Lf,f=Z 0,

(35) o
we have Y T"f(x) = o ae.;
i=0
(3.6) There is a set B, m(B) > 0, and an integer n,,

such that for each x € B, m(y : d, (x,y) > 0} > 0.
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Condition (3.5) states that every power of T is conservative and ergodic, and
implies that T is aperiodic when T is Markovian and (3.6) holds [2]. Condition
(3.6) is the ‘essential Harris condition’ also made in [10], where it is shown that
under conditions weaker than those made above there is a measurable function
fo, unique modulo multiplication by constants, such that 0 < f; < o0 and
Tfo = fo-

Remark. The following minor corrections are needed in [10]. In Proposition 1
add the assumption that T is conservative and ergodic. On p. 223 the measure v;
in (1.1) is defined only on Sy . Since every function in L, is a countable sum of
functions in Sy, v; extends to v, invariant on L.

We can now state a non-Markovian version of the Jamison-Orey theorem [5]:

Theorem 3.1. Let T satisfy (2.1), (2.3), (3.5) and (3.6). If f € L,(m) and
S f-edn=0, then lim, { |T"fldm=0. Leat 0< fo=Tf < 0. If fy-e
€ L,(m) then fy € L,(m) and, for each f € L (m), T"f converges in L,(m) to
(J f-edm/ § fo-edm)- fy.

Proof. As in §2, we introduce a new measure v defined by dv = e - dm. Then T
is a Markovian operator on L, (v). The operator S adjoint to T on L,(v) acts on
L, (v) (= Ly(m)) as follows:

J5-snav= [T h-cdm= [ f-T*h- e)am
= [7-e)- T*(h - e)ab;

hence we have

(3.7) Sh(x) = %T(x,dy)h( ¥, Xx€X,h€e L),

and for each n > 1,

n e(y)
(3.8) S"h(x) = WT (x,dy) h( y).
Set P(x,4) = S14(x), then it is easy to see that P(x, -) is a probability measure
for each fixed x € X; P(-,A4) is an o#-measurable function for each 4 € A
Furthermore, if P"(x, -) = R"(x, -) + B"(x, -) is the Lebesgue decomposition of
P"(x, -) with respect to v(or m), then

n _ (e
(39) R = Loy 4l (@)

= [, stz rv@)
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which shows that &, (x, y) = d,(x,y)/e(x) is the density of R"(x, -) with respect to
the measure v. Since e > 0, foreach x € X, {y : d,,,(x,y) > 0} ={y : d,,(x,y)
> 0}; hence with B and ny as in (3.6), we obtain

(3.10) For each x € B, v{y : d, (x,y) > 0} > 0.

(3.10) shows that the Markovian transition measure P(x,A4) satisfies the
‘essential Harris condition’, and now condition (3.5) implies that the operator T
induced by P(x,4) on L,(v) is aperiodic. It follows from the theorem of Jamison
and Orey [5], or rather the measure-theoretical form of this theorem [11, Theorem
4.1], that if f € L,(v) and f fdv =0 then lim, { |[T"f|dv = 0. Apply now
Theorem 2.1 to establish that lim, { |T"f|dm = 0.

Now assume 0 < fy=Tf, < o and f,-e € L (m); we show that f,
€ L,(m). Define a Markovian operator ¥V on L,(m) by Vf=e-T(f/e),
f € L,(m). It has been proved in [3, Lemma 1] that T admits a finite equivalent
invariant measure if ¥ does. Since V( f, - €) = f; - e, there exists f; € L,(m) such
that 0 < f, = Tf,. Hence f; = constant X f| € L,(m). Finally, the last assertion
of the theorem easily follows from the first one. []

Theorem 3.1 may be used to obtain limit theorems for T"(x, 4). The existence
of a period for P"(x,A) implies the existence of a period for 7"(x,4) and, like
in the Markovian case there is no essential loss of generality in assuming that the
period is 1, which is implied by (3.5). But it should be noted that the limit
theorems for the Markovian kernel P"(x,A), due to S. Orey (positive recurrent
case [7]) and N. C. Jain (null recurrent case, see e.g. [7]), do not imply Theorem
3.2

The existence of f, appearing below was established in [10] and already used
in Theorem 3.1.

Theorem 3.2. Let T satisfy (2.1), (2.3), (3.5) and (3.6). Let 0 < fo = Tfy < oo.

(a) If fy € L,(m), then for almost every x the measure T"(x, ‘) converges in total
variation norm to the measure (e(x)/ { f, - edm) fodm.

(b) If fy & L,(m), then for almost every x and for each set A with {, fodm < oo
one has T"(x,A) — 0.

Proof. (a) Assume at first that for every x there is an integer N = N(x) such
that T¥(x,X)=0. Then for a fixed x, T¥(x,-) is in L,(m) and equals
dy(x,y) = f(y). We have [ f(y)e(y)m(dy) = T*Me(x) = e(x), and (a) follows
from the last assertion of Theorem 3.1. In general T,”(x, X') of course need not
be zero for any n, but we will show that it converges to zero for almost every x,
and this is sufficient to establish (a). Let R, be T."(-, -) considered as an L,
operator: R,h(x) = f T,"(x,dy)h(y). It was kindly shown to us by Dr. Michael
Lin that a slight change in Foguel’s argument [2, p. 59] yields R, 1(x) = T,"(x, X)
— 0 also in the power-bounded case. Let g = lim sup,_,,, R, 1; (2.1) implies that
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g € L. (Foguel considered the Markovian case, when R,1 decreases, and
g = lim, R, 1.) For each integer k,

(3.11) T**g > Reg > T ReR,1 > T Riunl = 2,

by Fatou’s lemma and the simple relation R, R, > R,,,. Hence T**g > g for
each k, and since T is conservative and ergodic, T**g =g = c - e, where c is a
constant (cf. [13]). (3.11) also implies R,g =g for all k, hence [ d;(x,»)
g(y)m(dy) = O for all k and x. Since e > 0 on X this contradicts (3.6) unless
c=0.If we let F={T*e=¢} N {R,1 = 0}, then clearly m(F°) = 0 and (a)
holds if x € F.

(b) Assume f, & L,(m) and let 7(E) = {; fydm, E € 4. We shall show that
(b) holds for each x € F. We adapt an argument given by N. C. Jain, who
obtained the result (b) in the Markovian case (cf. [7, p. 35]). Assume that (b) is
false for some x, € F. Then we can find a set 4 with 7(4) < 0, a positive
constant §, and an increasing sequence of integers (n,) such that for each k

(3.12) T™(xo,A)/(7(A) + 1) > 6.

Using again 7,"(x, X ) — 0 for each x € F, we obtain from Theorem 3.1 that for
eachx € F

T (x0,) = 5o T ) =0,

H e()lco) e(x)

and hence

fex) = ‘e&o)rﬂ(xo,A) ET"*(x,A)] - 0.

We note that  edn = [ efydm = oo since [ fydm = oo (see proof of Theorem
3.1). Using this fact and applying Egorov’s theorem we find a set C such that
Si(x) = 0 uniformly on C and (8/2 - e(x,)) - fo edn > 1. Finally, by choosing
k large such that f,(x) < (6/2 - e(xo)) on C, we have

(4) e
1> (Z)+ [ 1r(A)+ [ Jo TG A)m(dn)

. 8
- ”(A)+ 1f el )(e( ety | o) = 2-e(xo)) m(dx)

> 2—. o) j; edmn

which contradicts the choice of C. []
We have assumed so far (2.3), i.e., that X = Y. If X = Z then the situation is
much simpler.

Theorem 3.3. Let T be conservative and ergodic, and assume that (3.6) holds and
(2.3) fails. Then lim, T"(x,X ) = O for almost every x.



394 H. FONG AND L. SUCHESTON

Proof. Since T is conservative and ergodic, that (2.3) fails implies X = Z. We
note that for each x and n, T"(x,X) = T*"1(x). If we set g = lim,_, sup 7T*"1
then like in the preceding proof, T*g = g and hence g = 0 because there exists
no T*-invariant function different from zero on Z. Thus T"(x, X' ) — 0 for almost

every x. []

4. We give here a new proof of the Jamison-Orey theorem. As in §3, let T be
an operator on L,(X,=4,m), induced by a null-preserving transition measure
T(x,A) and assume that T(x,X) = 1 for each x. It follows that the operator T
on L,(m) is Markovian: { Tfdm = ( fdm for f € L,(m). The decomposition
T"(x,) = T"(x,*) + T,"(x, ") and the definition of d,(x,y), the density of
T*(x, ), were given in §3.

Theorem 4.1 (Jamison-Orey). Let T be a Markovian operator on L ,(X,4, m),
induced by a transition probability T(x, A) satisfying (3.5) and (3.6). If f € L,(m)
and { fdm = 0 then lim, { |T"f|dm = 0.

Proof. A set E with m(E) > 0 is called a C-set if there exists a positive integer
n such that inf{d,(x,y) | (x,y) € E X E} > 0. It is known that under the Harris
condition every set of positive measure contains a C-set (cf. Orey [7, p. 10]); it
follows at once that X is a countable union of C-sets. In the aperiodic case, given
a C-set E there is an integer N such that forn > N,

(4.1) dy(x,y) = ¢, > 0.

inf
(x,yY)EEXE
This discussion of C-sets remains valid under the assumptions (3.5), (3.6). (The
equivalence of probabilistic and analytic formulations of the Harris condition is
known; see Jain [4].) Since subsets of C-sets are again C-sets, if we show that

(42) lim [ |T"(g — Tg)ldm =0

holds for all g = 1z where E is a C-set with m(E) < oo, it will follow that (4.2)
holds for all g € LT. Therefore, by Theorem 2.4, lim, ( |T"f|dm = 0 for all f
with f fdm = 0.

Set g =1 for some fixed C-set E, where we may and do assume that
m(E) = 1. It follows from (4.1) that, for f € LT and n > N,

43 YO 2 [ 4w @ > af frn)so

For a given positive integer M set ¢g=qg(M)=N+ M and c=c(M)
= (1/M) - min{c, | N < n < g}, where c, and N are as in (4.1).

Remark. (g) If f € LT then there is a version F=34f +fq of fwithf,=0
for 1 <i < N and f,=c: (fgpfdm)g for N <i < q. Indeed, we may clearly
choose f,=0for 1 < i < N and fy = T¥"'f. By (4.3),
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Ty = 1% > ox- ([, dm)s > Mc- ([, sam)s.

Therefore we may let fy,, = ¢ - ([ fdm)g, and we have
.?N+l = T]N —fvar 2 (_A%)TjN = <%>TNf’

which in turn implies by (4.3) that

T 2 Mz (Me - [, gam)g = 4 = e ([ sam)g.
Therefore we may let fy,; = ¢ - (f5 fdm)g, etc.

We next show that given an ¢ > 0 and a positive integer M, there is a version
g=3.,8 +8, of g=1lg, with { g,dm < ¢ and such that (A) holds:

(A) For each i, g; = 31, g;;; for each fixed j, g;; = 0 for all i except for a
consecutive block of M terms each of which is the same multiple of g.

We first apply remark (g) to the function g, obtaining a version g, = 32, g;
+ g, of g, where g;=0for 1 <i < N,and g, =c- (fygdm)g =cgfor N <i
< gq= N+ M, a consecutive block of M terms each of which is the same
multiple of g. Hence the g;’s in g, satisfy property (A). The ‘filling scheme’
described in remark (e) is next applied with w = g (= 1) and r = g, obtaining
a version §=37,8;+8, of g, Since 0 <r=g, < T%'g and (g,dm
=1— Mc, it follows from remark (e) that there is an integer n such that
J 8,dm = (1 — Mc)§ with § < §. Remark (g) is now applied to each g’ to yield
aversion §;=3%,g,;+8, of gi, whereg=N+ M, g, ,=0forl <j<N
and g;;=c - (fpgi;dm)g which equals ¢ - (f g;dm)g for N < j < q since
0 < gi < g = I by the “filling scheme’. Applying appropriate powers of T to
each g;, and g,, we may combine all the g;,’s and g, into some g, for some
integer n,. By remark (b) 3%, g, + 3L, 3L, 8;; + &, is a version of g. Writing
this new version in the form g, = ¥, g + g, , we note that the g’s satisfy
property (A). Moreover,

(4.4) [ godm = (1 - Moys;

gfg’,dm=fgdm——fg;dm=f§qdm—f§;,dm
=(1-Mc)— (1 — Mc)é = (1 - Mc)(1 - 9);

(4.5)

(46) Jaam=] g/"dm_qun J auyam

=fg}dm—(Mc)-fg’,dm=(l—Mc)-fg',-dm, 1 <i<n

(4.4), (4.5), and (4.6) imply
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[ gndm=[ (g; +3 z.;q) dm

=(1-M)s+(1-Me)-3 [ gidm

i=1

=(1— Mc)(1 — Mc + Mc8) < (1 — Mc)(1 — Mc/2).

Hence

(4.7) [ Zudm < (1 = Mcr2y- [ g,dm.

By repeating the process k times, we can obtain a version g;,, = >, g + &,
where the g;’s satisfy property (A). Moreover, the argument used in proving (4.7)
also shows that

(4.8) [ gudm < (1 = Mcr2) - [ g, ,dm.

Thus we have shown that given an ¢ > 0 and a positive integer M with
(1/M) < &, there is a version § = >, 8 + 8, of g, with {g,dm <e, and
g = 2., 8;,; Where for fixed j, g;; = 0 for all i except for a consecutive block of
M terms each of which is the same multiple of g.

Finally, by remark (a) we have for k > n,

Th-lg = é] Tk-ig, + Tk-ng,

= ﬁ (i Tk_igi,j) + Tk rg,;

J=1 \i=1

Tkg = ﬁ (i Tk—i+lgi’j) + Thmig,

J=1 \i=l

and hence by property (A) cancellation occurs and
[ 1% — T*gldm < (/M) - [ gdm +2 [ g,dm < 4e.
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