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ON UNAVERAGED CONVERGENCE OF POSITIVE OPERATORS IN

LEBESGUE SPACE
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ABSTRACT. Let T be a power-bounded positive conservative operator on L i of a o-

finite measure space. Let e be a bounded positive function invariant under the operator

adjoint to T.

Theorem. (1) / \T"f\ ■ e -> 0 implies (2) J \T"f\ -» 0.
If Tand all its powers are ergodic, and T satisfies an abstract Harris condition, then(l)

holds by the Jamison-Orey theorem for all integrable / with / / ■ e = 0, and hence also (2)

holds for such/. A new proof of the Jamison-Orey theorem is given, via the 'filling scheme'.

For discrete measure spaces this is due to Donald Ornstein, Proc Amer. Math. Soc. 22

(1969), 549-551. If 7* is power-bounded, conservative and ergodic, and 0 < /0 = Tf0, then

fo ; e E L, implies/o 6 L\, hence (2) implies that T"f converges for each/ gl,,

Theorem. Let T be a positive conservative contraction on L | ; then the class of functions

{/ — Tfif e L*} is dense in the class of functions {/ — Tfif E Li).

1. Let (X,<¿1, m) be a a-finite measure space. We consider a positive linear

operator Fon F,, such that supjF"), < oo. It is known [13] that X decomposes

into sets F and Z, such that/ E L^(Y) implies Hm, f F"/> 0;/ E LX(Z)

implies Tf E LX(Z) and lim„ f \T"f\ = 0; moreover, there exists a function

e E F* such that supp e = Y and T*e = e. If F is conservative and ergodic, i.e.,

/>0,/20 implies 2£o T'f = °° a-e-> then either x = F or X = Z. We

investigate in the present paper the convergence to zero of \T"f\x. If X = Z, there

is nothing to investigate since the convergence to zero is assured for all f;

therefore we may and do assume X = Y. The papers of Orey [8] and Jamison and

Orey [5] discuss the same problem for T Markovian and in a probabilistic

context. Assuming that the measure is discrete, D. S. Ornstein [9] showed how to

reduce the present situation to the Markovian case. Here this is done for general

measure spaces and without assuming F ergodic (Theorem 2.1). We give in all

detail the deep arguments only sketched by Ornstein. Since we do not assume

that the measure is discrete or F is ergodic, our proof is more involved, and we

need also to appeal to the theorems of H. Rost [12] giving conditions for the
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'filling scheme' to terminate in the limit. A variant of this argument is also used

to give a new and nonprobabilistic proof of the Jamison-Orey theorem (Theorem

4.1); Ornstein [9] sketched such a proof of Orey's theorem (discrete case of

Jamison-Orey). The argument also yields a strengthening of an L, decomposition

theorem due to Chacon [1]. Our result (Theorem 2.4) may be briefly stated as

follows: If F is a positive conservative contraction then the classes of functions

{f-Tf:fe Lx} and {/- Tf : f E L\} have identical closures in L,. Y.

Derriennic and M. Lin having read a first version of this paper produced a

shorter proof of Theorem 2.1, based in the ergodic case on the observation that

the F*-invariant function e may be identified with hm„sup F*"l. The argument

given here nevertheless has the advantage of allowing unified proofs of Theorems

2.1, 2.4, and 4.1.

As an application of Theorem 2.1 we obtain a 'power-bounded' non-Marko-

vian version of the Jamison-Orey theorem (Theorem 3.1). For a probabilistic

interpretation of positive non-Markovian operators, see e.g. the book The Theory

of Branching Processes by T. E. Harris. Because of the existence of such an

interpretation, we believe it worthwhile to also give limit theorems for power-

bounded non-Markovian transition measures (Theorems 3.2 and 3.3).

2. Let (A, of, m) be a a-finite measure space. L, (m) denotes the space of real-

valued integrable functions on (A,<=4, m). All sets and functions below are

assumed measurable; all relations are assumed to hold modulo sets of nt-measure

zero. Let F be a positive linear operator on Lx(m). Assume that F is power-

bounded:

(2.1) suplF"!, = M < oo
n

and conservative:

00

(2.2) /6L|,/2 0 implies 2 T'f = oo or 0 on A.

We also assume that A = Y; i.e.,

(2.3) there exists a function e E L* such that T*e = e > 0 on A.

As remarked in §1, the assumption (2.3) can be made without loss of generality

if F is conservative and ergodic. However, the following theorem does not

assume ergodicity.

Theorem 2.1. Let T satisfy (2.1), (2.2) and (2.3). If f E Lx(m) and

limn J \T"f\edm = 0 then lim„ f \T"f\dm = 0.

Proof. We introduce a new measure v defined by dv = e dm. Clearly, v and m

are equivalent measures, and a function/ E Lx(v) if and only if/- e E Lx(m).

Since f Tfdv = J" Tf ■ edm = § f ■ edm = f fdv for every / E Lx(v), it is seen

that F is a Markovian operator on Lx(v).
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We recall the following definition [9], in which all functions are assumed

nonnegative. A function g is a version of g if it is obtained from g as follows: let

g = ft + Ii. Tg\ = gi + I2. and in general, Tg¡ = gi+x + g,+1, and for some «

(2-4) g=±gi + g„-
/-i

Remarks, (a) Tk~xg = 2,"=, 7*"'& + Tk~ngn for k > n. Indeed, it follows from

g = g\ + Ii and Fg, = g,+1 + g,+l, 1 </'<«- 1, that for k > « we have

r*-ig _ r*-igi + r*-ifi)

and

F*-'g, = F*-'-'g,+1 + F*-'-'g,+1,       1 </<«- 1.

Adding yields the desired formula.

(b) If g¡ (or g„) is replaced by a version of g, (or g„), the result is still a version

of g. Indeed, let g = 2"=i g¡ + I« be a version of g; it suffices to consider the case

where g, is replaced by a version g,, where g, = 2t-i ft,* + Ii,m. gi = gi,i + Ii,i,

Tgi.k = ft,*+i + fu+i. 1 < /c < «i - 1. If «i < «, let g', = gu, g', = g, + I,,,;

then Tg\ = Jf, + Fg,, = (g2 + g2) + (g,,2 + g,,2); let g2 = g2 + gu, g2 = I2

+ gXy2, and in general, let g'¡ = g, + g,,, g- = g, + g,,, for 2 </'<«/- 1;

£m = ^m + Ii,m + Ii,m l g'i = g i for / > w, g- = g, for / > w + 1. Then

2 «/ + g'n = g\,\ +   2   (ft + gl,/) + (¿?m + gl.m + Il,m) +     2     ft + I»
i=l 1=2 i=m+l

(m \ il

2   ft¡,* + ft,m ) + 2 ft + gn
k = l /        i=2

= Il  +  2 ft + gn
-2

is obviously a version of g. The case where «/ > « can be treated similarly.

(c) f gdv = f gdv. This is clear since F preserves integrals with respect to the

measure v.

(d) For any integer N, TNg is a version of g. To see this, in (2.4) choose g, = 0

for 1 < i < N, then g, = r~xg, 1 < / < N. Let g„+1 = Fg„ = TNg, and gw+1
= 0.

(e) The 'filling scheme': given any two nonnegative functions w, r E F,, let

h>, = (w — r)+, rx = w A r, rx = (w — r)~

w2 = (wx - Trx)+, r2 = wxATfx, f2 = (wx-Trx)~

w„+i = (w„ - TrnY,        r„+x = wn A Fr„ rn+1 = (w„ - Tfn)~
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Clearly, F = rx + ... +r„ + f„ is a version of r. We have for all i > 1, w¡ + r¡

= h>,_,, where w0 = w. Summing over i, 1 < / < n, we obtain w„ + rx + ... +rn

= w; henee

(2.5) y n < w.
i=i

H. Rost ([12, p. 263]; see also Meyer [6, Theorem 4]) has shown that

lim„ f r„dv = 0 if and only if / r ■ hdv < f w ■ hdv for every deficient h; i.e.,

A £ L* and such that n < Sh, where A is the adjoint to F acting on Lx(v). Since

F is conservative, the only deficient functions are ^-invariant, hence lim„ f r„ dv

= 0 if and only if fr-hdvKfw-hdv for every ^-invariant n E L*. In

particular, if 0 < r < TNw for some integer A then for each ^-invariant

" E L+x,

f r- hdv < f TNw ■ hdv = j w ■ SNhdv = j w ■ hdv

which implies lim„ f f„dv = 0. Rost [12, p. 265] has also shown that lim„ f w„dv

= 0 if and only if J" w ■ hdv < § r ■ hdv for every excessive, hence in the

conservative case ^-invariant, /i£¿*.

(f) Let g E Lx(m). For each 8 > 0 there is an tj > 0 such that if 0 < p < g

and j" pdv < r¡, then f pdm < 8.

Proof. Let 8 > 0. For each e > 0 let At = {e > e}; then Ae increases to A as

e —» 0 since e > 0 on X. The Lebesgue dominated convergence theorem implies

that there is an e > 0 such that fA* g dm < 8/2. Choosing tj = 8 • e/2 we have

whenever 0 < p < g and J" pdv < in:

f pdm < fA¡ gdm + fAi pdm <§ + !/,, pedm <^ + \ j pdv < 8. Q

We now assume that / E L,(m) and lim„ / \T"f\dv = 0. Since / \T"f\dv

> \f T"fdv\ we have f fdv = 0. Write/= g - n, g > 0, n > 0, where we may

and do assume that f gdv = f W¡; = 1. If lim„lim, / F'|F"(g - h)\dm = 0,

then for any e > 0 there exist integers j and A such that J" TJ\TN(g - h)\dm

< e/M. It then follows from positivity of F and (2.1) that

HirT J \Ti+J+N(g - h)\dm < Im / F'+>|F"(g - A)|dm < e;

e is arbitrary, hence lim„ / \T"(g - h)\ dm = 0. We now show that the assump-

tion

(2.6) Ijm lim   ( r\Tn(g - h)\dm> a >0

leads to a contradiction.
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Let F be an integer larger than (4 A/3 /a) ■ f g dm. Since g E L{(m) we can

apply remark (f) to obtain an 17, 0 < n < 1, such that if 0 < p < g and

f pdv < Tj then f pdm < a/AM2. Since lim„ f ¡F'Xg — h)\dv = 0 by assump-

tion, we can find an integer N such that if rx = TNg A TNh, TNg = rx + sx,

TNh = rx + s',, then

(2.7) f rxdv> \ -tj/4*+i.

Moreover, by choosing TV larger if necessary, we obtain from (2.6) that

lim  f Tl\TN(g -h)\dm = \xm  ( T'\sx - s\\dm > a.

Hence we can assume lim,^^ f T'sx dm > a/2, and by (2.1) we have

(2-8) hm   f F's, am > a/2M;
/'-»CO   ^

if (2.8) holds with s ', replacing sx, the argument is similar.

We next use the 'filling scheme' discussed in remark (e) with w = g and r = rx

to find a version f, = /-,,+... +rXn + rx„ of r, ; it follows from remark (e) that

lim„ J" rx„ dv = 0 since r, < TNg. Let « be such that if rXn = r"x then

(2-9) /r,"^<T)/4'i+1.

Letting r\ = /-,,+... +r, „ we have, by remark (c), f (/•', + r'[)dv = f rx dv. It

follows from (2.7) and (2.9) that

(2-10) f r; dv > 1 - tj/2 • 4*,

and, by (2.5),

(2.11) 0<r',<g.

Write g = r\ + /, ; then

f fxdv= f gdv- f r\ dv < n/2 • 4* < n

and hence f fxdm < a/4 Ai2. It follows from (2.1) that

(2-12) Hm  f F'/,a«/ < a/AM.
¡-»00 J ■"

Let us summarize: g, = F^g = rx + sx is a version of g (remark (d)); f, = r\ + r'{

is a version of r,, hence r\ + r" + i, is a version of g by remark (b).

Let s2 = TNr\ A 5,. Since sx < TNg = FV, + F"/,, j, < s2 + 7*/,. Apply-

ing (2.8) and (2.12) we have

(2-13)     liijL  f T's2dm > lim   ( Tsxdm - hm   f Vfidm > a/4 A/.
I-»00   *' l'->00   ^ i-»oo   ■/
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Write TNr\ = s2 + r2, where r2 > 0 since s2 < TNr\. Moreover, (2.7) implies

f sx dv < îj/4*+1, hence applying also (2.10) yields

(2.14)
/ r2dv= / rV, dv - j s2dv > j r\ dv - f

> 1 - n/2 • 4* - t)/AK+x > 1 - tj/4*.

dv

Note that TNr'x = r2 + s2 is a version of r\ ; we have thus obtained a version

g2 = r2 + r¡' + í, + s2 of g, where s2 satisfies (2.13) and r2 satisfies (2.14).

Repeating the argument with r2 in place of r,, we first obtain a version

r2 = r'2 + r'i of r2, with f r'2dv > 1 - tj/2 • 4*-\ 0 < r2 < g. Letting s3

= F^rJ A sx and F^r2 = s3 + r3-we thus obtain a version g3 of g, g3 = r3 + /-,"

+ r'{ + sx + s2 + s3, where

(2.15) lim  f F'í3í7w > a/4M,
i-»00   ^

(2.16) f r3dv> 1 -Tj/4 K-l

Next obtain a version f3 = r3 + r3 of /-3 with / r'3dv > 1 — 17/2 ■ 4/f"2,

0 < ^3 < g. and let i4 = Fwr3 A 5,, r4 = TNr3 - s4, etc.

Continuing the process we obtain a version g of g such that g > sx + s2

+ ... +sK, where for 1 < j < K, lim,^^ f T'sjdm > a/4 M. Hence

lim  f T'gdm > Ka/AM > M2 ■  f gdm.
;->oo J J

Let g = gi + • • • +g„ + g„ be the representation of g as a version of g. If k is

large, then remark (a) implies

j Tk-]gdm = 2 / Tk-lg,dm + j" Tk~"gndm

> Jj\t f Tkgidm + / Tkgndmj

= MJ   Tkêdm > M ■ J gdm.

This contradicts (2.1) and completes the proof.    □

It may be worthwhile to point out that Theorem 2.1 also gives some insight

into the behavior of iterates of Markovian operators, as may be seen from the

following:

Theorem 2.2. Let T be a positive linear contraction operator, conservative and

ergodic (hence Markovian) on L, of a o-finite measure space (X,^f,v). Let h be a

measurable function, positive on X and such that, for each f with J" |/| • hdv < 00,

(2.17) SUp f \T"f\hdv < 00.
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If $ \f\hdv < oo and lim, / \T"f\dv = 0 then lim, / \T"f\hdv = 0.

Proof. Set dm = hdv, e = 1 /n. We have f Tf ■ edm = f f • edm for each

/ E Lx(v). Since L,(y) n Lx(m) is dense in Lx(m), it follows that F*e = e,

where F* is the adjoint of Fon Lx(m). Note that e need not be bounded, but the

proof of Theorem 2.1 remains valid; hence J* \T"f\dm = / \T"f\hdv -* 0.

Actually, it can be shown that e is bounded, unless X = Z, in which case

lim„ f \T"f\dm = 0 for each/; this follows from the fact that F* admits at most

one real-valued invariant function (see e.g. the proof of Theorem 1.2 [11]).

R. V. Chacon [1, Theorem 4] announced the following decomposition theorem

for Lx, which for the sake of simplicity we state here in a slightly less general

form (the infinite measure case given in [1] follows by an easy change of

measure).

Theorem 2.3 (Chacon). Let T be a positive conservative contraction operator on

L, of a probability space (A, cA, v). Then L, is the direct sum of Banach spaces I and

G where G is the closure of G = {g : g = / — Tff E L,}, and I = {h : h E Lx,

Sh = h}, where S is the adjoint of T, naturally extended to act on L,.

It is known (see e.g. [2]) that ^-invariant functions are exactly those measura-

ble with respect to the a-field O generated by sets A such that S lA = lA. Hence

Chacon's theorem may be restated as follows: The class G of functions

g = / - Tf, f E L i, is dense in the Banach space L0 = {/:/E L,, Eaf =0),

where Ea is the conditional expectation with respect to Û. Our improvement

consists in showing that/may be required to be in L\ rather than in Lx.

Theorem 2.4. Let T be a positive conservative contraction operator on Lx of a o-

finite measure space (X,cA,v). Then LQ is the closure in L, of the class of functions

of the form f- F//E Lf.

Proof. Let g £ L0 and set g = w — r, where w = g+ and r = g~. Eag — 0

implies that

(2-18) f w hdv = f r-hdv,       Sh = hEL^.

Apply the 'filling scheme' described in remark (e) to find a version r of r,

r = rx + ... +r„ + rn. We note that w = rx + .. .+r„ + w„. Summing rx = -rx + r

and ri+x = -rM + Tf¡, 1 < / < n - 1, yields that r = r - /„ + Tf„ where /„

= r, + ... +f„_x > 0. Therefore

(2.19)       \g - Tfn+fn\x = \w-r- Tf„+f„\x = \w - r\x = |w>„ - rn\x

which converges to zero by remark (e) and (2.18).   □

3. In this section, we assume that the operator F is induced by a transition

measure T(x,A) defined on A X cA; i.e., we assume that
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T(x, ■) is a measure on <=% for each fixed x E X;

T(-,A) is an ¿^-measurable function for each A E ¿#.

The transition measures T"(x,A) are defined inductively by:

T*(x,A) m lA(x),

(3-1)     T"(x,A) = / T"~x(y,A)T(x,dy),

x E X,A e of, B- 1,2,3,_

We assume that F is null-preserving: if A E ¿A, m(A) = 0, then F(x, A) = 0 m-

a.e.; the exceptional null-set where T(x,A) ^=0 may depend on A. This

assumption guarantees that F defines an operator on L, («/), identified under the

Radon-Nikodym map with the space of finite signed «/-continuous measures on

(X,c4):

(3-2) VT(A) = / T(x,A)v(dx),       v E Lx, A E cA.

If we let/ = dv/dm, then Tf = d(vT)/dm.

The operator F* adjoint to F on Lx(m) acts on Lx(m) as follows:

(3.3) r*A(*) = / F(jc,0»«(.y),       x E X, « E F^m).

We further assume that the a-field of is separable (=countably generated); it is

then possible to find a function dn(x,y), measurable with respect to the product

a-field <=4Xc4, such that

(3-4) Tc"(x,A) = fAdn(x,y)m(dy)

where, for each « and each x E X,

T"(x, •) = Tcn(x, ■) + T"(x, ■);

Tc"(x, •) is absolutely continuous with respect to m, and Ts"(x, •) is singular with

respect to m (see e.g. [10, p. 226]).

To apply Theorem 2.1, we assume that the operator F induced on Lx(m) by

T(x,A) satisfies conditions (2.1), (2.3), (3.5) and (3.6):

For each n > 1 and each/ E ¿í,/z0,
(3-5)

we have 2 T"'f(x) = oo a.e.;
i=0

(3.6)
There is a set B, m(B) > 0, and an integer n0,

such that for each x E B,m{y : dno(x,y) > 0} > 0.
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Condition (3.5) states that every power of F is conservative and ergodic, and

implies that F is aperiodic when F is Markovian and (3.6) holds [2]. Condition

(3.6) is the 'essential Harris condition' also made in [10], where it is shown that

under conditions weaker than those made above there is a measurable function

f0, unique modulo multiplication by constants, such that 0 < fQ < oo  and

Tf0=fo-
Remark. The following minor corrections are needed in [10]. In Proposition 1

add the assumption that F is conservative and ergodic. On p. 223 the measure v¡

in (1.1) is defined only on Sx.. Since every function in Lx is a countable sum of

functions in Sx., v¡ extends to v, invariant on Lx.

We can now state a non-Markovian version of the Jamison-Orey theorem [5]:

Theorem 3.1. Let T satisfy (2.1), (2.3), (3.5) and (3.6). If f E Lx(m) and

ff-edm = 0, then limn J" \Tnf\dm = 0. Let 0 </0 = F/0 < oo. If f0-e

E Lx(m) then f0 E Lx(m) and, for each f E Lx(m), T"f converges in Lx(m) to

(//• edm/ ff0- edm) •/„.

Proof. As in §2, we introduce a new measure v defined by dv = e • dm. Then F

is a Markovian operator on Lx(v). The operator S adjoint to Fon Lx(v) acts on

LK(v) (= Lx(m)) as follows:

/ / • Shdv= f Tf-h-edm = f / • T*(h ■ e)dm

= / f-(\/e)-T*(h-e)dv;

hence we have

(3-7) Sh(x) = fj$ T(x,dy)«(y),       x E X, « E Lx(v),

and for each « > 1,

(3-8) S"h(x) = fe^T"(x,dy)h(y).

Set P(x,A) = SlA(x), then it is easy to see that P(x, ■) is a probability measure

for each fixed x £ X; P(;A) is an ¿^-measurable function for each A E ^4.

Furthermore, if P"(x, ■) = Pc"(x, ■) + Ps"(x, •) is the Lebesgue decomposition of

P"(x, ■) with respect to y(or m), then

-Xa ~^x)d"^x'y)v(<dy)
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which shows that d'n(x,y) = d„(x,y)/e(x) is the density of Pcn(x, ■) with respect to

the measure v. Since e > 0, for each x E X, {y : d'no(x,y) > 0} = {y : dno(x,y)

> 0); hence with B and n0 as in (3.6), we obtain

(3.10) For each x E B,v{y : d'na(x,y) > 0} > 0.

(3.10) shows that the Markovian transition measure P(x,A) satisfies the

'essential Harris condition', and now condition (3.5) implies that the operator F

induced by P(x,A) on Lx(v) is aperiodic. It follows from the theorem of Jamison

and Orey [5], or rather the measure-theoretical form of this theorem [11, Theorem

4.1], that if / E Lx(v) and f fdv = 0 then limn J" \Tnf\dv = 0. Apply now

Theorem 2.1 to establish that lim„ f \T"f\ dm = 0.

Now assume 0 < /0 = Tf0 < oo and f0-eE Lx(m); we show that /0

E Lx(m). Define a Markovian operator V on Lx(m) by Vf = e • T(f/e),

f E Lx(m). It has been proved in [3, Lemma 1] that F admits a finite equivalent

invariant measure if F does. Since V(f0 • e) = f0 ■ e, there exists/, E Lx(m) such

that 0 </, = F/,. Hence/0 = constant x/, E Lx(m). Finally, the last assertion

of the theorem easily follows from the first one.   □

Theorem 3.1 may be used to obtain limit theorems for T"(x,A). The existence

of a period for P"(x,A) implies the existence of a period for T"(x,A) and, like

in the Markovian case there is no essential loss of generality in assuming that the

period is 1, which is implied by (3.5). But it should be noted that the limit

theorems for the Markovian kernel P"(x,A), due to S. Orey (positive recurrent

case [7]) and N. C. Jain (null recurrent case, see e.g. [7]), do not imply Theorem

3.2.
The existence of/0 appearing below was established in [10] and already used

in Theorem 3.1.

Theorem 3.2. Let Tsatisfy (2.1), (2.3), (3.5) and (3.6). Let 0 < /0 = F/0 < oo.
(a) 7//0 E Lx(m), then for almost every x the measure T"(x, •) converges in total

variation norm to the measure (e(x)/ff0 ■ edm)f0dm.

(b) Iffo E L, (m), then for almost every x and for each set A with JA f0 dm < oo

one has T"(x,A) -» 0.

Proof, (a) Assume at first that for every x there is an integer A = N(x) such

that TsN(x,X) = 0. Then for a fixed x, TN(x,-) is in Lx(m) and equals

dn(x^y) =f(y)- We have / f(y)e(y)m(dy) = T*Ne(x) = e(x), and (a) follows

from the last assertion of Theorem 3.1. In general Ts"(x,X) of course need not

be zero for any n, but we will show that it converges to zero for almost every x,

and this is sufficient to establish (a). Let R„ be Ts"(-, •) considered as an Lx

operator: R„h(x) = J" Ts"(x,dy)h(y). It was kindly shown to us by Dr. Michael

Lin that a slight change in Foguel's argument [2, p. 59] yields Rn l(x) = 7^"(.x, A)

-» 0 also in the power-bounded case. Let g = lim sup,,.,«, R„ 1; (2.1) implies that
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g E Lx. (Foguel considered the Markovian case, when F„ 1 decreases, and

g = limnF„ 1.) For each integer k,

(3.11) T*kg>Rkg>hmRkRnl>:bmRk+l,\=g,

by Fatou's lemma and the simple relation RkR„ > Rk+„. Hence T*kg > g for

each k, and since F is conservative and ergodic, T*kg = g = c ■ e, where c is a

constant (cf. [13]). (3.11) also implies Rkg = g for all k, hence f dk(x,y)

g(y)m(dy) = 0 for all k and x. Since e > Oon J this contradicts (3.6) unless

c = 0. If we let F={T*e = e} n {R„l ^ 0}, then clearly m(Fc) = 0 and (a)

holds if x E F.

(b) Assume/0 £ F,(»z) and let tr(E) = fEf0dm, ££4 We shall show that

(b) holds for each x E F. We adapt an argument given by N. C. Jain, who

obtained the result (b) in the Markovian case (cf. [7, p. 35]). Assume that (b) is

false for some x0 E F. Then we can find a set A with tr(A) < oo, a positive

constant 8, and an increasing sequence of integers (nk) such that for each k

(3.12) T"k(x0,A)/(tr(A) + 1 ) > 8.

Using again Ts"(x, X) —> 0 for each x E F, we obtain from Theorem 3.1 that for

each x E F

||-4-^-Fn'(;c0, •) - -^T"k(x, -)| -»• 0,
lle(x0) é?(.x) 'II

and hence

AW = :Tn'(xo,A)--}-rT'*(x,A) 0.é>(x0r v °' ' «W

We note that f ed-n = f ef0dm = oo since f f0dm = oo (see proof of Theorem

3.1). Using this fact and applying Egorov's theorem we find a set C such that

fk(x) -* 0 uniformly on C and (ÓV2 • e(x0)) • fc erfw > 1. Finally, by choosing

k large such thatfk(x) < (5/2 • e(x0)) on C, we have

>

>

1 > ^TTT * ^(iy + T /c 7*CM)«<&)

-7—r • j^ed-ir
2 ■ e(x0)   Jc

which contradicts the choice of C.   fj

We have assumed so far (2.3), i.e., that X = Y. If X = Z then the situation is

much simpler.

Theorem 3.3. Let T be conservative and ergodic, and assume that (3.6) holds and

(2.3) fails. Then lim„ T"(x,X) = 0 for almost every x.
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Proof. Since F is conservative and ergodic, that (2.3) fails implies A = Z. We

note that for each x and n, T"(x,X) = T*n l(x). If we set g = lim^^sup F*"l

then like in the preceding proof, T*g = g and hence g = 0 because there exists

no F*-invariant function different from zero on Z. Thus T"(x, X) —» 0 for almost

every x.   □

4. We give here a new proof of the Jamison-Orey theorem. As in §3, let F be

an operator on L,(A,<=#,m), induced by a null-preserving transition measure

T(x,A) and assume that T(x,X) = 1 for each x. It follows that the operator F

on Lx(m) is Markovian: f Tfdm = f fdm for / E Lx(m). The decomposition

T"(x, ■) = Tc"(x, ■) + Ts"(x, •) and the definition of d„(x,y), the density of

Tc"(x, •), were given in §3.

Theorem 4.1 (Jamison-Orey). Let T be a Markovian operator on Lx(X,^/f,m),

induced by a transition probability T(x,A) satisfying (3.5) and (3.6). Iff E Lx(m)

and § fdm = 0 then lim„ J" \T"f\ dm = 0.

Proof. A set E with m(E) > Ois called a C-set if there exists a positive integer

n such that inî{d„(x,y) \ (x,y) E E X E} > 0. It is known that under the Harris

condition every set of positive measure contains a C-set (cf. Orey [7, p. 10]); it

follows at once that A is a countable union of C-sets. In the aperiodic case, given

a C-set E there is an integer A such that for n > N,

(4.1) inf     dn(x,y) = cn > 0.
(x,y)EEx E

This discussion of C-sets remains valid under the assumptions (3.5), (3.6). (The

equivalence of probabilistic and analytic formulations of the Harris condition is

known; see Jain [4].) Since subsets of C-sets are again C-sets, if we show that

(4-2) lim f \T"(g- Tg)\dm = 0

holds for all g = 1£ where F is a C-set with m(E) < oo, it will follow that (4.2)

holds for all g E L\. Therefore, by Theorem 2.4, lim„ f \T"f\dm = 0 for all/

with J" fdm = 0.
Set g = lE for some fixed C-set E, where we may and do assume that

m(E) = 1. It follows from (4.1) that, for/ E L+x and n > A,

(4.3) T"f(y) > f dn(x,y)f(x)m(dx) > cn^jEfdm^g(y).

For a given positive integer M set q = q(M) = N+M and c = c(M)

= (1/A7) • min{c„ | A < n < q}, where c„ and A are as in (4.1).

Remark, (g) If / E Lf then there is a version/ = 2,=i // +/? of/with/ = 0

for 1 < / < A and /■ = c • (fEfdm)g for A < i < q. Indeed, we may clearly

choose/ = 0 for 1 < i < N andfN = TN~xf. By (4.3),
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TfN = 7*/ > cN • (/£/dw)g > Mc ■ (fEfdm)g.

Therefore we may letfN+x = c ■ (fEfdm)g, and we have

/jv+i = TJn ~In+i > I     ~^¡     )TÍn ~ (     ]Çf     \T f,

which in turn implies by (4.3) that

TfN+1 > ^^(mc ■ fjdmjg = (M- l)c • (/£/¿m)g.

Therefore we may \etfN+2 = c • (fEfdm)g, etc.

We next show that given an e > 0 and a positive integer M, there is a version

I = 2i=i ft + ft> °f g = !£. Wltri f gndm <C e and such that (A) holds:

(A) For each /', g, = 2j=, g,,7; for each fixed/, gu = 0 for all /' except for a

consecutive block of M terms each of which is the same multiple of g.

We first apply remark (g) to the function g, obtaining a version gx = 2,ii g;

+ gq °f ft where g, = 0 for 1 < / < N, and g, = c ■ (fE gdm)g = eg for N < /'

< q = N + M, a consecutive block of M terms each of which is the same

multiple of g. Hence the g,'s in g, satisfy property (A). The 'filling scheme'

described in remark (e) is next applied with w = g (= 1£) and r = gq, obtaining

a version g = 2,"=i g\ + g'„ of gq. Since 0 < r = gq < T"~xg and f gqdm

= 1 — Mc, it follows from remark (e) that there is an integer « such that

f g'n dm = ( 1 - A/c)ô with 5 < j. Remark (g) is now applied to each g'¡ to yield

a version g\ = 2JL, gu + g¡,q of g'„ where q = N + M, gu = 0 for 1 <j<N

and gtj = c • (fEg'jdm)g which equals c • (f g'¡dm)g for N </ < q since

0 < g¿ < g = 1£ by the 'filling scheme'. Applying appropriate powers of F to

each g,? and g'„, we may combine all the gUqs and gj, into some g„, for some

integer nx. By remark (b) 2,?=i ft + 2,"=i 2/=i ft,y + I™, ̂  a version of g. Writing

this new version in the form g2 = 2£i ft + In,, we note that the g,'s satisfy

property (A). Moreover,

(4-4) f g'ndm = (1 - Mc)8;

(AS) t1 J  g'dm = J  %dm ~ J  Z'ndm = J  gqdm ~ J Z'"dm

= (1 - Mc) - (1 - Mc)8 = (1 - Mc)(\ - 8);

J gi.qdm = J g'jdm- 2 / ft,aw
(4.6) >='

= J g-am - (Mc) • J g'idm = (I - Mc) • J g-rfw,        1 < i < «.

(4.4), (4.5), and (4.6) imply



396 H. FONG AND L. SUCHESTON

/ gnx dm = j (g'„ + 2 g¡,q) dm

= ( 1 - Mc)8 + ( 1 - Me) ■ 2  f g'idm
7=1    J

= ( 1 - Afc)( 1 - Me + Me8) < ( 1 - A/c)( 1 - Mc/2).

Hence

(4-7) f gmdm<(l- Mc/2)- f g<dm.

By repeating the process k times, we can obtain a version g¿+1 = 2,=i g¡ + gnk

where the g,'s satisfy property (A). Moreover, the argument used in proving (4.7)

also shows that

(4-8) fgnkdm<(l-Mc/2)-fgnt_t dm.

Thus we have shown that given an e > 0 and a positive integer M with

(l/M) < e, there is a version g = 2,11 g¡ + I* of g, with f g„dm <C t, and

g, = 2j=i g,j where for fixed/ g,7 = 0 for all i except for a consecutive block of

M terms each of which is the same multiple of g.

Finally, by remark (a) we have for k > n,

Tk~xg = 2 F*-<g, + Tk~"gn
¡=i

^¿r = 2 (i ^-/+1^) + Tk~"+Xgn,

and hence by property (A) cancellation occurs and

f \xkg - Tk~xg\dm < (2/Af ) • j gdm + 2 j gndm < 4e.
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