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HIGHER DERIVATIONS AND FIELD EXTENSIONS

BY

R. L. DAVIS

ABSTRACT.   Let  K  be a field having prime characteristic p.   The following

conditions on a subfield  k  of K  are equivalent: (i)    ||    K"  (k) = k  and K/k   is

separable,  (ii)  k  is the field of constants of an infinite higher derivation defined

in K.   (iii) k  is the field of constants of a set of infinite higher derivations de-

fined in K.   If K/k  is separably generated and k  is algebraically closed in K,

then  k  is the field of constants of an infinite higher derivation in  K.  If K/k  is

finitely generated then k  is the field of constants of an infinite higher derivation

in K if and only if  K/k  is regular.

Introduction.  The relationship between field extensions and derivations was

investigated by Baer  [l ] in  1927.   Baer obtained a characterization of those sub-

fields  k of the field  K that are the fields of constants of derivations defined in

K.  In the prime characteristic case it was found that  k is the field of constants

of a nonzero derivation defined in   K if and only if   K/k is a purely inseparable

extension having exponent one.  Later Weisfield   [7] generalized this result to

finite higher derivations and purely inseparable extensions having higher expon-

ent. The works of Weisfield [7] and Sweedler  [6] yield the following: Let  K be

a field having prime characteristic.  The following conditions on a subfield   k of

K are equivalent:

(i)  K/k is a purely inseparable modular extension with finite exponent,

(ii) k is the field of constants of a finite higher derivation in  K.

(iii)  k is the field of constants of a set of finite higher derivations in   K.

The purpose of this paper is to extend the above results to infinite higher der-

ivations.  The following is obtained: Let  K be a field having prime characteristic

p. The following conditions on a subfield   k of   K are equivalent:

(i)  K/k is separable and f\ Kp"ik) = k.

(ii) k is the field of constants of an infinite higher derivation in  K.

(iii)  k is the field of constants of a set of infinite higher derivations in   K.

A few comments should be made concerning the theory for characteristic zero

fields.  Baer [l] showed that in this case the subfields of  K which are fields of

constants of derivations in K are precisely those subfields algebraically closed

in  K.  These subfields are also the fields of constants of the finite and infinite

higher derivations in   K.
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Preliminaries.  All fields considered have prime characteristic  p.  Separable

will mean separable in the linear disjoint sense.  Let   K be a field.

Definition.  An infinite higher derivation in   K is a sequence of additive map-

pings   (d.) of   K into itself such that, for all x and  y in   K and   tz = 0, 1, 2, • • •

dníxy)='£\diíx)djíy)\ i +j =n\

and  dQ is the identity mapping of  K.

The field of constants of a derivation is its kernel and the field of constants

of a higher derivation (d.) is the intersection of the kernels of the d. for z > 1. If

k is a subfield of the field of constants of the detivation d in K, d is said to be

a derivation in K over k. The notation Der (K/k) is adopted for the collection of

derivations in K over k and H(K/k) is adopted for the analogous collection of

infinite higher derivations in   K.

The following results will be needed repeatedly in this paper.

Theorem A  [3, p. 181].  Let S be a p-basis for the field extension K/k and

f: S —> K an arbitrary function.   Then there exists a unique derivation d in  K over

k such that d(s) = f(s) for each  s £ A.

Theorem B [2, Theorem l].   Let S  be a p-basis for the separable field exten-

sion  K/k and f: ¡1, 2, • • -\ x S —» K an arbitrary function.   Then there exists a

unique higher derivation  (d.) in  K over k such that, for each s £ S  and  i £

il, 2, ...}, d.(s) = f(i, s).  '

Theorem C  [7, p. 436].   Let  (d.) be a higher derivation in  K.   Then for each

a £ K: (i) d    (ap) = id .ia))p for each  j > 1 and (ii) d .(ap) = 0  if p does not

divide j.

Main result.

Lemma 1. Let K be a purely trancendental extension of k. Then there exists

d £ Der(K) having k(Kp) as field of constants and (d.) £ H(K) with field of con-

stants  k.

Proof.  Let  5 be a transcendency basis for  K/k with   K = k(S). If  S«|i.,

■ ■ ■ , s   j is finite, let  sn = 1 and define  d(s.) = (s    ■ ■ ■ s .     )~ ï  for  1 < i < n.
n v zuz — I —      —

Since  S is a p-basis for   K/k, this defines a unique derivation  d in   K over

k   [Theorem  A].   Let   0<m<n   and   e'm'   denote   the   restriction of d to

k(Kp)(sQ, ■ ■ ■ , s   ). We induct on ttz to show that the field of constants of e(m' is k(Kp)

and  (s    ... s   )~ !  4 Im(e(m^).  If  ttz = 0, then the result is clearly true since   el

is the zero derivation in   k(Kp). Thus assume the result for  ttz with  0 < ttz < n.
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Suppose there are  A . £ kiKp)isQ, ■ ■ ■ , s   ) such that

*(m+1)(r vu)

(1)

= Z eMiA))Sm + x + £   zA^U^.-.J-^O.
0 1

If A . ^ 0 for some   » > 1. then there exists a  / > 0 such that A . ¿ 0 and
z —     ' '  — 7

e(m)(A.) = 0. From (1) we have

(2) .<-W,_t/M,>-U,....J"».

This contradicts the induction hypothesis.  Thus  A. =0 for each   i > 1   and  AQ  £

kiKp) follows from the induction hypothesis.

Now suppose there are   B . 6 zHK*')(s0, ■ ■ ■ , s   ) such that

.(-♦«/*£ B/m\ = Z   (e(m)(B? * Bi + Xii ♦ l)(s0 - • • sj- ^+l

\  0 /        o

(3)
+ e(m)(B is''-1

or

P-2

£    íe^ÍB) + BM(i + lXs0 • • • sj- »J.W    + .«-»HS^.»:^

(4) °

u rzz

Consequently, e      (ßp_is^ + 1) = (s0 • • ,sm)~l  a"d this is a contradiction of the

induction hypothesis.

If S = \s a\ is infinite, well-order it so that there is no last element. Define

dis A = sa+i  ^or each  s a £ $•  This defines a unique derivation in   K over  k

[Theorem A].

Let A . £ kíKp) i\s £ S\ s < sa\) and suppose

(5) d(x ¿/a) = Z diA)s'a+Pt iA/âl*a*i = °-
\   0 / 0 1

Necessarily,   £j_    iA. s'~l = 0 and from this it follows that  A- = •-• • = A =0.

Iteration of the process yields that  AQ e ze(K  ). Thus the field of constants of  d

is   *(K").

Since the action of a higher derivation is completely determined by its action
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on a p-basis  [Theorem B], there exists a higher derivation  id.) £ HÍK/k) with

d   = d.  Theorem C is used to show that for each   z > 1   the restriction of fl"      to
hi i i ~ pl

Kp ik) is a derivation.  Since  d   .(xp ) = díx)p    fot each  x £ K, we see that  d   .

operates on  Sp   in exactly the same manner d operates on  S. Since  Sp    is a

transcendency basis for   Kp ik)/k with   Kp ik) = kiSp ), the field of constants of

the restriction of d     to  Kp ik) is  Kp      ik). Thus the field of constants of id.)

is n„Kpnik) = npnkispn) = k.

Theorem 1.   The following conditions on a subfield k  of K are equivalent,

(i)  K/k  is separable and  (~)    Kp"(k) = k.

(ii)  k  is the field of constants of a higher derivation in  K.

(iii)  k  is the field of constants of a set of higher derivations in  K.

Proof,  (i) implies  (ii).  Let  S be a p-basis for  K/k and   T be a p-basis for

k.  Since  S U T is a p-basis for  K, it is algebraically independent over   KQ, the

maximal perfect subfield of  K.  The existence of an   (e .) £ H(K0(S U T)) with

field of constants   KQ(T) is guaranteed by Lemma 1.  In the proof of Lemma 1 it

was shown that  (e .) can be chosen such that the field of constants of the restric-

tion of e      to  KJSpl U T) is  KJSp, + 1 U T) for each j > 0.  Take   (d.) to be the
pi U U I

unique higher derivation in   K agreeing with  (e.) on   S U T. Since   (d.) acts trivi-

ally on   T,   k is a subfield of the field of constants of  (d.). Let   U be a linear

basis for   K/KAS U T). We note that   Up and hence   Up    for any  n is a linear

basis for  K/KQ(S U T). It is easily verified that Kp and   KQ(S u T) are linearly

disjoint over  KqÍ$    LI Tp). Thus   Up is linearly independent over   KQiS) and is a

linear basis for  KP(S u T) = K over  KQ(S U T).

Let  x £ K and assume  a7 .(x) = 0 for all   i > 1.  We show that x £ Kp  (k) for

each  « and consequently x e ze.  Fix  tz > 1 and let  {A ,\ C U and  ItilCK^S U T)

be such that  x = ~2,a.Ap  .  For each  1 < i <n we have
z      z — '

(6) d   .Or) = Z ¿   .(fl .M?" = y e   .(a )AP" = 0.
p! *■*      pJ      z       z ¿-i     pi      l       l

As a consequence of the fact that each  e   .(a.) = 0 we have that each  fl. e

KJS^   u T) and hence x £ Kp (k). It now follows that the field of constants of

(fl".) is  k.

(ii)  implies  (iii) is clear.

(iii) implies  (i).  Let H denote a set of higher derivations and suppose  k is

the field of constants of  H.  We first show that   C\   Kp  (k) = k.  Let  x £ Kp  (k)
n

and (d.) £ H. Fix ; > 1 and let p8 > /. Since x £ Kp (k), there are A and B in

Kp [kl such that xB = A and B -/ 0. We apply d. to both sides and use Theorem

C to obtain that d.(x) = 0.

Now we need to show that   Kp and   k are linearly disjoint over  kp.  If this



HIGHER DERIVATIONS AND FIELD EXTENSIONS 51

were not the case, then there would exist a minimal subset of k which is linearly

independent over kp and linearly dependent over Kp. Thus suppose \A \ is such

a minimal subset.  Then

n

(7) TapA.= 0,       \a.\CK,    each a. ¿ 0, n > 1.
¿—4      11 ' z     — Z 7

1

Without loss of generality we may assume   fl, = 1 and  a    i k.  There exists a

(d.) £ H and  /' > 0  such that  d.(aA. / 0.

(8) '«(Al+2X^)-£W>*,-0.

The minimal nature of  tz is contradicted by  (8).  Thus   K/k is a separable field

extension.

Theorem 2.   //  K/k  is separably generated and k  is algebraically closed in

K, then there exists an infinite higher derivation in  K having field of constants k.

Proof.   Let  S be a separating transcendency basis for  K/k.  An application

of Theorem 1 to the field extension   kiS)/k yields the existence of a higher deriv-

ation  id.) defined on  kiS) having  k as field of constants. Since  5 is a p-basis

for   K, there is a unique extension of  (d.) to   K/k  [Theorem B]. We now show that

the field of constants of this extension is   k.  Suppose  s  is an element of the field

of constants of  (d.). Let  f(x) = xm + f    ■ ,xm~    + . . . + f    denote the minimal
Z TTZ — I ' u

polynomial of  s  over  k(S). If each  /. £ k, then  s  is algebraic over  k and we are

finished. So suppose some  /• 4- k.  Thus there exists   o > 0 such that  d if.) ■/ 0.

We may assume   q to be minimal and that d.(f ) — 0 for each  g and each   /' < q.

(m — l \        m — \

*m+ Z />' = Z W-o.
0/0

The polynomial  2™_    d if )x1 is nonzero and has degree less than that of the

minimal polynomial of  s.   This is a contradiction.   Thus each  f. £ k and hence

sei

Corollary 1.   // K/k  is separably generated and k  is algebraically closed

in  K, then   f\n Kp"ik) = k.

Recall that a field extension K/k is said to be regular if K and k are lin-

early disjoint over k. Regularity is equivalent to K/k being a separable exten-

sion and   k being algebraically closed in   K [4, p. 56]. Thus we have

Corollary 2.   Let  K/k be finitely generated.   Then  k is the field of constants

of a higher derivation in  K  if and only if the extension  K/k  is regular.

The following example due to Mac Lane   [5] illustrates that the converse of
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Theorem 2 is false. Let k be a perfect field and let T = \tQ, i,, • • • J be algebra-

ically independent over k, define Y = \y 2, y ■ ■ ■ \ by yp = ln_2 + 'n-lZn' n — ̂>

and let K = kíT)ÍY). Then K/k is a separable extension having fl Kp ik) = k;

however, K/k is not separably generated.
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