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BARYCENTERS, PINNACLE POINTS, AND DENTING POINTS
BY

SURJIT SINGH KHURANA

ABSTRACT. Some properties of probability measures, on closed convex
bounded sets in locally convex spaces, having barycenters are obtained. Also
some geometric and measure-theoretic characterizations of pinnacle points are

given, and a result about denting points is proved.

Introduction and notations. Let X be a bounded, closed, convex subset of a
Hausdorff locally convex space E over reals, Cb(X) (resp., C(X)) all bounded
real-valued (resp., all real-valued) continuous functions on X, M (= M(X)) the
set of all positive linear functionals on Cb(X), each taking the value 1 on the
constant function 1 (M is also the set of all nonnegative, regular, finitely addi-
tive measures, each of a total mass 1, on the algebra U generated by zero-sets,
i.e., the sets of the form ['I{O} for [ € Cb(X)’ [16]). M,, M, and M, are, respec-
tively, the countably additive, r-additive and tight elements of M ([4], [9], [14],
[15], [16)). Every element p € M, has a unique extension toa regular Borel measure
on X which will also be denoted by p ([9], [14]). We will always take the weak
topology on M; in this topology p, — p if and only if ya(g) converges to pu(g)
for every g € C,(X). M is compact in this topology.

A point x € X is called the barycenter of a p € M, written as Bl = x, if
P’(/|X) = f(x), for every [ € E', the topological dual of E ([2], (3], [10D). As in
[1, p. 15] we define an equivalent relation ‘~’in X: for x € X, y € X, we say
x ~ y if there exists 7> 0 such that x + r(x —y) and y + Ay — x) are both in X.
This relation partitions X into disjoint convex subsets, called parts of X.

For any [ € C,(X), we define 7 (x) = Inflg(x): g> f and g€ (E’+R)|y} for every
x € X. Since any bounded affine function h e Cb(X) has the property that h(x) =
Infik(x): k> b, k € (E' + R)lX} (6, 11, p. 222] we also have [ (x)=Infig(x): g > f,
g affine, g € C,(X)} [2, p. 335]. It is easy to see that [ is bounded, concave,
upper semicontinuous, and F(x)=Supiu(f): p € M: Blp) = x} (2, p. 335), (10,
PP- 19-21]). We will denote the set of real numbers by R, and the set of positive
integers by N. The elements of M = M(X) will also be called probability measures
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on X. Nets and subnets are taken in the sense of [5]. Sometimes instead of saying
‘x is the barycenter of p’, we shall say ‘u represents x’.

$1 contains some results about the measures having barycenters. In §2, some
theorems of [2] regarding pinnacle points are generalized and sharpened. $3 con-
tains a much simpler proof of a strengthened form of an integral representation
theorem of [2, Proposition 2.6, p. 332].

1. In this section, X is always a closed convex bounded subset of a Haus-
dorff locally convex space E over reals, and Cb(X) and M have the meanings
explained in the introduction.

Theorem 1.1. Let X be a complete, convex, and bounded subset of E and
p € M., having x € X as its barycenter. Then there exists a net {yai (a €l) of
discrete probability measures, each having x as its barycenter, converging to

weakly.

Proof. It is proved in [7] that every element of M_ will have a barycenter in
this case. Now proceeding exactly as in [6, II, Theorem 9, p. 228] we get the
result.

Theorem 1.2. Let X be a complete, convex, and bounded subset of E, p € M,
having x € X as its barycenter, and [ a semicontinuous, bounded, affine function

on X. Then [fdu=p(f)=f(x)

Proof. Let f be u.s.c., and affine and bounded. Proceeding as in [6, II, Theo-
rem 1, p. 222}, f(y) = Inflg(y) + r: g € E', r € R, g+ r> [ on X}, for every y € X.
From this it follows that u(f) <f(x) and f = Inf b,y (pointwise), where (by)'ye J
are the pointwise inf of the finite collection of bounded continuous affine functions
dominating [/ and thus are monotonically decreasing. Since p € M, p(f) =
lim p(b,) ([14], [16]). By Theorem 1.1, p=lim ., p,, p, discrete probability
measures, and B(p.) = x, Va, and so ,ua(b,y) > p(f)=f(x), Va and Vy, which
implies that u(b,y) > [(x) Vy and so p(f) > f(x). This proves the result.

Remark 1. Proposition 1.11 of [2, p. 327] is a particular case of this theorem.

Remark 2. Theorem 1.1 cannot hold for every pu € M. An example to this
effect is given in [2, p. 339].

2. In this section we derive some geometrical and measure-theoretic proper-
ties of pinnacle points. Also, a result about denting points is proved.

Let E', E" be respectively the dual and bidual of a Hausdorff locally convex
space E over reals, X a convex o(E’, E")-closed and bounded subset of E’, and
7y 7> 7, the topologies induced on X by o(E’, E), strong, o(E’, E") topologies
on E', respectively [12].
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Definition 2.1. A point x € X is called a pinnacle point of X if whenever

{x {¥Jqe; are nets in X such that e+ y )b 7,-converges to x,

a’a€l?

then x € ro-cl[{xaL ael U{ya;asl] [2, p. 335].
We denote by ‘X, the closure of X in the completion of (E', o(E', E)), by

ael

w, the topology induced by this completion on X, by X, the closure of X in
the completion of (E', 0(E’, E")), and by w, the topology induced on X, by this
completion. Then 7, = wilx and 7 = Wo|x- It is easy to see that (X, w;) and

(XI' w,) are convex and compact.

Lemma 2.1. Let P, Q be two subsets of X, having disjoint closures in

(Xo, w). Then P and Q have disjoint closures in (X, wl).

Proof. Suppose not. Then there exist nets {x } C P, {x,} CQ (a € ) such
that {x  —y },., converges to 0 in (E', 0(E', E"). Thus ix, -y}, con-
verges to 0 in (E', o(E’, E)). This implies that x = y for some cluster point x
of {xa}ael

ness of (XO, wo), a contradiction.

and some cluster point y of {ya}ael in (X, w;), due to the compact-

Let T be the part of X; which contains x; € X, and T= w -cl(M).

Theorem 2.2. For a point x, €X, the following statements are equivalent.

(i) x, is a pinnacle point of X.

(ii) For any positive integer m, and {A}

(ai)}a.el (1<i<n) are nets in X for which 2:’___1 )\z.yg) 7,-converges to x

then x, € TO'CIU;’-.:I {y(ai)}ael'
(iii) For any ro-xo-nbd V in X, the wl-cl(V) in X1 contains T.

0<A <1, 27 A =1, when-
1 - 1 1

l<isn’

ever {y

Proof. Evidently (ii) = (i). We first prove that (i) = (iii). Suppose (iii) does
not hold. Then 3 a 7;-nbd G of x such that y € T\a, G being the closure of
G in (X, w,). Thus 32 € X}, and A, 0 <A <1, such that x, = Ay + (1 - M)z,
which means there exist nets {y!}, {z'}, {y!} C X\G such that Ayl + (1 =Nzl
7,-converges to X, and so {z'a} does not 7,-converge to x;. Thus we can find
subnets {y,), i,yej , {zy},yej :uch that ’\{‘y'y}'ys] utz b ¢ C X\io for some
To-%gnbd Go. If A> %, let b =2x5—y €X, andif A<}j let & =2x;-2z € X,.
In the first case x, = (3/\' +5)/2, and proceeding as above we shall find nets
{yp}peA, {bp}p eain X suchthat (b, +y )/2 7 -converges to xg, but {bp}peAU
{yp}peA C X\GI, for some 7,-x,-nbd G, a negation of (i). A similar argument holds for
the second case and so (i) does not hold.

Now we shall prove that (iii) = (ii). If (ii) does not hold, with the notations
of (ii), x 4 7,-cl(P) where P =LJ;’=1 {yg)§a€ I
of x, such that P and Q have disjoint closures in (X, w;). By Lemma 2.1,

and so there exists a 7-x -nbd @
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P and Q have disjoint closures in (X, w,). Taking subsets and renaming, if
@,
a

necessary, we may assume that y j-converges to ?(i);é X0 Vi, 1<i<n, and
2;",1 )\i’;(i)= x,. Thus for any 7, 0 <7 <1, (1- n);(i)+ n%, €T and so
(1-myD 4+ qxy €w -cl(Q), by (iii), and so y @ € w -c1(Q) (1 <i < n); but

;(i) € wl-cl(P) and so we get a contradiction.

Example 2.3. With the notations introduced in the beginning of $2, the follow-
ing is an example in which x is a pinnacle point of X, but the part T, of X,
which contains x is nontrivial.

Let E be the Banach space ¢ so that E'=1l, E"= L = C(BN) (BN is the
Stone-Cech compactification of the positive integers) and E" = {finite regular
Borel measures on ﬁNi. In l1 let 3k =(0,0,+++,0,1,0,-++) (1 in the kth place)
and let A=1{8, :n=1,2,---}ul=8, +(1/nd,  |:n=1,2,-++1 and let
X = weak* closed convex hull A.

X is weak* compact and convex so that each of its extreme points is a
pinnacle point. By the Milman converse to the Krein-Milman theorem, the extreme
points of X are contained in A U{0}. If 0 were not an extreme point of X, by the
Choquet theorem, it could be written as an infinite convex combination of the
points of A. Since this is impossible, 0 is an extreme point of X. Moreover, if
x: ;= l"1 is the natural embedding, then (X, w,) is affinely homeomorphic to
the weak* closure of x(X) in C(BN)'. Let a € BN\N be any cluster point of
{2n:n=1,2,+++}. Then €, to —¢, are points of Xl’ so that each point of the
open line segment from €_ to —¢_ is in the part of X containing x(0) € x(X).
Thus 0 is a pinnacle point of X whose part in X, is nontrivial.

In the next theorem we give some measure-theoretic characterizations of

pinnacle points.

Theorem 2.4. With r-topology on X, for a point x, € X, the following state-
ments are equivalent.
(i) x, is a pinnacle point of X.
(ii) For any probability measure v on (X,, w,) representing x, supp(v) C
w,-cl(G) in (X, w,) for every 7 -nbd G of x, in X.
(iii) For any measure p € M, representing x,, S € U, u(S) > 0 implies that
€ fo-cl ($).
(iv) For any measure p € M, representing x, ulg) = g(xo) for any g € C(X)
which is 7 ,-continuous.
(v) g(xy) = g(xo) for any bounded 7,-continuous function on X.

*0

Proof. (i) = (ii). Let v be a discrete probability measure on (Xl’ wl)
having x, as its barycenter; then supp v C T, and so supp v C w-cl(G) for any
7,-nbd G of x,, by Theorem 2.2. If v is any probability measure on (X, w,)
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having x as its barycenter, there exists a net (Va)aE, of discrete probability
measure converging to v weakly, and B ) =x,,Vael Let Z be any zero set
in (X, w)), ZD> T, then UZ) > lim v (Z) = 1 [16, p. 182] and so WT) = 1. Using
Theorem 2.2, we prove that (ii) holds.

(ii) = (iii). Let p € M, B(u) = x,. Define a probability measure & on
(X}, w) by plg) = /L(g|x) for every g € C(X,). Then B(E) = x,. Take S € U such
that e ¢ To-cI(S), and let G be a ro-nbd of X such that § and G have disjoint
closures in (XO’ wo). By Lemma 2.1, wl-cl(G) ﬂwl-cl(S) =g in (Xl, wl). De-
fine g € C(X,), g=1o0n S, g=0on G, and 0 <g <1. By (ii), i is supported by
w,-c1(G) and so p(S) < fglxdu = [gdp = 0, which gives pu(S) = 0.

(iii) = (iv). Let g be 7-continuous, g(x;) = 0, and 0 < g < 1. Take ¢> 0,
and let G ={x € X: g(x) <e}. If p € M, such that B(p) = x, then by (iii),
[gdp= [; gdu < ¢, which gives plg) = glx ), from which it easily follows that
p(h) = b(xo) for any bounded, 7 -continuous function b on X.

(iv) = (v). Let g be any bounded, To-continuous function on X. Then
g(xy) = Suplu(g) = p e M, Blp) = x} = glx ), by (iv).

(v) = (i). If x is not a pinnacle point then there are nets {x }

a’a€e
¥ gYaer in X such that J3x_+ )3y converges on the 7, topology to x and yet

I and

x, ¢ B where B =r-closure ({x | ., uly} . ). Choose any bounded 7, con-

ael
tinuous function g on X for which g(x,)= 0 and 8|Bnx = 1 and 0<g<1 on X
By hypothesis, g(x) = g(x). Since g is upper semicontinuous and concave (and

since 1Axa+ %1y, converges on the 7, topology to x.) we have
0 = glxg) = Blxy) > Tim g4x, + y,) > Im D43(x ) + %3ly,)]

>Iim[Yglx,) + ey N =1,
a contradiction.

Definition. Let X be a closed convex bounded subset of a Hausdorff locally
convex space E over reals. A point x € X is called a denting point of X if for
any neighborhood V of x, x ¢ conv (X\V). Choquet calls these points strongly
extreme points [3, Vol. 2, p- 97]. For Banach spaces, Rieffel [12] calls them
denting points.

In [8] it is proved that a point x is a denting point if and only if €, is the
only element of M having x as its barycenter. Using this result we prove the
following theorem, in which Dent (X) denotes all denting points of X.

Theorem 2.5. Let X be a closed, convex bounded subset of a locally convex
space E over reals. Then Dent X = n{P/: [ € Cb(X)i, where P, = {x € X: [ (%)=
[,

Proof. Suppose x € Dent X, and /[ € C,(X), then f(x)=Sup{p(f): peM, Bl =

x} = f(x), since the only p € M having x as its barycenter is €, [8]. Conversely,
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suppose x € X\Dent (X). Then, by [8], there exists a p € M, p# ¢, such that
B(w) = x. Define a probability measure & on X, the Stone-Cech compactification
of X, by u(g) = ;L(glx) Vg € C(R), and let y € Supp fi, y # x. Take fo€ a(X),
such that /(x) =0, f(3)=1, 0<f;<1, and let [ = [o|x- Then W) =pu(f)>0
= [(x), and so [ (x)> f(x). The result now follows.

3. In this section we generalize and sharpen a Theorem of [2, Proposition

2.6, p. 332] and give a very simple proof.

Theorem 3.1. Let X be a bounded convex subset of a Hausdorff locally con-
vex space E over reals, and assume X is the closed convex hull of its extreme
points. Let X be the Stone-Cech compactifz'cation of X. Then for every x € X,
there exists a probability measure y on X such that u(f") = {(x),V[ € E’ (/ being
the unique extension of [, to X) and p(P) = 0 for any Borel set P, in X which
is disjoint from (X\X) U'ext X, where ext X denotes the closure of ext X in X.
(The topology on X is the one induced by E.)

Proof. Take x € X. There exists a net {x_}_ ., in X, such that x, — x and

Epa /\(a) (a) (o< /\<a) <1, zpa A(a) 1, x(a) being extreme points of X).
Let Ko in M, be a cluster point of the net {p‘a}asl’ o= EDa )\(a)e (o Then
B(po) = x. Define p, a probability measure on X by u(g) = ;Lo(glx) fOt every

g€ c(X). Then p(f) =f(x),Vf €E" If C isa _compact subset of X disjoint
from (X\X) Uext X, then the closure of ext X, in X, and C are disjoint compact
sets in X and so there exists » € C(X) such that H(C)=1, h=0 on ext X, and
0<h<1. Now p(Q) <pulh) = ,uo(blx) = lim ;L,y(hl )=0 (p,} being a subset of
{uy} such that p — p), which gives u(C) = 0. By regularity of p, u(P) =0 for
any Borel set P, in X, disjoint from (X\X) Uext X, This proves the theorem.

I would like to thank the referee for his very useful suggestions.
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