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ALMOST SPHERICAL CONVEX HYPERSURFACES

BY

JOHN DOUGLAS MOORE

ABSTRACT.   Let   M be a smooth compact hypersurface with positive sectional

curvatures in zz-dimensional euclidean space.    This paper gives a sufficient condi-

tion for  M to lie in the spherical shell bounded by concentric spheres of radius

1 — í and   1 + e.    This condition is satisfied, in the case where   z¡ = 3, if the Gaussian

curvature or the mean curvature of  M is sufficiently pointwise close to one.

1.  Introduction.   An ovaloid is a compact connected smooth surface in euclid-

ean three-space  which has  positive Gaussian curvature.   Well-known theorems of

Liebmann [7] assert that an ovaloid whose Gaussian curvature or mean curvature

is constant must be a sphere.   The following question arises:   If we merely re-

quire that the Gaussian curvature or mean curvature of an ovaloid be sufficiently

pointwise close to a predetermined constant, does it follow that the ovaloid is

close to a sphere?   It clearly suffices to consider the case where the predetermined

constant is one.   Affirmative answers to our question are then given by the follow-

ing theorems:

Theorem A.    // e > 0 is given, there exists  8] (e) > 0 such that:   If M  is any

ovaloid whose Gaussian curvature   K satisfies the inequality

da) iu/i0-i| <s1w,

then  M must lie between two concentric spheres of radius   1— e and  1 + e.

Theorem B.    If e> 0 is given, there exists  8  (e) > 0 such that:   If M  is any

ovaloid whose mean curvature  H satisfies the inequality

(1.2) \H-l\<82(e),

then  M must lie between two concentric spheres of radius   1- e and   1 + e.

The first of the above theorems is a consequence of work of Volkov ([9], [8,

Chap. 7,   §10]) on the stability of the solution to Minkowski's problem.   Using the

theory of elliptic partial differential equations, Koutroufiotis [6] proved analogues

of Theorems A and B, under additional assumptions.
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It is the purpose of this paper to describe a general approach which yields

theorems similar to those mentioned above.   Our main theorem, which is proven in

§3, implies Theorems A and B by relatively straightforward arguments.   It is for-

mulated and proven within the context of convex hypersurfaces in euclidean space

of arbitrary dimension.   One can therefore use the main theorem to prove various

higher-dimensional generalizations of Theorems A and B, but these will not be

discussed here.   Explicit proofs of Theorems A and B are given in §4.

2.   Preliminaries.   Standard references for much of the material in this sec-

tion are [3] and [4].

We let  M denote a smooth compact hypersurface in zz-dimensional euclidean

space  En, where 72 > 3.   We will assume that M is strictly convex in the sense

that its sectional curvatures are all positive.   Then it follows from Hadamard's

principle that  M  bounds a convex body in  En.    Sn~     will denote the sphere of

unit-length vectors situated at the origin O of  En.   We define a diffeomorphism

f : Sn ~    —► M  by stipulating that if x e S" ~   ,  f (x) must be the point on M whose

outward-pointing unit normal is a translate of x; thus  / is the inverse of the Gauss

map.   We will call  / the canonical parametrization of M.    We remark that

(2.1) fix) • x>fiy) . x,    for all x,y £ S"-\

where the dot denotes the ordinary euclidean inner product.

We define the support function  h : S" ~   —> R by

(2.2) h(x) = f(x) ■ x,     for x £ S"'1,

so that h(x) is the distance from 0 to the tangent hyperplane to M at / (x). We

can extend h to all of En by requiring that it be homogeneous of degree one. It

is well known that the extended  h possesses the following property [3, p. 24]:

(2.3) h(x + y) < h(x) + b(y),    for x, y £ £".'

Let  F  denote the manifold of positively oriented orthonormal frames  (e     e  ,

■ ■ • , e   ) situated at  0  in  E",   V the Stiefel manifold of ordered pairs  (e        , e  )77 r 77 - 1      77 '

where  e       ,   and e     are orthogonal unit vectors at  0.   We have the usual projec-

tions

p: F -> V,       p: V ^ Sn~\

defined by

piex,e2, ••• ,en) = ien_ven),       pien_ p ej = e n-

Observe that   V  can be regarded as the manifold of located unit vectors tangent

-~   en — I
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We will use the following index conventions:

1 < i, j, k < n - 1 ;        1 < A, B, C < n.

We can regard each e .   as a vector-valued function on  F and construct the differ-

ential forms

(2.4) íúa= dif op op) ■ eA,       uABadeA-eB,

where &),, ß = -o«,.   Exterior differentiation of equations (2.4) yields the struc-

ture equations of Cartan:

(2.5) d(úA=H(úAB   A(ÚB>        ^AB^H^AC   A  ^CB-

B C

Since  e     is perpendicular to  M  at  f(e   ), we must have co    =0.   It follows
n        r    r '      77 ' 7z

from (2.5) that  0 = da>    = 2 .cü   . A a>., and hence we can use Cartan's lemma to
n 1     ni 1 '

conclude that cú.= 2.h..cú   ., where the  h .. 's are smooth functions such that
t        J   i]    ni i]

h .. = h ...   We can therefore write
il       n

(2.6) d(foPop) = ¿Zh1!e2«>nr
i. i

The eigenvalues of the symmetric matrix  (h .. ) are positive since  M  is

sttictly convex; they are called the principal radii of curvature and will be de-

noted by t., r~, ' • ' , r      ,.   The z-.'s will be continuous functions on  F if weJ V       2 72-1 Z

impose the requirement that  r-iSrjS'''Sr       \-   Since  r. is constant on the

fibers of p ° p , it is the pullback via p° p   of a continuous function on  J""   ,

which will also be denoted by  r..

We define the spherical area form $ on  S" ~     by stipulating that

p*op*(<D) = 07nl A om2 A--- AVl.

Similarly, we define an (?z-2)-form ¥ on the Stiefel manifold   V by

XV A p (rj>)  w;ij De cailed the volume form on   V.   We orient  Sn "     and  V so that

<t> and  yV A  p*(<p)  are positive.   If A  is a Borel subset of S" "   , we let  (MAT

denote its spherical atea.

Let us consider the one-parameter group of diffeomorphisms   </>    on   V defined

by

ó (e      ., c  ) a ((cos t)e      , — (sin t)e  , (sin t)e      , + (cos t)e  ).
~t      77-1'     77 77-I tz' n—l n

This one-parame ter group is the geodesic flow for the unit sphere  S" ~     with its

usual riemannian metric of constant curvature one.    Indeed, if v = (e       ,, e   ) is
77-1 77

an element of  V, the curve  0v: R—► S" ~ X  defined by o   it) = p ° </> iv)  is a
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unit-speed great circle which satisfies the initial conditions  o   (0) = e  ,  o    (0)

e
n - I

It is a well-known fact that the geodesic flow on a compact riemannian mani-

fold is volume-preserving (compare [l, p. 3]); in other words,

(2.7) <p*0P A P*$) a * A P*$,     for  t £ R.

This important fact can be proven in our context by a straightforward but tedious

calculation.

3.   The main theorem.   Let  M  and M  be smooth compact strictly convex hy-

persurfaces in  E"  with canonical parametrizations  / and /   respectively.   Using

the vector-valued differential forms  df and df, we define a function   \\df-df || :

S" - l — R by setting

\\df - dj\\ix) = suV\\dfiv) - dTiu)\: v £ p~\x)\,

where p~ (x) denotes the (n- 2)-sphere of unit-length vectors tangent to S" ~

at x. In the special case where M is the unit sphere Sn , we can consider

df   to be the identity map id, and use (2.6) to check that

(3.1) \\df- id||(x) = sup{|r¿(x)- l| : 1 < i <«- 1$,

where the  r.(x)'s are the principal radii of curvature.

It is not difficult to show that if  \\df-df ||   is uniformly small, then there

exists a translation   T: E"—> E"  such that  To f ¡s uniformly close to / .   We

wish to investigate what happens when we merely assume that the integral

ísn-lM-VW* Ismail.

Main theorem.   For each integer n such that n >  3, there exists a universal
— -~\-

constant a    with the following property:   Let  M and M  be smooth compact hy-
■ r\.

persurfaces in E" with positive sectional curvatures.    Let f and f   denote
-\.

their canonical parametrizations, h and h   their support functions.    Suppose,

moreover, that

(3.2) |/(*)| <1,    for all x £ Sn~l.

¡f

(3.3) /„.ilW-^llfc <«„<"•     where  0<c<l,

then there exists a point x„   z'tz  En such that

(3.4) |Mx) + x0 • x-Ä(x)| <e,    for all x £ Sn~ l.

The proof of the main theorem will be given later.   We remark that the func-
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tion h (x) + x   ■ x which appears in (3.4) is the support function of  T (M), where

T is the translation which takes the origin to x_.   Notice that in the special case

where  M  is the unit sphere, hypothesis (3.2) is trivially satisfied.   Hence we ob-

tain the following

Corollary.    Let  M  be a smooth compact hypersurface in  En  with positive

sectional curvatures, and let f be its canonical parametrization.    If

(3-5) f \\df- id||0<a  (*,    where  0<(<1,Ss-'U'
then there exists a point x„  in  En such that

(3.6) |/(x) - (x - x0)\ < (,    for all x £ S"-1.

Thus  M  lies between two spheres which are centered at — x    and have radii   1-e

and  1 + e.

Proof of the Corollary.   The main theorem gives us a point x     in  En  such

that  |(/(x) + x 0)- x- 1\ < e, for x £ S" ~ l.   It follows from (2.1) that  (fix) + x A, • y

< ifiy) + xA- y < 1 + e, for x, y £ S" ~   , and hence   |/(x) + x   I < 1 + e.   Thus we

find that

|/(x) + x0 -x|2 = |/(x) + x0|2 - 2(/(x) + x0) .  x + 1 <(1 + f)2 - 2(1 -e)+ 1 =(2,

which yields (3.6) and proves the corollary.

To facilitate the proof of the main theorem, we introduce some notation.

Suppose that we are given canonical parametrizations / and /   of smooth com-

pact strictly convex hypersurfaces in' E".   For each translation   T of  En and

each positive number 8, let

(3.7) AiT, 8) = \x £ S"-1: \T o fix)-T(x)\ < Si,

(3.8) B(T, 8) = {x £ Sn~l: \T o fix)-Jix)\ >8\.

Under the hypotheses of the main theorem, we will seek a translation   T  such

that the measure of  BÍT, 8)  is small.   Let  A     denote the area of the 777-dimen-
m

sional unit sphere, and set

(3.9) b   =U2A     A/A     ..
n 77—2 77-1

Definition.   We will say that a translation  T of  E"  is admissible for the

pair (/, J) if

hn    C
(3.10) <D(B(T, 8)) < --   I \\df - df ||$,     for all 8 > 0.

8    s"~l
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Lemma.    // / and f   are canonical parametrizations of smooth compact hyper-

surfaces in  En with positive sectional curvatures, then there exists an admissible

translation  T for the pair if, / ).

Proof.   Let

(3.11) A=   f \\df-dï\\Q;
Jsn- l

then fvi\\df-df \\o p) (*P A p O) = A 2 A. Since the diffeomorphism <p is vol-

ume-preserving,

¡v\f0l\\df-d7\\ o p o <pt)dt\v A p*<D) = „An_2A.

The integration over V can be performed by first integrating over the fibers of p.

and then integrating over the base (compare [5, pp. 57, 58]). It follows that there

exists a point z £ S" ~     such that

(3.12) f \^i\\df-dJ\\oPocp:t)dlU><inAn_2A)/An_x,
p      (z)L

where p~    (z)  is oriented so that  1*  is positive.   We choose such a point  z, and

leave it fixed for the remainder of the argument.   Then we select our translation

T so that

(3.13) Tofiz) = 7iz).

Let us consider the smooth mapping  if/: p~   (z) x [0, 77]—► S" ~     defined by

d/iv, t) = p o <7j (v), which is clearly surjective.   A straightforward calculation

shows that

(3.14) if/*<S> = (sin"- 21) (q*y) l\ dt,

where  q is the natural projection from  p      (z) x [O, zr]  to  p~   (z).

We introduce the sets

A(8) = lv £ p~ l(z):  f^Wdf - dT\\ o if/iv, t)]dt < fi|,

Bi8)aiv £p~Az):  f"0[\\df - d?\\ oif,iv,t)]dt>8>.

If x = if/(v, t), where  (v, t) £ .4(g) x [0, 77], then we can use (3.13) to show that

|To fix)-Jix)\ < \T o fiz)-?iz)\ +  ['Hdf-dfW o pocpiv)]dsJO s

.< ^[\\df-dj\\ oif/iv, t)]dt<8.

It follows that if/iA i8) x [O, 77]) C A (T, 8), from which we can draw the following

conclusion:
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(3.15) BiT, 8) Ç ipiBiS) x [0, 77]).

By definition of B (¿5), we must have j£ (S)[/ "i\\df-df  \\° p° cpt)dt]^ >

S /"ir tzA^-   Hence it follows from inequality (3.12) that

(3.16) L , W<(z7A     ,A)/U     ,8).
Jß(S)      - 7Z-2 77- 1

We now apply (3.14), (3.15), and (3.16) in succession:

<D(B(T, 5))=   f (sin"-2z-)(9*10A dt
J^_1(B(T,8))

<  f~       r      n (<?**) A dt < in2A     ,A)/(A      ,5) = b  à/8.
- J B(S)x[0,7z]^ - n-2 77-I 77

In view of (3.11), this proves the lemma.

Proof of the main theorem.    First of all we will specify the constant a  .   If

x£S"-1  and <5e[0, 77/2], we let  D (x, 8) = \y £ S" " l: x- y > cos 8\; thus  D (x, 8)

consists of the points in  S   ~     whose great circle distance from x  is less than

S.   An elementary calculation gives an estimate for the measure of D (x, 8):

<D(D(x,S)) = An_2 po sin"'2tdt

(3.17) rS
>An_2j   i2t/Tr)"-2dt = cn8"-\    fot 0<8<n/2,

where c    is a constant.   We set
77

(3.18) a   = c /(2 . A"b ).
n n 77

'X.

Suppose now that / and /   are canonical parametrizations of smooth compact

strictly convex hypersurfaces in E" which satisfy (3.2) and (3.3).   By the pre-

vious lemma, there exists an admissible translation  T fot the pair  (/, / ).   We

select such a translation  T and set x„ = T(0).

Let x be an arbitrary point of S" ~   , which we will leave fixed until the end

of the proof.   If we set  8 = t/A, it follows from (3.10), (3.3), and (3.18) that

2)/8 = (c 8"~l)/2.<D(B(T, 8)) < (bJ8) f        \\df - df\\<l> < ianbnc")
s"~

Since 5 < 77/2, (3.17) yields the inequality  $(ß(T, 8)) < V2 $(D(x, §)), which in

turn allows us to conclude that

(3.19) <D(/1(T, 8) n Dix, 8)) > ^$(D(x, 8)).

Inequality (3.19) implies that there exist points  y, z  in the intersection

AiT, 8) n  Dix, 8)  such that x = (y + z)/|y + z|.    Since y  and z  are members of

AiT, 8) it follows from (3.7) that

(3.20) |/(y) + xó - 7iy)\ < 8,      |/U) + xQ - /vz)| < 8.
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On the other hand, the fact that y  and  z  lie in  Dix, 8)  implies that

(3.21) |y-x|<zS, |z-x|<<5.

Since  y z> cos (25) >   1 — 25~, we can find an upper bound for   l/|y + z|.    Indeed,

|y + z|    = 2(l + yz)>4(l-S), and our assumption that  0 < c < 1  allows us to

derive the estimate

(3.22) |y + *|~l < M(.l - ((/A)2)-1A < V2(l + (AA)) = V2(l + 8).

We now put the various inequalities together:

h(x) + xQ • x     <     \y + z\~ l [h(y) + h(z) + xQ ■ y + xQ ■ z]

(2.3)

< 'AH + 8) [hiy) + hiz) + x    • y + x    . z]
(3-22)

< y2(l + 8)[hiy) + hiz) + 28]
(3.20)

= VAl + 8)[J(y) ■ x + J(y) ■ iy-x)+ J(z) ■ x + Jiz) ■ (z - x) + 28]

< VAl + 8)Uiy) ■ x + Jiz) ■ x + A8]    <    VÁ1+ 8)Ujix) . x + AS]
(3.2)8t(3.21) (2.1)

< h\x) + 35 + 282 = ïix) + 3c/A + e2/8 < hix) + e.

(3.2)

On the other hand,

ïix) = fix) ■ x a J(x) . y + f(x) ■ (x -y) < f ix) . y + 8
(3-2 )& ( 3-21>

< Jiy) -y +8 < Jiy) • x + 25
(2.1) (3 -2 )& (3 .21)

< [f(y) + xA • x + 35    <     hix) + x    . x + c.
(3.20) U (2.1)

This establishes (3.4) and finishes the proof of the main theorem.

4.  Applications: almost spherical ovaloids.   In this section we will give

some applications of the corollary of the main theorem; namely, we will prove

Theorems A and B of the Introduction.   Throughout this section we will assume

that  n = 3, and  M  will denote a smooth ovaloid in ordinary euclidean thtee-space.

We let  2ct.   and on  be the elementary symmetric functions of the principal
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radii of curvature of  M; then we have the equations

(4.1) ox =V2(rx + r2) = H/K,       o2 = r xr 2 = l/K,

where  K is the Gaussian curvature of  M, and  H is the mean curvature with re-

spect to the inward-pointing unit normal.   We recall the inequality

(4.2) °]>°t1 - "2*

Since r .= o x + \jo x -o 2, it follows from (3.1) that

(4.3) \\df-id\\ = \ox-l\+^o2x-o2

Our proofs of Theorems A and B will be based upon the following fundamen-

tal integral formulae of Minkowski, which are proven in [4, p. 114]:

(4.4) js2<v*=j/*>   ;j2a2*.jrj2*a1».

Proof of Theorem A.    Suppose that  M  is an ovaloid whose Gaussian curvature

K satisfies inequality (1.1), where  0 < 5, (e) < 1.   We set  5 = 5. (e), and rewrite

this inequality as

(4.5) 1 - S <ff2 < 1 + S,     where  0<5<1.

It follows from (4.2) that

(4.6) o1>tJ1-8.

We can assume without loss of generality that the origin lies inside  M, so that

h > 0.   Then

f   o-.$    =        Í    l)$    <     — I     èo-.O
V (4.4)   V (4.6) ^JTg   Js2

i       r      ^ i +S    f   *-a ,0    < —       0,
1_5 Js2        <4-5>Vl-S   s2

which yields the inequality

25       r   *        8t75(4.7) f   (g      Vi-5)0)<—— (>= --—= g,(5),

where  g, (5)  is a function which approaches zero as  5 goes to zero.   Since

ox-yfl-8 is positive by (A.6), it follows from (4.7) that

(4.8) f   |»  - l|<D<g1(5)+477(l -Vl -5)=g2(S),
Js2

where  g2(5)^ 0 as  5 -* 0.    By (4.5), o\-o2 <o\-(l-8) = [ax-sJTT8\.

IaI +vl — S]. We use the Cauchy-Schwarz inequality and (4.7) to conclude that
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is2 V^T3"^ <[/2 iox - vTTsW]! [ J 2 K + vt^t<d]h

(4.9) S

< [^(5)^(5) + 877v/TT5)]1^ = g3(5).

Now (4.3), (4.8), and (4.9) yield the inequality

(4.10) f , ||¿/ - id||$ < g2i8) + g ¿8) = gi8),
Js¿

where g (5) —> 0  as  5 —> 0.

If e > 0 is given, choose  5 so that  0 < S < 1  and g (5) < a   A.   If M is an

ovaloid whose Gaussian curvature satisfies (4.5), it follows from (4.10) and the

corollary of the main theorem that  M lies between two concentric spheres with

radii   1-i and   1 + e.   This proves Theorem A.

Proof ol Theorem B. Suppose that M is an ovaloid whose mean curvature H

satisfies inequality (1.2), where 0 < 52(e) < 1. We set 5 = 8?ie), and rewrite the

inequality as

(4.11) 1 -8 <ox/o? <l + 8,     where  0<5<1.

Using (4.2) we find that

(4.12) ffj < <1 + 5)a2 < (1 + 8)o2 =- o-j > 1/(1 + 5),

and hence

(4.13) <t2>ct1/(1+5)> 1/(1+5)2.

Since r    and  r    are positive, and  (1/r A + il/rA - 2H <  2( 1 + 5), we must

have

(4.14) r. > 1/(2 + 25) > 1/4.

A theorem of Blaschke [2, p.  118] asserts that if the principal radii of curvature

of an ovaloid ate bounded below by a positive constant c, then the ovaloid con-

tains a sphere of radius  c.    Thus in our case it follows from inequality (4.14) that

M  contains a sphere of radius 1/4.   We can assume without loss of genetality that

the origin is at the center of this sphere, so that

(4.15) h>l/A.

Now we seek an estimate for the integral of the positive function o. - 1/(1+ 5):

f    [ff   -1/(1+8)]$      <      4   f    [bax-h/il+8)]<b
JS2 (4.15) S2

=    4   Í   [o, -o./il +S)H>     <     4   (   [a./il -8)-o AH + 5)]<D
(4.4)        -V      l (4.11)        JS2

= [85/(1 - 52)] f 2 ffj<D = [85/(1 - 52)]|f 2 [ox - 1/(1 + 5)]<D + 4»r/(l + 5)1.
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This yields the inequality

[1-85/(1-52)]/ 2[ox- 1/(1 +5)](D< 32 775/(1 -5)(1 + 5)2,

which can be rewritten in the form

(4.16) J2[o-1-l/(l+5)]<D<g1(5),

where g ,(5)—* 0  as  5—» 0.

Since the integrand in (4.16) is positive, it follows that

(4.17) f 2 \ox - 1|0 < gx(8) + An[l - 1/(1 + 5)] = g2(8).

From (4.13), we obtain the inequality

o\ - o2 < o\ - 1/(1 + 5)2 = [ox - 1/(1 + 8)][ox + 1/(1 + 5)].

We use this together with the Cauchy-Schwarz inequality and (4.16) to conclude

that

f 2 y/*l-o2Q < [j" 2 [ox - 1/(1 + 5)]<¿]'/2   J   l[ox + 1/(1 + 5)]<¿|,/2

(4.18)

<[gI(5)(g1(8) + 877/(l+5))]1^=g3(5).

Now (4.3), (4.17), and (4.18) yield the inequality

(4.19) f 2 \\df - idllO < g2i8) + g3(5) = g(8),

where g (5) —> 0  as   5 —> 0.

Given  e > 0, choose  5 so that  0 < 5 < 1  and g (S) < a,( .   If M is an ovaloid

whose mean curvature satisfies the inequality  |f7-l| < 5, then it follows from

(4.19) and the corollary of the main theorem that  M  lies in the spherical shell

bounded by concentric spheres with radii   1-e and   1 + e.   This proves Theorem

B.

REFERENCES

1. V. I. Arnol'd and A. Avez, Ergodic problems of classical mechanics, Gauthier-

Villars, Paris, 1967; English transi., Benjamin, New York, 1968. MR 35 #334; MR 38

#1233.

2. W. Blaschke, Kreis and Kugel, Viet, Leipzig,  1916; reprint, Chelsea, New York,

1949.   MR 17, 887.

3. T. Bonnesen and W. Fenchel,  Theorie der Konvexer Körper, Springer, Berlin,  1934;

reprint, Chelsea, New York,  1948.

4. H. Flanders, Differential forms with applications to the physical sciences, Aca-

demic Press, New York, 1963.   MR 28 #5397.

5. R. Hermann, Differential geometry and the calculus of variations, Math, in Sei.



358 J. D. MOORE

and Engineering, vol. 49, Academic Press, New York,  1968.   MR 38 #1635.

6. D. Koutroufiotis, Ovaloids which are almost spheres, Comm. Pure Appl. Math. 24

(1971), 289-300.   MR 43 #8030.

7. H. Liebmann, Über die Verbiegung der geschlossenen Flachen positiver Krümmung,

Math.  Ann. 53 ( 1900), 81-112.

8. A. V. Pogorelov, The extrinsic geometry of convex surfaces, "Nauka", Moscow,

1969; English transi., Transi. Math. Monographs, vol. 35, Amer. Math. Soc, Providence,

R.I., 1973.   MR 39 #6222.

9. Ju. A. Volkov, Stability of the solution of Minkowski's problem, Vestnik Leningrad

Univ. Ser. Mat. Meh.   \stronom. 18 (1963), no.  1, 33-43.   (Russian)   MR 26 #4258.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, SANTA BARBARA,

CALIFORNIA 931Ü6


