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ALMOST SPHERICAL CONVEX HYPERSURFACES
BY

JOHN DOUGLAS MOORE

ABSTRACT. Let M be a smooth compact hypersurface with positive sectional
curvatures in n-dimensional euclidean space. This paper gives a sufficient condi-
tion for M to lie in the spherical shell bounded by concentric spheres of radius
1-€ and 1+ e. This condition is satisfied, in the case where n = 3, if the Gaussian

curvature or the mean curvature of M is sufficiently pointwise close to one.

1. Introduction. An ovaloid is a compact connected smooth surface in euclid-
ean three-space which has positive Gaussian curvature. Well-known theorems of
Liebmann [7] assert that an ovaloid whose Gaussian curvature or mean curvature
is constant must be a sphere. The following question arises: If we merely re-
quire that the Gaussian curvature or mean curvature of an ovaloid be sufficiently
pointwise close to a predetermined constant, does it follow that the ovaloid is
close to a sphere? It clearly suffices to consider the case where the predetermined
constant is one. Affirmative answers to our question are then given by the follow-
ing theorems:

Theorem A. If €> 0 is given, there exists & (¢) > 0 such that: If M is any

ovaloid whose Gaussian curvature K satisfies the inequality
(1.1) ' |(1/K) - 1] < 8,(9),
then M must lie between two concentric spheres of radius 1-¢ and 1 + e.

Theorem B. If €> 0 is given, there exists 8,(¢) > 0 such that: If M is any

ovaloid whose mean curvature H satisfies the inequality

(1.2) |H - 1] <8,(0,
then M must lie between two concentric spheres of radius 1- ¢ and 1 + e.

The first of the above theorems is a consequence of work of Volkov ([9], (8,
Chap. 7, $10)) on the stability of the solution to Minkowski’s problem. Using the
theory of elliptic partial differential equations, Koutroufiotis [6] proved analogues

of Theorems A and B, under additional assumptions.
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It is the purpose of this paper to describe a general approach which yields
theorems similar to those mentioned above. Our main theorem, which is proven in
$3, implies Theorems A and B by relatively straightforward arguments. It is for-
mulated and proven within the context of convex hypersurfaces in euclidean space
of arbitrary dimension. One can therefore use the main theorem to prove various
higher-dimensional generalizations of Theorems A and B, but these will not be

discussed here. Explicit proofs of Theorems A and B are given in $4.

2. Preliminaries. Standard references for much of the material in this sec-
tion are [3] and [4].

We let M denote a smooth compact hypersurface in n-dimensional euclidean
space E™ where n > 3. We will assume that M is strictly convex in the sense
that its sectional curvatures are all positive. Then it follows from Hadamard’s
principle that M bounds a convex body in E”. S§7" -1 will denote the sphere of
unit-length vectors situated at the origin O of E”. We define a diffeomorphism
f:85"~ oM by stipulating that if x € §” ~ 1 /(x) must be the point on M whose
outward-pointing unit normal is a translate of x; thus [ is the inverse of the Gauss

map. We will call { the canonical parametrization of M. We remark that
(2.1) f(x) - x>f(y) - x, forall x,y € S?~1,

where the dot denotes the ordinary euclidean inner product.

We define the support function h: S? ~1— R by
2.2) b(x) = f(x) - x, for x € S*~1,

so that h(x) is the distance from O to the tangent hyperplane to M at f(x). We
can extend b to all of E” by requiring that it be homogeneous of degree one. It

is well known that the extended » possesses the following property [3, p. 24]:

(2.3) b(x +y) < b(x) + b(y), for x,y € E™

Let F denote the manifold of positively oriented orthonormal frames (e, e,
., en) situated at O in E”, V' the Stiefel manifold of ordered pairs (en v en),
where e, _, and e  are orthogonal unit vectors at O. We have the usual projec-

tions
p:F—V, p:V—s"h
defined by

;(el,ep e ,e")=(en_1,en), p(en_l,en)=en.
Observe that V can be regarded as the manifold of located unit vectors tangent

to S7- 1,
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We will use the following index conventions:
1<i,j,k<n-1; 1<A,B,C<n

We can regard each e, as a vector-valued functionon F and construct the differ-

ential forms

(2.4) wy=dfopop)-e,, wup=dey-eg,
where Wup=-Wgy- Exterior differentiation of equations (2.4) yields the struc-
ture equations of Cartan:
(2.5) doy = Y osp Nop,  dogp=3 wsc N ocp:
B C

Since e, is perpendicular to M at /(en), we must have W, = 0. It follows
from (2.5) that 0 = dcon =3 [0, Ny, and hence we can use Cartan’s lemma to
conclude that ;= zjbi].a)m., where the bi;‘ ’s are smooth functions such that
b..=h... We can therefore write

1] ]t
(2.6) d(fo Po;):Zb”el(l)nJ.
. i,]

The eigenvalues of the symmetric matrix (bij) are positive since M is

strictly convex; they are called the principal radii of curvature and will be de-

noted by r,, 7, +-:, 1 The ri’s will be continuous functions on F if we

n-1°
impose the requirement that r, < r, < ... <r . Since r; is constant on the
fibers of p © P, it is the pullback via pop of a continuous function on S -1
which will also be denoted by 7.
We define the spherical area form ® on S” -1 by stipulating that
Z;* ° P*((D)=(4)nl A @2 Avee A Con,n-l‘
Similarly, we define an (n-2)-form ¥ on the Stiefel manifold V by
;*(‘P) =®,o1,1 Ao A @ ln-2
¥ A P*((D) will be called the volume form on V. We orient $” ~! and V so that
® and ¥ A p™(®) are positive. If A is a Borel subset of $7 ™!, we let ®(A)
denote its spherical area.

Let us consider the one-parameter group of diffeomorphisms ¢, on V defined
by

#,le,_1re,) =(cos e _, - (sin tle,, (sin tle, _, + (cos t)e ).

This onesparameter group is the geodesic flow for the unit sphere $” ~! with its

usual riemannian metric of constant curvature one. Indeed, if v = (en "y en) is

an element of V, the curve 0,: R— $" = ! defined by 0,()=pog, ) isa
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. . . . . . . . . . 1
unit-speed great circle which satisfies the initial conditions o, 0) = e, o, 0) =
€, 1

It is a well-known fact that the geodesic flow on a compact riemannian mani-

fold is volume-preserving (compare [1, p. 3]); in other words,

(2.7) ¢FW A p*®) =¥ A p*®, for ¢ € R.

This important fact can be proven in our context by a straightforward but tedious

calculation.

~
3. The main theorem. Let M and M be smooth compact strictly convex hy-
persurfaces in E™ with canonical parametrizations f and | respectively. Using
~ ~
the vector-valued differential forms df and df, we define a function ||df-df |:

§? =1 = R by setting

4/ - d] () = supl|df(v) - d] @W)|: v € p= ()},

where p~ 1(x) denotes the (n- 2)-sphere of unit-length vectors tangent to S”~
at x. In the special case where M is the unit sphere $” =", we can consider

d/ to be the identity map id, and use (2.6) to check that

(3.1) ld/ — id||(x) = supi|r,(x) = 1]: 1 < i <m =1},

where the r; (x)’s are the principal radii of curvature.

It is not difficult to show that if |df- d/ || is uniformly small, then there
exists a translation T: E”— E” such that To{ is uniformly close to / We
wish to mvesngate what happens when we merely assume that the integral

f _qldf- df |® is small.

Main theorem. For each integer n such that n > 3, there exists a universal
constant a  with the following property: Let M and M be smootbﬂc:ompact by-
persurfaces in E™ with positive sectional curvatures. Let [ and [ denote
their canonical parametrizations, b and 'l.\; their support functions. Suppose,

moreover, that

(3.2) T <1, forall x s,
If
(3.3) J:S"' lar - d'f\’“d) <a, ", where 0<e<l,

then there exists a point x, in E" such that

(3.4) |h(x) + %, - x = ’I;J(x)l <e¢, forall x e "1,

The proof of the main theorem will be given later. We remark that the func-
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tion h(x) + x ;- x which appears in (3.4) is the support function of T (M), where

T is the translation which takes the origin to x,. Notice that in the special case
~

where M is the unit sphere, hypothesis (3.2) is trivially satisfied. Hence we ob-

tain the following

Corollary. Let M be a smooth compact hypersurface in E™ with positive

sectional curvatures, and let [ be its canonical parametrization. If

(3.5) f” lndf— id|® <a_e*, where 0<e<1,
S - n

then there exists a point x, in E" such that

0
(3.6) [f(x) = (x = x)| <¢, forall x€ sn=1,

Thus M lies between two spheres which are centered at —x  and have radii 1-¢

0
and 1+ .

Proof of the Corollary. The main theorem gives us a point x, in E” such
that |(f(x) + x )+ x~ 1| <¢, for x € S™~ L. It follows from (2.1) that (f(x) + Xy
< (f(y + xg) y<l+e for x, ye s” -1 and hence |f(x) + xol <1+e Thus we
find that

1) + 2y — x| = [f(x) + %2 = 2(/() + %) - x+ 1<+ 02 -201-a) +1=¢?,

which yields (3.6) and proves the corollary.

To facilitate the proof of the main theorem, we introduce some notation.
Suppose that we are given canonical parametrizations [ and 7 of smooth com-
pact strictly convex hypersurfaces in" E”. For each translation T of E” and

each positive number §, let
(3.7) AT, 8) = fx € 712 |T o f(x) - [ ()] < &},
(3.8) B(T, 8) = {x € "~ 1: |T o f(x) - 7(x)| > 8}.

Under the hypotheses of the main theorem, we will seek a translation T such
that the measure of B(T, ) is small. Let A denote the area of the m-dimen-

sional unit sphere, and set

(3.9) b, = (nzAn_z)/A

n-1"
Definition. We will say that a translation T of E” is admissible for the
~
pair (f, ) if
b

n

(3.10) BT, 8) < S ldr-df @, forai 5> o.
s"-
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~
Lemma. If { and [ are canonical parametrizations of smooth compact hyper-
surfaces in E™ with positive sectional curvatures, then there exists an admissible
~
translation T for the pair (f, [).

Proof. Let
(3.11) A= [ o Nl - dr s

then fv(||d[—d7||° p) (WA p*®) = A, _,A. Since the diffeomorphism ¢, is vol-

ume-preserving,

[y [f "Uldf - df o b o 8 a't](w A p*®) =7 A,

The integration over V can be performed by first integrating over the fibers of p.
and then integrating over the base (compare [5, pp. 57, 58]). It follows that there
exists a point z € $” = ! such that

(3.12) I, [f;’(nd/ —dflopod) dt]‘l’ <(nA,_,AV/A,_,,
b~ (2)

where p~ 1 (z) is oriented so that ¥ is positive. We choose such a point z, and
leave it fixed for the remainder of the argument. Then we select our translation
T so that

(3.13) T o f(2) = ] (2).

Let us consider the smooth mapping ¥ : p~ 1 (z) x [0, 7] — $”~ ! defined by
Yy, t) =po ¢>t (v), which is clearly surjective. A straightforward calculation
shows that

(3.14) Y*® = (sin”~21) (¢*V) A dt,

where g is the natural projection from p~ ! (z)x [0, 7] to p=1(2).

We introduce the sets
A) = {v € p~12): f;r["d/— d7|| o Ylv, H)ldt < 8},

B(®) ={v €p~z): [Z["d/ - d?" o Yl(v, t)ldt > 3}.
If x =y, t), where (v, t) € ;\.(8) x [0, 7], then we can use (3.13) to show that
IT o /) =T W <IT o () =T @] + [ 1ldf - df | o p o $,Nds
< [0l - df | o Ylo, Dldr <.

It follows that lll(;{ (8) x [0, #]) C A(T, 8), from which we can draw the following

conclusion:
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(3.15) B(T, &) C y(B(®) x [0, =)).

By definition of B(J), we must have [} (S)Ug("d/—d/ opoe,)de]¥ >
8 [ (5)¥- Hence it follows from inequality (3.12) that

(3.16) S35, ¥ A, ,0/4,_ ).
We now apply (3.14), (3.15), and (3.16) in succession:

®(B(T, d)) = f . (sin™~ 21) (¢*W) A dt
Y~ (B(T,?¥))

* 2 -
< S oondo TN d S @A, N/A,_8)= b 0/,

In view of (3.11), this proves the lemma.

Proof of the main theorem. First of all we will specify the constant a_. If
x€S" -1 and §€l0, n/2], we let D(x, 8 ={ye S"~!: x. y > cos 8}; thus D(x 2)]
consists of the points in §” ~ 1 whose great circle distance from x is less than

8. An elementary calculation gives an estimate for the measure of D(x, d):
8 . n-2
o(D(x,8) = A, _, fo sin”~ “t dt

(3.17) 5
>A, _, fo(Zt/ﬂ)"—zdt=cn8"'l, for 0<8< /2,

where c, is a constant. We set

(3.18) a,=c, /(247 ).

Suppose now that f and 7 are canonical parametrizations of smooth compact
strictly convex hypersurfaces in E” which satisfy (3.2) and (3.3). By the pre-
vious lemma, there exists an admissible translation T for the pair (f, 7). We
select such a translation T and set xg= T (0).

Let x be an arbitrary point of S~ ! which we will leave fixed until the end
of the proof. If we set 8 = ¢/4, it follows from (3.10), (3.3), and (3.18) that

®(B(T, 8) < (5,/8) [ - df |® < (a b e/8 = (c 57~ 1)/2.
sn-

Since & < /2, (3.17) yields the inequality ®(B(T, 8)) <% ®(D(x, 8)), which in

turn allows us to conclude that

(3.19) O(A(T, 8) N D(x, 8)) > % B(D(x, 8)).

Inequality (3.19) implies that there exist points y, z in the intersection
A(T, 8) N D(x, 8) such that x = (y + z)/|y + z|. Since y and z are members of
A(T, d) it follows from (3.7) that

(3.20) ) + 26T <8, 1f2) + x5 -7 ()| <b.
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On the other hand, the fact that y and z lie in D(x, 8) implies that
(3.21) ly —x| <8, |z-x|<8é.

Since y:z > cos(28)> 1- 252, we can find an upper bound for 1/|y + z|. Indeed,
ly + z|2 =2(1+y-2)> 4(1-62), and our assumption that 0 <e < 1 allows us to

derive the estimate

(3.22) ly + 2|71 <HB(L = (/D)% <KL + (/49) = % (1 + 3.

We now put the various inequalities together:

bx) +xg - x <y + 2|7 HBG) + b(2) + xg -y + xg - 2]
(2.3)

< KA+ Oy + b)) + x4 -y + x4 - 2]
3.22)

< Y1 +96) ['l:(y) + 5 (z) + 28]
(3.20)

=3%Q +8)[7(y)- x+7(y) . (y—x)+7(Z) 'x+7(2) - (z = %) + 28]

< v+ 5)[7(}0 Cx o+ 7(2) cx+48] < K1+ 8)[27(x) . x + 48]

(3.2)&(3.21) (2.1)
< Blx) + 38 + 282 = h(x) + 3¢/4 + €2/8 < b (x) + e.
(3.2)

On the other hand,

PO =T x=T@ y+[ =y & [W.y+s
(3.2)&(3.21)
< 7()’)°}’+3 < ?J(y)-x+28
(2.1) (3.2)&(3.21)

< [/ lex+30 < blx)+x,-x+e¢
(310)fy TRt (2.1) 0

This establishes (3.4) and finishes the proof of the main theorem.

4. Applications: almost spherical ovaloids. In this section we will give
some applications of the corollary of the main theorem; namely, we will prove
Theorems A and B of the Introduction. Throughout this section we will assume
that n = 3, and M will denote a smooth ovaloid in ordinary euclidean three-space.

We let 20, and o0, be the elementary symmetric functions of the principal
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radii of curvature of M; then we have the equations

(4.1) o, =" +r)=H/K, o,=rr,=1/K,

where K is the Gaussian curvature of M, and H is the mean curvature with re-

spect to the inward-pointing unit normal. We recall the inequality

(4.2) ol >o0,.
Since r,EOL \/af—a , it follows from (3.1) that
(4.3) ldf - id|| = |o, - 1] + \/021 -0,.

Our proofs of Theorems A and B will be based upon the following fundamen-
tal integral formulae of Minkowski, which are proven in [4, p. 114]:

(4.4) fsz(,l@: fsz;@, .{8202(1)2 j;zbcfl(b.

Proof of Theorem A. Suppose that M is an ovaloid whose Gaussian curvature
K satisfies inequality (1.1), where 0 < 31 (€) <1. We set & =0, (¢), and rewrite

this inequality as
(4.5) 1-8<0,<1+8, where 0<5<1.
It follows from (4.2) that

(4.6) ol>\/1-8

We can assume without loss of generality that the origin lies inside M, so that

b > 0. Then

® = b® ho, @
fszol (4.4) fsz (4 ) T8 Js
(4.4)\/1—_3 s? (4.5)\/1_3 s?
which yields the inequality
(4.7) f (0, -V1-8)®<—=2— f o- B = g,(8),

\/l 5 °s? V1-8
where 31(3) is a function which approaches zero as & goes to zero. Since

0,-V1-8 is positive by (4.6), it follows from (4.7) that
(4.8) J;‘2|01 ~ 1@ < g, (8) + 4nl(l - V1 - 8) = g,(9),

where g,(8) — 0 as 5 — 0. By (4.5), 03-0, <0f-(1—8) =[o,-Vv1-8]-
[01 +1 - 8)]. We use the Cauchy-Schwarz inequality and (4.7) to conclude that
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o5 v [
“s) fsz\/al g9, <J;2(01 V1-8)od fsz(01+\/1-8)¢)
<lg,(8)(g,(8) + 87/ 1 - §)]* = g,(6).

Now (4.3), (4.8), and (4.9) yield the inequality
(4.10) fz lldf - id||® < g,(8) + g5(8) = g(8),
S

where g(6) > 0 as 6 — 0.

If ¢>0 is given, choose & so that 0 <& <1 and g(d) <a3e3. If M is an
ovaloid whose Gaussian curvature satisfies (4.5), it follows from (4.10) and the
corollary of the main theorem that M lies between two concentric spheres with
radii 1-¢ and 1+ e. This proves Theorem A.

Proof of Theorem B. Suppose that M is an ovaloid whose mean curvature H
satisfies inequality (1.2), where 0 < 82(6) <1. We set & = 32(6), and rewrite the

inequality as

(4.11) 1—8<ol/o7<1+8, where 0< & < 1.
Using (4.2) we find that
(4.12) 0,<(1+80o,<U+ 8ol =0, > 1/(1+8),
and hence
(4.13) 0,>0,/(1+8)>1/(1+8)7.
Since r| and r, are positive, and (I/rl) + (1/r2) = 2H< 2(1 + d), we must
have
(4.14) > 1/(2 + 28) > 1/4.

A theorem of Blaschke [2, p. 118] asserts that if the principal radii of curvature
of an ovaloid are bounded below by a positive constant ¢, then the ovaloid con-
tains a sphere of radius c. Thus in our case it follows from inequality (4.14) that
M contains a sphere of radius 1/4. We can assume without loss of generality that

the origin is at the center of this sphere, so that

(4.15) bh>1/4.

Now we seek an estimate for the integral of the positive function o, - 1/(1+ 6):

f lo, - 1/(1+ 9O < 4fz[bal—b/(1+8)]®
s? (4.15) S

“h 4 fsz[az -0,/(1 + 8@ (4j1) 4 fsz[al/(l -8)-0,/(1+8]0

- (88/(1 - 8% [ o,®=[85/(1 - 8%]{[2 lo, - 1/(1 + )@ + 4n/(1 + 5)}.
N N
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This yields the inequality
[1-85/(1-8%) fsz[a1 —1/1 + 8] < 3248/(1 - 8)(1 +8)?,
which can be rewritten in the form

(4.16) fs Lo - 1/(1+ 910 <¢,(5),

where g,(8)—> 0 as §—0.
Since the integrand in (4.16) is positive, it follows that

(4.17) j , lo, - 1|® < g,(8) + 4all - 1/(1 + 8)] = g,(5).
S
From (4.13), we obtain the inequality

o} —0,<0? - 1/(1+8)? =lo, - /(1 + Olo, +1/(1 + ).

We use this together with the Cauchy-Schwarz inequality and (4.16) to conclude

fsz Vol -o,0< [ fsz lo, - 1/(1 + 3)]¢]% fsz[[ol +1/(1+ a)]cb].‘/z

(4.18)

that

<[g,(8)(g,(8) + 87/(1 + NI = g,(8).
Now (4.3), (4.17), and (4.18) yield the inequality

(4.19) J;z llaf - idl|® < g2(3) + g3(5) = g(8),

where g(8)— 0 as 6§ — 0.

Given € > 0, choose & so that 0 <8< 1 and g() < a3e3. If M is an ovaloid
whose mean curvature satisfies the inequality |H-1| < §, then it follows from
(4.19) and the corollary of the main theorem that M lies in the spherical shell

bounded by concentric spheres with radii 1-¢ and 1+ e. This proves Theorem

B.
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